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Abstract

In this paper, we study two special subsets of a finite field of odd characteristics associated
with non-weakly regular bent functions. We show that those subsets associated to non-
weakly regular even bent functions in the GMMF class (see Cesmelioglu et al. Finite Fields
Appl. 24, 105-117 2013) are never partial difference sets (PDSs), and are PDSs if and only
if they are trivial subsets. Moreover, we analyze the two known sporadic examples of non-
weakly regular ternary bent functions given in Helleseth and Kholosha (IEEE Trans. Inf.
Theory 52(5), 2018-2032 2006, Cryptogr. Commun. 3(4), 281-291 2011). We observe that
corresponding subsets are non-trivial partial difference sets. We show that they are the union
of some cyclotomic cosets and so correspond to 2-class fusion schemes of a cyclotomic
scheme. We also present a further construction giving non-trivial PDSs from certain p-ary
functions which are not bent functions.
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1 Introduction

In this paper we introduce a connection between partial difference sets and non-weakly
regular bent functions.

Bent functions were first introduced by Rothaus in 1976 as Boolean functions having constant
magnitude Walsh transform [16]. They have various applications including coding theory, cryp-
tography and sequence designs. In [11], the authors generalized the notion of bent functions
to the case of an arbitrary finite field. Unlike the binary case, not all bent functions are reg-
ular over finite field of odd characteristics. They are divided into three subclasses: regular,
weakly regular and non weakly regular. Almost all known infinite families of bent functions
are weakly regular. In [3], the authors gave a secondary construction method for weakly and
non-weakly regular bent functions. This infinite family is called GMMF class. So far no primary
constructions are known for non-weakly regular bent functions. There are only a few sporadic
examples of non-weakly regular bent functions known not in GMMF class (see [6-8]).

Partial difference sets (see the Definition 2.1 in Section 2) have been studied extensively
because of their connections with other combinatorial objects such as two-weight codes
and strongly regular graphs. There are various constructions of partial difference sets in
elementary abelian groups, for a brief survey see [12]. It is known that Cayley graphs such
that their connection sets as are regular partial difference sets are strongly regular graphs
(see the Definition 2.4 in Section 2).

One of the tools to construct partial difference sets are bent functions. In [18], the authors
proved that pre-image sets of the ternary weakly regular even bent functions are partial
difference sets. Shortly after, this result is generalized to arbitrary odd characteristics in
[5]. As far as we know, no one introduced a relation between non-weakly regular bent
functions and partial difference sets. In this paper, we study the two special subsets of a
finite field of odd characteristics associated with the non-weakly regular bent functions
which are introduced by the authors in [15]. As a corollary of Proposition 3.1, we prove that
if the corresponding subsets of non-weakly regular even bent functions in GMMF class are
partial difference sets then they are trivial. On the other hand, we analyze these two subsets
associated with the two sporadic examples of ternary non-weakly regular bent functions
which are introduced in [6, 8]. By using Magma, we observe that those subsets are non-
trivial partial difference sets and they are the union of the cyclotomic cosets with certain
parameters. As a consequence of this, they are 2-class fusion schemes of some cyclotomic
association schemes (see the definitions in Section 2) with certain parameters. We also
present a further construction giving non-trivial PDSs from certain p-ary functions which
are not bent functions.

This paper is organized as follows: In Section 2, we give some mathematical background.
In Section 3, we prove that if the two special subsets associated with the non-weakly reg-
ular even bent functions in GMMF class are partial difference sets then they are trivial. In
Section 4, we analyze the corresponding subsets of the two sporadic examples of ternary
non-weakly regular bent functions. Our further construction giving non-trivial PDSs from
certain p-ary functions which are not bent functions is also given in Section 4. We conclude
in Section 5.

2 Mathematical background

Let p be an odd prime and F» the finite field of order p". Since it is a vector space of
dimension n over IF,, we also use the notation I, which consists of n-tuples of the prime
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field Fj,. Let f be a function from F'; to ¥ ,. The Walsh transform of f ata € I is defined

as a complex valued function f on F”,

f(a) — Z e]];(x)*a.x

n
xer

2mi

where €, = ¢ 7 and a.x denotes the usual dot product in [}
The function f is called bent function if | f (@) = p"? forall a € [F,. The normalized

Walsh coefficient of a bent function f at « is defined by p~"/2 f (o). The normalized Walsh
coefficients of a bent function f are characterized in [11] as follows:

+el @ if p" = 1 mod 4,

2 f(a) = .
pos +ie) @ if p" =3 mod 4,

where f* is a function from ]F’I’, to IF,, which is called the dual of f.
A bent function f : IF’I’, — IF), is called regular if for all o € I}, we have

pfn/Zf(a) — E; (@)

and is called weakly regular if for all @ € F”, we have

P fl@) =) @

where & € {£1, i} is independent from «, otherwise it is called non-weakly regular.
Let B4.(f) and B_(f) be the partitions of ), given by

By(f)i={w:weFy | fw)=pie] ™) and B_(f) = (w:weF) | fw) =—gpie] ).

where £ = 1if p" = 1 (mod4) and & =i if p” = 3 (mod 4) (see [15]). We use the notation
By (f) (respectively B* (f)) for the non-zero elements of the corresponding sets. Any bent
function f : F,» — F), is of two types (see [15]).

