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Abstract

In this paper, we present two new constructions of complex codebooks with multiplica-
tive characters, additive characters and trace functions over finite fields, and determin the
maximal cross-correlation amplitude of these codebooks. We prove that the codebooks we
constructed are asymptotically optimal with respect to the Welch bound. Moreover, in the
first construction, we generalize the result in Zhang and Feng (IEEE Trans. Inform. Theory
58(4),2507-2511, 2012). In the second construction, we generalize the results in Hong et al.
(IEEE Trans. Inf. Theory 60(6), 3698-3705, 2014), we can asymptotically achieve Welch
bound for any odd prime p, we also derive the whole distribution of their inner products.
The parameters of these codebooks are new.
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1 Introduction

An (N, K) codebook C = {c, ¢, ..., ¢y—1} is a set of N unit-norm complex vectors ¢; €
CX over an alphabet A, where i = 0, 1,..., N — 1. The size of A is called the alphabet
size of C. As a performance measure of a codebook in practical applications, the maximum
magnitude of inner products between a pair of distinct vectors in C is defined by

H
Inax (C) = .max |C[Cj [,
O<i#j<N-1
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where c? denotes the conjugate transpose of the complex vector ¢;. To evaluate an (N, K)
codebook C, it is important to find the minimun achievable 1,4, (C) or its lower bound. The
Welch bound [27] provides a well-known lower bound on 1,4 (C),

I @) = Iy = | =K
max()_W— m

The equality holds if and only if for all pairs of (i, j) withi # j

N-K
leiel | = [—— .
i (N - DK

A codebook C achieving the Welch bound equality is called a maximum-Welch-bound-
equality (MWBE) codebook [25] or an equiangular tight frame [15]. MWBE codebooks are
employed in various applications including code-division multiple-access(CDMA) commu-
nication systems [22], communications [25], combinatorial designs [3, 4, 28], packing [2],
compressed sensing [1], coding theory [5] and quantum computing [23]. To our knowledge,
only the following MWBE codebooks are presented as follows:

(N, N) orthogonal MWBE codebooks for any N > 1 [25, 28];
(N, N — 1) MWBE codebooks for N > 1 based on discrete Fourier transformation
matrices [25, 28] or m-sequences [25];

® (N, K) MWBE codebooks from conference matrices [2, 26], where N = 2K = 2d+1
for a positive integer d or N = 2K = p + 1 for a prime p and a positive integer d;

® (N, K) MWBE codebooks based on (N, K, 1) difference sets in cyclic groups [28] and
abelian groups [3, 4];
(N, K) MWBE codebooks from (2, k, v)-Steiner systems [6];
(N, K) MWBE codebooks depended on graph theory and finite geometries [7-9, 24].

The construction of an MWBE codebook is known to be very hard in general, and
the known classes of MWBE codebooks only exist for very restrictive N and K. Many
researches have been done instead to construct asymptotically optimal codebooks, i.e., code-
book C whose I;4x(C) asymptotically achieves the Welch bound. In [25], Sarwate gave
some asymptotically optimal codebooks from codes and signal sets. As an extension of the
optimal codebooks based on difference sets, various types of asymptotically optimal code-
books based on almost difference sets, relative difference sets and cyclotomic classes were
proposed, see [3, 11, 30-32]. Asymptotically optimal codebooks constructed from binary
row selection sequences were presented in [12, 29]. In [13, 14, 17-20], some asymptotically
optimal codebooks were constructed via Jacobi sums and hyper Eisenstein sum.

In this paper, we present two new constructions of complex codebooks with multiplica-
tive characters, additive characters and trace functions over finite fields, and determine the
maximal cross-correlation amplitude of these codebooks. The key ideas in our new con-
structions are based on transitivity of trace and the Fourier expansion of characters. We
prove that the codebooks we constructed are asymptotically optimal with respect to the
Welch bound. Moreover, in the second construction, we also derive the whole distribution
of their inner products. As a comparison, in Table 1, we list the parameters of some known
classes of asymptotically optimal codebooks and those of the new ones.

