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Abstract

Let n > 1 be an odd integer, « (n) be the product of all distinct prime divisors of n, and let
g be a prime power such that the multiplicative order of ¢ modulo 7 is a divisor of ,(3—2 In
this paper, we obtain weight enumerators of all irreducible cyclic codes of length n over IF,
with the help of their generator polynomials.
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1 Introduction

Let n be a positive integer and ¢ be an odd prime such that gcd(n, g) = 1. Let F; be the
finite field with g elements. A cyclic code C of length n over I, is an ideal of f;,il_xlk' The
weight enumerator of C is defined as Ao+ A1z+- - -+ A,z", where A; denotes the number of

codewords with weight 7, and the sequence (Ag, A1, ..., A,) is called the weight distribution

of C (see [8, Chapters 4 and 7] ).

Further, a minimal ideal in gﬂ ECI]) is called an irreducible cyclic code of length n over IF,.

For any non-negative integer s less than 7, the g-cyclotomic coset modulo n containing s is
defined by

C§”) ={s,sq,...,sq77"},
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where f; is the least positive integer such that s¢ fs = 5 (mod n).Itis well known that/\/lgn) =
( "(:)(1) ) is an irreducible cyclic code of length n over IF;, where m () (x) = 1_[ (x— )f) and

iec”

A denotes a primitive nth root of unity in some extension of I,. The distinct g-cyclotomic
cosets modulo n determine not only the total number of distinct irreducible cyclic codes of
length n over F;, but also the generator polynomials of all such irreducible cyclic codes. For
more details, see [13, Chapters 7 and 8].

Cyclic codes have efficient encoding and decoding algorithms (see [2, 6, 14]). This attribute
of cyclic codes makes them useful in data transmission technologies, consumer electronics,
and communication systems. Note that the weight distribution of a code decides its capability
to detect and correct errors. Since cyclic codes constitute a significant subclass of linear
codes, thus, finding their weight distributions is a research topic of much interest in Coding
Theory. Many researchers have determined the weight distributions of irreducible cyclic
codes by adopting different techniques (see [1, 4, 9-11, 17, 21, 22, 24]). However, the weight
distributions of irreducible cyclic codes of arbitrary length are quite difficult to obtain [4]
and are not known in general. In fact, the problem of finding the weight distribution of an
irreducible cyclic code is an open problem in many cases [3].

Consequently, many researchers obtained the weight distributions of various families
of irreducible cyclic codes by imposing conditions on the choices of n and g. Impres-
sive progress has been made in this direction in the last few decades. For instance, Sharma
et al. [20] computed the weight distributions of all 2" length irreducible cyclic codes over
F,, and in [19], the authors have determined the weight distributions of all irreducible cyclic
codes of length p™ over I, in three cases: when (i) ord,m(q) = ¢(p™), (ii) ord,m (q) is
a power of p, and (iii) ordpn (q) is twice a power of p. Vega [23] generalized the results
of [19]. Recently, Riddhi et al. [15] computed the weight distributions of all irreducible
cyclic codes of length n = p{' p5? ... p;” over I for the case when ord i () = 2p;

for each «; > 1. For more information on the work in this direction, we refer the reader
to [5, 7, 12, 16, 18, 25].

Inspired by the earlier work, in this paper, we compute the weight enumerators of irre-
ducible cyclic codes of arbitrary odd length n over IF,, where the multiplicative order of
g modulo n, denoted by ord,(g), is a divisor of K3Z). Here, «(n) denotes the product of
all distinct prime divisors of n. By our choice of ord, (g), any irreducible cyclic code of
length n over I is either m-dimensional or 3m-dimensional, where m is a divisor of K( -
Further, we observe that for computing the weight distributions of irreducible cyclic codes
of length n, we need weight distributions of 1-dimensional and 3-dimensional irreducible
cyclic codes of length u, where u | n. The weight enumerator of the 1-dimensional cyclic
code of length u over IF, is trivial and is given by the expression: 1+ (g — 1)z". Moreover, if
a 3-dimensional irreducible cyclic code is semi-primitive, then its weight distribution can be
obtained from Theorem 3 of [23] (see [23, Example 3]). However, the weight distributions
of 3-dimensional irreducible cyclic codes are not known in general. Therefore, in Section 3,
we compute the weight distributions of all 3-dimensional irreducible cyclic codes of length u
over IF, from their generator matrices. We find that the weight distribution of a 3-dimensional
irreducible cyclic code depends on gcd(u, g — 1), and thus, we have two cases: when (i)
ged(u,g —1)=1and (ii) 1 < ged(u,q — 1) < u.

