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Abstract

This paper is devoted to the affine-invariant ternary codes defined by Hermitian functions.
We first compute the incidence matrices of the 2-designs supported by the minimum weight
codewords of these ternary codes. Then we show that the linear codes spanned by the rows
of these incidence matrices are subcodes of the 4-th order generalized Reed-Muller codes
and also hold 2-designs. Finally, we determine the dimension and develop a lower bound on
the minimum distance of the ternary linear codes.
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1 Introduction

A t-design with parameters (n, k, A) is a pair D = (P, B) with point set P and block
set BB, where P has size n and each block in B is a k-subset of P, such that any 7 points
are contained in exactly A blocks. We only consider simple designs, which are designs
containing no repeated blocks, withn > k > A. Let g be a prime power and I, be the finite
field of ¢ elements. An [n, k, d] linear code C over I, is a k-dimensional linear subspace
of the vector space FZ with minimum distance d. Let A;, 0 < i < n, denote the number of
codewords of weight i in C. The sequence (Ag, Ay, -+ , A,) and Z:‘:O A;t! are called the
weight distribution and the weight enumerator of C, respectively.
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The theories of ¢-designs and linear codes are closely related. Let D = (P, B) be a
t-(n, k, A) design and let b be the number of blocks in B. The incidence matrix Mp =
(m;j) of D is a b x n matrix, where m;; = 1, if the point p; is in the block B; € B
and m;; = 0, otherwise. The rows of the incidence matrix Mp can be viewed as vectors
of Fy. Then the subspace C, (D) spanned by these b vectors is called the linear code of
D over FF,. Let C be an [n, k, d] linear code over IF, with each codeword indexed by the

ordered elements {pg, p1, -, pn—1}. Forany A; # 0, we denote B; as the collection of the
supports Suppt(c) = {p; : ¢p; #0,0 < j <n — 1} forall c = (cpy, cp;, -+, Cp, ;) € C
with weight i, 0 < i < n.Let P = {po, p1,- -, pn—1}. If the pair (P, B;) isa t-(n, i, 1)

design for some positive integers A and ¢, then we call it the support design of the code C
and denote it by ID; (C).

It is known that ¢-designs and linear codes are closely related [3]. Many infinite families
of 2-designs and 3-designs have been constructed from codes via different methods (see,
e.g., [5-9, 12]). Recently, the 71-year-old open problem of the existence of an infinite fam-
ily of linear codes holding 4-designs was solved by Tang and Ding [11]. But, it remains
open whether there exists an infinite family of linear codes holding 5-designs. Ding, Tang
and Tonchev recently studied the linear codes of 2-designs held in a class of affine-invariant
ternary codes [4]. The ternary codes used in their paper are defined by the quadratic func-
tions Tr(ax? + bx + ¢). In this paper, we consider the affine-invariant ternary codes defined
by Hermitian functions, which are denoted by C(2m, 3). Let d denote the minimum distance
of the code C(2m, 3), and let D;(C(2m, 3)) denote the 2-design supported by the minimum
weight codewords of C(2m, 3). The objective of this paper is to study the ternary codes
C3(Dg(C(2m, 3))). The linear codes C3(Dyz(C(2m, 3))) are affine-invariant, that is, they
also hold 2-designs. Moreover, the new linear code C3(Dy(C(2m, 3))) contains the origi-
nal code C(2m, 3) as a subcode, and has many other affine-invariant subcodes. This implies
that the structure of C3(IDy(C(2m, 3))) is richer than the original code C(2m, 3). Further-
more, the linear code C3(IDy(C(2m, 3))) is a subcode of the 4-th order ternary generalized
Reed-Muller code.

The rest of this paper is organized as follows. In Section 2, we introduce some notation
and basic results of cyclic codes, the generalized Reed-Muller codes, and the automorphism
groups of linear codes. In Section 3, we consider the designs held in the affine-invariant
ternary codes and the linear codes spanned by the rows of the incidence matrices of these
designs. We present the vectors that spanned the linear code C3(IDy(C(2m, 3))) in Theo-
rems 3.3 and 3.4. We also determine the dimension and develop a lower bound on the
minimum weight of C3(Dg(C(2m, 3))) in Theorem 3.5. In Section 4, we present proofs of
our main results given in Section 3. In Section 5, we conclude this paper.

2 Preliminaries

2.1 Cyclic codes

An [n,k,d] linear code C over F, is a cyclic code if for each codeword ¢ =
(co,c1, -+ ,cn_1) € C, the shifted codeword (c,_1, cg, - - - , cp—2) is also in C. We define

the residue class ring R, [x] = F,[x]/(x" — 1) and a subset C(x) of R,[x] corresponding
to the cyclic code C

Cx)=f{co+cix+ 4 cn1x"' € Rulx]: (co,c1, -+, cn_y) € Ch.
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There is a bijection between the cyclic code C and the subset C(x) of R, (x). It is easy to see
that xc(x) € C(x) for any c¢(x) € C(x). Hence C(x) forms an ideal in the residue class ring
R, [x]. Since R,[x] is a principal ideal domain, C(x) is principal and C(x) = (g(x)) for
some monic polynomial g(x) € R,[x] with the smallest degree. We call g(x) the generator
polynomial and A(x) = (x" — 1)/g(x) the parity-check polynomial of C. It is known that
the dimension of the cyclic code C is n — deg(g(x)) from Theorem 4.2.1 in [10].