This paper is organized as follows. In Section 2, we recall some notations and basic
results which will be needed in our discussion. In Section 3, we present our first construction
of codebooks. In Section 4, we present our second construction of codebooks. In Section 5,
we conclude this paper.
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Table 1 The parameters of codebooks asymptotically meeting the Welch bound

Parameters (N, K) Lpax References
(" K = B (p" + p%) + 1) with 0dd p D 2]
2 @=D*y o s wi g+l
(g*, =), q = p’ withodd p @17 [30]
(g+3)(g+1) : : 1
(g +4), J41J), g is a prime power prs [16]
(g, %),q is a prime power % [16]
(p" — 1, Z51) with odd p s [29]
(¢ +4¢"7 " —1,4"""foranyl > 2 1/ - [32]
e
(g — ) + g5, g5, forany k > 2and g > 4 e [13]
((q = ¥ + K. K), for any k > 2, where K = =D+ e [13]
s—1n _ et
((¢* -D"+K, K, @1y [18]
foranys > landn > 1,
where K = WLU"[]&)
s _ 1\ sn—1 _sn—1 v gt
((q 1) + q »q )’ (qA,I)n+(,1)n+] [18]
forany s > landn > 1
(g—1, q(rzzl)), % this paper
r=p',q=r withodd pand pts
(% W), % this paper

r=p',q=r with odd p

2 Preliminaries

In this section, we introduce some basic results on trace functions, characters and character
sums over finite fields, which will be needed in the following sections.

2.1 Trace functions of finite fields

Let[F), I, and F, be finite fields, with F, € F, € F,. Let Tr, () be the trace functions
from I, to IF,.. with

Trg/r(x) =x +x" +xr2 + .. —i—x%, x eF,.
Transitivity of trace in [21] is stated as

Try)p(Trgr (x)) = Trg p(x), x € Fy,

it plays an important role in our constructions.
2.2 Characters over finite fields

Let IF; be a finite field. In this subsection, we recall the definitions of the additive and
multiplicative characters of IF,.

For each a € F,, an additive character of [, is defined by the function x,(x)
;,Tr" v (ax), where ¢, is a primitive p-th root of complex unity. By the definition, xq(x) =

x1(ax). If a = 0, we call xo the trivial additive character of ;. Let ﬁ‘; be the set of
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all additive characters of ;. The orthogonal relation of additive characters (see [21]) is

given by
g, ifa=0,
Z Xa(x) = { 0, otherwise.

xeF,

As in [21], the multiplicative character of I, is defined as follows. For j =0, 1, ..., ¢ —2,
the functions ¢; defined by

pj@)=¢/

are all the multiplicative characters of IF,, where « is a primitive element of I}, and 0 <
i <g—2.1f j =0, we have go(x) = 1 for any x € F, ¢ is called the trivial multiplicative

o~

character of Fy. Let I} be the set of all the multiplicative characters of Fy.
Let ¢ be a multiplicative character of ;. The orthogonal relation of multiplicative

characters (see [21]) is given by

_la-1 ife=go,
Z(p(x) - { 0, otherwise.

xE]Fj;
2.3 Gauss sums over finite fields

Let ¢ be a multiplicative character of Iy, and x an additive character of ;. Then the Gauss
sum over F is given by

Gyl ) =Y p(0)x(x).

*
XE]Fq

It is easy to see that the absolute value of G, (¢, x) is at most ¢ — 1, but is much smaller in
general, the following lemma shows all the cases.

Lemma 2.1 [21, Theorem 5.11] Let ¢ be a multiplicative character and x an additive
character of ¥y. Then the Gauss sum G4 (@, x) satisfies

q—1,ifo =90 x = X0
Gylp, x) =1 -1, ifo=90 x # x0
0, if o # w0, X = Xo-

For ¢ # @o and x # xo, we have |Gq(¢, x)| = /4.

Lemma 2.2 Lidl and Niederreiter [21] Gauss sums for the finite field I, satisfy the
following properties:

(1)G4 (@, xab) = @(a)Gy(@, xp) for a € F}, b € Fy, where ¢(a) denotes the complex
conjugate of p(a);

(2)G (9. X)Gy@. x) = (= 1)g.

Lemma 2.3 Lidl and Niederreiter [21] Let ¢ be a multiplicative character of . Then for
any ¢ € F*, we have

1
(c) = gZGq«o,m(@,
X

where the sum is extended over all additive characters x of IF,.
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This is the Fourier expansion of the multiplicative character ¢ in terms of the additive
characters of I, with Gaussian sums appearing as Fourier coefficients.

2.4 A general construction of codebooks

Let D be aset and K = #D. Let E be a set of some functions which satisfy
f D — S, where S is the unit circle on the complex plane.