In Section 4, we prove some general results for determining weight enumerators of m-
dimensional and p*m-dimensional irreducible cyclic codes of length n over F,, where m
is a divisor of ﬁ and p* is an odd prime. We prove that the computation of the weight
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n

distribution of Mi”) is enough to determine the weight distribution of Ml(,"), where v is a

divisor of n. By writing n = nny, where n is such that ord), (g) = p* for every prime

divisor p; of n1 and n, is such that ordp{ (g¢) = 1 for every prime divisor plf of ny, we observe
1

that the weight distribution of /\/l,g”) depends on the relation between 1, n,, and v. Therefore,
we have three cases: when (i) n; | v, (ii) np | v, and (iii) neither ny | v nor ny | v. The
above three cases are dealt with in Theorems 15, 16 and 17, respectively. The results obtained
in this section are sufficient to compute the weight enumerators of all m-dimensional and
3m-dimensional irreducible cyclic codes of length n over I, by choosing p* = 3.

2 Preliminaries

Throughout this paper, n > 1 is an odd integer, « (1) denotes the product of all distinct prime
divisors of n, and ¢ is a prime power such that the multiplicative order of ¢ modulo 7 is a

divisor of K3(Z) . Further, M§k) represents an irreducible cyclic code of length k corresponding
to the g-cyclotomic coset containing s (see [13, Chapter 7]).

Letu be apositive integer such that ord,, (q) = 3. Thenm ") (x) = (x—1)(x—A9) (x—19"),
where A is a fixed primitive uth root of unity in some extension of F,. Clearly, Mg") =
x"—1
( m(lu) (x)

g(x) is its generator polynomial. Let g(x) = oo + a1 x + arx2+ -+ a,_3x" 3. Therefore,

) = {g(x)) is a 3-dimensional irreducible cyclic code of length u over F,, where

the generator matrix of Mg”) is

o ] ap ... 04 0,3 0 0
G=|0ayajar ... ay_g40,-3 0
0 0 ap @y ... Oy_50_q 0ty_3

app ay2 ... Aaru—1 Alu

Definition 1 (Cyclic shift of a matrix) Let T = az1 ax ...ax,—1 ay, |. Rewrite
as1 asy ... azu—1A3u) 5.,
T=[Ci Cy C3 ... C,],whereC;istheithcolumnof7.Fori =1,2,...,u—1,define
TW=[Cc, C; C; ... Cuy]
T® =[Cyu1 Cu C1 ... Cyal
TV =[C, ¢35 ... C, C),

and call T® as the ith cyclic shift of 7. It can be easily seen that 7™ = T.

Definition 2 (Cyclic matrix) A matrix T3, over F, is called a cyclic matrix if [a1 b1 ¢1]1T3xu
=lab c]T3(X’Z for some 1 <i <u — 1, where [a; by c1] and [a b c] are row matrices over
Fy,.

Theorem 1 The generator matrix G ofMgu) = (g(x)) is always a cyclic matrix.

Proof Let [a b c] be a nonzero row matrix over ;. Clearly,

l[abclG=((abc]lCy, [abc]lCy, ... ,labc]Cy)
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is a codeword in M(lu) . By the definition of a cyclic code,
(la b c]Cy—it1, [a b c)Cu—iya, ... . [a b clCui) =[a b ]GV

is also a codeword in Mg”). Since every codeword in Mg") is of the form [a’ b’ ]G,
therefore, there exists some [a’ b ¢] over F, such that [a’ b’ ¢'1G = [a b 1G9 Hence,
G is a cyclic matrix. O

3 Weight distributions of 3-dimensional irreducible cyclic codes
of length u over Iy

Let u be any positive integer such that ord, (¢) = 3. In this section, we obtain the weight
distributions of 3-dimensional irreducible cyclic codes of length u over F,. The weight
distributions of such codes depend on ged(u,q — 1).

Let A be a fixed primitive uth root of unity in some extension of IF,. Clearly, Mg") =
x"—1
(m(lu) (x)
mﬁ”) X)) =x—-Nx—-21)(x— )ﬂz). By synthetic division, g(x) = oo+ oa1x Fax4- -+
ay—3x" "3 where ay_3 = 1, o = Biv1 + )ﬂzozH_l forO<i<u-—4,p,2=1andg; =
(la=Du=1-p_1)
24-T—]
Mﬁ”) can be written as

) = {g(x)) is a 3-dimensional irreducible cyclic code of length u over F,, where

2u=2=0) for0 < j <u — 3. For o, = ay—1 = 0, the generator matrix of

Q) o] 0 03 ... 04 0y-3 02 0y|
G=|ay—1 @ a1 02 ...0_5 040y 30y 2
Oy—2 Qy—1 Q) o] ... 0y—6 Oy—5 Oy—4 Oy—3

Since every codeword in Mg”) is a linear combination of the rows of G over I, therefore,

the weight distribution of Mg”) depends on the columns of G. For this, we discuss the nature
of columns of G. In the following discussion, C; denotes the ith column of G, where C; =

