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Abstract

Boolean bent functions have been introduced by Rothaus in 1966, bent functions in odd
characteristic were first considered in 1985 by Kumar, Scholtz, and Welch. Two books on
bent functions and some surveys on bent functions and related topics mainly deal with the
Boolean case. In this survey, we focus on bent and vectorial bent functions in odd char-
acteristic. Lately, one can observe increasing interest in the bentness of functions from
elementary abelian into cyclic groups. Following this development, we also survey recent
results on this class of functions.
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1 Introduction

As indicated in the influential PhD thesis of Dillon [49] in 1974, Boolean bent functions
have been introduced in 1966 by Rothaus in the paper [110], which in its final version was
published 1976. In 1985, Kumar, Scholtz, and Welch [72] generalized the concept to p-ary
functions, i.e., to functions which map from elementary abelian p-groups into the prime
field [Fpl. Boosted by applications in cryptography and coding theory, and by rich connec-
tions to objects from geometry and combinatorics, bent functions and related functions
developed into a lively research area. Two books on bent functions, [92, 117], chapters in
books (see e.g. [23, Chapter 6], [45, Chapter 5]), and several surveys on bent functions and
functions related to bent functions, testify to this fact (we refer to [26] and [21, 22]).

The books and surveys mainly focus on the Boolean case.? In this survey, we
concentrate on p-ary (vectorial) bent functions, where p is an odd prime. We
especially elaborate the differences between bent functions in characteristic 2

! More general, in [72], functions from Z; to Z, are considered for arbitrary positive integers ¢.
2 Some treatment of the p-ary case can be found e.g. in [92, Chapters 13,14], or in [117, Chapter 15].
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and bent functions in odd characteristic, and analyse several properties, which
are specific to bent functions in odd characteristic. For instance, whereas all
Boolean bent functions are so-called regular bent functions, the class of p-ary
bent functions inherits a much larger variety of properties. It contains the class
of dual-bent functions introduced in [31] as a proper subclass, which again con-
tains the class of weakly regular bent functions as a proper subclass. To compare
the Boolean and the p-ary case, we will also have to shortly recall some classical
results on Boolean bent functions.

Lately, one can observe increasing interest in the bentness of functions from ele-
mentary abelian into cyclic groups, leading to the concepts of generalized bent func-
tions and Z,-bent functions. We follow this development, and survey recent results
on these classes of functions.

The objective of this survey article, is to give comprehensive information on the
current status of research on p-ary bent functions, generalized bent and Z -bent func-
tions, albeit without claiming to be exhaustive. Parts of the survey (in particular the
choice of the problems) reflect aspects about (vectorial) p-ary bent functions, gener-
alized bent and Z -bent functions, in which I am personally most interested.

This survey article is organized as follows. After the introduction, in Chapter 2, we
give the definitions and recall the basic properties of p-ary bent functions, vectorial
bent functions, and generalized bent and Z -bent functions. In Chapter 3, we review
classes and constructions of p-ary and vectorial bent functions. Chapter 4 is dedi-
cated to regularity and duality for p-ary bent functions. For alternative information
on this chapter (including also some proofs), we also may refer to the survey [37] on
these special aspects. More properties of p-ary bent functions, like algebraic degree,
normality, distance between bent functions, and also some theoretical coding results,
are dealt with in Chapter 5. In Chapter 6, some approaches to generalize the classical
result on the connection between Boolean bent functions and Hadamard difference
sets are discussed. Finally, in Chapter 7, recent results on generalized bent and Z
-bent functions are presented.

We finish the introduction with the definition of bent functions between arbitrary finite
abelian groups.

In [105], three equivalent characterizations of bent functions® between arbitrary
finite abelian groups are shown. The first one is a definition via character sums, for
the second one, differential properties of a function are considered. The third defini-
tion equivalently uses an object from combinatorics, namely relative difference sets, a
generalization of a difference set. We therefore first recall the definitions of a differ-
ence set and of a relative difference set.

Definition 1 Let H be a finite (abelian) group of order ;. A subset D of H with k ele-
ments is called a (i, k, A)-difference set in H, if every element z € H can be written as
z=d, —d, with d,,d, € D, in A ways.

Let H be an abelian group of order #v with a subgroup N of order v. A subset R of
H with k elements is called a (u, v, k, 4)-relative difference set relative to N, if every
element z € H\ N can be written as z = d, — d, with d,,d, € R, in 1 ways, and there
is no such representation for any nonzero element in N. N is then called the forbidden
subgroup.

3 In [105], the term perfect nonlinear function is used.
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Clearly, a relative difference set with trivial forbidden subgroup is just a difference set.
Definition 2 Let (A, +,) and (B, +5) be two finite abelian groups. A function f from A to
B is called a bent function, if and only if one (and hence all) of the following equivalent

conditions are satisfied.

(i) For every character ¥ of A X B which is nontrivial on B we have*

= VAl )

> 2o f)
x€A

(i1) For all nonzero a € A, the derivative D,f of fin direction a,
D fx)=f(x+,a)—pf(x)

is balanced, i.e., every value in B is taken on the same number IAl/IBI of times.
(iii) The graph of £, G(f) = {(x,f(x)) : x € A}, is a relative difference set’ in A x B rela-
tive to {0} X B (see [105, Theorem 1]).

We remark that bent functions can also be defined between finite non-abelian groups.
The charaterizarions in Definition 2 (ii), (iii) still apply, see [99] and [100, 101]. For recent
results on bentness of functions on a non-abelian group, respectively between non-abelian
groups, also on characterizations in terms of adequately defined Fourier transforms, we
refer to [53, 120], and [121] and references therein.

Relative difference sets of the type given in Definition 2 (iii) are called splitting rela-
tive difference sets. In contrast, a relative difference set in a group H is nonsplitting, if the
forbidden subgroup B has no complement, hence the group H cannot be written as A X B
for some group A. Moreover, for the parameters of G(f) we have k = u, G(f) is then called
semiregular. Conversely, semiregular splitting relative difference sets in A X B define bent
functions f : A — B, see [105, p.180]. The study of bent functions is therefore also a study
of semiregular splitting relative difference sets (and vice versa). For further background on
relative difference sets we refer to [104].

We finally remark that in some literature, the term perfect nonlinear function is used,
e.g. also in [105]. In this survey, we will use the term bent function, and more concretely,
depending on the groups involved, the terms Boolean bent function, p-ary bent function,
vectorial bent function, Zpk—bent function, which we will introduce in the next section.

2 Bent definitions, basic properties

We first fix some notation, which we will use throughout the survey article.

Let g be a prime power. We denote with I the finite field with g elements. The ring of
integers respectively the cyclic group (with respect to the addition) of the integers modulo
g, we denote by Z,(q will here again always be a prime power). For a positive integer n

4 By Parseval’s identity (see [105, Theorem 4]), for a bent function, the maximal value for | X eq (. f(X)]
over all such characters (which is 4/|A|) is smallest possible.

5 The parameters of G(f) obviously are (i, v, k, ) = (|A[, |B, |Al, |A|/|B).
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and a prime p, we denote by \/(p) the vector space of dlmensmn n over the prime field F,
and with (,) we denote a non-degenerate inner product of \/ It \/ is represented by
F), the vector space of the n-tuples over [, then one may take the conventional dot prod-
uct u - v for (u,v),, the standard inner product for the finite field [Fpﬂ with p" elements, is
(u,v), = Tr}(uv), where Tr{(z) is the absolute trace of 2 € F,.. Accordingly, for a divisor m
of n, Tr” (z) is the relative trace of z € F,, from I, into the subfield ;.. (The characteristic
p of the field is seen from the context, and is not included in the notation for the trace.)
Some classes of interesting functions from \/,Ep ) to [Fp, like some bent functions, can be rep-
resented best in bivariate form, where \/n“’) = [F,,m X [Fpm, n = 2m, in which case we can take
the inner product {(uy, u), (v(,v,)), = Tr{'(u,v; + uyvy).

We will have to strictly distinguish between the addition in elementary abelian groups,
and the addition in other structures. Addition and subtraction in vector spaces over a prime
field |, is hence denoted by @ and ©, whereas + and — stands for addition and subtraction
inZ " in the integers, complex numbers, etc.

2.1 The Boolean and p-ary case

Functions f from \/,fp ) into the prime field F,, we call p-ary functions, and when p = 2, as
usual also Boolean functions. A function f from [Fp" to [, can uniquely be expressed with its
algebraic normal form (ANF)

n
SO, x,) = Z a(,',,.A.,,-MHX’,-’A 2)
Gt oiin)EF? i=1
with coefficients 4,....,) in F,. The degree of a monomial H," 1 4" is Ji gy and

the largest degree of all monomlals in (2) with nonzero coefficient a(;, _;,is called the
algebraic degree of f. If f'is given as a function from the finite field [, to F,» then f can
be uniquely represented as a polynomial f(x) = Z —0 ajxf of polynomlal degree at most
p" — 1% Every exponent t can be written in base p representatlon t= Z;: t,p', the weight
of t is then Zl.:o ;- The algebraic degree of f equals the largest weight of an exponent ¢ in
the polynomial representation of f, for which g, # 0. The constant functions therefore are
the functions with algebraic degree 0, the functions of algebraic degree 1 are called affine
functions.

For p-ary functions f : — [, the character sum in Equation (1), which is called the
Walsh transform (or Walsh- Hadamard transform) of f, denoted by W, is the function from
V, " into the complex numbers C of the form

\/(P)

Wi(b) = Z Ci:(x)e(b’x)”, ¢, = o2ilp.

xev?

3

The multiset {W,(b) : b € V,”} is called the Walsh spectrum of the function £’

® Recall that all functions from F,: to F,x (or with values in a subfield) have a unique representation as a uni-
variate polynomial of degree at most p" — 1.

7 More precisely, the character sum (3) should be of the form Wia,b) =}, " paf(x) OGS ith a € [Fp* .

However, since with a p-ary function f, also af is bent for all a € [F]j‘, in connection with bentness, the Walsh
transform of a p-ary function is commonly defined as in (3).
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Differently from the exact value of the Walsh transform Wf(b) at an element b € \/,1@),
the Walsh spectrum of fis independent from the inner product used in (3). Definition 2 (i)
for p-ary bent functions is then of the following form.

Definition 3 A function f from \/(”) to [, is called a bent function, if the Walsh transform
Wy(b) of fat b, has absolute value p”/ 2 for allb € V¥

The first well-known fundamental differences between the Boolean case and the case of
odd primes p, we observe at the possible values in the Walsh spectrum.

THE BOOLEAN casE. If p = 2, then {;, = —1 and W;(b) is always an integer. For a Boolean
bent function we hence have W;(b) = 2"/2(~1)"® for a Boolean function f* : V@ — [,
called the dual® of f. Clearly, n must be even. As is well-known, the dual f*is a bent func-
tion as well, and (f*)* :=f" =f,

THE p ODD CASE. leferently from the case that j, = 2, bent functions from \/(”) tol,, p
odd, exist for all integers n > 1°. As first shown in [72] (see also [57]), the values of the
Walsh transform of a p-ary bent function are also qu1te restricted. For a p-ary bent function

f: \/(p) »» the Walsh coefficient Wy(b) at be \/(p always satisfies
+8 Pp2 0 pr=1mod 4
Wi (b) = .
7 { Cf(b) "2 . p" =3 mod 4, @
where f is a function from \/(”) toF »» which again is called the dual of f (and i = \/ 1).
A bent function f : V¥ — F, 1s called weakly regular if, for all b € V,/”, we have

We(b) =€ Cf ® p"/? for some ﬁxed € € {£1, +i}, cf. Equation (4). If e = 1 we callfregu-
lar'®. If (the sign of) ¢ Changes with b € \/,E” ), then [ is called non-weakly regular bent.
Weakly regular bent functions f belong to the class of dual-bent functions, for which the
dual f*is bent as well. Moreover, we then have f**(x) = f(—x), hence f***(x) = f(x), see
e.g. [57]. A non-weakly regular bent function can be either dual-bent or non-dual-bent,
see [31, 34]. As it is shown in [98], the dual of a non-weakly regular dual-bent function is
again non-weakly regular.

Boolean bent functions are defined as the Boolean functions in even dimension with
the largest possible nonlinearity A/ = 2"~ — 27/2-1j e, as the Boolean functions with the
furthest distance pr from the set of affine functions. The size of the preimage sets |f —1@)),
i=0,1, are 27~! 4+ 27/2-1 In coding theoretical terms, the distance N of a Boolean bent
function from the set of the affine functions is the covering radius of the first order Reed-
Muller code RM,(1, n). We refer to [21]. This does not apply for p-ary bent functions and
the Reed-Muller code RM (1, n). The size of the preimage sets and the Hamming distance
of a p-ary bent function from the set of the affine functions is determined in Theorems
3.2-3.5in [97].

Theorem 1 [97] Let f : \/(p) ~F,, p odd, be a bent function, and for ¢ € F,, let
b, = |f~'(©), where f~\(¢) = {x € W’ fx)=2¢).

8 Since the Walsh coefficient Wy (b) depends also on the inner product used in (3), strictly speaking, f* is
the dual of f with respect to (, ),,.

° As is shown by Hou in [62], the bent functions f : F, — [F,are the functions f(x) = ax> ® bx® ¢, a £0.
10 This trivially applies to Boolean bent functions. Hence we can see Boolean bent functions as regular
bent functions.
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(i) Ifnis even, then there exits a unique c € F, such that b.=p"l+@p- l)pg_1 and

b, =p"! Ipz for all? € T, \ {c}. Moreover, iff is regular, then the upper szgns
have to be attained. The Hammmg distance to the nearest affine function from V, @
toF,is (p— Dp"™' = p"/>"Vor (p— ("' = p"/>~1). If fis regular, then the latter
case applies.

