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Abstract
Bent functions in odd characteristic can be either (weakly) regular or non-weakly regu-
lar. Furthermore one can distinguish between dual-bent functions, which are bent functions
for which the dual is bent as well, and non-dual bent functions. Whereas a weakly reg-
ular bent function always has a bent dual, a non-weakly regular bent function can be
either dual-bent or non-dual-bent. The classical constructions (like quadratic bent functions,
Maiorana-McFarland or partial spread) yield weakly regular bent functions, but meanwhile
one knows constructions of infinite classes of non-weakly regular bent functions of both
types, dual-bent and non-dual-bent. In this article we focus on vectorial bent functions in
odd characteristic. We first show that most p-ary bent monomials and binomials are actu-
ally vectorial constructions. In the second part we give a positive answer to the question
if non-weakly regular bent functions can be components of a vectorial bent function. We
present the first construction of vectorial bent functions of which the components are non-
weakly regular but dual-bent, and the first construction of vectorial bent functions with
non-dual-bent components.
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1 Introduction

Let p be a prime, and Vn be an n-dimensional vector space over the prime field Fp . A
function f : Vn → Fp is called a bent function if its Walsh transform

̂f (b) =
∑

x∈Vn

ε
f (x)−〈b,x〉
p , εp = e2πi/p,

has absolute value pn/2 for all b ∈ Vn, where 〈b, x〉 denotes a (nondegenerate) inner product
of Vn (if Vn = F

n
p , one may take the conventional dot product, the standard inner product

for Vn = Fpn is 〈b, x〉 = Trn(bx), where Trn(z) denotes the absolute trace of z ∈ Fpn ).
If p = 2, then ̂f (b) is an integer, hence Boolean bent functions only exist for even

dimensions n. Note that then ̂f (b) = 2n/2(−1)f
∗(b) for a Boolean function f ∗, called the

dual of f . Bent functions from Vn to Fp, p odd, which we will call p-ary bent functions,
exist for even and for odd n. For a p-ary bent function, the Walsh coefficient ̂f (b) at b ∈ Vn

of f always satisfies (see [1])

̂f (b) =
{

±ε
f ∗(b)
p pn/2 : pn ≡ 1 mod 4,

±iε
f ∗(b)
p pn/2 : pn ≡ 3 mod 4,

(1)

where i is a complex primitive 4-th root of unity, and f ∗ is a function from Vn to Fp, which
again is called the dual of f .

A bent function f : Vn → Fp is called weakly regular if, for all b ∈ Vn, we have
̂f (b) = ζ ε

f ∗(b)
p pn/2 for some ζ ∈ {±1,±i}, cf. Equation (1). If ζ = 1 we call f regular,

which trivially applies if p = 2. If (the sign of) ζ changes with b ∈ Vn, then f is called
non-weakly regular bent. Weakly regular bent functions f belong to the class of dual-bent
functions, for which the dual f ∗ is bent as well. A non-weakly regular bent function can be
either dual-bent or non-dual-bent, see [2, 3].

Let Vn and Vm be vector spaces over Fp. A function F : Vn → Vm is called vectorial
bent if the extended Walsh transform

̂F(u, v) =
∑

x∈Vn

ε〈v,F (x)〉m−〈u,x〉n
p

has absolute value pn/2 for all u ∈ Vn and nonzero v ∈ Vm, where 〈, 〉m and 〈, 〉n denote an
inner product of Vm and Vn, respectively. Hence F : Vn → Vm is vectorial bent if and only
if every component function Fv = 〈v, F 〉m, v �= 0, from Vn to Fp is a bent function. The
set of component functions together with the 0-function is then an m-dimensional vector
space of bent functions from Vn to Fp . As is well known, for a vectorial bent function
F : Vn → Vm we always have m ≤ n/2 if all component functions are regular (which in
particular applies if p = 2), see [4]. Otherwise we have m ≤ n, and if equality holds, then
F is called a planar function.

The goal of this paper is to investigate the structure of component functions of vectorial
bent functions. At first view it seems that bent functions which are components of vectorial
bent functions should be rare. However, not for a single bent function it is known that it is
not a component of a vectorial bent function with m ≥ 2. One could expect that functions
with “nice” properties like regularity or being dual-bent tend to be component functions
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of vectorial bent functions, and that “strange” looking bent functions are perhaps “lonely”
in the sense they are not components of vectorial bent functions. In this paper we show
that “being strange” is not a criteria that prevents a function from being a component of a
vectorial bent function.

Recall that two functions from Vn to Vm are called extended affine equivalent (EA-
equivalent) if one is obtained from the other by affine coordinate transformations and the
addition of an affine function. As is well known, (vectorial) bentness is invariant under
EA-equivalence.