@0 aq oi—1

oay—11,Cr = op |,andfor3 <i <u,C; = |aj—2 |.Notethatfor1 <i,j <u

ay—2 ay—1 aj-3
and n € F, \ {0}, C; = nC; if and only if Z;—j = g;j = z;j Since g;—:ll = Z;j gives
i1 _ Pzt Qi _ %3 gives %2 _ B2 This impli = nC i i
w1 = B and a2 = as BVES 5 = g, This implies C; = nC; if and only if
Bi-1 _ P Biot _ Bie2 if A@—DG—=j) — - -
Bl = Bia Further, Bl = B if and only if A = L. Therefore, C; = nC;j if

and only if A@—DE=/) =1,
Depending on ged(u, g — 1), we have the following two theorems:

Theorem 2 Let u be a positive integer such that ord, (q) = 3 and ged(u,q — 1) = 1. If
G is the generator matrix of Mg") over [y, then the columns of G are pairwise linearly
independent.

Proof From the above discussion, for 1 < i, j < u and n € F, \ {0}, C;=n C; if and

only if A4=DG=/) = 1. Since ged(u, g — 1) = 1, therefore, A4~ D=7 = 1 if and only if
(i —j) =0 (mod u). Consequently, the columns of G are pairwise linearly independent. O
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Theorem 3 Let u be a positive integer such that ord, (q) =3 and 1 < ged(u,q — 1) < u.
If G is the generator matrix of/\/l(lu) over [Fy, then for each i with 1 <i < m, the

columns C; and C; sy aTe linearly dependent, where 1 < k* < ged(u,q — 1).

Proof Since C;=nC; if and only if A=V~ = I and 1 < ged(u,q — 1) < u, therefore,
A@=DG=)) = 1 if and only if (i — j)(g — 1) = 0 (mod u). This implies C; = nC; if and

onlyif j =i+ k*m, where 1 < k* < ged(u, g — 1). Therefore, the columns C;

and Ci+k*gm<lf’,qq) of G are linearly dependent for 1 < k* < ged(u, q — 1). O

Now, we obtain the weight distributions of 3-dimensional irreducible cyclic codes of
length u over I, for the above two cases.

Case I Let gcd(u, g — 1) = 1. For the generator matrix G of Mg”), we define X =
{Ci,1 <i <u:Cjisacolumn of G}. By Theorem 2, all C;’s are linearly independent.
Let vj; be any non-zero vector orthogonal to C;. Define a subset of X corresponding to v;x
as: XIS = {C} : virCj = 0}. Clearly, X' # ¢, and XS} = x5 for all y € F, \ {0}.
It X&) ={C1,C},,Cjy, ..., Cj,}, then v, C;, = O forall Cj, € XK. Clearly, vy =
(0, x, y), where x, y € IF;. Consequently, the following system of equations has a common
non-trivial solution:
xaj -2+ ya;-3=0
xXaj,—2 + ya;,-3=0

X2 +yaj-3=0
To have a common solution, we must have

=2 _ Yp-2 _ Xjg-2

®j-3  Ajp-3 Ajy=3

Hence, we conclude that if a ratio of elements of the 2nd and 3rd rows of G repeats r — 1

times, we get a subset X 1()6(1) of X such that | X ,()ﬁl) |= r. Therefore, we can write X as:
X=X,§1C11)ux,glcz”u---ux,ﬂlcfl)u-nuxglc(;m. (1

Here, f is the number of different ratios of elements of the 2nd and 3rd rows of G except for
9 Clearly, | X\ |= 2 forall 1 <k < fand X\, = {Cy} forall f+1<k<(g>— 1.
Consequently, we have the following result.

Theorem 4 [f a ratio of elements of the 2nd and 3rd rows of G repeats r — 1 times, then the
ratio corresponds to a subset of X in (1) of order r.

By Theorem 1, we can always find a vector orthogonal to C; corresponding to a vector
orthogonal to C;. Therefore, the representation of X shown in (1) can be rewritten as:

X=Xy PUXxiou-uxi U ux©) 2)

Vig2-1’
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As 1 <i < u, therefore, u different representations of X are as follows:

X=xuxPu...uxu..ux)

iy Vig2-1)

X=xPuxiPu.uxiPu.ux©)

v2f Vaq2-1)

X=X uXiwu.ux U uXE)

Yug2-1"

Clearly, these u representations of X are such that | X ,(,lcjl) =l X ,(,ﬁ") |forsomel < j, k< f.

Theorem5 If X = X,()lcll) U Xl(,lczl) U UXED U UXEY has k different subsets of

vif 1(g2-1)
order r each, then k is a multiple of r.
Proof Let X 5‘1:11) be a subset of order r in
— y(Cn (&) (&) (C1)

X=X, uXx,, U~-~UXUU} U"'val(lqz,l) 3)
By Theorem 1, X Sﬁ” produces r different subsets of order r each in (3). Without loss of
generality, let these subsets be X1, X597 X suchthat| x{ |=) X\ |= ... =
X '()lCr1) |= r. Further, let X l(,lcl)ﬂ be another subset in (3) of order r. Again, by Theorem 1,
there will be another r different subsets, X 1(1(1:,1117 Xf)lcllz ..., X' (say) of order r each in

(3). Continuing in this manner, the total number of different subsets of order r in (3) is a
multiple of r. O

In the following result, we count the total number of different subsets of order r in all u
representations of X.