(i1) If n is odd, then the value distribution is given by (bg: bys - sby_ 1) or a cyclic shift of
. £\
(by, by, ... ’bp—l),Whel’ebo =p llll’ldbf =pl 4+ <p )p > forall¢ €F, \ {0}, or

n— ES
b,=p" ! - <ij )pzlforallf eF, \ {0}, and\ , |isthe Legendre symbol. The Ham-

ming distance to the nearest affine function from \/,ﬁp ) to F,is(p — Dp'=! = pt=b/2,

We finish this section with the definitions of some related functions. A p-ary function
f: \/(p) — [, is called plateaued (also s-plateaued), if [W;(b)| € {0, P12} for an integer
5,0<s<n, dependmg only on f.!! Bent functions are exactly the O-plateaued functions.
If s=1 then f'is called semi-bent (or also near-bent). For p = 2 the term semi-bent is also
used for ¢ — 7 if n is even (note that n = s mod 2 is required when p = 2).!2

A subclass of the plateaued functions is the class of partially bent functions, which are
the functions f : \/(”) -, for which the derlvatlve D f(x) =f(x ® a) © f(x) is either bal-
anced or constant. The set of elements a € \/ ) for which D f 1s constant forms a subspace
of \/,,U’ , the linear space of f, of some dimension s. The function fis then s-plateaued.

2.2 Vectorial bent functions

Let \/(p) and \/(p) be vector spaces over [, of dimension n and m respectively. For a function
F from V. to V), which we call a vectorml function (when m > 1), the character sum (1),
which is also called the Walsh transform, is given by

Wi(a,b) = 2 Clﬁa,f(fo)m6(17,)(),,7 ¢, = &27ilp.

xey?

Hence, Definition 2 (i) for vectorial functions appears as follows.

Definition 4 A function F from \/n(p ) to \/,E,p ) is called a bent function, if the Walsh transform
Wy(a,b) of F at (a, b), has absolute value p"?forallb € \/,Ep ) and nonzero a € \/,,(f )

For a vectorial function F : \/,Ep ) \/n(f ) and a nonzero element a € \/,(,,"7 ) (and some fixed
inner product (Y of \/,ﬁf)), the p-ary function F, : \/,E”) — [Fp, F,(x) = (a, F(x)),,, is called
a component function of the vectorial function F. The algebraic degree of a vectorial func-
tion is the largest algebraic degree among its component functions. In terms of the compo-
nent functions, a vectorial function F'is bent, if and only if all of its component functions
are p-ary bent functions. The set of the component functions, together with the O-function,
forms then a vector space of p-ary bent functions of dimension m.

11 Recall that by Parseval’s identity we have ZbE\/ﬁ”) |Wf|2 =p*" Hence if fis an s-plateaued function, then
Wi (b) # 0 for p"~* values of b.

12 The notion of plateaued functions was introduced in [125]. In some literature, the term three valued
function is used, and semi-bent functions are called three valued almost optimal, see for instance [15].
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The following fundamental differences between p = 2 and p odd are well known.

p = 2. Clearly, also vectorial bent functions F : V® — V@ can only exist for even n.
By Theorem 3.2 (and its Corollary) in [96], for a vectorial bent function F : V@ — V@),
m can be at most n/2. More precisely, in [96] it is shown that for a vectorial bent function
F : \/,Ep ) > \/n(f ) of which all component functions are regular bent functions, m can be at
most n/2.

p opp. Bent functions from \/,Ep ' to \/,5,” ) exist for all integers n and m < n. Vectorial bent
functions on \/,fp ) are called planar functions. Planar functions attracted a lot of attention in
the literature, in particular due to their connections to projective planes and commutative
semifields. We may refer to Section 8 (and also Section 3.3) in the survey paper [106], or
to [44].

2.3 Bent functions into the cyclic group

Recently, one can observe increasing interest in functions from t(lple vector space \/,E” ) into
the cyclic group Z 4. The character sum in (1) for functions f : V" = Z,is of the form

Hy(c,u) = Z C;{(X)Clﬁ””", ¢, =,

xe\/,sp )

the accordant version of Definition 2 (i) is then

Definition 5 A function f from \/,Ep) to Z, is bent if and only if |H,(c,u)| = p"/? for all
u € V”’ and nonzero ¢ € Z.

Differently from bent functions between elementary abelian groups, bent functions from
Vi to Zpk, which we will also call Z,,A-bent functions, seem to be “rare”, see our discus-
sions in Section 7.2.

The class of functions from \/,Ep ) to Z  satisfying only the much weaker condition that
|H(1, )] = p"? for allu € \/,fp ) is called the class of generalized bent functions. General-
ized bent functions originally have been introduced in [111] for p = 2, in connection with
applications in code division multiple access (CDMA) systems when k = 2. Satisfying
only a much weaker condition, generalized bent functions (in general) do not yield relative
difference sets. As easily seen, cf. [61], f : \/,Ep N Zpk is bent, if and only if P'f is general-
ized bent for all 0 <t < k — 1. Consequently, generalized bent functions play an important
role in the research on Z ,-bent functions respectively relative difference sets in \/,fp ) x Z .

The possible values of H,(1,u) respectively H(c,u) for a generalized bent function
respectively a Z -bent function are similar as for bent functions between elementary abe-
lian groups. The following generalizations are shown in [82] for p = 2, and in [94, Lemma
3] for odd p. For the special case, p = 2 and n is odd we refer to [111, Lemma 3.3].

Theorem 2 Lert f : \/,E‘" ) > Z . be a generalized bent function.

— Letp=2.Ifnisevenornisoddand £ 2, then Hy(1,u) = 2'1/24‘-;:(") forallu € V® and
some function f* : V@ — Z,. If nis odd and k = 2, then H,(1, u) = (1 + )20~ D/2*@
for all u € V® and some function f* : V& — Z,,

@ Springer



744 Cryptography and Communications (2022) 14:737-782

— If p is an odd prime, then

~ iCZZ(“)p"/Z : p"=1mod4;
Hf(lvu) - o (W) nf2 . n=73 d 4
+C,pT o pt=3modd,

where ¢+ is a function from \/,Ep ) to Z .

3 P-ary bent functions. Examples and constructions

In this chapter, examples and constructions of p-ary (vectorial) bent functions are reviewed.
In general, one distinguishes between primary bent function constructions, i.e., bent func-
tions, which are constructed from scratch, and secondary bent function constructions,
where new bent functions are constructed from known bent functions or related functions.
Crucial for the classification of (vectorial) bent functions is the concept of equivalence.

Extended affine equivalence Two functions f,g : V. — V" are called extended affine
equivalent (EA-equivalent), if there exist a linear permutation L, of \/,Ep) , a linear permuta-
tion [, of \/n(f), a linear map L : \/,Ep ), \/,(,Lp ) and an element ¢ € \/,Ef’ ) such that

8(x) = (Lyof oLy)(x) + L3(x) + c. 5)

If Ly = 0, then f, g are called affine equivalent, if further ¢ = 0, then linear equivalent.

The algebraic degree and essentially the Walsh spectrum are invariant under EA-equiv-
alence.’® In particular, if fin (5) is bent, so is g. Therefore, for the classification of (vecto-
rial) bent functions, the concept of EA-equivalence is essential, two (vectorial) bent func-
tions are considered different, if they are not EA-equivalent. In general, it is not easy to
decide whether two bent functions of the same algebraic degree are EA-equivalent. For a
group theoretic approach we refer to [48].

We remark that for classifying (vectorial) functions, the coarser CCZ-equivalence is
used, [24]. However for Boolean functions, p-ary functions, and for bent functions, these
two equivalence concepts coincide, see [8, 9].

As for Boolean bent functions, a complete classification of p-ary bent functions
is illusive. There are plenty of primary classes of p-ary (vectorial) bent functions
known, and with the use of the several known secondary constructions (and concat-
enations of secondary constructions), a huge amount of (vectorial) bent functions can
be generated. As shown in Kantor [68, 69, Remark 4], already in the partial spread
class from the Desarguesian spread, which will be recalled below, the number of
inequivalent p-ary bent functions (which can then serve as ingredients in secondary
constructions), grows exponentially with the dimension. In my opinion, due to the
numerous possibilities of bent function constructions, presenting further bent for-
mulas is of limited interest, unless one can show that the obtained functions satisfy
some exceptional properties. We concentrate here on some major primary construc-
tions, classes of (vectorial) bent functions with a neat representation (monomials,

3 If p and n are odd and a € F, is a nonsquare, then the signs in the Walsh spectra of the bent functions f
and af from \/,5" ) to F, are opposite. Hence in this case e.g. a regular bent function and a weakly regular but
not regular bent function can be EA-equivalent. The precise effects of EA-equivalence transformations are
listed in [31].
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binomials), and on some p-ary versions of secondary constructions, which turned out
to be useful to generate bent functions with properties that are specific for the case of
p odd. We point to the literature on further constructions of p-ary bent functions in
Section 3.4.

3.1 Primary constructions

Quadratic bent functions Quadratic functions, i.e., functions of algebraic degree
2, are partially bent, hence plateaued. In the Boolean case, all quadratic s-plateaued
functions form an EA-equivalence class. In particular, every quadratic Boolean bent
function from \/,fz) to F, is EA-equivalent to the function x;x, @ x3x, @ --- ® x,_x,
from FJ to F,.

The situation is different when p is odd. Omitting affine terms, every quadratic function
Q(x) in multivariate form, i.e., represented as a function Q from [Fp” to[F), can be written as

Q) = (X1, ..., X, DA, ..., x,)T

for some symmetric n X n-matrix over F, ((x;, ..., x,)” denotes the transpose of the vector
(xy,...,x,)). The quadratic function Q is bent, if and only if A is nonsingular. With a coor-
dinate transformation on F;, A can be transformed into diagonal form, with either (1, ...,1)
or(d,1,...,1) for some nonsquare d € [, in its main diagonal.

Theorem 3 For an odd prime p and a nonsquare d € F,, let Oy, 0, ”:If — F, be the quad-
ratic functions Q)(x) = x> @ x2 @ -+ @ x% and Q,(x) = dx; B x; @ - D X%,

(1) Qg and Q, are bent functions with

Q1(b)
wogy= 4 PG p=1modd,
O noan/2 QT(h) —
i"p"’<g, p =3 mod 4,
/2 Q5) _
wo =1 P p=1mod4,
0] noan/2 Q;(b) . _
—i"p"’¢, : p=3modd4,

where Q7 (x) = —(4)_1Q1(X), and Q3 (x) = —(4)_1(x%/d @ x% ® - @xﬁ).

(ii) Ifn is even, then every quadratic bent function Q : \/,Ep) — [, is EA-equivalent to
either Q, or to Q,. If n is odd, then every quadratic bent function Q : \/,Ep) —F,is
EA-equivalent to Q,.'*

For vectorial quadratic bent functions, univariate representation seems most convenient.
In particular, all in the literature explicitly given quadratic planar functions are in univari-
ate representation (see Section 3.3 below for some examples). We remark that, omitting affine
terms, all quadratic functions on F,» P odd, have a unique representation of the form

14 Multiplying 0, with a nonsquare g € F, changes the signs in the Walsh spectrum, aQ, can then be trans-
formed to Q; with a coordinate transformation.
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oW =Y  ap" eF,lxl
ij=0,...,n—1 ©)

Polynomials of the form (6) are called Dembowski-Ostrom polynomials".

Maiorana-McFarland (MMF) bent functions As already observed in [72], the Maiorana-
McFarland construction for p = 2 can be applied in the same way in odd characteristic.'®
The construction is essentially vectorial. Commonly, Maiorana-McFarland bent functions
are represented in bivariate form.

Theorem 4 Let r be a function on the finite field ..

p-ary VErsioN: For & * B = B thefunction f * By X Fp = B, f(x,y) = T (xz () + ()
is bent if and only if r is a permutation. The bent function f is then regular, its dual
[y = Tr']"(—yﬂ‘l(x)) + g(z~(x)) is also a Maiorana-McFarland bent function.

VicroriaL version: For G @ By — F the function F Fpu X By = F Fx,y) = x72(y) + G()
is bent if and only if . is a permutation. All component functions are then regular.

Alternatively one can define a Maiorana-McFarland bent function [ F X F,uw = F, by
Fy) =100 & g,
where fy © Bpn = T, is linear and fy # fy ify#y,oras
fey) =100, @)

where f, : F,. — F, are affine functions, and the supports of their Walsh spectra are pair-
wise disjoint. We note that a function from F,. — F, is affine, if and only if it is an m-pla-
teaued function, or equivalently, if and only if the support of the Walsh spectrum contains
exactly one value. Hence in the version in Equation (1), every ¢ € F,u belongs to the sup-
port of the Walsh spectrum of exactly one fy.

Spread and partial spread (PS) bent functions Generalizations of the partial spread
construction as given in Dillon [49] for p =2, have been presented in [69, 76]. First
recall that a partial spread of the elementary abelian group V%', n =2m_ is a collec-
tion S = {U,, U,, ..., U} of m-dimensional subspaces of \/,Ep), which pairwise intersect
trivially. If K = p™ + 1, i.e., every nonzero element of \/,51’) is in exactly one subspace,
then S is called a (complete) spread of \/,5”). The standard example is the Desargue-
sian spread, which for \/,Ep) = [Fpm X [Fpm has the representation S = {U,U, : s € Fn }s
withU = {(0,y) : y € [Fpm}, and for s € [Fp,,,, U,={(,sx) : x€e [Fpm }.