Famous classes of bent functions (see [5]), are the Maiorana-McFarland class (MMF)
and the partial spread class (PS) for arbitrary primes p, and for p = 2, Dillon’s H class (and
its generalization for arbitrary spreads, [6, 7]), which all give regular bent functions. These
constructions are essentially vectorial constructions from Vn to Vn/2 (assumingly that for
PS a complete spread is used). Every MMF bent function, PS bent function (on a complete
spread), and every function in Dillon’s H class is a component function of some vectorial
bent function. Almost all planar functions, i.e., vectorial bent functions from Vn to Vn, are
quadratic, hence they have quadratic and therefore (weakly) regular component functions.
The only known example with non-quadratic components is the Coulter-Matthews function,
but, again, its component functions are (weakly) regular, see [8].

By now, one knows many further (not vectorial) constructions of infinite classes of weak-
ly regular bent functions. For some recent results on vectorial bent functions in characteristic
2 we refer to [9]. The first construction of non-weakly regular bent functions, but dual-bent
functions, appeared in [10]. The first construction of non-dual-bent functions is in [3].

The question which bent functions can be component functions of a vectorial bent func-
tion (of dimension at least 2) has a relation to the hypothesis of Tokareva in [11, 12], that
every Boolean function of degree at most n/2 can be written as the sum of two Boolean bent
functions from Vn to F2. Applied to Boolean bent functions, this hypothesis implies that
every Boolean bent function is a component function of a vectorial bent function of dimen-
sion at least 2. The according statement for odd primes p, i.e., that for every bent function f

there exists a bent function g such that every nontrivial linear combination af (x) + bg(x),
a, b ∈ Fp , is bent, is certainly a stronger condition.

Weakly regular bent functions have nice properties, for instance their dual is always a
(weakly regular) bent function as well, hence one may expect that they are also good can-
didates to form vector spaces of bent functions of dimension 2 or larger. In fact, all known
planar functions have weakly regular components. The classical examples of vectorial bent
functions from Vn to Vm, m = n/2, i.e., p-ary Maiorana-McFarland and p-ary vectorial
spread, all have regular bent component functions.

This article is organised as follows. In Section 2 we analyse some classes of (weakly)
regular bent functions, like bent monomials and binomials. The objective is to show that
those classes are actually vectorial bent functions, i.e., every function in the class is a com-
ponent function of a vectorial bent function (of dimension at least 2). In Section 3 we show
that non-weakly regular dual-bent functions can be components of a vectorial bent func-
tion. In Section 4 we present the first construction of vectorial bent functions which have
non-dual-bent component functions.

2 Weakly regular vectorial bent functions

The known classes of p-ary vectorial bent functions comprise all planar functions, all of
which are quadratic except from the Coulter-Matthews planar function F(x) = x(3k+1)/2
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with gcd(2n, k) = 1 on F3n , the Maiorana-McFarland class, i.e., the class of functions
F : Fpm × Fpm → Fpm of the form F(x, y) = xπ(y) + ρ(y) for a permutation π of
Fpm and an arbitrary function ρ on Fpm , and the class of vectorial spread bent functions.
All their component functions are by definition a component of a vectorial bent function. In
particular, every function Vn → Fp in the (completed) Maiorana-McFarland class (func-
tions that are EA-equivalent to an MMF bent function) and every p-ary partial spread
bent function defined on a (complete) spread are components of a suitable vectorial bent
function.

In this section we first recall the situation for the somewhat less known (vectorial) spread
bent functions. We then give a short argument, showing that every quadratic p-ary bent
function is a component of a vectorial bent function, in fact of a planar function. In the main
part of the section, we show for three (not quadratic) classes of p-ary bent monomials and
binomials, that they are actually vectorial bent functions.

Let n = 2m be even and U0, U1, . . . , Upm be a spread of Vn, i.e., a set of pm + 1
subspaces of dimension m which intersect pairwise trivially. We define a function F : Vn →
Vk for some k ≤ m by

(i) F(x) = 0 (w.l.o.g.) for x ∈ U0,
(ii) F is constant on the nonzero elements of Ui , 1 ≤ i ≤ pm, such that for every c ∈ Vk

the nonzero elements of exactly pm−k of the Ui’s are mapped to c.

F is then a (vectorial) bent function from Vn to Vk . We are here mostly interested in p-
ary functions, where k = 1, and in vectorial bent functions with maximal k = m. In the
latter case every element of Vm is the image of the nonzero elements of exactly one spread
element Ui , 1 ≤ i ≤ pm, the elements of U0 are additionally mapped to 0 (w.l.o.g.).