Theorem 6 If X = X,()lcll) U Xf)lczl) U---U X,(JIC/}) U.--uJ lec(;)z,b has k different subsets of

order r each, then the number of different subsets of order r in all u representations of X is
uk
ol

Proof Let | X ,(JIC,') |=r. By Theorem 1, X l()lcll) produces r different subsets in (3),
X ]()IC11)7 X ,(chzl), . ¢ f,ﬁ_‘) (say) such that each has order r. Again by Theorem 1, for each
iwithl <i<r, X ,()ﬁl) produces u different subsets of order r each in all u representations
of X. Therefore, X ,(jlcll), X 1(,?2'), X ,(JIC,') collectively produce ur subsets of order r each.
This collection of ur subsets includes Xl()lcll), X f,ZCIZ), X f,ucl“). By Theorem 1, each X ,(),Cl’ ),

1 < j < u, repeats r times in this collection. Hence, X SIC,”, X,(J,Cz'), ¢ l()]Crl) collectively

produce u different subsets of order r each in all u representations of X. In other words, a
collection of r subsets of (3) produces u different subsets of order r each. Therefore, if there
are k different subsets of order r in (3), then these k subsets will produce ”r—k different subsets
of order r. By Theorem 5, it will always be an integer. O

Note that a subset of order r in (3) produces codewords of weight u — r. The total number of
different subsets of order r in (3) can be counted by Theorem 4. Therefore, the total number

of codewords in Mg”) of weight u — r, is given by the following theorem.

Theorem 7 Let gcd(u, g — 1) = 1. If there are k distinct ratios of elements of the 2nd and

. . —Dk
3rd rows of G, each repeating r — 1 times, then A,_, = %
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Table 1 Weight distribution of

) Weight Frequency
M when ged(u, g — 1) = 1
0 1
u(g—Dk
u—ri T 1
u(g—1k
u—ry Tz
u(g—Dk
u—re 7),1 L
'
u—1 (q+1—}2kl~)u(q—1)
i=
3 T g t
u g —1-ulg-D| X F+@+1-3 k)
i=1 i=1

Proof Since gcd(u, q — 1) = 1, by Theorem 2, columns of G are pairwise linearly indepen-

dent. Clearly, by the fact X ,(7532 =X I(,IC;’ ), Theorems 4 and 6, Ay, = u(qu_ O

Consequently, we have the following result to compute the weight distribution of ME”).

Theorem 8 Let Mi“) = (g(x)) be an irreducible cyclic code of length u and dimension 3
over F, such that gcd(u,q — 1) = 1. Let there be ky distinct ratios each repeating ri — 1
times, ky distinct ratios each repeating ro — 1 times, ..., k; distinct ratios each repeating
ry — 1 times in ratios of elements of the 2nd and 3rd rows of G (except for 8 ). Then the weight

distribution ofMgu) is given in Table 1.
CaseIl Let1 < ged(u, g — 1) < u and let the generator matrix of Mgu) be

o a1 0 ... 04 0y-3 0 0
G=|0aayayap ... ay_qa0a, 3 0
0 0 ap @1 ... oy—50—q4 a3 Axu

Then by Theorem 3, we write G as
G =(Bi|B2| | Bgeaw.q-1)

where B; is a submatrix of order 3 x #q_l) and for every j,2 < j < ged(u,q — 1),
there exists some y € F, \ {0} such that B; = y By, where

3xu’

oo 01 02 ... Oy /ged(u,g—1))—3 0 0
Bi=10 apar ... ¢u/gedu,g—1)—4 %u/ged(u,g—1))—3 0

0 0 a0 ... u/ged(u,g—1)—5 Xu/ged(u.g—1)—4 Xu/ged(u,g—1)-3/ 35 S
ged(u,g—

and the columns of B are pairwise linearly independent. To compute the weight distribution
of ./\/1(1”), we need to count the number of zeros in [a b ¢]Bj, where [a b c] is a non-zero
row vector over F,. Since the columns of B; are pairwise linearly independent, therefore,
we proceed as in Case I to count the number of zeros in [a b c]Bj. For this we consider
X = {C; : C; is a column of B;}. By Theorem 4, to count the number of subsets of order r
in (1), we need to count the ratios of elements of the 2nd and 3rd rows of B;. Furthermore, by
Theorem 3, any subset of order  in (1), produces codewords of weight u — gcd (u, g — 1)r

@ Springer



802 Cryptography and Communications (2023) 15:795-809

in Mi") . Therefore, the following theorem gives the total number of codewords of weight
u—ged(u,q — rin /\/li").