15 For p = 2, slightly differently, the sum is over i, j with ; < j, as the term x**+? = x?"'is linear.

16 Boolean Maiorana-McFarland functions were introduced independently by Maiorana (unpublished) and
McFarland [84] as a generalization of Rothaus’ bent functions x - y @ g(x) in [110].
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Theorem 5 [69, 76]

(i) Let gbea partlal spread of\/,gp), n = 2m, with at least ® — Dp"~ subspaces Sup-
pose that f : \/ — [, is a function such that every nonzero element of F, has the
union of pm-1 subspaces in 8§, without the 0, as the preimage set, and all other ele-
ments are mapped to 0. Then f is a bent function, a so called p-ary PS™ bent function.

(i) Let gbe a partial spread of \/yﬁ”), n = 2m, with at least (P — Dpmt+ Lsubspaces. For
some fixed nonzero c € F,, we take the union of p"~! + 1 subspaces (including 0)
as the preimage of c. For all remaining nonzero elements of T, the preimage is the
union of pm=1subspaces, without the 0. All remaining elements of\/,fp), the function
fmaps to 0. Then fis a bent function, a so called p-ary pS+bent function.

Both classes of partial spread bent functions are regular.

A (complete) spread is a very powerful object for constructing bent functions, not only
between elementary abelian groups, but remarkably, for bent functions from Vi into any abe-
lian group of order p*, k < n/2. For a proof of the subsequent theorem, we may refer to [89].

Theorem6 LetUg, Uy, ..., Upn be the subspaces of a spread of \/,?J ), n = 2m, and let B be an abe-
lian group of order p* for some1 < k < m. We obtain a bent function from \/,? )10 B as follows.

1. For every z € B, the nonzero elements of exactly pm=* of the subspaces U, 1<j<p™,
are mapped to 7.
2. The elements of Uy are mapped to a fixed ¢ € B.

We finally remark that one can obtain vectorial bent functions, and bent functions into
other abelian groups, also from partial spreads of \/,Ep ) with sufficiently many subspaces,
see e.g. [3, 87].

Monomials and Binomials Besides from the big MMF and PS classes, there are not many
primary constructions of p-ary bent functions. A few (non-quadratic) monomials and bino-
mials are known. As shown in [10], the following examples do not belong to the completed
Maiorana-McFarland class, i.e., they are not EA-equivalent to any Maiorana-McFarland
bent function. One more monomial we will recall in the section on planar functions below.

M f,(x) = (ax : +3“+1>

The bentness of this monomial over the finite field F;, was conjectured in [57], and then
shown in [58, Theorem 1.4], see also [56]. In [38, Theorem 1], the vectorial bentness of the
monomial is shown, i.e., it is shown that fi is a component of an associated vectorial monomial
bent function. We summarize the results in the following theorem, giving a p-ary and a vectorial
version.

Theorem 7 Letn = 2m, m odd, a = a®"+Y/* for a primitive element a of F3».
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-1 n
p -ARY VERSION. The function f; : 3. — B, fi(x) = Tr} (ax7+3 * ), is a weakly regular

but not regular bent function.
Pl am .
VECTORIAL VERSION. The function Fy @ By = Fyn, Fi(x) = Tr’;1<cL)cTJr3 +1), is a vecto-
rial bent function all of which component functions are weakly regular but not regular.

(i) £y(x) = Tr (x40 041 @ 2 )

The bentness of this binomial is shown in [59], the vectorial version is Theorem 2 in

[38].

Theorem 8 Let n = 4k for an arbitrary positive integer k.

p -Ary VERSION. The function fa @ By = F, f(x) = Tr! (xpsk‘rpz"—pkﬂ @ x2), is a weakly
regular but not regular bent function.

VECTorIaL VERSION. The function F, @ Fi — F o,

Fy(x) = Trgi (xp3k+p2k_pk+l @ x2>
is a vectorial bent function with all components weakly regular but not regular bent.

(i) Functions with Dillon type exponents In [57], it is shown that the monomial function
£ B = Fyn=2m, f3(x) = Tri(ax?), d = (3™ — 1), is bent under a condition on a Kloost-
erman sum involving the coefficient ¢ € [F;,. Exponents d of this form are called Dillon type
exponents, yielding functions that are constant on the nonzero elements of the subspaces y[Fs.,
¥ € 5. The collection of such subspaces forms the Desarguesian spread in univariate represen-
tation. These functions are included in the class of the partial spread functions, see Theorem 3.3
in [76], and they are a component function of a vectorial spread bent function, see [38]. Further
examples of bent functions with Dillon type exponents are dealt with in [66, 108, 114, 116, 124].

3.2 Secondary constructions

Secondary constructions of bent functions, i.e., constructions of new bent functions from
known bent (or related) functions, provide the toolkit to generate a huge amount of new
bent functions. The very difficult problem however, is to show whether obtained bent func-
tions are new (in terms of EA-equivalence). With secondary constructions, classes of bent
functions with special properties can be obtained, which we do not see in the known pri-
mary constructions. We present here (the p-ary version!” for) three constructions in detail,

17" Several, but not all, of the primary and secondary Boolean bent function construction procedures work
for odd primes p as well. For instance, Niho bent functions, i.e., Dillon’s H-class [25, 49], only exist for
p = 2. The secondary construction of Boolean bent functions in [20, 91], does not work in this form for odd
primes p.
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which turned out to be useful for the construction of bent and vectorial bent functions with
properties, which are specific to p-ary bent functions.

Another procedure to obtain an new bent function from a given one, will be
discussed in Section 5.3 in connection with the minimal distance between two
bent functions. Bent functions obtained with certain partitions of \/,E”) occur in
connections with generalized bent functions and Z,-bent functions on Chapter 7.
In Section 3.4 below, the further literature on p-ary bent function constructions is
overviewed.

Direct sum and semidirect sum The simplest secondary constructlon is the
direct sum of two functions f:V¥ - F, and g: v - F, given by
h(x,y) = f(x) ® g(y). As easily derived, the Walsh transform of h at (a, b) e \/(p) \/(p)
satisfies W, (a,b) = Wi(@W,(b). For the Vectorlal version of the direct sum, let F,
G be two vectorial bent functions from \/ respectively from Va  to Fx (without
loss of generality we represent \/(P) with I, k) Then the function H : \/(p) X \/,Ep) = Fy

given as H(x,y) = F(x) @ G(y) is a vectorial bent function. The semi-direct sum

introduced in [34] for p-ary functions, and in [38] as vectorial construction, can
be seen as a generalization of the direct sum.

Theorem 9 p -ary version. Let f - \/@) - F,and g : \/,Ep) — F, be bent, and let ¢ be
a function from \/(p) to \/(p) The functlon h: \/(m \/(1’) - F, defined as

h(x,y) =f(x) ® gy ® p(x)) is bent if and only if for all be \/(p) the function
Y, : \/m) - F, Y0 =fx) & (b, (x)), is a bent function. The dual h* of h is then

B (x, y) = Y1) @ g* ()
VECTORIAL VERSION. Let F : \/,5‘1") - Fy and G : \/(") = Fy be vectorial bent func-

tions, and let ¢ be a function from \/(1) to \/(p) The functton H: \/(p) \/(”) - Fy
defined as

Hx,y) = F(x) @ G(y ® ¢(x))

is vectorial bent if and only if for all b E\/(p) and nonzero a € F, the function
Gpy : Vi = F,

¥, () = Tri(aF(x)) @ (b, p(x)),

is a bent function.

Remark 1 1f  is the zero function, then the condition in Theorem 9 trivially holds, and the
semi-direct sum reduces to the direct sum.

The secondary construction of Boolean bent functions in Carlet [17] is the spe-
cial case of the semidirect sum with g(x) = x;x, @ x3x, @ - B x,_ X

Generalized Maiorana-McFarland In [28, 30], a construction of p-ary bent
functions is presented, which can be seen as a p-ary version of the construc-
tion of Boolean bent functions from semi-bent functions in [14, 41, 74]. The
p-ary version we present here is from [31].
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Theorem 10 Let g, : \/,5”) -F,y€ \/S(p), be a collection of p* functions all of which are
s-plateaued such that the supports of the Walsh spectra {b € \/n@ ) Wg), (b) # 0} are pair-
wise disjoint. Then f : \/,Ep) X \/S(p) ->F,

fxy) =g,

is a p-ary bent function.

Remark 2 In the extreme case that g =y, hence all g, are affine functions, the con-
struction in Theorem 10 reduces to the Maiorana-McFarland construction as it is
described in (7). Hence we refer to the construction in Theorem 10 as the general-
ized Maiorana-McFarland construction.

Remark 3 Looking at the construction from the perspective of the corresponding relative
difference sets, it can be seen as an instance of the construction principle of relative differ-
ence sets in [47], see [2].

Sets of plateaued functions with the properties required for the generalized
Maiorana-McFarland construction, one can obtain starting with bent functions,
see [30]. A concrete realization, by which a bent function in , 4 5 variables is
obtained from an arbitrary set of p bent functions in n variables, is given in the
following theorem, which we give in two versions since Theorem 10 also sup-
ports a construction of vectorial bent functions.

Theorem 11 [31, Theorem 2], [38, Theorem 3]

D -ARY VERSION. For j=0,...,p—1, let g; be bent functions from \/,fp ) 1o F,. Then
f:V? S,

n+2

JOX005Y) = 8,(X) @ X1y 8)
is a bent function. Its dual [* is
f*(x’ xn+l’y) = g;nﬂ (x) e xn+1y' (9)

VEectoriaL VERSION. For every Y € Fyi let Gy be a vectorial bent function from [Fp"k to o (with-
out loss of generality we here use these representations for the vector spaces). Then the
Sunction F U:;:'z — [ defined as

Fxy, oo X, X,,0,Y) = Gy(x,, e X,) @YX,

is a vectorial bent function.

Generalized Rothaus construction In [85], a generalization of a construction
in Rothaus [110], that also applies to p-ary functions, a)odd, is presented. For
the construction we need three bent functions fi./2./3 : V' — [Fp, for which linear
combinations (not necessarily all) are also bent. One may simply employ three
(linearly independent) components of a vectorial bent function.
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Theorem 12 Let f1./2./5 : \/lgp ' > F, be linearly inﬁlrependent component functions of a

o . . i ) 2
ve:’ctorll)al bent function, and let a, b, ¢ be elements of " p. The function g from V,”” X [Fp toF,
given by

86, 3,2) = £ (0) © fifa(x) B fof3s(x) © /if3(x) @ af (x) @ b, (x) ® ¢f3(x)
® (L,(0) ©/1(0))y @ (3(x) © f1(x))z @ yz

isbentifandonly if y @ b @ ¢ # 0"

For p =2, in which case g is bent whenever a ® b @ ¢ = 1, with the choice a =1,
b=c =0, one obtains Rothaus’ construction of Boolean bent functions in [110]. We
remark that for this case, it is sufficient that with fi,f>.f3 also fi ®© f> @ f is bent.

3.3 Planar functions

Bent functions from v to V%, which only exist for odd primes p, are called pla-
nar functions. By the alternative definition of bent functions via derivatives, a
function F : \/,Ep ) \/,E” ) is planar, if for every nonzero a € VP the derivative
D,F(x) = F(x @ a) © F(x) is a permutation of \/,,U’ ). Planar functions are particularly inter-
esting for their connections to projective planes or to commutative semifields. A lot of
research therefore focused on planar functions. An excellent survey on the results on planar
functions (and on APN functions), is the paper [106]. We hence here solely sketch the con-
nections to projective planes and commutative semifields, give some examples for planar
functions, and refer to the literature.

The graph of a planar function is a relative difference set in \/IEP) % \/1510 with parameters
@",p",p"1). Relative difference sets with parameters (v, v, v, 1) induce divisible
(v, v, v, 1)-designs, which uniquely can be extended to projective planes of order v'°. For
details we refer to [106, Section 3.3], and the references therein.

The only known not quadratic planar functions are the Coulter-Matthews functions,
[43], F : Fy — [F,

341

F(x)=x>, tis odd, and gcd(,n) = I. (10)

Any quadratic planar function, i.e., planar Dembowski—Ostrom polynomial, describes a
commutative (pre)semifield (F,., +, *) (see [70, 73]), and vice versa, any commutative (pre)
semifield of odd order can be described by a planar Dembowski—Ostrom polynomial. The
corresponding projective planes are then semifield planes, i.e., coordinatised by the com-
mutative semifield. For several results on planar functions and their connections to com-
mutative semifields we refer to [12, 44, 118]. Some examples of quadratic planar functions
on P with neat polynomial representation (and the corresponding semifields) are the Gold
functions F(x) = x* (finite field), F(x) = X+ n/ ged(n, k) odd (generalized twisted fields
[1]), and the functions F(x) = x' + x © x2, p = 3, n odd [43, 51]. Some more examples
are in [6] or in [11, 13] respectively in [7].

'8 For the bentness of g it is sufficient that 4,f;(x) @ Af2(x) ® A3f3(%) is bent for all 4y, 4y, 43 € F,, for
which A, ® 4, ® 43 =a® b @ c, see [85, Remark 1].
19 Tt is conjectured that v has to be a prime power.
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For more detailed information and an exhaustive list, we refer to Chapter 8 in [106], and
to the references therein.

3.4 Some more examples

In this section, we point to the further p-ary bent function constructions, which one can
find in the literature, without going into the details. I like to emphasize again, that with the
large number of bent functions from primary constructions and the rich toolkit provided by
secondary constructions (and concatenations of secondary constructions), one can easily
generate huge quantities of (p-ary) bent functions, also bent functions, which do not belong
to one of the major classes® (which is not always easy to see).