A general construction of codebooks is stated as follows,

1
C(D:E) ={cy = T ren, 1 € E}.

JK

3 The first construction of codebooks

In this section, by multiplicative characters, transitivity of trace and fourier expansion, we
construct new series of codebooks which asymptotically meet the Welch bound.
We first recall the construction in [30]. Let

D={xe]FZ:n(x+1)=—1},

where 7 is the quadratic multiplicative character of F;, 1(0) is defined as O for convenience.
Let K = #D and E = IF%. The codebooks C(D; E) = {c, = \/%(q)(x))xep 1o € E},
which were constructed in [30] are asymptotically optimal when ¢ — oo.

In this section, we generalize this construction in [30] by trace functions. Let p be an
odd prime, r = p' and ¢ = r*, where t|s and p 1 s. Let n be the quadratic multiplicative
character of IF,.. Let

D={x €F}:y(Trgr(x + 1)) = —5(s)),

and K =#D.Let E = Iﬁ%.
We define a codeword of length K as
1
Cyp = ﬁ(ﬁo(x))xeDa peE,

and construct the following (N, K) codebook C(D; E) as:

1
C(D; E) ={cy, = ﬁ(‘ﬂ(x))xeD i@ € E} (H
We set
al(x) _ 1717(‘?)77('1‘21“1/,4()6«1»1))’ if Trq/r(x 4 1) 7& 0’
0, if Try ), (x + 1) = 0.

Through the definition of D, we know that

1, if x € D,
0, otherwise.

31 (x) :{
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Theorem 3.1 With the above notations, we have N = q — 1, K = 2= gng

2r
\/;
Inax(C(D; E)) < ————— 1
CDiE) < — T <

Proof By the definition of D and E, itis easy tosee that N = ¢ — 1 and K = %:1).
For any characters ¢; and ¢; in Fy, where 1 < i # j < g — 2. Let ¢ := ¢;p;. Since

i # j, ¢ is nontrival. Then we have

K(c(p,-cgj) = Z @i (x)g;(x)

xeD

= oW

xeD

= ) 9(x)8i(x)

*
erFq

1— Tro(x+1
_ Z o) n(s)n( qu/ (x+1))

xe]F;;,
Trg/r (+1D#0

_ Z (p(x)l - U(S)W(Tzrq/r(x +1)

*
xqu

-y (p(x)l - n(S)n(Tzrq/r(x +1)

xeFy
Trq/r(x+l)=0

1 1
=31 Y e Trgp e+ D) =5 37 ¢(x)
erFj; erF;;,
Try/r (x+1)=0

Lo tp
= —— S — =< Db,
2" 2

where A and B are defined in Lemmas 3.4 and 3.5.
By the results in Lemmas 3.4 and Lemma 3.5, we get

Inax(C(D; E)) = max{lege)) |1 <i# j<q—2)

_lAl+1Bl_ JF
<
=2k T far-D

1.
O

Using Theorem 3.1, we will show the asymptotical-optimality of the proposed codebooks
in the following theorem. For simiplicity, we set Ijyqx = LpaxC(D; E).
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Theorem 3.2 Let Iy be the magnitude of the optimal correlation, i.e. the Welch bound
equality, for the given N, K in the current section. We have

I i
lim Y~ = lim 2% — 1,
r—-00 r—-00 __
V2K V2K
and
Lyax — I
0< lim W <,
r—>00
V2Kr

Then the codebooks we proposed are asymptotically optimal.

Proof Notethat N =¢ —land K = %:1), we get

Iy _ N —K ) _ q _ q 1
-k 'ZK‘\/Hr(q—m‘Hzr(q—z)“(r)’

V2K
thus
I
lim —— = 1.
r—-00 1 __
V2K

By Theorem 3.1, we get

Iiax < ﬁ . /2K= 1_1' 1

) — _ 1
T3 VaWr—1) r 7
1 ! + ! 1+ ! + ! + ! 1+ ! + ! + !
= —— 4ol - —+—-4o0| - = —+ —+o0l-).
2r r Jroor r Jro2r r
We get
I -1 1 1 1
ma)c1 w _ +0(7)’
e Jroor(g=2) r
thus
. max IW
0 lim 2 <
V2Kr
It is easy to see
I I I —1
lim 2 = lim Y 4+ lim 2~ " _140=1.
r—00 - __ r%oo# r—00 L
V2K V2K V2K

Thus the codebooks C(D; E) asymptotically meet the Welch bound. This completes the
proof. O

Remark 1 When r = ¢, it is exactly the first construction of codebooks in [30].
Let ¢ be a multiplicative character of IF, and ¢* the restriction of ¢ to IF,. Let x, be

an additive character of IF,, and x, the restriction of x, to F,, where a € FF,. Let v, be
an additive character of IF,, where b € F,. Let x = x; and v = v be the canonical
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additive characters of F; and IF, respectively. The Lemmas which are used in the proof of
Theorem 3.1 are as follows.