Let n be an integer such that gcd(n, g) = 1. The g-cyclotomic coset Cy, 0 < s < n, of s
modulo # is defined by

Cy = {s,5q, - ,sq" " "}(mod n),

where r is the smallest positive integer such that s¢” = s (mod n). The smallest integer in
C; is called the coset leader of C;. Note that these distinct g-cyclotomic cosets partition the
set {0, 1,---,n — 1}. Let m be the order of ¢ module n and y be a primitive element of
Fym,ie. FZ’” = (y).Let = yqn;l. Then B is a primitive n-th root of unity in F,m. For
each s, 0 < s < n, the minimal polynomial of 8° over IF; is Mgs (x) = [T;¢c, (x — B). The
generator polynomial of the cyclic code C can be written as g(x) = Tl;esMpgs (x), where
S is a collection of coset leaders of some cyclotomic cosets. We call the union of these
cyclotomic cosets T = UesCy the defining set of C. The roots of unity in Z = {8 : i € T}
are called zeros of the cyclic code C and {8 : i ¢ T} are nonzeros of C. We refer the reader
to [10] for more details on cyclotomic cosets and minimal polynomials.
The dual code C* of a linear code C is defined by

Ct = {¢"eFy|c-¢'=0, forany c € C},

where - denotes the inner product. If C is a cyclic code with the parity-check polynomial
h(x), then C* has the generator polynomial x*1(x~1)/h(0), where k = deg(h(x)).

The following theorem from [10] shows that the zeros of C can be derived from the
nonzeros of C.

Theorem 2.1 [10, Theorem 4.4.9] Let C be an [n, k, d] cyclic code over Fo. lfyi, -, vk
are the nonzeros of C, then yfl, e, ykfl are the zeros of C*.

Proposition 2.2 [10, Section 4.4] Let C; be cyclic codes of length n over F, with defining
sets T; for 1 < i < 2. Then the linear code C; +Cy = {c1 +c2 | ¢; € Ci, 1 <i <2} has
defining set Ty N T».

The extended code of a linear code C is defined by

n
C={(co.c1,-- en) €Fyt' | (cover, -+ enm1) € Csuch that i = 0).
i=0

If H is the parity check matrix of C, then the parity check matrix of C is

— 11
A=[10)
where1=(1,1,---,1)and 0 = (0,0,---,0)T.

Theorem 2.3 [10, Theorem 4.4.19] Let n be a positive integer and q be a prime
power. Let g(x) be an irreducible factor of x" — 1 over F; with degree s. Assume that
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y € Fys is a root of g(x). Let Try : Fys — Ty be the trace map from Fys to Fy.
Then

n—1
C, = {ZTrS(ay")x’-la c ]Fqs}
i=0

is an [n, s] irreducible cyclic code with nonzeros {y‘qi 0 <i < s}
2.2 The generalized Reed-Muller codes

Let g be a prime power and [, m be positive integers with 1 </ < (g — 1)m. The [-th order
punctured generalized Reed-Muller code R, (I, m)* over F, is the cyclic code of length
n = g™ — 1 with generator polynomial

g = Y  G-y),
1<i<n—1

wy (i) <(g—1)m—I

where] y is a primitive element of Fym, i = Z;":_Ol ijqj with0 <i; < g —land wy(i) =
2o i

Assmus and Key [1] provided the following parameters of the punctured generalized
Reed-Muller code R, (1, m)*.

Theorem 2.4 [1, Section 5] The code R, (I, m)* has lengthn = q™ — 1, dimension
L m i—jg+m—1
k= D AT
xyv(5) ()
and minimum weight d = (q —lo)g™"~' =1, where | = 1,(q—1)+1lyand0 <1ly < qg—1.

The dual of the punctured generalized Reed-Muller code (R, (/, m)*)L and its parame-
ters are obtained in [1] and [2].

Theorem 2.5 [1, Corollary 5.21] The code (R4 (I, m)*)L is the cyclic code with generator
polynomial

gt =[] c—v).
g <1

Theorem 2.6 [2, Section 5.4] The code (R4, m)*)* has length n = qg™ — 1, dimension
1 L& ifm i—jg+m—1
Fenm 2o (D)
and minimum weight
d* = (q—lpg" ",
wherem(q — 1) =1 —=1=11(q —1)+1jand0 < [ < g — L.

The generalized Reed-Muller code R, (/, m) is the extended code of the punctured
generalized Reed-Muller code R (I, m)*.
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Theorem 2.7 [1, Section 5] The code Ry (I, m) has length n = q™, dimension

I m . .
e (5T

i=0 j=0

and minimum weight d = (q — lo)q’”_l‘_l, wherel =11(q —1)+1lpand0 <lp < g — 1.
2.3 Automorphism groups of linear codes

Let C be an [n, k, d] linear code over IF,. The set of coordinate permutations that maps C
to itself forms a subgroup of the symmetric group Sym(n). We call this set the permuta-
tion automorphism group of C and denote it by PAut(C). A monomial matrix over [F, is a
square matrix such that each row and column have exactly one nonzero element of ;. The
collection of all monomial matrix that maps C to itself forms a group denoted by MAut(C),
which is called the monomial automorphism group of C. By definition, every element of
MAut(C) can be expressed as DP or PDj, where D and D, are diagonal matrices and P
is a permutation matrix. All permutations of the form D Py fixing C form a group, called
the automorphism group of C and denoted by Aut(C), where y is an automorphism of [F,.
By definition, we have PAut(C) € MAut(C) € Aut(C). The automorphism group Aut(C) is
called ¢-transitive if for any two ordered ¢-subsets A and B of the set of coordinates of the
codewords in C, there exists an element D Py € Aut(C) such that P maps A to B.
The following theorem is a sufficient condition for a linear code C to hold ¢-designs.