Theorem 9 Ler 1 < ged(u,q — 1) < u. If there are k distinct ratios of elements of the 2nd
and 3rd rows of By each repeating r — 1 times, then Ay _gca(u,q—1yr = %.

Proof Clearly, by the fact XS,S;Q = Xl()i'), Theorems 3,4 and 5, Ay—ged(u,g—1)r = % .
[m}

By Theorem 9, we have the following result to compute the weight distribution of M(lu).

Theorem 10 Let M(lu) = (g(x)) be an irreducible cyclic code of length u and dimension 3
over IF; suchthat 1 < ged(u, g — 1) < u. In the ratios of elements of the 2nd and 3rd rows
of B (except for % ), let there be ki distinct ratios each repeating r1 — 1 times, ky distinct
ratios each repeating ry — 1 times, ..., k; distinct ratios each repeating r; — 1 times. Then
the weight distribution of M(lu) is given in Table 2.

Note 1 Tt should be noted that if u = 3% and ord, (q) = 3, then by Lemmas 4 and 6 of
[19], ordy 3(q) = 1. Therefore, weight enumerator of Mg") is: (14 (g — 1)z4/3)3 (see [23,
Theorem 1 (B)]).

4 Weight enumerators of m-dimensional and 3m-dimensional
irreducible cyclic codes of length n over I

In this section, we prove some results for any irreducible cyclic code of length n over I,

where ord, (q) is a divisor of ‘f (*n'g for any odd prime p*. Recall that « (n) is the product of all
distinct prime divisors of n. In Theorems 11 and 13, we prove that the weight enumerators of

p*m-dimensional and m-dimensional irreducible cyclic codes of length n can be determined

Table 2 Weight distribution of
ME“) when
1 <gedu,qg—1)<u

@ Springer
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with the help of p*-dimensional and 1-dimensional irreducible cyclic codes, respectively,
where m is a divisor of ﬁ However, the weight distributions of p*-dimensional irreducible
cyclic codes are not known in general (see [3, 4]). Note that in Section 3 of this paper, we
have obtained the weight distributions of 3-dimensional irreducible cyclic codes. Thus, by
choosing p* = 3 in the following results, we can compute the weight enumerators of all
m-dimensional and 3m-dimensional irreducible cyclic codes of length n over IF,.

Theorem 11 Let ged(n, p*) = 1 and m be a divisor of If ord,(q) = p*m, then

M(ln) =CIDCr® - @ Cp, where Cy, Ca, ..., Cy are equivalent irreducible cyclic codes
such that the weight distribution of each C; is the same as the weight distribution of Mgn/ m)
over .

Proof Since ord, (q) = p*m, therefore, the g-cyclotomic coset CE") ={1,q.4% ..., q""" ).

(n) x"—1 . .
Let M} = . Then = - , where A is a fixed prim-
1 (g] ('x)> 81 (x) (xf)\)(xf)\q)()C*)qu)...(X*)Lqp m—l) p

itive nth root of unity in some extension of I;. Note that (x — A)(x — A9)(x — )ﬂz) (=
A0y = (xm = amy(xm — ama) | (x™ — Ama” '), therefore,
| yn/m -1

@m — Amym — Ama) e —ama” ) T (y = )y =y )=y )

@)
where x” = y and A" = y is a primitive (n/m)th root of unity. By our choice, ordy/, (q) =
p*, therefore by (4), C = (g(y)) is a p*-dimensional cyclic code of length n/m, where

,n/m_l
gy = .

g1(x) =

v N L D U jm)—pry ™™ ~P" . Consequently,
) ) "

gix) =g =ap+ o x"+---+ a(,l/m)_p*x”’”*’”. Thus, the generator matrix of M
is

a 0...0 a 0...0 a2 ... a@m-p+ 0 0 ... O
0 a 0...0 o 0...0 o0 ... auwm-pr 0 ... O
G= . ) . . .
0 0...0 a 0...0 o 0...0 o ... @um—p prmxn

From G, it is clear that
MY =C®C & ®Cn,

where C; = (x'~lg(x™), x™ti—1g(xm), ... xP'=Dmti=lgxmy) Clearly, Cy, Ca, ..., Cn
are equivalent irreducible cyclic codes and have the same weight distribution. From above,
Ci=(gx™), x"g(x™),..., x(f’*’l)mg(xm)). Therefore, the weight distribution of C; is the
same as the weight distribution of the code /\/lgn/ " = (g(x)) over IF,. O

By our choice of ord,(g) in the above theorem, ./\/lgn) is a p*m-dimensional irreducible
cyclic code, and the following corollary provides the weight enumerator of any such code.