As is observed in [102, 103], the construction in Carlet [18] of a new Boolean bent
functions by altering the values of a Boolean bent function S : \/,52) — [, on an n/2-dimen-
sional affine subspace on which f'is affine, has a p-ary version. This observation plays the
key role in the research on the minimal distance between bent functions, which will be
discussed in Section 5.3.

With similar principles, considering subspaces, Mandal et al. [79] presented p-ary gen-
eralizations of Carlet’s - and p class.

In [122, 123], (non-quadratic) p-ary bent functions are obtained by modifying a quad-
ratic bent monomial on a hyperplane

Bent functions of the form

f(x) = g(x) @ F(Tr{(upx), Tr' (u;x), ..., Tr(u;_;x)), (11)

where g : F,, = F, is a (weakly regular) bent function, #; €F,, o ., ., _ . are pre-
sented in [109]. We observe that (11) is of the shape (20) in Section 7.1. As we will see,
(11) has an interpretation as a bent function with a partition, and can be analysed in con-
nection with the concept of generalized bent functions, which we will discuss in Chapter 7.
Large classes of (p-ary) bent and vectorial bent functions can be obtained with partitions
corresponding to generalized bent functions and Z ,-bent functions, as will be presented in
Chapter 7.

3.5 Some Questions

The primary constructions of bent functions in Section 3.1 are vectorial. Also for some
secondary constructions we have vectorial versions. In fact it has not yet been shown from
any Boolean or p-ary bent function to be lonely, i.e., to be not a component function of
some vectorial bent function.

Question 1 Do lonely p-ary (or Boolean) bent functions exist, or is every p-ary (Boolean)
bent function a component function of some vectorial bent function?

A similar question one can ask for vectorial bent functions F : \/rf”) - \/,ff) form < n/2
when p = 2, and m < n when p is odd. A related question, motivated by the fact that on the

20 As we will see in Section 4.1, there are many possibilities to obtain non-weakly regular bent functions,
which never belong to any of the primary classes introduced in this section.
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one hand some plalaye}r functions are known, on the other hand, some vectorial bent func-
tions from \/ to n/2 (n even) are known, is the following.

Question 2 Do there exist vectorial bent functions from v to V. with n/2 <m <n,
which are not a projection®' of a planar function?

Spread bent functions are those bent functions which are constant on the subspaces of a spread
(0 is taken out from all but one subspace), the bent functions which are affine on the subspaces of a
spread form Dillon’s 7 class?2, which for the Desarguesian spread in univariate representation is also
known as the class of Niho bent functions, see [25]. The latter class only exists for P = 2 [33]. On
the other hand, some of the explicit examples of (non-quadratic) p-ary bent functions, like /1 and £, in
Section 3.1, are quadratic on every subspace of the Desarguesian spread (univariate representation).

Question 3 Can one characterize (non-quadratic) bent functions which are quadratic
restricted to the subspaces of a spread?

The perhaps most famous problem on planar functions is

Question 4 [106, Problem 8.21] Find more non-quadratic planar functions, or show that
the Coulter-Matthews functions (10) are the only ones.

4 Regularity and duality for p-ary bent functions

A Boolean bent function is always regular. The situation is very different for p-ary bent
functions, p odd, they inherit a much larger variety of properties. P-ary bent functions con-
tain the class of dual-bent functions as a proper subclass, which again contains the class of
weakly regular bent functions as a proper subclass. A considerable amount of research on
p-ary bent functions deals hence with regularity and duality. We emphasize that the classes
of weakly regular, of non-weakly regular, and of dual-bent functions are invariant under
EA-equivalence, cf. [31].

All classical constructions of bent functions presented in Chapter 3, yield weakly regu-
lar bent functions. The first sporadic examples of non-weakly regular bent functions, all
ternary functions found with computer search, were published in [57, 59, 60, 113]:

1. & : B = Fywith g,(0) = Tr8(&7x%), where & is a primitive element of Fy, see [57],
5 ¢ By = Fy with g,(x) = Tri(agx®® @ x*), where for a primitive element & of Fy,
ao € (@', 08", &5, 0%}, see [59],
3. t s o F w1th g3(x) T3 @x®), or alternatively g : F; — F; with
g3(x1,x2,x3) = xx; @ 2x; EBxlx3 ® X3, see [113], ’
4. 84,85 1 3 — [Fs Wlth 84(x) = Tl”?(fxzo @ £41x%%), g5(x) = Tr(&7x!* @ £35x7°), where &
is a primitive element of [, see [60].

21 Seen a planar function on \/W as an n-dimensional vector space of bent functions, one can cons1der a
projection, i.e., delete some coordinates. This results in a vectorial bent function from \/ to \/ ). where
m < n can be chosen arbitrarily, which is a vectorial component function of the planar function.

22 Spread bent functions with an affine term added, which are also affine on the subspaces of a spread, are
excluded.
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As it was observed in [31], the duals of the bent functions 818285 are not bent, hence
81> 82> 85 are non-dual-bent functions, whereas the duals of §3- 84 are bent functions, [31].

Since then, some effort has been given to construct examples and classes of p-ary
bent functions of various types, and also results on properties of component functions
for vectorial bent functions have been presented. We here also refer to the survey paper
[37].

4.1 Regularity

The sporadic ternary examples of non-weakly regular bent functions in low dimension, indicate
that (as dimension increases) there may be infinitely many of such functions. The first confirma-
tion of this fact has been provided in [113] with a recursive argument employing the direct sum
construction.

Proposition 1 [113] For some odd prime p, let f : \/(p) — [, be a non-weakly regular bent
Sfunction, and let g \/(”) - [F be weakly regular bent. The dlrect sum h(x,y) = f(x) ® g(y)
from \®) P 10T is then a non- weakly regular bent function.

Note that this result easily follows from the identity WV,(a.b) = Wi (@)W,(b). With the
sporadic examples and Proposition 1, one can now obtain non-weakly regular ternary bent
functions in any dimension > 3.

The first explicit construction of non-weakly regular bent functions has been pre-
sented in [28], see also [30]. The functions belong to the generalized Maiorana-
McFarland class obtained with the secondary construction in Theorem 10, which
was established in [28] for the purpose of constructing non-weakly regular bent
functions.

The most suitable version for easily obtaining non- Weakly regular bent functions, is the
version in Theorem 11, in which a bent function f from \/ o F, is constructed from bent
functions f 0<j<p-1,from \/ to F,. From the exphc1t expression (9) of the dual of f

f (x,xm+1,y) =f,:”+l(x) © Xy1)s

we see that f'is non-weakly regular if some J; are regular, and some are weakly regular but
not regular. This is easily achieved, by picking for f,0<j<p-1, quadratic bent func-
tions. We arrive at

Theorem 13 The generalized Maiorana-McFarland construction gives weakly regular and
non-weakly regular p-ary bent functions® in any even or odd dimension n >3 and for
every odd prime p.

We remark that the dual /™ also belongs to the generalized Maiorana-McFarland class,
hence if all Jj are bent (i.e., all f; are dual-bent functions), then also f* is bent. Therefore
fis dual-bent. Several interesting examples of generalized Maiorana-McFarland bent func-
tions are in [31], among others, bent functions f for which the dual f* has a different alge-
braic degree, which guarantees that fand f* are EA-inequivalent.

23 Note that f is weakly regular only if all of the bent functions f; are regular, or all are weakly regular but
not regular. Hence, mostly one will obtain a non-weakly regular bent function.
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Having explicit constructions of non-weakly regular bent functions, the question if non-
weakly regular bent functions can be components of vectorial bent functions?*, is natural.
It is observed in [38], that the above sporadic example g; of a ternary non-weakly regular
bent function has the vectorial version G : Fy, — Fy, G(x) = Tr$(Ex%), ¢ is a primitive
element of F3s. Hence G is an example of a vectorial bent function with non-weakly regular
component functions. Moreover, the components are also non-dual-bent functions.

The first constructions of vectorial bent functions with non-weakly regular com-
ponents for any odd prime p, have been presented in [38]. In [38, Section 3], the vecto-
rial version of Theorem 11 has been employed: For every ¥ € Fy, choose a vector
(@15 ay), -5 ay,) € (FL)". The functions G, fromFj to F, of the form

Gy(x, %, ..., %,) = a, l)c ®a, 2x ® - €Ba)n o

are then vectorial bent. Using results on the Walsh transform for the planar function 2 (see
[57, Corollary 3]) and an iterative argument, it is shown that, under some ea Uy to satisfy
condition, all component functions of the vectorial bent functions £ * obtained
via Theorem 11 with the functions of the form Gy,

F(xp, s X,, X015 Y) =Gy, o0, x,) @YX, 5
(12)
=(ly’1x% @ a}v’2x§ @ @ ayn n @ yanrl

are non-weakly regular, yet dual-bent functions, see [38, Theorem 4].

Theorem 14 The vectorial version of the generalized Maiorana-McFarland construction in
Theorem 11 can produce vectorial bent functions of which all components are non-weakly
regular dual-bent functions.

A different construction of non-weakly regular bent functions in [85] uses the general-
ized Rothaus construction presented in Theorem 12. We refer to [85] for a comparison
with the generalized Maiorana-McFarland construction. In the constructions in [85], pla-
nar functions, namely the Gold function and the Coulter-Matthews function, are employed.
The following theorem is Corollary 1 and Corollary 2 in [85].

Theorem 15 Let p be an odd prime and n, k be integers such that n/ ged(n, k) is odd (p = 3

and n, k be integers such that gcd(2n,k) = 1), and let 8 : F,n = F,u be the Gold function

g(x) = x**! (the Coulter-Matthews function g(x) = x(3‘+1)/2) For linearly independent

elements q, a,, a3 of B, not all of which are squares respezctzve [Fy nonsquares in Fpn, and
h:F,xF

a,b,c € F,suchthat g @ p @ ¢ # 0, the function P

h(x,y,2) = (Tt (a;g(x))* © Tr’(a; g(x))Tr’ (a,8(x))
@ Tri(a,g(x))Tr](a;g(x)) © Tr'(a; g(x))Tr' (a3(x))
@ Tr((aa; @ ba, @ caz)g(x)) © Tr((x, © a;)g(x)y)
@ Tri((a; © @))g(x)z) @ yz

is a non-weakly regular bent function.

24 This question is quite opposite to Question 1 on the existence of lonely bent functions.
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4.2 Non-dual-bent functions

Similarly as for non-weakly regular bent functions, also non-dual-bent functions can be
constructed recursively. As observed in [34, Theorem 3], besides from the direct sum, also
the generalized Maiorana-McFarland construction can be used, see also [37, Theorem 2].

Theorem 16

(i) Forz=0,....p—1 let g, be bentfunctlonsfrom \/(p to'F,. The generalized Maio-
rana-McFarland bent function f : \/ X [F2 -,

Jxy,2)=g,(x)®yz

is dual-bent, if and only if for all 0 < 7 < p — 1 the function g_is dual-bent.
(ii) The direct sum of a dual-bent function and a non-dual-bent function is a non-dual-
bent function.

With Theorem 16, and the non-dual-bent functions &1- 82, 85 presented at the beginning
of this chapter, we can now obtain non-dual-bent functions for p = 3 and any dimension
n > 4. What is missing, is a generic construction of non-dual-bent functions, possibly also
yielding non-dual-bent functions for p other than 3. Such a construction was finally given
in [34] using the semi-direct sum. With the vectorial version introduced in [38], we can
simultaneously obtain non-dual-bent functions and vectorial bent functions with non-dual
component functions.

To apply the semi-direct sum construction in Theorem 9, we identify \/ with F,» and
\/,Ep) v with F » X . We employ the Gold planar function 42, take for F @ F,. — F
the function F' (x) Trm(xz) and for some y,,y, in Fyn such that 1,y,,7, are hnearly mde—
pendent over Fx, we choose @ * F,n = Fi X Fas (p(x) (Tr}'(y,x%), Tr}' (v,x%)). The vec-
torial bent function G : [Fpk X [Fpk — [Fpk, is the Maiorana-McFarland bent function
G(x,y) = xy. It is easily seen that the conditions for Theorem 9 are then satisfied. The sym-
bol #(2) in the following theorem, denotes the quadratic character of z € F.

Theorem 17 [34, 38]

D -ARY VERSION. Let 1,71,7, € [Fpm be linearly independent over [Fp~ If
> a4y, +y212)€," | # ps (13)
y1:92€F,
then the function f : F. X [F2 -,

SO y1.30) = Trrln(xz) + O+ Tr’l”(ﬁxz))(yz + TrT(szz))

is a non-dual-bent function.

VECTORIAL VERSION. Let m = 3k, and let {1,7,,7,} be a basis of Fpm over F. Then the func-
tion F from Fin X By X Fyto Fy,
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F(x,y1.y,) = T () + vy + Tr (320, + T (r,x7))

is a vectorial bent function. If for some nonzero & € Fwe have

D nl@+yiyy +yame, 00| £ pk, (14)
Yi32€Fk

then F7 is not bent, and consequently F is a vectorial bent function, which has non-dual-
bent component functions.

The conditions in Theorem 17 are obtained by determining W;.(0) respectively
WF* (0). The Walsh transform of f* respectively of F*at 0 has not absolute value p"/2, if
and only if Condition (13) respectively Condition (14) is satisfied. Note that, therefore,
the conditions are sufficient (not even necessary) for f being non-dual-bent respectively
F having non-dual-bent components.