Theorem 2.8 [10, Theorem 8.4.7] Let C be a code of length n over Fy. If Aut(C) is t-
transitive, then for any integer i with i > t, the codewords of weight i hold a t-design.

The general affine group GA| (Fym) is the set of permutations of Fym:
{0515, 851 € FZ'"’ 52 € Fym},

where oy, s, (x) = s1x+s forany x € Fyn. Let C be a linear code of length ¢ over F,. We
index the codewords of C by the elements of IF,» . The linear code C is called affine invariant
if the general affine group GA{(Fyn) leaves C invariant, i.e. GA{(Fgn) < PAut(C). It is
well known that GA (Fym) is doubly transitive on IF;m . Then the following theorem follows
from Theorem 2.8.

Theorem 2.9 [3, Theorem 6.6] Let A; be the number of codewords of weight i for 0 < i <
n. If the linear code C is affine invariant, then for each i with A; # 0, the supports of the
codewords of weight i in C form a 2-design.

3 Codes of designs held in a class of affine-invariant ternary codes

Let m > 2 be a positive integer and let p be an odd prime. Denote Tr; as the trace map from
F,s to IF,. We consider the linear code

C@m, p) = {c(a,b,h) |a € Fpn, b € Fpon, h € Fy), (3.1)

where
c(a, b, h) = (Trom(@t”" '+ bt) + h)yer ,,-
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As shown in [9], the code C(2m, p) is affine invariant, thus it holds 2-designs. For each
codeword c(a, b, h) in C(2m, p), the Hamming weight wg (c(a, b, h)) = pzm —T(a,b,h),
where

T(a.b.h) = |{t € F o | Trom(at” T+ bt) + h = 0}]. (3.2)

Lemma 3.1 [9] Let T (a, b, h) be defined in (3.2) fora € Fpm, b € Iszm and h € F ). Then
(1) Ifa=b=h=0,thenT(a,b,h) = p>.

(2) Ifa=b=0andh #0, then T (a,b, h) = 0.
(3) Ifa=0andb #0, then T (a, b, h) = p*~ 1.

(4) Ifa # 0, then
P2t — pm N (p — 1) if h = Trap (as?) 1),

T(a,b, h) = al,bt
, O, _ _ ) +1
prl 4 pm—l if b # Trom(ashy ),
where t € IE‘; and sé’t ;l is a solution of ((anH)?" + at)s = 2ats = —(bt)", i.e.
n 1 y m
Pl = o lg TP = g "

sat,ht
Then a codeword c(a, b, h) has minimum weight d = p*"~!(p — 1) — p™~! only if
ae F;m, beF, mandh e Fp\ {Tra,, (=27 1b)}. The linear code C(2m, p) has parameters
[p?",3m + 1, p* 1 (p — 1) — p”~!] and the weight distribution in Table 1, as stated in
Theorem 3 of [9]. Let D;(C(2m, p)) be the support design of the code C(2m, p), in which
the blocks are the supports of the codewords in C(2m, p) with minimum weight d. We know
that Dy (C(2m, p)) is a 2-design from [9]. Let Mp, be the incidence matrix of Dz (C(2m, p))
and C,(Dy(C(2m, p))) be the linear code spanned by the rows of Mp, over IF,. We will
restrict ourselves to the case of p = 3 and compute the dimension and the minimum weight
of C3(Dy(C(2m, 3))).

Remark 3.2 The ternary linear code defined by the quadratic functions Tra,, (at? + bt) + h
over [F3 and treated in [4] has parameters 32" 4m + 1,2(3%m—1 — 3m—1)] The ternary
linear code defined by the Hermitian functions Try,, (at3er1 + bt) + h over F3 in (3.1) has
parameters [n, k, d] = 32" 3m 41,2 -3%m—1 _ 3m—1] Hence they are not equivalent, as
they have different dimensions.

To simplify notation, we identify f(#) with the vector (f (t)),eF32m below. In the
following, we present our main results whose proofs will be given in Section 4.

Table 1 The weight distribution of C(2m, p)

Weight Multiplicity

0 1

P p—1)—pm! P —Di(p—1)
P Hp =1 p(p" =1)

@t pmHp -1 PP (p™ — 1)

p p—1
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Theorem 3.3 For any integer m > 2, the linear code C3(Dy(C(2m, 3))) over F3 is
generated by

Trom (bt), Trom (bt) Trom (b't), Trom (at>" 1) Tro, (b1),
Trom (@t>" T Trop (@'t3" 1), Trop (¥ 1), 1 | a,a’ € Fam, b, b’ € Fyom

Theorem 3.4 For any integer m > 2, the linear code C3(D4(C(2m, 3))) is given by

Z:':ol Trom (bt ®"+D3 1y 4 212:04 Tty (b;t3'+1)
+ 0 T (@it @ DY) 4 Troy, (bt) + h 2 b, by, b) € Fapm, a; € Fam, h € Fy

and it holds 2-designs.