Type (4) if f(0) =epie] @, e 1,i},
Type (-) if f(0) =epiel O, ee{—1,—i}.

A function f : I} — F is called s-plateaued if If(@)] = p% or Oforall @ € F. The
Walsh spectrum of s-plateaued functions is given as follows (see [9]),

n+s
=

+p 4”‘”,0 if n 4+ sevenorn 4 s odd and p = 1 mod 4,

A(Ol) = n+s *
f +ip"T e} 0 ifn+ 5 odd and p = 3 mod 4.

The regularity and duality are also defined for s-plateaued functions in [13]. Moreover,
the definitions of the sets B4 (f) and B_(f) for a plateaued function f is given in [15]
similarly. We denote the support of f by Supp( f ) and it is defined as Supp( f ) = {o:
o e IF'I’, | f(oz) # 0}. Forv € IF; let D, f be the derivative function D, f(x) : F,n — F),
given by D, f(x) = f(x +v) — f(x). A function f : IF’}', — [, is called partially bent if
the following property holds: For v € Fn, if the derivative function D, f : Fpn — F) is
not balanced then D, f is a constant function. Note that partially bent functions are special
subclass of plateaued functions, and most of the known plateaued functions are partially
bent. In the literature, only a few construction methods for plateaued but not partially bent
functions are known, for example, see [20].
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Definition 2.1 (Partial Difference Sets) Let G be a group of order v and D be a subset of
G with k elements. Then D is called a (v, k, A, i)- PDS in G if the expressions g — h, for
g and h in D with g # h, represent each non-identity element in D exactly A times and
represent each non-identity element not in D exactly u times.

Definition 2.2 (Cayley Graph) Let G be a finite abelian group and D be a subset of G such
that0 ¢ D and D = —D. Let E be the set defined as {(x, y)|x, y € G, x —y € D}. Then,
(G, E) is called a Cayley graph, and denoted by Cay(G, D).

Here, D is called the connection set of (G, E). A PDS is called regular if e ¢ D and
D! = D. A subset D of G is called trivial if either D U {e} or G/D U {e} is a subgroup
of G. It is equivalent to saying that the Cayley graph generated by D \ {e} is a union of
complete graphs or its complement. Otherwise, D is called non-trivial.

Proposition 2.1 [12, Propostion 1.5] Let D be a regular (v, k, A, w)— PDS with D #*
G \ {e}. Then D is nontrivial if and only if 1 < u <k — 1.

Remark 2.1 p = 0 implies that that D U {e} is a subgroup of G. The other case u© = k
implies that D is equal G/H for some subgroup H of G.

Definition 2.3 (Strongly Regular Graphs) A graph I' with v vertices is said to be a
(v, k, X, w)— strongly regular graph if

(1) itis regular of valency k%, i.e., each vertex is joined to exactly k other vertices;
(2) any two adjacent vertices are both joined to exactly A other vertices and two non-
adjacent vertices are both joined to exactly u other vertices.

Proposition 2.2 [12, Propostion 1.5] A Cayley graph T, generated by a subset D of the
regular automorphism group G, is a strongly regular graph if and only if D is a regular
PDS in G.

Definition 2.4 (Association scheme ) Let V be a finite set of vertices, and let
{Ro, R1, ..., Rz} be binary relations on V with Ry := {(x, x) : x € V}. The configuration
(V; Ro, Ry, ..., Ry) is called an association scheme of class d on V if the following holds:

(1) VxV=RURU---URjand R, NR; =W fori # j.

(2) R} =Ry forsomei’ €{0,1,...,d}, where R} := {(x, y)|(y,x) € R;}.If i’ =i, we
call R; is symmetric.

(3) Fori, j,ke{0,1,...,d} and for any pair (x, y) € Ry , the number #{z € V|(x, 2) €
R;, and (z, y) € Rj} is a constant, which is denoted by plk]

Definition 2.5 (Translation Scheme) Let I'; := (G, E;), 1 < i < d, be Cayley graphs

on an abelian group G, and D; be connection sets of (G, E;) with Dy := {0}. Then,
(G, {D; }?:0) is called a translation scheme if (G, {I'; }?:0) is an association scheme.

Given a d-class translation scheme (X, {R; }f.lzo), we can take unions of classes to form
graphs with larger edge sets which is called a fusion.