Lemma 3.3 x* is nontrivial if and only if p 1 s.

Proof For any b € F,, we have

Trg/p(®) Tryyp () Trg (1)

Try/p(Trg/r (b))
X*(b) = X(b)zfp ;pr/p / :fp
Tr,/p (bs
= 0,7 = Y (bs) = Y, ).
It follows that x* = v, the result is obtained. O

Lemma34 Let A=) p 9()n(Trgr(x + 1)). Then we have
q
Va9, if n@* is nontrivial,
L= Y2 iy is srviad
r Yngtis trivial.
Proof By the Fourier expansion in Lemma 2.3, A can be rewritten as

1 S
A=) 00)= D Grln P ¥ (Trgr (x + 1)

xe]F; beF,

1 _
=D GrOn ) Y 90V (Trg)r(bx + b))

belF, xe]F;;

1 [
=2 Grn. W) Y ) (bx +b)

belF, xe]F;;

1 [
=2 Grn. ) Y g x (bx)x (b)

belF, xe]F;;

1 _
; Z G,(n, Iﬂb)Gq(§07 xp) x (b)

belF,

1 - __
=Y 1(=b)G, (1. ¥)p(B)G 4 (9, X)X (b)
d beF}

: G G b)p(b)x (b
“n(=DGr (0. 9)Gq(@, 10 Y n0)pb)x (b)

beF}

1
= _n(=DGr(n.¥)Gy (e, XG-n@*, x™).

Since p 1 s, the result follows from Lemmas 2.1 and 3.3. O

We set :
5200 = — Y p(Trgr(x + 1)
beF,

It is easy to see that
1, if Try/r(x +1) =0,
. q/r
82(x) = { 0, if Try/r (x + 1) #0.
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Lemma 3.5 Let B=_ vers, @(x). Then we have

Trg/r (r+1)=0
IB] %, if 9* is nontrivial,
Y4 ifg* is trivial

Proof By the definition of §,(x), we have
B= Y o= ¢®hx)

xe]Fz, xe]Fj;
Trg/r (x+1)=0
1
= > 9= > Yp(Trg)r(x + 1))
erFj; r beF,
1
==Y > o) (Tryr(bx + b))
r beF, erFj;
1
==Y D ¢@xbx+b)
r beF, erFj;
1
= - > exbx)x(b)
r beF, erFj;
1
= - > Gylp. xp)x(b)
r beF,

1 -
=2 ¢B)Gy(p. ) x(b)

beF¥

—lG( G,(@", x*
_r q(an) r((P 7X)

Since p 1 s, the result follows from Lemmas 2.1 and 3.3. O

4 The second construction of codebooks

In this section, by additive characters, transitivity of trace and fourier expansion, we
construct new series of codebooks which asymptotically meet the Welch bound.

In fact, we generalize the construction of codebooks in [12] and show that I, of the
proposed codebooks asymptotically achieves the Welch bound. We also derive the whole
distribution of inner products of the proposed codebooks. In [12] the Welch bound can be
asymptotically achieved only for sufficiently large prime p, while in our construction the
Welch bound can be asymptotically achieved for any odd prime p.

We first recall the construction in [12]. Let p be an odd prime and ¢ a power of p. Let n
be the quadratic multiplicative character of IF,,. The construction in [12] is equivalent to the
following one. Let

D ={x €Fp:n(Try,x") =-1}
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and K :#D,WhereT:q—l—l.LetE:IF"'q\z.
The codebooks

C(D; E) = {ea = #(xam)xw  %a € E),

are asymptotically optimal when p — oo.

In this Section we generalize the construction in [12]. Let p be an odd prime, r = p’
and g = r®, where ¢|s. Let n be the quadratic multiplicative character of IF,. Let x, be an
additive character of Iqu, where a € qu. Let x = x1 be the canonical additive characters
of qu

Let

D={xeFp:nTry, ") =-1},

and K =#D,WhereT=q+1.LetE=I[*<:z= {xq:a GIqu}.
We define a codeword of length K as

1
Cy = ﬁ(Xa (X))xeD>

and construct the following (N, K) codebook as:
C(D;E)={c,:ac€ F2}. 2)

By the definition of D and E, it is easy to see that N = g% and K = w
The following theorem gives the whole distribution of inner products of C(D; E).