Let f be a p-ary spread function. We may order the elements of the spread so
that the nonzero elements of U1, . . . , Upm−1 are mapped to 0, the nonzero elements of
Upm−1+1, . . . , U2pm−1 to 1, . . ., those of U(p−1)pm−1+1, . . . , Upm to p−1, and U0 is mapped
to 0. We now define a vectorial spread bent function F from Vn to Fpm with the one-to-one
correspondence of U1, . . . , Upm with the elements of Fpm as follows. The pm−1 elements
z ∈ Fpm with Trm(z) = 0 are assigned (one-to-one) to U1, . . . , Upm−1 , the elements z ∈ Fpm

with Trm(z) = 1 to Upm−1+1, . . . , U2pm−1 , . . ., the elements with Trm(z) = p − 1 to
U(p−1)pm−1+1, . . . , Upm . Clearly, f (x) = Trm(F (x)), thus f is a component function of
F . Hence it is easy to build a vectorial spread bent function with a given p-ary spread bent
function as component.

We now turn our attention to quadratic p-ary bent functions. First recall that when n

is even, then a quadratic bent function Q : Fn
p → Fp , p odd, is EA-equivalent either to

x2
1 + x2

2 + · · · + x2
n or to dx2

1 + x2
2 + · · · + x2

n for some fixed nonsquare d ∈ Fp , one of
which is regular, the other one is weakly regular but not regular (depending on p and n),
see [13, Theorem 1]. If n is odd, then EA-equivalence can change the sign of the Walsh
coefficient (see [13, Theorem 1]), and hence every quadratic bent function is EA-equivalent
to x2

1 + x2
2 + · · · + x2

n . For every n there exists a quadratic planar function F (the simplest
one is F(x) = x2 on Fpn ).

As is well known, F has then regular component functions as well as weakly regular
but not regular ones if pn ≡ 1 mod 4. If pn ≡ 3 mod 4, then F has component func-
tions for which ζ = i and component functions for which ζ = −i (where ζ is defined
as in (1)). For details on the value distribution of the Walsh transform of planar func-
tions we may refer to [14]. Since planarity is invariant under EA-equivalence, we have the
following
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Fact 1 Every p-ary quadratic bent function is a component function of some planar
function.

Given the above arguments we can restrict ourselves to the analysis of vectorial bent-
ness for functions which are not quadratic, not Coulter-Matthews, not in the (completed)
Maiorana-McFarland class and not a p-ary partial spread bent function (defined on a
complete spread). There are many secondary constructions of p-ary bent functions, i.e., pro-
cedures of constructing new bent functions from known ones, by which one can construct
a huge number of bent functions. There are not many primary examples besides from those
mentioned above. The following have been presented and analysed in [1, 8, 15]:

(i) f1 : F3n → F3, f1(x) = Trn
(

axr(3m−1)
)

, n = 2m, gcd(r, 3m + 1) = 1 with the

condition that the Kloosterman sum K
(

a3m+1
) = ∑

z∈F3n
ε

Trn
(

z+a3m+1/z
)

3 , where
1/0 := 0, vanishes;

(ii) f2 : F3n → F3, f2(x) = Trn
(

ax
3n−1

4 +3m+1
)

, n = 2m, m odd, a = α(3m+1)/4 for a

primitive element α of F3n ;

(iii) f3 : Fpn → Fp, f3(x) = Trn
(

xp3k+p2k−pk+1 + x2
)

, n = 4k.

We remark that it is shown in [16], that these functions do not belong to the completed
Maiorana-McFarland class.

In the remainder of this section, we also show that these classes of p-ary bent functions
are vectorial bent functions, i.e., each of the functions fi , i = 1, 2, 3, is a component of
some vectorial bent function.

(i) f1(x) = Trn
(

axr(3
m−1)

)

.

The bentness of the monomial function f1 was shown in [1], a binomial which can be
seen as a generalization of f1, and of which the bentness also depends on a condition involv-
ing Kloosterman sums, has been dealt with in the articles [17, 18]. Both bent functions are
functions with “Dillon type exponents”, hence are constant on the nonzero elements of the
elements of the Desarguesian spread of F3n , i.e., the set of subspaces {γF3m : γ ∈ C},
where C is a set of coset representatives of the multiplicative subgroup F

∗
3m of F∗

3n . As shown
in Theorem 3.3 in [19], every such bent function is a spread bent function. Immediately we
infer that both functions are a component function of some vectorial spread bent function
from F3n to F3m .

(ii) f2(x) = Trn
(

ax
3n−1
4 +3m+1

)

.