Theorem 3.5 For any integer m > 1, the linear code C3(Dy(C(2m, 3))) has length n

. . 2 _ .. .
m - dimension k = Im™+Tm 4 | and the lower bound 3"~2 on the minimum distance.
)4 5

Example 3.6 The parameters of the linear code C(2m, 3) and C3(Dy(C(2m, 3))) for m
1, 2 are listed as follows:

m C(2m,3) C3(Dgz(C(2m,3)))
1 [9,4,5] 1[9,9,1]
2 [81,7,51] [81,26,21].

The linear code C(4, 3) has weight distribution

1+ 12962°" +2407%* + 64870 + 2281,
The linear code C3(D;(C(4, 3))) has weight distribution

1 +64872! +240777 +38880728 +259207%
+10497623° +37324823! +678780232 +249156023 4930528073
+12791520735 +5206788023¢ +167585760z37 4193771440738 +6335820002%°
+1789957440z%  +1784204820z%!  +5114657520z%2  +12311494560z%  +10655818920z%
+26240268600z%5  +54869931360z40 +40818498480z47 +86821798860z*  +1558220878802%°
+99765111888z°  +181835828208z5! +279785262240z52 +153082363320z%° +238171803600z%*
+31180150368075% +144740601000z%¢ +190453223160z57 +210148421760z%8 +8195193144075°
+90132625584z%0  +82728913248z0!  4+26672379840z62  +24134094720z%3 418117430380z
+4739847840765 4345082032075  +2053913760z87  +424174320768  +2380978807%°
+109483488770  +1671580877! +7076700772 42442960773 +11664077*
+58320z7° +38880z"7 +6480778 +2106z80 +2186z8!.

4 Proofs of the main results

In this section, we prove Theorems 3.3, 3.4 and 3.5. We first compute the rows of the inci-
dence matrix Mp, of Dg(C(2m, 3)) and list the result in Theorem 3.3. Next, we simplify the
form of these rows and give the proof of Theorem 3.4. The results in Theorem 3.4 imply that
the linear code C3(IDy(C(2m, 3))) is a subcode of the 4-th order generalized Reed-Muller
code. It induces the lower bound of the minimum weight of the code C3(Dy(C(2m, 3))).
Finally, we get the dimension of the code C3(IDy(C(2m, 3))) by calculating the size of the
defining set of C defined in (4.12) and state the proof of Theorem 3.5.

We can easily get the following lemma from the definition of C3(IDy(C(2m, 3))) in
Section 3.
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Lemma 4.1 Let m > 2 be a positive integer. The linear code C3(Dy(C(2m, 3))) defined as
above is generated by the vectors in the following set over F3:

{(Tram (at™ 1 4 b1) + h)? | @ € Fiu, b € Fyon, h € F3 \ {Tra, (b)}).
Using Lemma 4.1, for any a € F},,, b € Fyom, h € F3 \ {Tr2,, (b)}, we have

(Trop (at>" t' 4+ bt) + )2 = Trom(at® T + bt)? + 2hTrop (@t> 1 + bt) + h2
= Trom(ar®" )% 4 2Tray (ar® T Troy, (b) + Try (b1)*

+2hTrom (@t>" Y 4 20Ty (bt) + h2 € C3(Dy(C(2m, 3))),
.1

(Tropm (at>" T = bt) + )2 = Trom(at® T — bt) + 2hTropm (at> 1 — bt) + K2
= Troy (ar®" 1Y% — 2Ty (ar® T Troy, (1) + Ty (b1)*

+2hTrom (@t>" Yy — 20Ty (bt) + h2 € C3(Dy(C(2m, 3))).
4.2)

Subtracting (4.1) from (4.2), we obtain that
Trom (@t T Trom (bt) + hTrom (bt) € C3(Dg(C(2m, 3))). (4.3)
Adding (4.1) to (4.2), we get that
2Trom (ar® ™2 4 2Trp (b1)? + hTrg (ar> 1) + 207 € C3(D4(C2m, 3))).  (4.4)
We show that each item of (4.1) is also in C3(Dy(C(2m, 3))).

Lemma 4.2 Let a € Fzn and b € Fzm, then {Trzm(bt),Trzm(at3m+l)Trzm(bt)} -
C3(Da(C(2m, 3))).

Proof Forany a € F},,, b € Fyom and by # hy € F3\ {Trp, (b)), we have

Trom (@™ ™) Tea (b1) + hy Trow (b1) € C3(Da(C(2m, 3))), 4.5)
Trap (at® ) Tray (bt) + haTran (bt) € C3(Da(C2m, 3))) (4.6)
by (4.3). The result is easily obtained by subtracting (4.5) from (4.6). (I

Lemma 4.3 For any t € Fyom, the following equations hold:

(1) Yaers, Tom@® )2 = 0.
(2) ZheIF;m Trom (b)* = 0.
() Yaery, Trom(@™ ) =0.

*
32m>

the equation (3" *t1)3" = 3" +1 implies that £>"+! ¢ %, Note that Tra,, (a) = 2Tt (a)
for any a € Fam.