Remark 4 Conditions (13), (14) combine the additive and the multiplicative structure of the
finite field and are therefore not easy to analyse. With a random choice of @ and of ¥, and
72, one would expect a chaotic behaviour of the character sums in (13) and (14). In particu-
lar, as experimental results indicate, its absolute value is mostly different from p respec-
tively p¥, so that it is easy to find examples of non-dual-bent functions and vectorial bent
functions with non-dual-bent component functions. For examples for p = 3,5,7,11, 13 we
refer to [34].

Remark 5 Though the classical constructions and explicit representations of p-ary bent
functions describe (weakly ) regular bent functions, the results on recursive and explicit
constructions presented in this chapter indicate that being non-weakly regular and being
non-dual-bent is not at all an exceptional property for a p-ary bent function.

4.3 Some questions

The generalized Maiorana-McFarland construction, the Rothaus construction and the
semi-direct sum can produce non-weakly regular bent functions.

Question 5 Can one find more secondary constructions of bent functions, which support
the generation of non-weakly regular or non-dual-bent functions?

The generalized Maiorana-McFarland vectorial bent function with non-weakly
regular components described in Section 4.1 has solely non-weakly regular compo-
nents, see [38, Theorem 4]. In view of Remark 4, it seems likely that all components
of the vectorial bent function in Theorem 17 are not only non-weakly regular, but also
non-dual-bent.

Question 6 Do vectorial bent functions of which some component functions are weakly
regular and some are non-weakly regular exist?
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Question 7 Do vectorial bent functions of which some component functions are dual-bent
and some are non-dual bent functions exist?

The vectorial bent function with non-dual-bent components in Theorem 17,
obtained with the semi-direct sum, maps from \/(”) to \/ with k=n/5. With
n=1 the Vect0r1a1 bent function with non- weakly regular components in (12) is
F(xl,xz,y) = ayx1 @ yx,, hence maps from F o to F.

Qg}s&stion 8 What is the largest dimension k& for which vectorial bent functions from \/rﬁp) to
Ve with non-weakly regular (non-dual-bent) component functions exist?

By the alternative definition of bent functions, Definition 2 (iii), a function is bent, if
and only if its graph is a relative difference set.

Question 9 Can the property of being non-weakly regular respectively non-dual-bent be
related to properties of the relative difference set?

5 Further properties of p-ary bent functions

Properties of Boolean and p-ary functions, which are frequently investigated in con-
nection with bentness, are the algebraic degree and normality. In this chapter we
summarize the main results on these properties for p-ary bent functions, in particu-
lar, we highlight the differences between the Boolean and the p-ary case, p odd. We
add a short discussion on the minimal distance between bent functions (see [71,
102]), again pointing to some differences between the cases of p =2 and p odd.
We finish this chapter with some results on codes related to p-ary (vectorial) bent
functions.

5.1 Algebraic degree

It is already shown in the paper of Rothaus [110], that a Boolean bent func-
tion f : \/,52) — [, can have algebraic degree at most n/2. Examples of bent func-
tions attaining this maximal algebraic degree are easy to construct, for instance in
the Maiorana-McFarland class. It is also well known, that every Boolean ps- bent
function from \/(2) to F, attains the maximal possible algebraic degree m. Moreo-
ver, a Boolean pg¢+ bent function from \/( ) to [, can have algebraic degree smaller
than m, only if the corresponding partlal spread with 2m=1 4 | subspaces cannot be
extended to a larger partial spread. An example is the quadratic bent function, see
[49, Theorem 6.3.12].
A similar result holds for weakly regular p-ary bent functions.

Theorem 18 [62, Proposition 4.5] Let f : \/,fp) — [, be a weakly regular bent function,
(n,p) # (1, 3. Then f has algebraic degree at most (p — 1)n/2.

%5 The exceptions when (n,p) = (1,3), are the (quadratic) bent functions cx? on I, (affine term omitted).
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As in the Boolean case, one easily can obtain examples for bent functions of alge-
braic degree (p — 1)n/2 (for instance in the Maiorana-McFarland class). A slight
difference we see for partial spread bent functions. For odd primes p, every partial
spread bent function f : \/,Ep) — [F,, without exception, attains the maximal possible
algebraic degree (p — 1)n/2, see [3].

The weak regularity plays an important role in Theorem 18. For non-weakly regular
bent functions, a slightly larger bound applies.

Theorem 19 [62, Pro {Josition 4.4] For the algebraic degree deg(f) of a non-weakly regular
bent function f \/ - F, we have

deg(f) < + 1.

(- n
2

The first (and as far as we are aware of, the only) construction of bent functions which
attain the bound in Theorem 19, has been given in [29, 30], using the generalized Maio-
rana-McFarland construction:

With Lagrange interpolation, an explicit formula for (8) consists of sums of algebraic
degree (p — 1) +degg,. If for some y € [, the bent function gj : \/ — [, has maximal
degree (p — 1)n/2 + 1, and the functions g, are chosen such that the maximal degree term does
not cancel, then the resulting bent function in dimension n + 2 has maximal possible degree
(p — D@ +2)/2 + 1. For p = 3, the quadratic bent function ¢x2 on F has the maximal possible
algebraic degree. Hence, recursively we can generate ternary bent functions in odd dimension
1 + 2k with maximal possible algebraic degree. For examples and an explicit formula for any
odd dimension, see [30].

Question 10 Do (non-weakly regular) bent functions f : \/,Ep)
(p — Dn/2 + lexist for p > 5, or for even n?

— [, with algebraic degree

The (non-weakly regular) ternary bent functions of maximal algebraic degree obtained
with the generalized Maiorana-McFarland construction described as above, belong to the class
of dual-bent functions.

Question 11 Do bent functions f : V" — F, with algebraic degree (p — 1)n/2 + 1 exist
in the class of non-dual-bent functions?

5.2 Normality

The definition of k-normality for p-ary functions below, is based on the accordant defini-
tions for Boolean functions in [40, 52].

Definition6 A function f @ Vi — F,is called k-normal, if there exists a k-dimensional affine sub-
space of \/(1’) restricted to which fis constant. If fis affine on a k-dimensional affine subspace of \/(p),
then fis called weakly k-normal. When 7 is even and k=n/2 then fis called (weakly) normal.
Remark 6 A function f : \/,Ep ) > F, is weakly normal, if and only if there exists ana € \/,5" )
such that f(x) © (a, x),, is normal. Weak normality is hence in connection with bentness
the essential property.
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Normality for Boolean bent functions has been thoroughly investigated, see [16, 19, 40,
52, 74]. A Boolean bent function from \/,52) to [F, can be (weakly) k-normal for k at most n/2,
[40]. Interestingly, most classical examples of Boolean bent functions attain this bound, the
existence of non-(weakly) normal Boolean bent functions has been an open question for
some time, see [52]. In fact, all Boolean bent functions in dimension 6 are normal, but in
the meantime, examples of non-weakly normal bent functions have been found for dimen-
sions 7 = 10, 12 ([74]), and n = 14 ([16]), employing an algorithm for testing normality in
small dimension, [16]. A recursive procedure in [16] then guarantees that there are non-
weakly normal Boolean bent functions in any (even) dimension 7 > 10,

The situation is somewhat different for bent functions from \/rfl’) to F,, p odd. As it is
shown in [32], a p-ary bent function, which is weakly regular but not regular, cannot be
weakly normal. Together with the observation that for a p-ary function f, which is weakly
k-normal, we must have p* < max, .o W (b)| (see [88, Corollary 1] for odd p, and [40,
Theorem 1] for p = 2), we have the following theorem.

Theorem 20 [32, 88] Let f : v - F, be a p-ary bent function, and suppose that f is
weakly k-normal. If n is even, then k is at most n/2, moreover, if f is weakly regular but not
regular then k can be at most nf2 — 1.

If nis odd, then k can be at most (n — 1) /2.

As in the Boolean case, many p-ary bent functions attain these bounds. Note that the
large classes of completed Maiorana-McFarland functions and of the pg+ bent functions
are normal by definition.

— A quadratic bent function Q : \/,51’ ) [F,,, p odd, is normal if » is even and Q is regular,
(n/2 — 1)-normal if n is even and Q is weakly regular but not regular, and (n — 1)/2
-normal if # is odd, see [32, 88].

— The regular Coulter-Matthews bent functions are normal, [32, Theorem 7].

— The generalized Maiorana-McFarland construction yields weakly regular and non-
weakly regular bent functions which are weakly normal if n is even, and (weakly)
(n — 1)/2-normal if n is odd (if not non-weakly normal bent functions are used for the
construction).

— The non-dual-bent function g, : F3: — F3, g,(x) = Tr}(@'%x** + x4), ¢ primitive ele-
ment of F34, is normal, [32, Example 1].

Employing a generalization for odd characteristic of the algorithm in [16], in [88] the exist-
ence of p-ary bent functions which do not attain the bound on k-normality is confirmed.
More precisely, for some weakly regular p-ary bent functions in odd dimension it is shown
that they are not (n — 1)/2-normal, and some non-weakly regular bent functions in even
dimension are shown to be not normal (e.g. 81> 85 in our list in Chapter 4).

Question 12 Find regular p-ary bent functions in even dimension, which are not weakly
normal.?® Find weakly regular but not regular bent functions in even dimension, that are
not (n/2 — 1)-weakly normal.

26 Recall that for Boolean bent functions, which are always regular, the existence of not weakly normal
functions is confirmed for all (even) dimensions n > 10.
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Question 13 Analyse normality for more of the known classes of p-ary bent functions. For
instance, confirm that - as experimental results indicate - the weakly regular but not regular
Coulter-Matthews bent functions in even dimension 7 are (/2 — 1)-normal.

The question on the typical behaviour of p-ary (and Boolean) bent functions with
respect to normality seems not easy to be answered. Are (most) bent functions affine on
affine subspaces of large dimension, or do they behave like arbitrary p-ary (and Boolean)
functions®’, bent functions that are (weakly) k-normal for a large value of k are only easier
to find?

5.3 Minimal distance

In [18], Carlet introduced the following secondary construction of Boolean bent functions:
Let f : \/,52) — [, be a weakly normal bent function, i.e., there exists an n/2-dimensional
affine subspace E of \/p restricted to which fis an affine function. Let Z; denote the char-
acteristic function of E, i.e., Zg(x) = 1 if x € E, otherwise Z;(x) = 0. Then the function
8(x) = f(x) @ Ip(x) is bent. This construction was further analysed in [71] for Boolean
functions, and then in [102, 103] for p-ary functions, resulting in an analysis of the mini-
mal distance between bent functions. The main results for the Boolean and the p-ary case
(in even dimension n) are essentially the same:

Theorem 21 [71, 102, 103] Let p be a prime and let n be even.

— The Hamming distance d(f, g) = |{x € \/,Ep ) . f(x) # g(x)}| between two bent functions
f.g VP SF s atleastp"/2

— If two bent functions f, g : \/ — [, have Hamming distance d(f’, g) = P2, then there
exists an affine subspace E of d1mens10n n/2, on which f is affine, and g(x) f&x) & Iy
for some ¢ € [F . Conversely, if a bent function [ \/ - [F is weakly normal, i.e.,
affine on an n/2 dimensional affine subspace E, then g(x) = f1 (x) ® cIj is bent.

— If a bent function f : V, » F, is weakly normal, hence affine on an n/2-dimensional
affine subspace FE, then there are p — 1 bent functions which differ from f only on this
subspace.

In [71], properties of the graph of the minimal distance between bent functions>® are
investigated, like connectedness and vertices of maximal degree. Apparently, the isolated
vertices are the bent functions which are not weakly normal, among which are, in the case
of p odd, all bent functions which are weakly regular but not regular.

Question 14 Are there comparable results on the minimal distance between bent functions
for weakly regular but not regular bent functions, or for p-ary bent functions in odd dimen-
sion n?

7 In average, Boolean and p-ary functions are deeply non-normal. For details we refer to Theorem 3 and
Proposition 1 in [19] for the Boolean case, and to [88, Proposition 1] for the case of odd primes p.

28 The vertices of this graph are the bent functions from \/W to F,, and two bent functions f, g are adjacent
if they have Hamming distance P"
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5.4 Coding theoretical results

For a (vectorial) function F : \/,Ep) — \/,f,p), let Cr be the linear code containing the
first order Reed-Muller code and the code formed by the component functions of F
as a subcode. If F is given in univariate form as a function from F,. to Fy» (for sim-
plicity we then suppose that m divides n), then

Cr={cype : a€FW,pEF,,ceF,} with
Cope = LTI (aF(x) @ Tri(fx) Dc) : x€ F .

. . . . . . . . n m
In the multivariate representation, i.e., if F is given as a function from I]:p to [Fp , the code Cr

is the linear code generated by the rows of the matrix

1
by
F(X) xeF,;’
Clearly, the code Cr has codewords of length p”, the dimension of C, is at most
k=n+m+ 1 We remark that in some papers, variants of the code C,. are considered. For
instance, in [54, 93], for a function on [Fpn, the code

Cr = {24y = (TN @F(1) @ ), T (@F (7) ® By, ...

" n 15
LT @FGP ) @ Br” ) 1 a.fEF,) (1>

for a primitive element y of Fpr. is considered.?’

Besides from the parameters of a linear code, length, dimension and minimum dis-
tance, which determine the error correcting capabilities of the code, the weight dis-
tribution is of interest for calculating the error probabilities of the error detecting and
error correcting. Linear codes with few weights have applications in several areas,
like sharing schemes, authentication codes (we refer to [75] and references therein).