The bentness of this monomial was conjectured in [1], in [8, Theorem 1.4] it is then
proven that f2 is a weakly regular but not regular bent function. To show the following the-
orem on the vectorial bentness of this monomial, one can apply a p-ary version of Lemma 1
and Proposition 1 in [9] on vectorial bentness of monomial Boolean bent functions. By Trnm
we denote the relative trace function from Fpn to Fpm . We first state the version of Lemma
1 in [9] for odd primes p, and give its proof for completeness.

Lemma 1 Let n, m be positive integers such that m|n, t = 1 + pm + p2m + · · · + pn−m =
(pn − 1)/(pm − 1), and d be a positive integer. Then

(1) gcd(d, pn − 1)|t ⇔ (2) F
∗
pm ⊆ {xd : x ∈ F

∗
pn} ⇔

(3) gcd

(

d

gcd(d, t)
, pm − 1

)

= 1.
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Proof Let α be a primitive element of Fpn , then αt is a primitive element of Fpm , i.e.,
F

∗
pm = 〈αt 〉. With {xd : x ∈ F

∗
pn} = 〈αd〉 = 〈αgcd(d,pn−1)〉, we have (1) ⇔ (2), and (2) ⇔

(3) holds since

F
∗
pm ⊆ {xd : x ∈ F

∗
pn} ⇔ 〈αt 〉 ∩ 〈αd〉 = 〈αt 〉 ⇔ 〈αlcm(t,d)〉 = 〈αt 〉

⇔ gcd(lcm(t, d), pn − 1) = t ⇔ gcd
(

d
gcd(d,t)

, pm − 1
)

= 1.

The next lemma is the p-ary version of Proposition 1 in [9].

Lemma 2 Let f (x) = Trn(axd) be a monomial bent function from Fpn to Fp with d satis-
fying one of the equivalent conditions in Lemma 1 for some divisor m of n. Then the function
F(x) = Trnm(axd) is a vectorial bent function.

Proof We have to show that Fλ(x) = Trn(λaxd) is bent for all nonzero λ ∈ Fpm . If
(1),(2),(3) in Lemma 1 hold, then λ = βd for some β ∈ Fpn , hence Trn(λaxd) =
Trn(a(βx)d), which is EA-equivalent to the original function Trn(axd), thus bent as
well.

Theorem 1 Let n = 2m, m odd, a = α(3m+1)/4 for a primitive element α of F3n . Then

F : F3n → F3m , F(x) = Trnm
(

ax
3n−1

4 +3m+1
)

is a vectorial bent function with component

functions all of which are weakly regular but not regular.

Proof For d = 3n−1
4 + 3m + 1 and n/2 = m is odd, we easily see that gcd(d, 3n −

1) = (3m + 1)/2, which divides t = 3m + 1. Hence with Lemma 2, the function F(x) =
Trnm

(

ax
3n−1

4 +3m+1
)

is a vectorial bent function. Moreover, from the proof of Lemma 2 we

know that every component function of F is EA-equivalent to f2. Since EA-equivalence
does not change regularity when n is even (see [13, Theorem 1]), all components are weakly
regular but not regular.

(iii) f3(x) = Trn
(

xp
3k+p2k−pk+1 + x2

)

. In [15] it has been shown that f3 is a weakly

regular but not regular bent function. We next show that f3 is a component of a vectorial
bent function from Fpn to Fp2k (n = 4k).

Theorem 2 Let n = 4k where k is an arbitrary positive integer. Then the function F :
Fpn → Fp2k ,

F(x) = Tr4k
2k

(

xp3k+p2k−pk+1 + x2
)

is a vectorial bent function with all components weakly regular but not regular bent.
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Proof Let ω be a primitive element of Fp4k , then the nonzero elements of Fp2k are given by

ω(p2k+1)j , j = 0, 1, . . . , p2k −2. Observe that for γj = ω(p2k+1)j/2, j = 0, 1, . . . , p2k −2,
we have

γ
p3k+p2k−pk+1
j =

(

ω(p2k+1)j/2
)p3k+p2k−pk+1 = ω

(

p5k−pk+p3k−p3k+2p2k+p4k+1
)

j

2

= ω(p2k+1)j = γ 2
j .

Hence for the component function fj (x) = Tr2k

(

ω
(

p2k+1
)

jF (x)
)

we obtain

fj (x) = Tr2k

(

ω
(

p2k+1
)

jF (x)
)

= Tr4k(ω
(p2k+1)j (xp3k+p2k−pk+1 + x2))

= Tr4k((γj x)p
3k+p2k−pk+1 + (γj x)2) = f3(γj x).

We close this section recalling an interesting result of Carlet and Leander, see [20, p.99]
(see also [21]), on the vectorial bentness of the Boolean Kasami bent function. The result
shows that also bent functions which behave different from the functions in the standard
classes, may be components of vectorial bent functions. This also motivates our analy-
sis in the following sections, where we investigate non-weakly regular and non-dual-bent
functions.