Proof The conclusions are obvious if 1 = 0. We now assume that ¢t # 0. For any t € F
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Firstly, we have
Z Trom (at® T1H2 = Z Try (a)?
aGF;km aeF;m

= |{a € F3n|Try, (a) # 0}|( mod 3)
= 3" — |{a € F3mn|Tr,,(a) = 0}|( mod 3)
= 3" — 3"~ !(mod 3)
= 0.

Secondly, we have

> Trow(bt)?

be]F;‘Zm

> T ()

beF
= |{b € Fy2u|Trop (b) # 0}|( mod 3)
= 32" — 32~ 1(mod 3)
=0.

Finally, we have

> Tty =2 )" Tr(a)

aeIF;m ae]F%‘m
= 2Tr,( ) a)
aeIF‘;n

= 0.

Lemma 4.4 The constant codeword 1 € C3(Dg(C(2m, 3))).

Proof For any a € Fim and b € FFym, we choose hp = Try, (D) + 1. It follows from
Lemma 4.3 and (4.4) that

DD (Traw(at™ ) 4 Traw (b1 + 2k Traw (ar™ ) + hj)

beF;‘zM aclfym

2 > (Trow(b) + 1)

"
beﬁ*‘ﬂm

= > (Tou®) +2)
bEF§2m

1 € C3(Dg(C(2m, 3))).

Lemma 4.5 Let b, b’ € Fyom, then Try,, (bt)Tro, (b't) € C3(Dg(C(2m, 3))).

Proof Letby = 52 by = Y5t € Fyo,. Plugging by, by into (4.4), we obtain

2Tro (at®" ™12 4 2Tra (b11)% 4 b Trap (ar®" 1) + 202 € C3(Dg(C(2m, 3))),  (4.7)
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2Trom (at® T2 4 2Tray (b21)? 4 hoTrom (ar™ *1) + 213 € C3(Da(C2m, 3))),  (4.8)

where hy € F3 \ {Tr(by)} and hy € F3 \ {Tr(by)}. We set hy = hy = h for some h €
F3 \ {Tr2 (b1), Tram (b2)}. Then subtracting (4.8) from (4.7), we get

2Trom (b1 — b)) Trom (b1 + b2)1) € C3(Da(C(2m, 3))).
Hence, Troy (b1)Trom (b't) € C3(Da(C(2m, 3))). O

Lemma 4.6 Leta, a’ € Fsm, then we have

{Trom (ar®" 1), Trop (ar® 1) Tra (@' 3" +1)) € C3(Da(C2m, 3))).

Proof By Lemma 4.4, Lemma 4.5 and (4.4), we have

Trom (ar>" T2 + 2hTra (at® 1) € C3(Dy(C(2m, 3))). (4.9)
We can choose i1 # hy € F3 \ {Tr2,,(b)} and plug k1, hy into (4.9), we then obtain

Trom(at® ™12 + 20 Trap (at™" ™) € C3(Dy(C(2m, 3))), (4.10)

Trom (at> T2 4 2k Trap (at® 1) € C3(D4(C(2m, 3))). (4.11)

Subtracting (4.11) from (4.10), we arrive at
2(hy — h)Tryy(at™ ) € C3(Dg(C2m, 3))).

We then deduce that Try,(ar®"t!) € C3(Da(C2m,3))) and Tryp(ar*"T1)? €
C3(Ma(C2m,3))). Let ag = 4% a = 4% € TFz. Note that
Trom (@13 TH2, Trom (a2t3" TH2 € C3(Dy(C(2m, 3))). So we have
Trom(art>" T2 = Tryp(azt® T2 = Trom ((ay + a2)t® T Tra (@) — a2)t>" )

= Trom(@t® ™) Tra (@'t¥" 1) € C3(Da(C2m, 3))).

O

Proof of Theorem 3.3 The desired result is an easy consequence of the results above and

“4.1). O
Lemma 4.7 [13, Corollary 8.4] Let p be a prime and n a positive integer. Let t1,--- ,t, €
Fyn. Then {ty,--- , t,} is a basis of F ,n over F ), if and only if

f th - 1y

tlp t; R v

. . #0.

n—1 1‘171 r.zfl

l‘lp If e b

Lemma 4.8 For any positive integer m > 2, we have

2m—1
(Tro (b1)Tro (B'1) | b, b € Faom) = < D Trowbit | bi e F32m>.
i=0
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Proof Forany b, b’ € Faom,

i
2m—12m—1 2m—1 2m—1 3

Trom (b1 Trom (b'1) = Z Z b3fb/3jl3"+3f _ Z b3i Z b/3/fit1+3f*f

i=0 j=0 i=0 j=0

2m—1 2m—1 3 2m—1

=S Y 0P| = 3 .o,

i=0 j=0 Jj=0

Let y be a primitive element of F32.. Then {y, Y3, y32”H} forms a normal basis of
F3om over F3. By Lemma 4.7, the elements in

(@05 b Y b =yY 0<i<om—1
are linear independently over F3 which means that they form a basis of F%g’,‘n
Hence (Y20 Tray (06> 1'% | 0,0 € Fyan) = (27 Trom (bit™ +1) | by € Faom).
O

over Fzom.