Theorem 4.1 Let ¢y, CZ be the inner product between a pair of code vectors ¢,; and ¢q; of
the proposed codebooks C(D; E), where a; and aj are distinct elements in IE‘qz, 0<i#
j <q?—1.Then €y €, has the following distribution

1r= r+1 4 “1,3y _ 2,
el = { _er ‘11 ( ) — p =L(g%) — q? times,
! X q, 5 Lig*+¢q )tlmes

Proof We set

1—n(Trg/r (xT)) .
5a00) = | i Ty (T #£0,
0, if Try/r(xT) = 0.

By the definition of D, we known that

1, if x € D,
0, otherwise.

83(x) = {
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As the notations defined in this section, we have

K(eael) = D xa (0)%a; ()
. xeD
= Y x((a —a))x)
xeD
= D x(ax), (a:=a; —a; #0)
xeD

= Y x(ax)s(x)

xelF
72

_ T
_ Z X(ax)l n(Trzq/r(x )

xelF
Pl

Trq/rxT#O

_ T
_ Z X(ax)l n(Trzq/r(x )

xelF
2

. T
-y X(ax)l n(Trzq/r(x )

xelF
72

Trq/,xT:O

1
=5 2 x@)n(Trgr(x")

xelF
q2

—% > xlax)

XG]qu
Try/r «THy=0

1 0 1 p
2 2
where Q and P are defined in Lemmas 4.5 and 4.6.
By the results in Lemmas 4.5 and 4.6, we have

i %q, if Trg/r(a’) =0,
K(eqe,) =\ 5rq, if Trgr(a’) =1,
==Ly, if Try)r (@) = —1.

To find the distribution, we need the following illustrations.
(1) Forany a € F;z, there are N groups (a;, a;) satisfying a; — a; = a.

(2) For any z € Iy, there are T different a € F;z which satisfy z = a”.

(3) There are % — 1 different z € IE‘Z with Try /- (z) = 0, and there are % different z € IFZ
with Tr, /- (z) # 0.
(4) The numbers of squares and nonsquares in I are both %

Then it is easy to get the distribution of ¢, cf}; as follows:

1 r—1 1 4 —1 3 2 4
el x5 @h =5 @) - g’ times,
aiaj +=52q, Sg* + ¢°) times.
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This completes the proof. O

The following corollary which is a direct consequence of Theorem 4.1 gives the value of
InaxC(D; E).

Corollary 4.2 The maximum magnitude of inner products between a pair of code vectors
of the proposed codebooks is

H| 1r+1

InaxC(D; E) = max |c‘1icaj :E 5

q.

O<i#j<q*-1

Using Corollary 4.2, we will show the asymptotical-optimality of the proposed code-
books in the following theorem. For simiplicity, we set Iyyqy = [;qaxC(D; E).

Theorem 4.3 Let Iy be the magnitude of the optimal correlation, i.e. the Welch bound
equality, for the given N, K in the current section. We have

% .
lim —— = lim mlax =1,
r—00 r—-00 __—__

V2K V2K

and

fim Tmex 1wy
r—00 «/ﬁr '

Then the codebooks we proposed are asymptotically optimal.

Proof Note that N = g2 and K = g(q + 1)%, we get

Iy qg+1 \/— q+1 q+1 1
U LR (R L -,
~ \/<N—1>K a0 Tae-n T
g+l 2K
thus
I I
lim " = lim ——"—— = 1.
r—oo L r—00 9 . 1
V2K g+l 2K

By Corollary 4.2, we get

Tinax Ir+1 qg+1 1 1\ "2
— = = s V2K =|1+-)(1——-
/ql 1 (K 2r q) q +r r
q

+1 V2K

(D))

Thus
I
lim == = lim o =1
r—00 r-oo [ g _1
V2K 9+l 2K
We can see
Lax — 1 3 1 1 1 -2 1
max—lw oy 5 9+l (N _Loa==2, (1)
g . _1 2r 2r(g — 1) r r qg—1 r

g+l 2K
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then
. Imax - IW . Imax - IW
Iim ———— = lim —— = 1.
r—00 1 r—00 q . 1
2Kr g+l V2Kr

The codebooks C(D; E) asymptotically meet the Welch bound. This completes the
proof. O

Remark 2 When r = p, the construction we proposed is exactly the one in [12]. In [12] the
codebooks are construced by selecting K rows from N x N Hadamard matrices based on
binary row selection sequence, but we use the additive character of finite field and a set D to
construct our codebooks. It is pointed out in [12] that 1,4, of the codebooks asymptotically
achieves the Welch bound equality only for sufficiently large prime number p. For small p,
Lnax of the codebooks has larger value than the Welch bound equality, though ¢ — +oo. It
is hard to find sufficiently large primes. While, in our construction, for any fixed odd prime
p, we can let ¢ increase and then r = p’ — +00. S0 ©,;4xC(D; E) can asymptotically
achieve the Welch bound equality.