Recall that the Kasami function Trn
(

γ x22i−2i+1
)

from F2n to F2, n even, is bent if and

only if γ is not a cube in F2n . Let n = 2m, where m is odd, then all elements in F2m are
cubes in F2n . For a non-cube β ∈ F2n the elements of the coset βF∗

2m are non-cubes. Hence
for a basis {α1, . . . , αm} of F2m , the function

F(x) =
(

Trn
(

βα1x
22i−2i+1

)

, . . . , Trn
(

βαmx22i−2i+1
))

is a vectorial bent function from F2n to F
m
2 , with component functions all of which are

Kasami bent functions.
In [22] it has been verified that some Kasami bent functions from F214 to F2 are non-

weakly normal, and it was conjectured that all nonquadratic Kasami bent functions from
F22m to F2, m odd and m ≥ 7, are non-weakly normal (it also has been pointed out that m

odd is a necessary condition for a Kasami function to be not normal). Hence, remarkably,
non-weakly normal Boolean bent functions can be components of vectorial bent functions
(even of largest possible dimension m = n/2). We conclude that the two “nice” properties
of Boolean bent functions, (weak) normality and vectorial bentness seem to be not directly
related.

Recall that weakly regular but not regular bent functions in dimension n = 2m are never
(weakly) normal, see [23, Theorem 6]. However all vectorial bent functions in odd char-
acteristic investigated so far have component functions with “nice” properties. All of their
components are regular or weakly regular, and hence dual-bent. In the next two sections we
investigate if non-weakly regular and non-dual-bent functions can be component functions
of a vectorial bent function.
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3 Non-weakly regular, dual-bent functions

Based on a construction of Boolean bent functions in [24] (see also [25]), a procedure for
constructing bent functions in odd characteristic was introduced in [10] and further analysed
in [2, 13, 23]. As one of the main achievements in [10], this construction was used to obtain
the first infinite classes of non-weakly regular bent functions. As pointed out in [2], the
obtained functions belong to the class of dual-bent functions.

We start this section with a generalization of the construction in [10] to vectorial
functions. For this purpose we represent Vkn by F

n
pk .

Theorem 3 For every y ∈ Fpk let gy be a vectorial bent function from F
n
pk to Fpk . Then the

function F : Fn+2
pk → Fpk defined as

F(x1, . . . , xn, xn+1, y) = gy(x1, . . . , xn) + yxn+1

is a vectorial bent function.

Proof We have to show that for every nonzero β ∈ Fpk the component function Trk(βF ) is
bent. Let α1, . . . , αn, γ, δ be elements of Fpk . Then

̂Trk(βF )(α1, . . . , αn, γ, δ)

=
∑

(x1,...,xn)∈Fn

pk

xn+1,y∈F
pk

ε
Trk(β(gy(x1,...,xn)+xn+1y)−α1x1−···−αnxn−γ xn+1−δy)
p

=
∑

(x1,...,xn)∈Fn

pk

y∈F
pk

ε
Trk(β(gy(x1,...,xn)))−Trk(

∑n
i=1 αixi+δy)

p

∑

xn+1∈Fpk

ε
Trk(xn+1(βy−γ ))
p

= pkε
−Trk(δγβ−1)
p

̂Trk(βgγβ−1)(α1, . . . , αn)

= p
(n+2)k

2 ζε
Trk(βg

γβ−1 )∗(α1,...,αn)−Trk(δγβ−1)

p (2)

for some ζ ∈ {±1,±i} which may depend on γ (when p = 2 then ζ = 1). In the last step
we used that gγβ−1 is a vectorial bent function from F

n
pk to Fpk for every γ ∈ Fpk .

By (2), for every fixed β ∈ F
∗
pk , the dual function Trk(βF )∗ of Trk(βF ) is

(Trk(βF ))∗(x1, . . . , xn, xn+1, y) =
(Trk(βgβ−1xn+1

))∗(x1, . . . , xn) − Trk(β
−1xn+1y).

As one observes, Trk(βF )∗ and Trk(βF ) are of a similar shape. With the same calculations
as in the proof above, one can show that Trk(βF )∗ is bent as well, under the assumption
that the duals of the component functions of gy used in the construction in Theorem 3 are
bent. So far, all known constructions of vectorial bent functions have weakly regular, hence
dual-bent component functions. Consequently, Theorem 3 yields vectorial bent functions
with dual-bent component functions.
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The objective is now to obtain the first infinite class of vectorial bent functions from
Vkn to Fpk for which the component functions are non-weakly regular dual-bent functions.
Hence for the remainder of this section, p is always an odd prime. We will use the following
lemma from [1] on the Walsh transform of Trn(αx2).