Lemma 4.9 For any positive integer m > 2, we have

m—1
(Tro (@t™ ) Tra (b1) | @ € Fan, b € Fyon) = <Z Trom (bit @031 | by € IF3>
i=0

Proof For any a € F3m and b € Fyom,

i 2m—1 2m—1

m—1
Trom (at> 1) Ty, (bt) = ZZ( 3'"“) Z (bt)3’ =2 Z (bt)3’ Z( PEAREN 3+
i=0

3/ m—1

2m—1 m—1
2 Z (bt Z ( 3m+1) ) =2 ZTrzm (ba3lt(3m+])3l+l).

j=0 i=0

By Lemma 4.7, the elements in
m—1 m i
[(a,a3,~--,a3 )Iazy‘3 +1)3,0§i5m—1}

are linear independently over F3 which means that they form a basis of Fg’z,,,
over Fzm. Hence 22 Trgm(ba3lt(3m+l)3'“) | a € T, b € Fpuw) =
(7! Tram (bir 3" +D3' 1) | bi € Faom). O

Lemma 4.10 For any positive integer m > 2, we have

m—1
(Trzm(Cll3’"+l)Tl‘2m(a/t3m+l) | a,a/ € Fyn) = <Z Try (ait(3'n+l)(3l+l)> la; € F3m>.
i=0

Proof Forany a,a’ € Fim,
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i
2m—1 3,v2m—1 3i 2m—1 2m—1 3i=i 3
m m m m m
o ™ = 3 (a7 0) Y (w25 () Y ()
i=0 Jj=0 i=0 J=

I
ing

2m—1 2m—1 3 3 2m—1 (2m—1 ) ) 3
(a/t3 +1) Z (m3 +1> _ Z Z PRCMCEREERY

Jj=0 i=0 Jj=0

2m—1 m—1

=Y T (a’aytm“)ai“)) = Try (a/a3jt(3m+')(3j+')).
j=0 j=0

Similar to the proof in Lemma 4.9, we have (ZT;OI Tr,, (a’a3jt(3m+1)(3j+l)) |a,a €
Fyn) = (X7 Trm (@it ®"+DEHD) | 4 € Fym). O

Proof of Theorem 3.4 The first part of the theorem follows from Theorem 3.3 and Lem-
mas 4.8—4.10.

Now we prove that the linear code C3(Dy(C(2m, 3))) is affine invariant and it then holds
2-designs by Theorem 2.9. For any oy, 5, € GA{(F3x) with 51 € F%,,, and s € Faom,

32m )
we only need to show that Tray, (boy, s, (1) + b’ (05, .5, )3+ + b (05,5, (1)) 3 FDIHT 4
c(05,.5,)) " TDCHD) L h e C3(Dy(C@m, 3))) forall0 <i <2m—1,0 < jk <m—1,
1,52 j
b,b',b" € Fym, c € F3» and h € F3. It is easy to check that Tro (b(s1t + s2) + b'(s17 +
s2)3l+1) +he CS(Dd(C(zma 3))) We get that
Tran (6" (511 + )" DY) = Ty (057" 1" 453" )63 53 ) st + 52))
= Trom (b”(slr)“”“’“ + 0" 10> sy

Tty (B (51 t)3i+lsg’”+f s 3"’+1+37

b (510 153 + T (b"slmg N sysd

+ 55" e Gyacam. 3)).

Similarly, we have Try, (c(sit + 57)3"+DC4DY ¢ Ci(Dy(C(2m, 3))). The result then
follows. O

Before continuing our calculations, we introduce some convenient terminology. Let y be
a primitive element of Fzm. For 0 < k <2 and 0 < j < 2m — 1, we define the following
linear codes:

32m72

Cp; = Z Trzm(aiy,éj)x’ lai € Fyom ¢,
i=0
32m_2

Cyj = Z Trom(aiy3;)x' | ai € Fam ¢,
i=0

where yo; = . y1; = yC I+ s =y and ys; = y DO, We define a
linear code
C=<x|xeC],kj,0§k§3,O§j§2m—1>F3. (4.12)
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For0 < j <2m — 1, we set
Soj = {=3"10<i<2m—1},
Si; = {33 3"+ D+ [0=<i<2m—1},
S ={=3'G¢ +1]0<i<2m—1},
S5, = (=33 +DE"+1)|0<i<2m—1}. (4.13)

Remark 4.11 From Theorem 3.4, C3(Dy(C(2m, 3))) is permutation-equivalent to the code
—
CL ", where C is the linear code defined in (4.12). By Theorem 2.3, we know that each code

Cykj, 0 <k <3,0<j<2m—1,has defining set T; = IF;‘ZM \ S;k. Then the linear code

C has the defining set 7 = N;_, ﬂ?"io_l Tyj by Proposition 2.2. Let Sy = U?QO_ISM- for
0 < k < 3. Itis straightforward to verify that the defining set

T =Moo M0 Fan \ Sk = Moo P \ (UT2571 k1)) = Fa \ (Ui_oS0).

One can easily check that §; N S; = @ forany 0 <i # j < 3. Now we count the number
of the elements in each S;, 0 < i < 3. Note that |Sg| = 2m.