There are several results on parameters and on the weight distribution of the code
Cp (and variants) for special (classes of) functions F. We summarize below results
on codes corresponding to some major classes of functions F in odd characteristic
(in which we are interested in this survey), and refer to [54, 93, 119], and some ref-
erences therein for further reading.

Parameters and weight distribution for codes obtained with (vectorial) bent func-
tions from \/,,U’) to \/n(f), p odd, with (weakly) regular components can be derived
using the value distribution for (weakly) regular bent functions in Theorem 1. For
the results on codes obtained from p-ary bent functions we may refer to [93]°°.

As it is common, we call a linear code with codewords of length u, dimension &,
and minimal distance d, a (4, k, d)-linear code. The weight enumerator polynomial for
a code ¢ is the polynomial We(z) = /., Ajzf, where the coefficient 4; is the number
of codewords of weight j.

2 Note that C, - 1s a punctured version of the subcode of Cr with the codewords Cq 4.0.

30 In [93], the code Cris investigated.
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Theorem 22 Let n be even, let p be an odd prime, and let F \/,Ep) - \/,f{’) be a (vectorial)
bent function.

(1) If all component functions of F are regular, then Cp is a
F
@' n+m+1,p" = p"~' = p"> V. linear code with weight enumerator polynomial

We, () = 1+ (p" = Dz D007y i — 1y
+ (p _ 1)(pm _ 1)pnzp”—p”’]+p"/2*l + (p _ 1)an-

(i1) If all component functions of F are weakly regular but not regular, then Cp, is a
@ n+m+1,p" = p'~' — p2~VY-linear code with weight enumerator polynomial

n—1_n/2-1

We, () = 1+ (p = D" = Dp"2" 7" 4 pp = e
+ (" = DD L )

Theorem 23 Let n be odd, let p be an odd prime, and let F - \/rf”) N \/}5{’) be a (vecto-
rial) bent function. If all component functions of F are weakly regular, then Cp is a
@ n+m+1,(p— Dp'~! = p=Y/2) linear code with weight enumerator polynomial

— 1 n— n—
WCF(Z) =1+@p"- l)prnZ(p—1)p 1_pl 1)/2+

(@" = Dp+ (" = HpHz?~""" 4

(pm _ l)p; lpnz(p_l)pn—l+p(n—l)/2 + ([7 _ 1)an.

In [54], the weight distribution of C  for all known planar functions F is determined. We
recall that, with the exception of the Coulter-Matthews function, all known planar functions
are quadratic, and can - linear and constant term omitted - uniquely be represented by a Dem-
bowski-Ostrom polynomial (6). The component functions of quadratic functions are neces-
sarily weakly regular, the weak regularity of the components of the Coulter-Matthews pla-
nar function is shown in [58, 112]. The weight distribution of the corresponding codes hence
depends on the quantities of regular and weakly regular but not regular components.

Theorem 24 [54, Theorem 2] Let F : \/,Ep )~ \/,Ep ) be any Dembowski-Ostrom planar func-
tion, or the Coulter-Matthews planar function (p = 3), and let Wz, (2) be the weight enu-
merator polynomial for the code Cy. given as in (15).

(i) Ifnisodd, then

WC’F(Z) =1+ (pl'l _ 1)(pn—l + I)Z(p_l)pml
pt=1
2
pr-1

+ > (pn_l —p(”_l)/z)(p _ 1)Z(P—1)P”_]+P<”_”/2.

_ _ 1=l (n=1)/2
+ (p" l+p(n 1)/2)(p_ 1)Z(p Dp"~'=p

(ii) Ifnis even, then
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We, (@) = 1+ (p" = D=0
ph—1 1 2= I\ (p=D) (-1 —p> 1)
+ (" (p = e

4 pr-1 " = (p = D21 o= De )

2
m—1 n—1_ n/2—
+ p 5 (pn—l +pn/2—l)(p _ 1)Z(p—1)p l_p /2-1
pr—1 - /2 =l /21
+—— L= p" P (p — D

Question 15 Prove or disprove that the weight distribution of W@F (z) must be as in Theo-
rem 24 for every planar function F (F(0) = 0).

Note that showing that the Coulter-Matthews planar functions are the only non-quad-
ratic planar functions (Question 4) would also solve Question 15.

A different approach is applied in Ding [50], where cyclic codes with generator poly-
nomial (@'~' = 1)/ ged(S(x),x"~' = 1) are investigated, where S(X) = 27" s;x' with
s; = Tt (F(y' + 1)) for a primitive element ,, of F,» and a function F on F,. It is pointed out
that some codes from planar functions (and APN functions) F are optimal.

6 Bent functions and difference sets

A main motivation for research on bent functions are their strong connections to difference
sets, generalizations of difference sets, and related objects. Recall that, by Definition 2 (iii),
a bent function can be seen as a relative difference set.

Another generalization of difference sets are partial difference sets.

Definition 7 Let G be a finite group of order . A k-subset D of G is called a (v, k, A, u)
partial difference set (PDS) of G, if every nonzero element of D can be written as a differ-
ence of two elements of D in exactly 4 ways, and every nonzero element of G \ D can be
written as such a difference in exactly p ways. If additionally —D = D and O € D, then D is
called a regular partial difference set.

Note that a partial difference set with # = 4, is a (conventional) difference set. For back-
ground on partial difference sets we refer to [77, 78].
Regular partial difference sets yield strongly regular graphs.

Definition 8 A k-regular graph g with , vertices is called strongly regular with parameters
(v, k, A, u), if any two adjacent vertices have exactly ; common neighbours, and any two
non-adjacent vertices have exactly ;4 common neighbours.

Recall that for a subset D of a finite group G with —D = D, the Cayley graph of D is the
graph of which the vertices are the elements of G, and X,y € G are adjacent, if and only if
x—y€D,
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Theorem 25 [78, Proposition 1.1] Let D be a k-subset of a finite group G of order ,,. The
Cayley graph of D is a strongly regular graph with parameters (v, k, A, ), if and only if D
is a regular (v, k, A, p) partial difference set of G.

Remark 7 Observe that the property —D = D is important to obtain an undirected graph G
as Cayley graph. The condition O ¢ D avoids that ¢ has loops. However, as is easily seen, if
D is a partial difference set, then so are DU {0} and D \ {0}.

There are rich connections between bent functions and some classes of difference sets.
We recall again that a function between two finite abelian groups A and B is a bent func-
tion, if and only if its graph is a (splitting) relative difference set in A x B relative to B.
Therefore, the study of bent functions is also a study of relative difference sets.

Remarkable is the following well-known relation between Boolean bent functions and
difference sets in the elementary abelian 2-group.

Theorem 26 [49, Theorem 6.2.10] A Boolean function | : \/,52) — [, is bent, if and only if
the support of f, Sf%’l’(f) ={xe \/,52) D f) =1PY g g (n,2n7t 4 2n/271 gn=2 4 gn/2-1y
-difference set in ¥n .

Difference sets with these parameters are called Hadamard difference sets. It is shown
in [80], that every nontrivial difference set*? in an elementary abelian 2-group \/rgz) isa
Hadamard difference set (n must be even). Therefore, Boolean bent functions and differ-
ence sets in the elementary abelian 2-group are the same objects.

Seeing a (Hadamard) difference set of V® as a partial difference set with 4 = y, with
the connection to strongly regular graphs in Theorem 25, Theorem 26 can also be stated
in terms of strongly regular graphs. The following corollary is Lemma 12 in [4] and Theo-
rem 3 in [5].

Corollary 1 A Boolean function f : V® — F, is bent, if and only if the Cayley graph of the
support of f is a strongly regular graph with the property that A = p.

We remark that —D = D trivially holds in characteristic 2, the Cayley graphs considered
in [4, 5] may have loops.

Theorem 26 and Corollary 1 do not at all apply in a similar way to p-ary bent functions,
p > 2. But there are several interesting attempts in the literature to obtain generalizations,
p-ary versions - though much weaker type of results - which shall be summarized in this
chapter.

6.1 Partial difference sets from p-ary bent functions

Connections between bent functions and partial difference sets were extended to ter-
nary bent functions in 2011 in [112], and then to p-ary bent functions for arbitrary odd

3! The complementary set, i.e., the set {x € V® : f(x) =0}, is then a (2", 2n-1 5 21/2-1 21-2 - 2n/2-1y.dif-
ference set.

32 Every finite group G contains the trivial difference sets, G, ¢ (2 G\ {z} where z is any element of G.
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primes p in [42] and [55]. Differently from the Boolean case, special properties have to
be imposed to p-ary bent functions in order to yield partial difference sets.
For a p-ary function f : \/,Ep ) F, with f(0) = 0 (otherwise we may add a constant),
we define
D) = {xe VP \ {0} : f(x) =0},
D’; ={xe \/f’) : f(x) is a nonzero square in F,}, (16)

DfN ={xe \/,f” : f(x) is a nonsquare in F,}.

The following theorem is [112, Theorem 1] for the ternary case and [42, Theorem 1,2]
respectively [55, Theorem 3.5] for arbitrary odd primes p.

Theorem 27 [42, 55, 112] Let n = 2m be even, and | - \/,Ep) — [, be a weakly regular p-
ary bent function, and suppose that there exists an integer [ with gcd(p — 1,1 — 1) = 1, such
that

flax) = a'f(x) a7

for all a € |, (which also implies that f(0) = 0 and f(—x) = f(x)). Then Dg, Dg and va are
(v, k, A, u) partial difference sets with

v =p2m, k = (pm _ 6)(pm—l + 6),
A= (pm—l + 6)2 _ 3€(pm—] + €) + €pm, U= (pm—l + e)pm—l7

foer, and
v=p", k= %(p’" -p" " —e),
b= "= = - e,
p= 30" = (50— =),

for D’; and D, , where € = 1iffis regular and e = —1if fis weakly regular but not regular.

Remark 8 For ternary functions f, the sets DQ and szv are the preimage sets of 1 and 2,
respectively. Hence fis completely determined by D{), D’; and DfN. This does not at all apply
if p > 3. There are many other functions, mostly not bént, with the same D{),Dg,DfN. The
conditions in the proposition above are therefore certainly only sufficient.

Remark 9 Though the conditions in Theorem 27 on p-ary bent functions are quite strong,
they are satisfied by many of the classical examples (like quadratic bent functions, the
Coulter-Matthews bent function, some Maiorana-McFarland functions), see [112].

Remark 10 Strongly regular graphs (or partial difference sets) with parameters
%, r(n — €), en + r* — 3er, r* — er) are called of Latin square type if ¢ = 1, and of negative
Latin square type if € = —1, see [78]. The partial difference sets in Theorem 27 are hence
of (negative) Latin square type.
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In [65], the results in Theorem 27 have been generalized to some larger classes of sets.
In accordance with [65], we call a function satisfying the property (17) an I-form.

For an integer [, let H, = {x' : x € [Flj} be the multiplicative subgroup of [F; containing
all [-th powers of [Fp let

Diy, = (x €V : f() € pH,},
and for some f € [Fp*, let

D;H] ={xe VP : fx) € pH,},
where fH, is the coset of H, containing f. We state the main results of [65] in terms of
partial difference sets. In [65], all results are equivalently given in terms of strongly regular
graphs.

Theorem 28 [65] For an odd prime p, an even integer n(pand some l € {1,2,...,p—1},
withged(l—L,p— 1) =1landl#p—1ifp>3,let [V, = F, be ap- arybentfunction
and an I-form (hence f(0) = 0, f(—x) = f(x)).

[ = 2. In this case the following is equivalent.

(a) fisweakly igﬁular
(b) One of D{), Df D, o1, for some nonsquare p € [F* is a PDS.
(c) All of the sets Df Df are PDSs.

| # 2. In this case the followmg is equivalent.

(a) fisregular.

(b) One ofD/:], D;Hlfor some f € [F* is a PDS.

(c) All of the sets D, pEF: are PDSs
Dl

Furthermore, any union of sets from { 0”7 pH, P } is a PDS.
Remark 11 The parameters for I, (and for Dg, D/N) are given in Theorem 27. The param-
eters for D, are v, k, A, p) =

BHp

(pn’hl(pn—l _€pn/2 l) h2 n— 2+€p _3€hpn/2 1 h2 n—2 €hlpn/2—l)’

where h; = |H)| = (p — 1)/ ged(l,p — 1) and ¢ = 11if fis regular, and ¢ = —1if fis weakly
regular but not regular (only relevant for ;] = 2), see [65, Proposition IV.4]. Again these par-
tial difference sets are of (negative) Latin square type.

Association schemes Another combinatorial object, which one can obtain from some par-
tial difference sets respectively strongly regular graphs from p-ary bent functions, are asso-

ciation schemes. Recall that for a set of vertices V and binary relations R, = id,R,, ... ,R,,
the configuration (V;Ry, Ry, ..., R,) is called an association scheme of class r on V, if the
following holds:

- VXV=Ry,UR, U UR,andR,NR; =@ fori# j;

— For each i, there exists a j such that R* R;, where R* = {(x,y) e VXV : (y,x) € R}
(if R* = R, for all i, then we call the association scheme symmetric);
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— Fori,jand . y) € VXV et
pijx.y)={z €V 1 (x,2) €R;,(z,y) E R}

Then for each k and (x,y) € R,, the integer p,;(x,y) is constant Pf‘i (independent from

(x,y) € R
The constants ,0 are called the intersection numbers of the association scheme. Given an
association scheme we can take unions of the relations R;,i # 0, and form schemes with
larger sets, called fusion. If any fusion again results in an association scheme, then the
association scheme is called amorphic.