Corollary 12 Iford,(q) = p*m, then the weight enumerator of/\/l(ln) is (A(z))™, where A(z)

is the weight enumerator of/\/lﬁn/m).
Theorem 13 Let m be a divisor of ﬁ If ord,(q) = m, then /\/li") =CI D@ - -BCy,

where each C; is equivalent to a I-dimensional irreducible cyclic code of length n/m over
F,.
q

@ Springer



804 Cryptography and Communications (2023) 15:795-809

Proof Since ord,(q) = m, therefore, the g-cyclotomic coset C( ) ={l,q,4% ....¢" '}

(n) x"—1 s
Let M} = (g1(x)). Then g1 (x) = e Ty where A is a ﬁ:ed primi
tive nth root of unity in some extension of IF,. Note that (x — A)(x — A?)(x — A7) ... (x —

ml

) = (x™ — A™), therefore,

xX"—1 ynm—
@m—amy  (y—y)’

where x™ = y and A = y is a primitive (n/m)th root of unity. Let g(y) =

g1(x) =

yn/m_l
y=v
p @M=L L fm=2y 2 im)=3 o m)=2 /=] Therefore, gy (x) =
y/m=1 4 y(n/m)—2xm N 7/xn—Zm + x"™_ Clearly, ME") =C®C® - &Cp,
where each C; is a block code such that C;=(x'~!g(x™)) and is equivalent to a 1-dimensional
irreducible cyclic code C'=(g(x)). O

In the above theorem, ord,(q) = m suggests that Mg") is an m-dimensional irreducible
cyclic code. The following corollary gives the weight enumerator of any such code.

Corollary 14 If ord, (q) = m, then the weight enumerator ofMgn) is (14 (g — Dz"™mym.

Note that if ord,(q) = (p*)'m and ged(n, (p*)") = (p*)" such that ord,, jp+ym(q) = 1,
then the weight enumerator of (p*)’m-dimensional codes can also be obtained by Corollary
14 (see Example 1).

Further, let gcd(n, s) = v, where 1 < s < n. Then M.g") and ./\/l,()”) are equivalent codes.
We write n = niny, where nj is such that ordp, (q) = p* for every prime divisor p; of nj
and ny is such that ord,y (q) = 1 for every prime divisor p of ny. Depending on n1, ny, and
v, we have three cases: when (i) ny | v, (i1) no | v, and (iii) neither ny | v nor ny | v.

Now, we compute the weight enumerators of ./\/l,(,”) for the above three cases:

Theorem 15 If ny | v, then the weight enumerator of Ml(,n) is (14 (g — DM where
h = ordy;y(q).

Proof Let h be the smallest positive integer such that vg" = v (mod n). This implies that

h = 1 (mod ﬂ) Clearly, h = ordy;y(q). Consequently, ./\/l(n) is an h-dimensional irre-

(n)

duc1ble cyclic code of length n. Further, Cy” = {v,vq, ..., vg"~'} implies g(")(x)

nfv_ n/v n(—1)/v
X("il) =D +x )(+) e ) where m )(x) is the m1n1mal polynomial correspond-
my - (x X
ing to the cyclotomlc coset Cf)”).
LetC = (""(Q)’(_l) ). Clearly, the dimension of C is &, and by Theorem 13,C =C; & C2 ®
my - (x

-+ @ Cp, where C;’s are equivalent 1-dimensional irreducible cyclic codes. By Corollary 14,
the weight enumerator of C is (1 4 (g — 1)z"/ viyh Hence, the weight enumerator of M(")
(g () s (1 + (g = D"/M. 0

Theorem 16 Ifn, | v, then the weight enumerator of./\/l(”) is (AZ")P", where A(z) is the
weight enumerator ofM(lp " and h = ordyy(q).

Proof Let h be the smallest positive integer such that vg" = v (mod n). This implies that
= 1 (mod E) Clearly, h = ordy;y(q). Consequently, Mg ™ is an h-dimensional irre-
duc1ble cyclic code of length n. Further, C(") = {v,vq,...,v h Iy implies gy )(x)
—1 _ @D/
“”(x) m{" (x)
ing to the cyclotomic coset C(").

, where my' 0 (x) is the mlnlmal polynomial correspond-
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LetC = (¥~— (f,)_l ). Clearly, the dimension of C is 2. By Theorem 11,C =C1 @ Co @ --- @

Chyp+, where C s are equivalent irreducible cyclic codes and the weight distribution of each

C; is the same as the weight distribution of MY’ O over F,. Evidently, M(lp vk s g
p*-dimensional irreducible cyclic code and ged (p*n/vh, g — 1) = 1. Let A(2) be the weight

enumerator of M(lp “n/ vh), then by Corollary 12, the weight enumerator of C is (A(Z))h/P*.
Hence, the weight enumerator of M{” = (g5 (x)) is (A(z"))"/7". O

Theorem 17 If v is such that neither ny | v nor ny | v, then the weight enumerator Of/\/lg,")
is (AP, where A(z) is the weight enumerator of./\/lgp Y and b = ordyy(q).