Lemma 3 (Corollary 3 in [1]) For a nonzero α ∈ Fpn , let fα be the function fα(x) =
Trn(αx2) from Fpn to Fp. Then

̂fα(u) =
{

η(α)(−1)n−1pn/2ε
f ∗

α (u)
p : p ≡ 1 mod 4,

η(α)(−1)n−1inpn/2ε
f ∗

α (u)
p : p ≡ 3 mod 4,

where

f ∗
α (u) = −Trn

(

u2

4α

)

,

and η(α) denotes the quadratic character of α in Fpn .

Recall that every quadratic bent function is a component function of some planar func-
tion. Here we will utilize diagonal forms from F

n
pk to Fpk . We will employ the following

lemma on the Walsh transforms of such diagonal forms. For simplicity we suppose that k is

even so that for a bent function g : Fn
pk → Fpk we always have ĝ(b) = ±ε

g∗(b)
p pkn/2. But

all arguments apply in the same way to odd k.

Lemma 4 For an odd prime p and integers n, k, the diagonal quadratic form
g(x1, . . . , xn) ∈ Fpk [x1, . . . , xn],

g(x1, x2, . . . , xn) = a1x
2
1 + a2x

2
2 + · · · + anx

2
n, ai ∈ F

∗
pk , 1 ≤ i ≤ n,

is a vectorial bent function from F
n
pk to Fpk . For β ∈ F

∗
pk let


(β, a1, . . . , an) =
{

(−1)nη(βn)
∏n

i=1 η(ai) : p ≡ 1 mod 4,

(−1)n(k+2)/2η(βn)
∏n

i=1 η(ai) : p ≡ 3 mod 4.

If 
(β, a1, . . . , an) = 1, then the component function Trk(βg) is regular, otherwise it is
weakly regular but not regular.

Proof Since quadratic bent functions are (weakly) regular, it is sufficient to determine the
Walsh transform of Trk(βg) at 0. With Lemma 3 and recursively applying that ̂F(a, b) =
̂f (a)̂h(b) if F(x, y) = f (x) + h(y) for two functions f, h : Fpk → Fp , for a nonzero
β ∈ Fpk we get

T̂rk(βg)(0) =
{

(−1)nη(βn)
∏n

i=1 η(ai)p
nk/2 : p ≡ 1 mod 4,

(−1)n(k+2)/2η(βn)
∏n

i=1 η(ai)p
nk/2 : p ≡ 3 mod 4.

For each y ∈ Fpk we choose a vectorial bent function gy from F
n
pk to Fpk as

gy(x1, x2, . . . , xn) = ay,1x
2
1 + ay,2x

2
2 + · · · + ay,nx

2
n, ay,i ∈ F

∗
pk , 1 ≤ i ≤ n,
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such that for some ȳ, ỹ ∈ Fpk we have
∏n

i=1 η(aȳ,i ) �= ∏n
i=1 η(aỹ,i ), i.e., exactly one of

Trk(gȳ), Trk(gỹ) is regular. Now define F : Fn+2
pk → Fpk as

F(x1, . . . , xn, xn+1, y) = gy(x1, . . . , xn) + yxn+1

= ay,1x
2
1 + ay,2x

2
2 + · · · + ay,nx

2
n + yxn+1. (3)

Theorem 4 The function F : Fn+2
pk → Fpk defined as in (3) is a vectorial bent function for

which every component function is a non-weakly regular dual-bent function.

Proof By Theorem 3 and the discussion following it, the function F is a vectorial bent func-
tion with dual-bent component functions. Let β be a nonzero element of Fpk . By Equation
(2),

̂Trk(βF )(α1, . . . , αn, γ, δ) = ε
−Trk(δγβ−1)
p pk ̂Trk(βgγβ−1)(α1, . . . , αn).

Choose γ̄ = βȳ and γ̃ = βỹ. Then exactly one of the bent functions Trk(βgγ̄ β−1) and

Trk(βgγ̃ β−1) is regular. Hence ̂Trk(βF )(α1, . . . , αn, γ̄ , δ) and ̂Trk(βF )(α1, . . . , αn, γ̃ , δ)

have different signs, i.e., Trk(βF ) is non-weakly regular.