Let {G,,0G,, ..., G,} be an edge-decomposition of the complete graph on a vertex set V
of size v. If all G, 1 < i < r, are strongly regular, all of Latin square type or all of negative
Latin square type, then this decomposition is an r-class (symmetric) amorphic association
scheme on V, see [46, Theorem 3], (the binary relations are naturally defined via adjacency
on the graphs).

As a consequence of these relations, we obtain association schemes from some classes
of weakly regular bent functions, see [112, Theorem 3], [42, Theorem 4] and [55, Corol-
lary 3.7]:

Theorem 29 [42, 55, 112] Let n = 2m be even, and let f - \/rgp) — F, be a weakly regular
p-ary bent function, and suppose that there exists an integer | with gcd(p —1,1—-1) =1,
such that f(ax) = a'f(x) for alla € F,. Then the Cayley graphs of Df D’; and Df\, induce an
amorphic association scheme of class 3on \/

For further results on association schemes from p-ary bent functions we refer to Theo-
rem B in [65] (obtained from Theorem 28), or to [107].

Vectorial bent functions and PDSs In [36, 39], some attempts were made to extend the
connections between bent functions and partial difference sets to vectorial functions. It
appears that the concept of duality for vectorial bent functions, which was introduced in
[35], plays an important role. Let F : \/,Ep ) \/,5,”) be a vectorial bent function, i.e., the set
of the component functions {F,(x) = (a, F(x)),, : a € \/,;p) \ {0}} forms - together with
the O-function - an m-dimensional vector space of bent functions. We suppose that all com-
ponents are weakly regular. Then the set of the duals {F; : @ €V, \ {0}}is a set of bent
functions, but in general not a vector space. In general this set is not closed under addition,
in general, for two (dual-) bent functions f;,f, for which f; @ f, is also bent, the function
Ji @5 is not even a bent function. On the other hand, there are some classes of vectorial
bent functions, for which the dual functions of the components again form a vector space
of bent functions.

Definition 9 [35] A vectorial bent function F : \/,Ep ) \/(p) is called a vectorial dual-bent
function, if the set of the dual functions of the component functions of F (together with the
zero function) forms a vector space of bent functions of the same dimension m. The dual
functions of the component functions of F are then the component functions of some vec-
torial bent function F* from \/rgf’) to \/m(p), called a vectorial dual of F.

For some examples of vectorial dual-bent functions we refer to [35].
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Theorem 30 [36, 39] For a prime p and an even integer n, let F : \/,Ep) - \/f,f’) be a vecto-
rial dual-bent function with F(0) = 0 and F(—x) = F(x). If p is odd, suppose that all com-
ponent functions are regular (€ = 1) or weakly regular but not regular (¢ = —1). The set

0= {xeVP\ {0} : Fx)=0}

is a (v,k,A, u) partial difference set in \/’gp) of (negative) Latin square type, with
k = pn—m + 6(]7"/2 _pn/Z—m) —lu= pn—2m + Gp"/z_m’ A =pn—2m + €(p"/2 _pn/2—m) -2

Remark 12 A Boolean bent function f, seen as a 1-dimensional vector space of bent func-
tions is trivially vectorial dual-bent, and trivially f(—x) = f(x). The PDS D{) (as well as the
the complementary set {x € V® : f(x) = 1}) reduces then to a Hadamard difference set,
and we can see Theorem 26 as a special case®’. Conversely the partial difference sets
Df), DF (and their complementary sets) in Theorems 27, 28, 30 can be seen as some gener-
ahzatlon for odd p of the Hadamard difference sets in Theorem 26.

A weakly regular bent function f (of which the dual g+ is always also bent), seen as
a vectorial function from \/IEW to [, has the constant multiples cf, 1 < ¢ <p — 1, as com-
ponent functions. In general, the p-ary bent functions f*, (2f)*, ..., ((p — 1)f)* are not the
component functions (i.e., the multiples) of one of them, say /™. In general, the sum of two
of them is not even a bent function, see Example 3 in [35]. Hence for P # 2, a p-ary dual-
bent function is in general not vectorial dual-bent.

Proposition 2 Let f : \/,EP) — F, be a weakly regular bent function which is an I-form, i.e.,
there exists an integer | with ged(I — 1,p — 1) = 1, such that f(ax) = a'f(x) for all « € F,.
Then f'is a vectorial dual-bent function.

Proposition 2, by which Theorem 27 for the case D{) Jollows from Theorem 30, indicates
that there is a connection between vectorial dual-bentness and I-forms, which we can gen-
eralize to vectorial functions as follows For some diyisor s of n, let \/(P) be a vector space
over the finite field Fps. For instance, \/ =, or V)" = X Fp, where s divides m. We
call a function F from \/@) to [F a (vectorlal) l-form, lfF(ax) = alF(x) for all @ € [F . As
pointed out in [39], all known classes of vectorial dual-bent functions F from \/(1’) to ﬂ: P are
EA-equivalent to such a vectorial version of an I-form.

It is shown in [39, Section 4], that vectorial dual-bentness and the property of inducing
partial difference sets are both invariant under linear equivalence. This holds for l-forms
solely for p-ary functions, but not necessarily for vectorial I-forms, which indicates that
rather than the I-form property, the duality properties of a vectorial bent function decide
on the differential properties of Df (and perhaps of DY, Dy, defined for F : V" — F, as
in (16) with the squares and non-squares of the finite field F,.).

Some questions on partial difference sets from p-ary bent functions also concern con-
nections between l-forms and vectorial dual-bentness, see also the problems in [39].

3 of course, differently from Theorem 26, the Theorems 27, 28, 30 give only sufficient conditions for
PDSs.
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Question 16 Converse of Proposition 2: Does vectorial dual-bentness of a weakly regular
bent function f : V;© = F, (seen as 1-dimensional vectorial function) imply that f is an
I-form for some [?

Question 17 Vectorial version of Proposition 2: Is every vectorial bent function
F: \/,f’7 ) [Fps, which is an /-form, always vectorial dual-bent?

Question 18 Let F : \/,Ep ) [Fp.‘ be a vectorial dual-bent function. Are then Dg s D[’\T, partial
difference sets (a positive answer has been given for one special Maiorana-McFarland bent

function in [39]).

Question 19 Is there a generalization of the results on DZ; DZ - in Theorem 28 for vecto-
rial bent /-forms? '

6.2 Bent functions and edge-weighted graphs

Alternative attempts to generalize the connection between Boolean bent functions and
(Hadamard) difference sets to p-ary bent functions are made by Joyner and Melles (and co-
authors) in the series of papers [27, 67, 90]. Differently from the approach in Section 6.1,
where properties are imposed on the bent functions in order to yield partial difference sets,
Joyner et al. adapt the definitions of partial difference sets and strongly regular graphs.

Let f be a function from \/,Sp ) to F, with f(x) = f(—x). The Cayley graph of fis defined
to be the regular edge-weighted graph whose vertex set is \/”@) and u,v € \/,Ep ) are adjacent
with edge weight ¢ if f(u —v) = ¢ # 0.3% The definition of edge-weighted strongly regular
graphs is more sophisticated. First, for an edge-weighted graph, we denote with N(u) the
set of all neighbours of a vertex u, and with N(u, a) the set of all neighbours v of u, for
which the edge (u, v) has weight a. With this notation, |[N(u;,a;) N N(u,, a,)| is the number
of common neighbours v of the vertices u,, u, for which the edge (#;,v) has weight a, and
the edge (u,,v) has weight a,.

Definition 10 (see Definition 23 in [67]) Let G be a connected edge-weighted graph, which
is regular as an unweighted graph. We let the weight set be W = {1,2,...,p — 1}. Then G
is called edge-weighted strongly regular with parameters (v, k, A, u), K = (k ks, ..., k),
A= (}ml,az,a3 )a,eW, H= (ﬂa,,az)a,ew, if it consists of y vertices, every vertex u has k, neigh-
bours v for which the edge (u, v) has weight a € W, and for vertices u; # u, and a;,a, € W
we have

Y u; € N(uy, ay),
NQu;,a,) " N(u,,a,)| = e
| ( 1 1) ( 2 2)| {Mal,az Doouy gN(”Z)

Remark 13 [67, Lemma 24] If in Definition 10, the sum Zal.azew /la,,az,a3 is a fixed A, inde-
pendent from ¢,, then the graph G is strongly regular as unweighted graph with parameters
(V7 k9 is l’l) Wlth k= ZaEW ka, H= 201’02 lualygzo

An appropriate definition of a weighted partial difference set is given as follows.

3 Observe that the Cayley graph is k-regular with k = |supp(f)|-
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Definition 11 (see Definition 21 in [67]) Let G be a finite abelian group of order yand D be
a subset of G, which is a disjoint union D = D, U ... U D,, where D; has order kil<j<r
and let 4 = (4;;)1<iji<r and # = (U;)1<ij<,. Then D is called a weighted (v, k, 4, i) partial
difference set, if the following holds:

— For all | <, j | <, every nonzero element of D; can be written as a difference of
d, € D; d, € Dj in exactly A;j, ways, and every nonzero element of G \ D can be writ-
ten in p; ; ways as such a difference.

— For each i, there exists a j such that —D, = Dj.

If =D; = D; for all 1 < i < r, then the weighted partial difference set D is called symmetric.
Remark 14 [67, Lemma 22] If in Definition 11, the sum ), J A;jsis a fixed 2 independent
from [, then D is a (conventional) partial difference set with parameters (v, k, 4, y) with

k=Y kit = X Hij:

In [27], a one-to-one correspondence between weighted partial difference sets and edge-
weighted strongly regular graphs is shown, which generalizes Proposition 1.1 in [78] on
the connection between PDSs and strongly regular graphs, and connects weighted partial
difference sets with association schemes.

Theorem 31 [27, Theorem 29], (67, Theorem 31] Let G be a finite abelian group of order v,
and let D be subset of G, which is the disjoint union D = D, U D, U --- U D,. Suppose that
0 & D and —D; = D, for alll < i < r. The following are equivalent:

(1) D is a (symmetric) weighted partial difference set with parameters (v, k, A, ), where
k=(k,....k.)withk; = |D;|, A= (AiJ,I)ISiJ,ISr and 4 = (/vli,j)1gi,jgr.

(i) The Cayley graph G of D is a strongly regular edge-weighted graph with parameters
(v, k, A, p) as in (i).

(i) For 1<i<r , let R ={(x,) EGXG : x—y€D;} |
and let Ry={x,y) eGXG : x—=y=0} |, and
R i={,) EGXG : x—ye G\ (DU{0})}. Then(G;Ry,R,,...,R., R, ) isa
symmetric association scheme.

By Theorem 31, again connections between bent functions and weighted partial dif-
ference sets can alternatively be formulated in terms of edge-weighted strongly regular
graphs.

The following theorem gives - opposite to the results in Section 6.1 - a sufficient condi-
tion for the bentness of a p-ary function in terms of properties of weighted partial differ-
ence sets.

. )
Theorem 32 [67, Theorem 49] For an odd prime p and an even integer n, let /e \/Igp -F
be a p-ary function with f(x) = f(=x) and f(0) = 0. Let

Di={xeV? : fx) =i}, 1<i<p-1,

1

DQ:\/,@\({O}UD’;U---UD;_I):{xe\/,@,x;eo . f(x) = 0}.
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Suppose  that |D},~c| =ptxpr/! (hence IDgl =p" '+ (p-pY/* ' -1), and
D=D|u--U -1 I8 a weighted partial difference set, such that the corresponding asso-
ciation scheme is amorphic. Then f is bent.

Remark 15 In [67], examples are given, which show that there are non-bent functions
for which (with the above definitions) the edge-weighted Cayley graph is edge-weighted
strongly regular, and that there are (regular) bent functions, whose Cayley graphs are not
edge-weighted strongly regular.

7 Generalized and Zpk-bent functions

In line with the increasing interest in functions from elementary abelian groups \/;'Ep ) to
cyclic groups Z,, in this last chapter we present the major results on bentness for this
class of functions, which were developed in several papers by several groups of authors.
We refer to [3, 61, 81-83, 86, 87, 89, 94, 95, 115], and references therein. We are likewise
interested in the case p = 2, and in the case of p odd.

Let f be a function from \/,fp ) to the cyclic group Z,. Then we can write f as

F) = ayx) + a;(x)p + -+ + a_ ()P, (18)

for some uniquely determined functions a; : \/,E”) N [Fp, i=0,...,k—1 As it turned out,
the bentness of f and bentness of corresponding Boolean or p-ary functions are strongly
related. We start with the more general class of the generalized bent functions.

7.1 Generalized bent functions

Since the introduction of generalized bent functions by Schmidt in [111] (2009), huge pro-
gress has been made in the research on this class of functions. By now, generalized bent
functions are quite well understood interesting objects, comprising rich structures.

Clearly, for k=1, a %eneralized bent function is simply a p-ary bent function. For
p=2,afunction f : V7 = Zp, f(x) = ay(x) + a,(x)2, is generalized bent, if and only if
a and 91 ® 4 are Boolean bent functions when n is even, and if and only if @; and a; @ a,
are semi-bent with complementary Walsh support when 7 is odd. In the general case, the
situation becomes more complicated.