Proof The proof is similar to that of Theorem 16 and is thus omitted. O

Clearly, if we choose p* = 3, then A(z), as mentioned in Theorems 16 and 17, can be
obtained from Tables 1 and 2, respectively. The reason we choose p* = 3 is as follows:

One can easily observe from the properties of linear codes that the computation of weight
distribution of an irreducible cyclic code MY') over IF, is directly related to the counting
of either all lines ajx; = 0, ajx; + axxy = 0, all planes ajx; 4+ axxy + azxz3 =0, ..., or
all similar geometric structures ajx| + axx2 + azx3 + --- + a,x, = 0, depending on the
dimension of the code. Here, ay, az, ..., a, are the coefficients of the generator polynomial
of /\/li"). For p* = 2, Riddhi et al. [15] observed that it is sufficient to count the lines of the
form a;x; = 0 to compute the weight distribution of an irreducible cyclic code. Similarly,
for p* = 3, we need to count the lines of the form ajx; + axxy = 0. In Section 3, we
have counted all such lines. But for p* > 4, it becomes quite tedious to count all geometric
structures of the form ayx; +axxy + - - - +ap+_1xp+—1 = 0. Therefore, in the present paper,
we have chosen p* = 3, as we can count all the lines explicitly in this case.

5 Some Examples

Example 1 Consider an irreducible cyclic code of length 117 over F79. Heren = 117 = 9-13
such that ordg(79) = 3 and ord;3(79) = 1. Therefore, ordy.;3(79) = 3. Consequently,
Mgl 1) is a 3-dimensional irreducible cyclic code. Thus, by Corollary 14, its weight enumer-
ator is (1 +782%%)3 = 1 + 4745522117 + 234739 + 18252778,

Example 2 Consider irreducible cyclic codes of length n = 7 - 52 over FFy1. It can be easily
seen that there are 27 distinct 11-cyclotomic cosets modulo 175. Thus, there are 27 distinct
irreducible cyclic codes of length 175 over ;. Note that ord;(11) = 3 and ords(11) = 1.
Therefore, by Lemmas 4 and 6 of [19], ord;.52(11) = 3-5. Clearly, m is a divisor of 5 and has
two choices viz. 1 and 5. Consequently, the aforementioned codes are either 1-dimensional,
3-dimensional, 5-dimensional, or 15-dimensional. Since M§"> and Mg") are equivalent codes
if ged(n, s) = v, where v is a divisor of 175, therefore, we only need to compute the weight
enumerators of ./\/l(”s) ./\/1(175) M, (175) M(”S), nd M(175)

First, we compute the weight enumerator of MGS) (g(x)), where g(x) = x32 +x31 4
2030 4+ 8x% 4 4x28 4 9x 25 4 9x 24 4+ 7x B + 6122 +3x% 4 4x18 4 4x 17 - 8x10 4 1041 +
Sx1 431 43510 4 6x 4+ 2x8 + x7 + 5x* + 5x3 4+ 10x% + 7x + 9. Clearly, by Theorem
10, in the ratios of elements of the 2nd and 3rd rows of Bj, there are 6 distinct ratios viz.
00,2, 3,6, 1 and 0, each occurring once only. The weight distribution of ./\/1(135) is given in
Table 3, and thus its weight enumerator, A(z) = 1 + 210225 + 420730 + 700235,
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Table 3 Weight distribution of

M (13 5 Weight Frequency
0 1
25 210
30 420
35 700

Next, we consider /\/15175). Since ord;.52(11) = 15, therefore, M(1175) is a 15-dimensional
code. By Corollary 12, its weight enumerator is: (A(z))> = (1421022 4420230 +70023)°.

Further, the weight enumerator of Mg”s) is calculated by Theorem 15. In this case,

v="T,n/v= 5% and ordy/y(11) = 5Si.e. h = 5. Thus, the weight enumerator of M;”S) is:
(1 +10z%)% = 1 4+ 50z + 1000270 + 10, 000z'%% + 50, 000240 + 1, 00, 000z'75.

Similarly, by Theorem 15, the weight enumerator of Mgl;s) is: 1410z'7. By Theorem 16,

the weight enumerator of Mé1275) is A’(z%), where A'(z) is the weight enumerator of M(17).
Since ged(7, 10) = 1, therefore, by Theorem 8, its weight distribution is given in Table 4.
Consequently, A’(z) = 1 + 210z> + 420z° + 700z”. Therefore, the weight enumerator of
MG st 14210212 + 4207150 4 700217,

Finally, by Theorem 17, the weight enumerator of Méns) is A(zY), where A(z) is the
weight enumerator of M?S). Since A(z) = 1 + 210z% 4 420z3° 4 700233, therefore, the

weight enumerator of M§175) is: 1 4-210z'% 4 4207150 + 700775,

Example 3 Table 5 gives the weight enumerators of some irreducible cyclic codes of different
lengths.