The Lemmas which are used in the proof of Theorem 4.1 are as follows.

wTarp (bx")+Tr 2, (ax)

Lemma 4.4 Let fy(x) = Tryp(bx7), fy(@) = ¥ cx , where b €
Fy, a € F 2 and o is the complex p-th root of unity. Then we have
—T (ﬁ) .
Fola) = { —aew iR, ifb e T,
0, ifb=0.
where a € F .
Proof Since fp(x) is a regular bent function, see [10], the result follows. O

Let v, be an additive character of F,, where b € FF,.. Let x = x; and ¥ = | be the
canonical additive characters of IF» and I, respectively. We set

1
84(x) = = Y W (Trgyr (x7)),
r belF,
then

1, if Try/r (xT) =0,

84(x) = { 0, if Try;, (x7) #0.

Lemma4.5 Let P =) xeF 2 x(ax), where a € ]FZZ' Then we have
Try/r «T)=0

o | ~He =D, Ty =0,
B %s ifTrq/r(aT) # 0.
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Proof Tt follows that

~
|

> x(ax)

xelF
qZ

Trq/,xT:O

D x(@x)dsx)

xelF
72

1
D x@)— 3 Up(Trgr (x7)

)CG]FqQ beF,
= 1 Z Z a)Tr,/p(bTrq/,(xT))wTqu/p(tlx)
r
xe]qu beF,
1 T
_ 2 Z Z wTrq/,,(bx )+Trq2/p(ax)
r
beF, xe]qu
1 o~
== h@
beF,
T
= 1Y g Tt
r
belFs
= L3 el
r
celF¥

q Tr,/p (cTrgr (@)
= —= w e q/r
-2

celF}

q T
— 2 V(T @)

celF¥

The result follows from the fact that

T _ | rif Trg/r(x7) =0,
D ¥ (eTry (1) = {o, if Try ), (7) # 0.

celF,

Lemma4.6 Ler Q =) . p ) x (ax)n(Try)r xT)), where a € IF:;Z. Then we have
q

0= {0’ if Trg/r(a’) =0,
_qn(_Trq/r(aT))’ if Trq/r(aT) # 0.
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Proof Tt holds that

0= Y xt@ax)n(Trg;(x"))

xelF
72

1 _
= 2 x@0)— 3 Gr(n, Yp) ¥ (Trgr (x1)

xe]qu beF,

1 S
=D G ) Y x(@)yn(Trgyr (7))

bel, xe]qu

! U T
- Z G (n, Y) Z o a2/p @) Trryp (0Trgr (x1))
-

belF, xe]Fq2

I MRS SR
r

belF, XE]FqQ

1 o~
=D Gr1 V) fo@)

belf*
= 3 G Ty g (D)
" beF}
= —L 5" G, Py T @)
4 belF}
_ 1
= =L 3 WG Y (=5 Try (@)
belF}
q
= =G0, 9) Y (@Y (Trgyp (@)

celFk

q
—2Gr 0G0 Ve, ar):

The result follows from the fact that

o, if Try/r(a?) =0,
Gl ¥, ) = {ﬁ(Trq/r(aT))Gr(n, V), if Trgy (aT) £0,

and

Gr(m, ¥)G,(n, ¥) =n(—Dr.

5 Concluding remarks
In this paper, we presented two new constructions of codebooks asymptotically achieve

the Welch bounds with multiplicative characters, additive characters, trace functions and
Fourier expansion of finite fields. Our two constructions are the generalizations of the
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constructions in [30] and [12], respectively. The parameters of our codebooks are flexible
and new.

One feature of our construction is the combination of the character sums and the transi-
tivity of trace functions. Since character sums of finite fields are one of the main methods
used in the constructions of asymptotically optimal codebooks, we believe that using trace
functions we can generalize more known codebooks constructed by character sums.

In our second construction, one key point is that f;(x) in the Lemma IV.4 is a regular
bent function. We wonder if there exist other (weakly) regular bent functions such that the
codebooks constructed by them can asymptotically achieve the Welch bound.
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