4 The semi-direct sum and vectorial bent functions
with non-dual-bent component functions

The first published non-weakly regular bent function is the monomial function k(x) =
Tr6(ζ

7x98) from F36 to F3, where ζ is a primitive element of F36 , (see Fact 1 in [1]),
which was found via computer search. In [2] it was pointed out that k is a non-dual-
bent function. With the notation of Lemma 1 we have d = 98, n = 6, and putting
m = 3 we obtain t = 28. Since gcd(98, 728) = 14 divides 28, by Lemma 2 we have the
following

Fact 2 The monomial function K(x) = Tr6
3(ζ

7x98) is a vectorial bent function from F36 to
F33 , with component functions all of which are non-dual-bent functions.

We conclude the last statement from the fact that all component functions of K are
linearly equivalent (see the proof of Lemma 2), and from the fact that the property of being
non-dual-bent is invariant under EA-equivalence. We hence have a sporadic example of a
vectorial bent function with non-dual-bent component functions.

In this section we present the first construction of vectorial bent functions with non-
dual-bent components for arbitrary primes p. The procedure is based on the recent very
first construction of non-dual-bent functions presented by the authors in [3]. The sim-
plest secondary construction of bent functions is the direct sum of two bent functions
f : Vm → Fp , g : Vn → Fp given by F(x, y) = f (x) + g(y). Recall that then
̂F(u, v) = ̂f (u)ĝ(v). In its vectorial form, f and g are two vectorial bent functions from
Vm respectively from Vn to (w.l.o.g.) Fpk . Obviously, for every nonzero α ∈ Fpk , the com-
ponent function Trk(αF (x, y)) = Trk(α(f (x) + g(y))) = Trk(αf (x)) + Trk(αg(y)) is
bent.

The procedure in [3] by which we obtained non-dual-bent functions, is a generalization
of the direct sum, which we call semi-direct sum. Theorem 5 below extends the semi-direct
sum to vectorial functions. For k = 1 it is Theorem 1 in [3].
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Theorem 5 Let f : Vm → Fpk and g : Vn → Fpk be vectorial bent functions, and let h be
a function from Vm to Vn. The function F : Vm × Vn → Fpk defined as

F(x, y) = f (x) + g(y + h(x))

is vectorial bent if and only if for all b ∈ Vn and nonzero α ∈ Fpk the function Gb,α :
Vm → Fp

Gb,α(x) = Trk(αf (x)) + 〈b, h(x)〉n
is a bent function.

Proof For a nonzero element α ∈ Fpk , let Fα(x, y) = Trk(αF (x, y)). Then for a ∈ Vm

and b ∈ Vn we have

̂Fα(a, b) =
∑

x∈Vm,y∈Vn

ε
Trk(α(f (x)+g(y+h(x))))−〈a,x〉m−〈b,y〉n
p

=
∑

x∈Vm

ε
Trk(αf (x))−〈a,x〉m
p

∑

y∈Vn

ε
Trk(αg(y+h(x)))−〈b,y〉n
p

=
∑

x∈Vm

ε
Trk(αf (x))−〈a,x〉m
p

∑

y∈Vn

ε
Trk(αg(y))−〈b,y−h(x)〉n
p

=
∑

x∈Vm

ε
Trk(αf (x))+〈b,h(x)〉n−〈a,x〉m
p

∑

y∈Vn

ε
Trk(αg(y))−〈b,y〉n
p

= ̂Gb,α(a)ĝα(b).

Since g is vectorial bent, i.e., ĝα(b) = ζpn/2ε
g∗
α(b)

p for some ζ ∈ {±1,±i} (which is 1 if
p = 2, otherwise may depend on b and α), the function F is bent if and only if | ̂Gb,α(a)| =
pm/2 for all a ∈ Vm, b ∈ Vn, and nonzero α ∈ Fpk . Equivalently, Gb,α is bent for all
b ∈ Vn and nonzero α ∈ Fpk .

Remark 1 With the observation that

̂Fα(a, b) = ζp(m+n)/2ε
G∗

b,α(a)+g∗
α(b)

p

for some ζ ∈ {±1,±i} (which is 1 if p = 2, otherwise may depend on a, b and α), the
formula for the dual of the component function Fα of F is

F ∗
α (x, y) = G∗

y,α(x) + g∗
α(y).

Corollary 1 For some integers m, n, l, k with n + k = l ≤ m, let F(x) =
(f1(x), . . . , fl(x)), be a vectorial bent function from Vm to Vl , and let g be a vecto-
rial bent function from Vn to Vk . Let f be the projection of F to Vk given by f (x) =
(f1(x), . . . , fk(x)), hence a vectorial bent function from Vm to Vk . Then

F(x, y) = f (x) + g(y1 + fk+1(x), y2 + fk+2(x), . . . , yn + fl(x)) (4)

is a vectorial bent function from Vm × Vn to Vk . For nonzero α ∈ Vk , the dual F ∗
α of

Fα(x, y) = 〈α, F (x, y)〉k is
F ∗

α (x, y) = G∗
y,α(x) + g∗

α(y),

where for every y = (y1, . . . , yn) ∈ Vn, the function G∗
y,α(x) is the dual of the bent function

Gy,α(x) = α1f1(x) + · · · + αkfk(x) + y1fk+1(x) + · · · + ynfl(x). (5)
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Proof Observe that Gy,α in (5) is a component function of the vectorial bent function F ,
hence bent. By Theorem 5, F in (4) is a vectorial bent function from Vm × Vn to Vk . The
expression for the dual follows from Remark 1.