Lemma 4.12 Let S1j, 0 < j < 2m — 1, be defined in (4.13). Then we have the following:

(1) ForanyO <iy, i, j1,jp <2m—1, =31GNG"+1)+1) = -32323"+1)+1)
mod (32" — 1) ifand only if i{ = i» and ji = j» or ji +m = j> mod 2m.
(2) ForanyQ <i # j<2m—1,|S1i| =2m and
S1i = 815, ifi +m = j mod 2m,
S1;NS1; =2, ifi+m#jmod2m.

(3) |81 =2m>

Proof (1) Assume that iy > iy. If =31 (31 (3" + 1) + 1) = —=32(32(3" + 1) + 1) mod
32" _ 1, then we have
3ihbjptm =ik 4 3=it _3jitm _3)1 _ | = (mod 3*" — 1. (4.14)
Let ay, az, a3 be integers such that
0<ir—i1+ jo+m—2am <2m-—1,
0<iy—iy+j2—2am <2m-—1,
0<ji1+m-—2asm <2m — 1.
It implies that 0 < a; <2,0 <ay < 1and 0 < a3 < 1. We denote that
s1 =iy — i1+ jo+m—2aym,
s2 =1ip — i1 + jo — 2aom,
§3 =iy — i1,
t1 = j1 +m — 2a3m,
= ji.
Since 2 —2- 32"l < 3% 4.3% 4 3% _ 30 _ 302 _ | <32 _3 we get that 3°1 + 3% 4

3% — 31 — 32 — ] = 0 by (4.14). Note that the set {51, 52, 53} has at least one zero element.
We have s = 51 + m mod 2m, so that s, s and s3 are not all zero.
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If there is exactly one element in {s1, 52, 53} equal to 0, then we have three cases to con-
sider: sy = 0, min({s1, 52, 3} \ {sx}) = min{¢, 2} and max({s1, 52, 53} \ {sx}) = max{z1, t>}
for 1 < k < 3. Therefore we get that i = i and

J1=0,p=morji=j=m, ifk=1,
ji=j2=0orji=m, j; =0, if k =2,
ji=jaor jop = ji+mmod2m, ifk=23.

If there are exactly two elements in {s1, 52, 53} equal to 0, then we have 1+3% = 31 +3%2,
where s € {s1, 52, 53} such that s # 0. It implies that min{¢1, £} = min{s, 0} = 0 and
max{t, r} = max{s, 0} = s. Since s;1 = 0 and s, = 0 do not hold at the same time, we
deduce that s3 = 0, i.e. i1 = i2, and get the following four cases:

j1=0,jp0=m, ifs;=0,50=11,10=0,
Jj1=ja=m, ifs; =0,50 =t,11 =0,
j1=j2=0, ifso =0,51 =1t1,6p =0,
ji=m, jp=0, ifsp =0,51 =t,t; =0.

Summing up all these calculations, we have shown that (4.14) holds if and only if i} = i2
and j; = jp or j| + m = jp mod 2m.

(2) By (1), we know that —371(3/ (3" + 1) + 1) = —322(3/ (3" 4+ 1) 4+ 1) mod 3% — 1 if
and only if i1 = ip. Therefore |Sy;| = 2m forany 0 <i <2m—1.Let0 <i # j <2m—1.
Again, by (1), if i +m = j mod 2m, then S;; = S1;. If i + m # j mod 2m, then
S1;iNS; =a.

B)By(2), S| = U;”:_OISU. Hence |S;| = Zf":_ol [S1i] = 2m?2. O

Lemma 4.13 Let S5, 0 < j < 2m — 1, be defined in (4.13). Then we have the following:

(1) ForanyO0 <y, i, j1, o <2m —1, =313/ + 1) = —32(372 + 1) mod (3%" — 1) if
and only if ji = jo» and i1 = ir or j; = —jp, mod 2m and i1 = iz + j, mod 2m.
(2) Forany0 <i # j<2m—1,

m, ifi =m,
[S2i| = .
2m, otherwise,

and
S2i = 825, if i = —j mod 2m,
S NS =, ifi# —jmod2m.

(3) 15| = @m+ Dm.

Proof (1) Assume that ir > iy. If 331 (3/1 4+ 1) = 312(3/2 4 1) mod 3% — 1, then we have
32—l 4 3=l _ 301 _ 1 = (0 mod 3%" — 1. (4.15)

Let a be an integer such that 0 < i, — i + jo» —2am < 2m — 1. Note that 0 <a < 1. We
denote that

§1 =1 — i1+ jo — 2am,

s2 =1y — i1,

t=]i.

@ Springer



Cryptography and Communications (2021) 13:407-423 421

Since 1 — 32"~ 1 < 3% 43% _ 3/ _1<2.32""1 _2 wehave 3" 4+3% -3’ —1=0by
(4.16). We know that at least one element of {s1, 52} is equal to 0 because of min{sy, s2} =
min{z, 0} = 0.

If there is exactly one element in {s1, s2} equal to 0, then we have two cases:

Jj1+ jp=0mod2m,i, —iy = ji, ifs;=0,5 =1,
J1=Jj2,i1 =2, ifs) =0,51 =t.