Further, the reader might think about how one can find the pair (n, g) such that the
multiplicative order of ¢ modulo # is a divisor of KS(Z) . For finding ¢ for any given length n,
we proceed as follows: Let py, p2, ..., pr—1, Pr, --., p; be the prime divisors of n. To find ¢

such that

3ifl<i<r-—1;
1 if r<i=<t

Ordpf?i (@) = {

for some integer b;(1 < i < t), we need to compute the common solution of the following
congruences:

x = ki (mod p¥")

x = ky (mod p5?)

Table 4 Weight distribution of

el Weight Frequency
M 1
0 1
5 210
6 420
7 700
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Table 5 Weight enumerators of codes of different lengths

n v q Dimension Weight enumerator of Mz()")

of ME,”
21 1 37 3 1+ 756215 + 806418 + 41832721
147 1 37 21 (1 + 75621 + 8064718 + 41832721)7
27 1 9 (146239
81 1 7 27 (1462327
77 1 23 3 1 + 462755 + 2772760 1 8932777
847 1 23 33 (1 + 46277 4 27727 4 893277711
847 7 23 11 (1422771
847 77 23 1 1 + 22847
847 121 23 3 1 + 4627905 4 27727726 4 1 89327847
847 11 23 3 1 + 4627095 4 27727726 4 189327847

by
x = k,_1 (mod pr_ll)

x = 1 (mod pf’)

x = 1 (mod p),

b:
)

where k; = «; > (mod pll.’i), 1 <i <r—1,q is a primitive root modulo pf’i, and ¢

denotes Euler’s Phi function. We can find x by the Chinese Remainder theorem. Let one
value of x be k, then all other values will be of the form p?' pgz e p,b'_’ll prb’ e pf’l + k,
where [ is any positive integer. All those values of x that are either a prime or a prime power
will be possible choices for ¢g. Also, note that we have not restricted g to be less than n. Our

results hold for ¢ > n as well.

Example4 Let n = 13 - 67 - 7. To obtain ¢ such that ordi3(q) = 3, orde7(q) = 3, and
ordi(q) = 1, we find k1 (mod 13) and k> (mod 67). Since 2 and 7 are primitive roots modulo
13 and 67, respectively, therefore, k| = 3 (mod 13) and k, = 29 (mod 67). Next, we find
the common solution of the following congruences:

x =3 (mod 13)
x =29 (mod 67)
x = 1(mod 7).

By the Chinese remainder Theorem, one of the values of x is 29. Since 29 is a prime
number, therefore, one choice of ¢ is 29 for given n.

Example5 Letn = 33.5 =135, and q be such that ords3(q) = 3 and ords(g) = 1. Since
5 is a primitive root modulo 27, therefore, k; = 19 (mod 27). To find ¢, we need to obtain
the common solution of the following congruences:

x = 19 (mod 27)
x = 1(mod 5).
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By the Chinese Remainder Theorem, 46 is one of the common solutions of the above
congruences and other solutions will be of the form 135/ 4+ 46. But 46 is not a prime number.
Therefore, we need to find a solution that is either a prime or a prime power. If we take / = 1,
we get 181, which is a prime number. Similarly, for / = 7, we get another prime 991. Thus,
there are many choices of g for n = 135.

Example6 Letn = 7' . 11'% and g be such that ord;i0(q) = 3 - 7°% and ord, 101 (q) =
11100, By Lemmas 4 and 6 of [19], ord;2(q) = 3 and ord;1(q) = 1. Since 5 is a primitive
root modulo 49, therefore, ki = 18 (mod 49). Now, we find the common solution of the
following congruences:

x = 18 (mod 49)

x=1(mod 11).

Clearly, 67 is one such solution. Since 67 is a prime number, therefore, one possible value
of ¢ is 67 for given n.

Further, if we fix ¢, then the prime factorization of g3 — 1 decides the value of n. In other
words, if g3 — 1 = Z“p‘l)”p‘z"2 ...p, thenn = p?lpgz e ptﬂ‘ (because we are studying
codes of odd length), where 8; > 1.

Example 7 If we choose g = 5, then ¢> — 1 = 22 - 31 implies that we can obtain the weight
enumerators of all irreducible cyclic codes of length n = 3181, where g > 1. Similarly,
for ¢ = 29, we can obtain the weight enumerators of all irreducible cyclic codes of length
n = 7P113P267P3 where at least one of Bi > 1.

6 Conclusion

In this paper, we have obtained the weight enumerators of all m-dimensional and 3m-
dimensional irreducible cyclic codes of odd length n over I, with the help of the weight
enumerators of 1-dimensional and 3-dimensional irreducible cyclic codes of length n/m,
respectively. It would be interesting to find: (i) how codes of even length n over [, behave
(i) whether the technique used, in this paper, to compute the weight enumerator of any 3-
dimensional irreducible cyclic code can be extended to four or higher-dimensional irreducible
cyclic codes.
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