By several groups of authors it is observed - in various generality - that for a generalized
bent function f : \/,Ep ) > Z . given as in (18), the affine space of p-ary (Boolean) functions

Al) = a_ ®{ag, .- 4_5)

is an affine space of bent functions if p is odd or p = 2 and 7 is even, and an affine space
of semi-bent functions if p =2 and n is odd. Sufficient conditions for the affine space A(f)
to correspond to a generalized bent function f can be given in terms of Walsh coefficients
of the bent respectively semi-bent functions in A(f). The quite strong conditions are a bit
technical. We refer to Theorem 7 in [115], for p = 2 (see also [81, Theorems 8, 11]), and to
Theorem 8 in [94] for odd p (or p = 2 and n even).
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Remark 16 The detailed analysis of the Walsh coefficients of the bent respectively semi-
bent functions in A(f) also enables the determination of the dual s+ (as given in Theo-
rem 2) of a generalized bent function f. By [61, Theorem 1], the dual of a generalized
bent function f : V@ — Z,, n even, given as f(x) = ay(x) +2a,(x) + - + 2%la, | (x),is
F5(x) = by(x) + 2b,(x) + -+ + 2571b,_, (x), where

b1 (x) = a;_ (x), and by(x) = a;_,(x) ® (@)_; B a)*(x),0<j< k-2

The expression for the dual ¢+ of a generalized bent function [ \/,52) — Zy when n is odd,
is somewhat more involved. We refer to Theorem 29 in [94].

The most comprehensive characterization of generalized bent functions is a description
via partitions of \/,fp ), presented by Mesnager et al. in [94, Theorem 16]. For a function
five o Z,; given as in (18), we obtain the partition P = {A(d) : 0 <d < p*' =1} of
\/,E” ) , where

k=2
A(d) = {xe\/n : Zai(x)pi=d}, (19)

i=0

(some of the sets A(d) may be empty). Then we have the following theorem.

Theorem 33 Let p be an odd prime and n be a positive integer, or let p = 2 and n be an
even positive integer, and let f - \/,fp ) Zy be given as in (18). Then f is generalized bent,
if and only if a;_;(x) @ C(x) is bent for every p-ary respectively Boolean function C(x),
which is constant on the subsets A(d) in (19) of the partition p.

Remark 17 Theorem 33 can be stated equivalently as follows: The function f : \/rgp ' - 2y
given as f(x) = ¢ to(X) + a,(X)p + -+ ay_ L (¥)p*is generalized bent, if and only if for very
function©' - ¥p 7 p, the p-ary function

a1 (x) ® Flap(x), ..., ap_»(x)) (20)

is bent.

Remark 18 For a generalized bent function given in the form (18), the set of p-ary
(Boolean) functions a;_;(x) @ C(x), C(x) constant on the subsets of the partition p as
described above, forms an affine space of bent functions A(a;_;,P) of dimension |P-
Hence, one can see the generalized bent function as a p-ary respectively Boolean bent
function a(x) with a corresponding partition p35, which gives rise to a large affine space of
bent functions.

Remark 19 As pointed out in [89, Theorem 3], any (nonempty) subset of a partition P for a
bent function a : V,” — [Fp, n even, must have cardinality at least p"/ 2 and a subset which
achieves this lower bound is an affine subspace of \/,E” ), Therefore, the number of subsets in
such a partition p is upper bounded by p"/2. It is shown in [89, Theorem 4], that partitions
for Maiorana-McFarland bent functions a(x) achieve this upper bound, hence provide affine
spaces of bent functions .4(a, P) with maximal possible dimension p"/2,

3 In [95], the bent function a(x) is then called admissible for the partition -
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Remark 20 In [95], results of §imilar type are presented for generalized plateaued func-
tions, i.e., for functions f * V¥ = Z for which H(1, %) has absolute value p"+/2 or 0
forallu € \/,fp ), and a fixed integer s depending on f.

An alternative neat characterization of generalized bent functions for p = 2 is given in
[61].

Theorem 34 Let n be  even, and  f: \/,52) > Zy  be given as
fx) = ag(x) +2a,(x) + - + 25 a,_,(x) for some Boolean functions a,0<j<k-1,and
let A(f) be the affine space of Boolean functions,

A(f) = a;_, ® {a_y» --- > ag).

Then f is generalized bent, if and only if all functions in A(f) are Boolean bent functions,
and for any three functions by, by, b, € A(f) we have

(by® b, ® by)* =b3®b’lk@b;. Q1)

Remark 21 Triples of Boolean bent functions by, b, b,, for which the sum bo @ by @ b,
is bent as well, and the sum of the duals by @ b} @ b equals the dual of the sum
(by ® b, @ b,)*, have been employed in a secondary construction of Boolean bent func-
tions, [20]. In fact, in [91, Theorem 4], it is shown that for three bent functions b, b;, b,
for which the sum is bent, the Boolean function byb, @ byb, @ b b, is bent if and only
(21) applies. It is easily verified that for a generalized bent function f : \/,52) — Zy given
as f(x) = ag(x) + a;(¥)2 + ... + a;_; (x)2*71, and three bent functions by, b;, b, € A(f), the
bent function b, @ byb, @ b,b, is in Ala,_,, P).

Theorems 33 and 34 are not applicable in this form for p = 2 and n odd, in which case
A(f) is an affine space of semi-bent functions. A version of Theorem 34 for n odd is given
in [61], based on the observation that for three semi-bent functions bg, by, b5 - \/,52) - [,
for which the sum is also semi-bent, the Boolean function byb; @ byb, @ b, b, is semi-bent,
if and only if certain conditions on the Walsh coefficients of by, b, b, are satisfied (see [61,
Theorem 2]. The version of Theorem 34 for odd n requires some more detailed conditions
on the Walsh transforms of the semi-bent functions in A(f), see [61, Corollary 3].

In [94], for p = 2, a connection between generalized bent functions in even dimension
and in odd dimension is given.

Theorem 35 [94, Theorem 24] For a function f . \/,52) — Zx, 1 odd, given in the form (18)
as f(x) = ag(x) + a;(X)2 + - + a,_, )2 let f : \/,52) X Ty = Zyi be given as

f(x, 2 =ayx)+a;(x)2+ -+ ak_3(x)2k_3 + 7222 4 (a1 (x) @ ak_z(x)z)Zk_l.

Then f is generalized bent, if and only if f is generalized bent.

With this connection between the case of n odd and n even, one can transfer some
results for the case n even to the case n odd, see Theorem 25 and Corollary 26 in [94].

We conclude this section with some remarks on classification of generalized bent func-
tions. Formal expressions (18), which satisfy the condition for generalized bent functions
are easy to obtain. For instance, f(x) = p*~'q(x) is a generalized bent function from \/,Ep ) to
Z, for every p-ary bent functiona : V,” — [F,. However, one would not consider a(x) and
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P la(x) as different objects. Given the affine space A(f) = a;_; ® (g, ... » dy_,) of bent
functions corresponding to a generalized bent function f represented as in (18), with any
other representation of the same affine space, another formal expression for a generalized
bent function is obtained. Many more expressions one should be able to obtain from the
much larger affine space A(a;_;, P)*. A very general approach to classify generalized bent
functions would be via p-ary bent functions a(x) and their corresponding partitions P, i.e.,
via the affine space A(a, P).

Question 20 For classes of bent functions other than the Maiorana-McFarland class and
the class of spread bent functions®’, find corresponding partitions p with cardinality | P| as
large as possible. Can the maximal possible cardinality P2 of a partition be achieved by
bent functions other than a Maiorana-McFarland function?

For three bent functions by, b, , b, in the affine space A(f) of a generalized bent function,
the bent function byb; @ byb, ® b, b, € A(a;_,,P) has in general a different algebraic
degree. Hence, in general, A(a,_;, P) contains bent functions from different EA-equiva-
lence classes.

Question 21 Examine which classes of bent functions are contained in the affine space
A(a, P) of some given bent function a(x) and a corresponding partition P.

The p-ary bent functions corresponding to all so far considered constructions of gener-
alized bent functions are (weakly) regular bent functions.

Question 22 Examine partitions P for non-weakly regular bent functions q, i.e., for gener-
alized bent functions for which 4(4, ) contains non-weakly regular bent functions. What
is the largest cardinality a partition P for a non-weakly regular bent function a(x) can have?

In many secondary bent function constructions, a new bent function is obtained from
some bent functions (sometimes in the same number, sometimes in a larger number of
variables).

Question 23 Can we infer information on a partition for a bent function obtained with a
secondary construction, from the partitions of the bent functions used in the construction?

7.2 Zp-bent functions

Zy_bent functions respectively relative difference sets in \/IEP ' % Z ., are much harder to
find than bent functions between elementary abelian groups or generalized bent functions.

Clearly, when k = 1, then Z «-bent functions reduce to conventional p-ary bent functions, if
) = ayx) +a;(x)p + - +a,_ (x)p*is Zpk-bent, then F(x) = (ap(x), a;(x), ..., a,_(c))
is a vectorial bent function, but the converse does not hold.*

36 As easily confirmed, A(f) is a subspace of A(ax_1,P).

37 Partitions for spread bent functions are naturally obtained from the spread, see the discussions in [89].

3% In the case of p = 2, k= 20 &) = ag(x) ® a;(x)2 is 7 ,-bent if and only if F(x) = (ap(x), a;(x)) is a vec-
torial bent function.
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As is easily observed, f : v - Z i is Zp-bent if and only if p'f(x) is generalized bent
for all 0 <t <k — 1. With the sufficient and necessary conditions for generalized bent-
ness in Section 7.1, we get quite strong conditions on a sequence of affine spaces of p-ary
respectively Boolean functions.

One construction which yields Z ,-bent functions, is the ubiquitous spread construction,
we recalled in Theorem 6, as with this construction one can generate bent functions from
\/,Ep), n even, into any abelian group of order p*, k < n/2.%

In [87], for p = 2, and in [3], for odd primes p, a first construction of Z -bent functions
is presented, obtained from partitions of Vi~ = Fu XFpn, 1y = /2, which have similar
properties as spreads, but provable*’ do not come from (partial) spreads:

Let m, k be integers such that k divides m and ged(p” — 1,pF+p—1)=1. Set
e= Pk +p—1 and let d be the multiplicative inverse of e modulo p™ — 1. For an element
s € F,n define

Usg :={(,sx°) @ x€Fu}, U =U,\{(0,0)}, and U={(0,y) : y€F,.}.

Then U, U}, s € F,u, form a partition of F,u X Fu,
Similarly, for an element s € [Fpm,

V.= {(x%s,x) : x€ Fnl Vi=V\{(0,0)}, and V ={(x,0) : x€F,}.
For an element y of Fx, let then

Ap=J Uy ad Bm=J v

S€EFm sel,

o
T )=y e (9)=r

With these definitions, we obtain two partitions of [Fpm X [Fpm,

Iy ={U, AQ)iy € By}
Iy ={V.B(y)ir € i},

into p* + 1 subsets, which exhibit similar properties as spreads. For k = m, both partitions
reduce to the Desarguesian spread.

The following theorem summarizes Theorems 2, 3 in [87] for p = 2, and Theorem 7,
Corollary 4 in [3] for arbitrary p.

Theorem 36 Let m, k be integers, such that k divides m and ged(p™ — 1,p* +p — 1) = 1, let
e =p*+p—1,and d such that de = 1 mod p™ — 1.

1. Letfbe a p-ary function fromF,. X F,u to F,, for which every ¢ € F, has the union
of exactly p*=' of the sets Aly) (respectively 3(y)) in its preimage set. Further suppose
that f is constant ¢y on U (respectively V) for some ¢, € F,,. Then f is a regular p-ary
bent function. Conversely, every p-ary bent function that is constant on the elements

3 As pointed out in [87], Zpk—bent functions can more generally be obtained from partial spreads with suf-
ficiently many subspaces.
40 The argument is via the algebraic degree of the involved bent functions.
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of Ty (respectively I'y) is of this form. The duals of the bent functions of I') are bent
functions of I'2, and vice versa.

1. Let F o Fou X Fpn = Zk sych that every ¢ € Z . has exactly one of the sets A(y)
(respectively B(y)) in its preimage set, and F is constant ¢, on U (respectively on V)
for some ¢y € Z . Then F is a Z x-bent function. If k < m, then F is not obtained from
some (partial) spread.

Remark 22 Similar as for spreads, the partitions I'1,I,, not only yield bent functions
between elementary abelian groups and Z k-bent functions, but also bent functions from
Fyn X Fpn into any abelian group B of order p*. The bentness property is inhered in the
partition.

Remark 23 In [3], a partition Q of \/(P) is called a bent partition, if every p-ary respectively
Boolean function, for which the preimage set of any element of F, is the union of exactly
||/p subsets of Q, is always bent (in a variant of the definition, one element 7 € F, has
one subset more in its preimage set). It is then shown, that from any such bent partltlon one
obtains Z -bent functions.*!

Question 24 s the largest possible k for a Z-bent function that one, which is achieved
with the spread construction, i.e., kK = n/2. Is the spread construction the only construction

of Zpk-bent functions for k = n/2?

From a Z,-bent function f we obtain a sequence of generalized bent functions p'f,
0 <t< k-2, and hence a sequence of affine spaces (of the form .A(a, P) as introduced
above). This may give rise to a large variety of (vectorial) bent functions.

Question 25 Can one say something about the classes of (vectorial) bent functions inher-
ent in a given Z-bent function. For instance, the set of p-ary (Boolean) bent functions
from I';,I", contains many Maiorana-McFarland functions. Are there other classes, which
ones?

For all so far known Zpk—bent functions, k > 2, the inherent bent functions are regular
bent functions.

Question 26 Similar as for generalized bent functions, one can ask for existence of Zpk
-bent functions, k > 2, for which (some of) the corresponding bent functions are non-
weakly regular. What would be the largest possible & for such Z«-bent functions?

Acknowledgements The author thanks Sabanci University for the hospitality during several research visits.
The author also wishes to thank the reviewer and the associate editor for valuable comments, which helped
to improve the paper.

41" Some questions on bent partitions are collected in section “Perspectives” of [3].
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