If s1 = 5o = 0, then r = 0. It induces that j; = j, = 0 and i; = i5.
Then by the above discussion, we see that (4.16) holds if and only if j; = j», i{ = i» or
Jj1+ j» =0 mod Zm’.il =i)+ jzAmocAl 2m.
(2)By (1), =3"1(3/ + 1) = —=32(3/ + 1) mod 32" _ 1 if and only if
i1 =i, if j #=m,
it =1iporiy =ip+mmod2m, ifj=m.
If j = m, then |S3;| = m. Otherwise, |S2;| = 2m. Let0 <i # j < 2m — 1. By the proof
of (1),if i + j = 0 mod 2m, then S3; = S; andif i + j # 0 mod 2m, then Sp; N §2; = .
(3) By (2), we have S = U;"ZOSQ,-. Hence |$3| = Zl'-”z_ol [S2i] + |1S2.m| = 2mr+m =
2m + 1)m. O

Lemma 4.14 Let S3;, 0 < j < 2m — 1, be defined in (4.13). Then we have the following:

(1) ForanyO<iy,ia, j1, jo <2m—1, =313 +1) = —32372 4+ 1) mod 3" — 1) if
and only if j1 = jo mod m and i\ = iy mod m or j| = —jy mod m and iy = iy + jo
mod m.
(2) Forany(Q <i # j<2m—1,
155 = {’; ifmisevenandi = %or Tm

m, otherwise,

and
83 = S35, if i = +j mod m,
83 N S35 =@, ifi # 4j modm.

_ mOn+1)
(3) 155 = =5

Proof (1) Assume that io > ij. If 311(3/1 + 1) = 32(3/2 4 1) mod 3™ — 1, then we have
3=tz 4 3=l _ 3/ _ ] = (Qmod 3" — 1. (4.16)
Let ay, az, a3 be positive integers such that
0<ij—ir+jp—am=<m-—1,
O<ip—i1—aym<m-—1,
0<ji—asm<m—1.
It implies that 0 < a; < 3,0 <ap < 1and 0 < a3z < 1. We denote that
§1 =iz — i1+ jo—aim,
sp =iy — i1 —aym,

t = j1 —azm.
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Since 1 —3""! <391 432 3" 1 <2.3""1 _2 we get 31 +3%2 -3/ —1 = 0 by (4.16).
The set {s1, s2} contains at least one zero element because of min{s;, s} = min{¢, 0} = 0.
If there is exactly one element in {s1, 57} equal to O, then we get two cases:

ji1=—jomodm,ii =iy + jomodm, ifs;=0,s =1,

j1 = jomodm,i; =i, mod m, ifsp =0,51 =t.
If s;1 = 5o =0, then ¢ = 0. It induces that j; = j», = 0 mod m and i = i» mod m.
From the above discussion, we conclude that (4.16) holds if and only if j; = j, mod m,

ii=ipmodmor j; = —j, modm,i; =i + j» mod m.
(2) By (1), we see that —3/1(3/ + 1) = —322(3/ + 1) mod 3™ — 1 if and only if

iy =ipmodmoriy =i+ % modm, ifmisevenandj= "% or %’"
i1 = ip mod m, otherwise.
Therefore, if m is even, |S3 %I =|8; 3| =7 and |S3;| = m forany 0 <i < 2m — 1 and
, e
i # %, 3% If mis odd, |S3;| = m forany 0 <i < 2m — 1. We also get that S3; = §3;, if

i =24jmodmand §3 N S3; =, if i # +j modm.

(3) By (2).if m is even, then [S3] = 3,20 " |S3:| + |83 3 = % + 2 = "0 1 g

m—1

odd, then [S3] = Y, 2 1S3 = 2%+ Hence [S3] = "t for any integer m > 2. O

Proof of Theorem 3.5 By Lemma 4.12, Lemma 4.13 and Lemma 4.14, |S| = Z?:o |Si| =
2m +2m + @m + Dym 4 MY — 9P Tm Now we have dim(C) = n — |T| = n — (n —
|S]) = 225Tm Then

dim(C3 (D (CQ2m, 3))) = dim(@L ) = dim(C) + 1 = 2257 4 |,

The linear code C3(D4(C(2m, 3))) is a subcode of the 4-th order generalized Reed-Muller
code R3(4, 2m) and R3(4, 2m) has minimum distance 3%"~2 by Theorem 3.3 and Theo-
rem 2.7. It follows that the minimum distance of C3(Dy(C(2m, 3))) is lower bounded by
3m=2, O

Remark 4.15 From Theorem 2.7, the 4-th order generalized Reed-Muller code R3(4, 2m)

has dimension
2m + 3 2m + 2 2m —1)2m
k = - +1
(") (7)) - s
9m2 +Tm
> f + 1
dim(C3(Dy (C(2m, 3)))).

5 Concluding remarks

In this paper, we computed the incidence matrix of the 2-design supported by the minimum
weight codewords of C(2m, 3). The linear code C3(Dy(C(2m, 3))) with m > 2 generated
by the rows of the incidence matrix contains C(2m, 3) as a subcode and has many affine
invariant subcodes. This implies that the structure of the linear code C3(Dy(C(2m, 3)))
we obtained is richer than the original code C(2m, 3). We proved that the linear code

@ Springer



Cryptography and Communications (2021) 13:407-423 423

C3(D4(C(2m, 3))) is a subcode of the 4-th order generalized Reed-Muller code and devel-
oped the lower bound on the minimum weight of C3(Dy(C(2m, 3))). The dimension of
the linear code C3(Dy(C(2m, 3))) was settled by counting the number of elements in the
defining set of the code C defined in (4.12).
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