Since our objective is to construct vectorial bent functions with non-dual-bent component
functions, for the remainder of this section, p is an odd prime. We employ Corollary 1
choosing m = 3k, n = 2k, for F the planar function F(x) = x2 on Fpm , and for g the
Maiorana-McFarland bent function g(x, y) = xy from Fpk × Fpk to Fpk .

Theorem 6 Let m = 3k, and let {1, γ1, γ2} be a basis of Fpm over Fpk . Then the function
F from Fpm × Fpk × Fpk to Fpk ,

F(x, y1, y2) = Trmk (x2) + (y1 + Trmk (γ1x
2))(y2 + Trmk (γ2x

2))

is a vectorial bent function. For every nonzero α ∈ Fpk the dual of the component function
Fα(x, y1, y2) = Trk(αF (x, y1, y2)) is

F ∗
α (x, y1, y2) = −Trm

(

x2

4(α + y1γ1 + y2γ2)

)

− Trk(y1y2/α).

Proof Since {1, γ1, γ2} are linearly independent over Fpk , for every α, b1, b2 ∈ Fpk , the
function

Gb1,b2,α(x) = Trk(αTrmk (x2)) + Trk(b1Trmk (γ1x
2)) + Trk(b2Trmk (γ2x

2))

= Trm((α + b1γ1 + b2γ2)x
2)

is bent. Hence by Theorem 5, the function F(x, y1, y2) is bent. The formula for the dual
follows from Remark 1 with Lemma 3 and the fact that the dual of the Maiorana-McFarland
function Trk(αy1y2) is −Trk(y1y2/α), see [5].

Our next objective is to demonstrate that in general the components Fα of F are not
dual-bent. Therefore we determine ̂F ∗

α (0, 0, 0). We will use that

G∗∗
b1,b2,α

(x) = Gb1,b2,α(−x) = Trm((α + b1γ1 + b2γ2)x
2)

= Gb1,b2,α(x).

Then for the Walsh coefficient of F ∗
α at (0, 0, 0) = (0) we have

̂F ∗
α (0) =

∑

x∈Fpm

y1,y2∈F
pk

ε
G∗

y1,y2,α(x)−Trk(y1y2/α)

p

=
∑

y1,y2∈Fpk

ε
−Trk(y1y2/α)
p

∑

x∈Fpm

ε
G∗

y1,y2,α(x)

p

=
∑

y1,y2∈Fpk

ε
−Trk(y1y2/α)
p Ĝ∗

y1,y2,α
(0)

= ζpm/2
∑

y1,y2∈Fpk

ε
−Trk(y1y2/α)
p η(α + y1γ1 + y2γ2)ε

G∗∗
y1,y2,α(0)

p

= ζpm/2
∑

y1,y2∈Fpk

η(α + y1γ1 + y2γ2)ε
−Trk(y1y2/α)
p , (6)
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where ζ ∈ {±1,±i} only depends on p and m, see Lemma 3. From Equation (6), we obtain
a necessary condition for ̂F ∗

α (0) to have absolute value pm/2+k , i.e., for the bentness of F ∗
α .

We hence have the following corollary.

Corollary 2 Let F : Fpm × Fpk × Fpk → Fpk be the bent function in Theorem 6. If for
some nonzero α ∈ Fpk we have

∣

∣

∣

∣

∣

∣

∣

∑

y1,y2∈Fpk

η(α + y1γ1 + y2γ2)ε
−Trk(y1y2/α)
p

∣

∣

∣

∣

∣

∣

∣

�= pk, (7)

then F ∗
α is not bent, and consequently F is a vectorial bent function which has non-dual-bent

component functions.

Remark 2 Condition (7) combines the additive and the multiplicative structure of the finite
field and is therefore not easy to analyse. With a random choice of α and of γ1 and γ2,
one would expect a chaotic behaviour of the character sum in (7). In particular, experimen-
tal results indicate that its absolute value is mostly different from pk , so that it is easy to
find examples of vectorial bent functions with non-dual-bent component functions. For a
discussion on the case k = 1 we also refer to [3].
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