Remark 2.2 (Fusion Scheme) Note that if the fusion gives a translation scheme again, it is
called fusion scheme. However, it is not the case every time.
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Definition 2.6 (Cyclotomic Scheme) Let F, be the finite field of order ¢, F7 be the mul-
tiplicative group of Fy, and S be a subgroup of Fy s.t. § = —S. The partition F, by {0}
and the multipicative cosets of S gives a translation scheme on (I, +), called a cyclotomic
scheme.

Each coset (called a cyclotomic coset) of IF; \ S is expressed as
Ci=w ("), 0<i<N-1,

where N|g — 1 is a positive integer and w is a fixed primitive element of 7.

3 Partial difference sets associated with non-weakly regular GMMF
bent functions are trivial

Let p be an odd prime and F : F) x ), — F), be the map (x, y) — fy(x), where fy :

[, — F, is an s-plateaued function for each y € F), such that Supp(ﬁ-) ﬂSupp(fj) = (@ for
i # j,i,j € F},.In[3], the authors showed that F'is a bent function. They use s-partially
bent functions with disjoint supports to obtain plateaued functions.

Remark 3.1 In fact, it is not easy to find s-plateaued but not partially bent functions with
disjoint supports. The plateaued functions f, used in [3] can be obtained easily by adding a
linear term to a bent function f,i.e. f : IF‘Z*S X IF‘;, — IF, such that f,(x,y) = f(x)+a.y,

where f : IF’;_S — Fp,a e ]Fj,. Then supp(f‘,-) N supp(fj) becomes the empty set for all
i,je IF;,

The bent functions of the form F(x,y) = f,(x) are called GMMF (Generalized
Maiorana-McFarland). The Walsh transform of F at («, ) is given by

2 Fx,y)—a.x—p.y
F(a,p) = er]F’]; Z)’EF?, €p
fy(x)—a.x —y.B8
= erlFf;, € Zyen«“;, €p
= Fo@@e, "’
where yo is the unique element of ), such that « € supp(f;)). Then we have,

R nts (fyg)*(@—yo-B
Fla,B)=kup 2 €y ’

which follows from fyy (@) = &,p" ¢y @

ey

, where &, € {£1, +i}.

Observation F is weakly regular if f, is weakly regular s-plateaued with the same sign
for all y € I}, in their non-zero Walsh coefficients. F' is non-weakly regular bent if f) is
weakly regular s-plateaued for all y € IF;, and there are yi, y» € IF;, such that O and
£©2) have opposite signs in their non-zero Walsh coefficients or there exists y € [, such
that f) is non-weakly regular s-plateaued.

Let us partition weakly regular s-plateaued functions into two subclasses as fy is in
subclass (+) if its non-zero Walsh coefficients are positive, and in subclass (—) if its non-
zero Walsh coefficients are negative. Let F' € GMMF be a non-weakly regular bent function
with F(x) = F(—x). Next, we determine the structure of the sets By (F) and B_(F) in two
different cases.
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Case 1 (fy is weakly regular s-plateaued for all y € IF‘;) By the observation above, one
can partition IF; into two subsets as WH(F) :={y : y € F;lfy is in subclass (+4)} and
W=(F) :={y : y € F}|fy isinsubclass (—)}, where F : [, x I}, — F is given by
F(x,y) = fy(x). Then by the (1) we deduce that

Bi(F)=( |J supp(fy)) xF, and B_(F)=( |J supp(fy)) xF. (2
yEWT(F) YeEW=(F)

Case 2 (fy is non-weakly regular s-plateaued for some y € ]F;) Let WH(F), W—(F) be
as in the Case 1, and Wy := {y : y € F}| fy is non-weakly regular s-plateaued}. Again by
the (1) we have

Bi(F)= | B/ xFHuC | supp(fy) xF}),

yeWp yEW(F)
B.(F)=|J B-(HxFHu | supp(fy) x F).
yeWy yeW=(F)

Remark 3.2 In Cases 1 and 2; the sets B4 (F) and B_(F) can be viewed as a union of some
cosets of the subgroup {0} x F, in [/, x I,

Proposition 3.1 Let H be a subgroup of F,n and K be one of its complement in F n, i.e.
HNK ={0}and H® K = Fpn. Let L be a proper subset of K such that 0 ¢ L and for
eachv € L, —visalsoin L. Let D = UUGL(H +v). If Disa PDS inTFpn, then it is trivial.

Proof Since 0 ¢ L, we have 0 ¢ D, and H C F’I’, \ D. Since for v € L, —v is also in
L, we have D = —D. Assume that D is a (p", kr, A, u) PDS where #H = k, #L = r.
Since H C F,n \ D, every non-zero elements in H can be represented as x — y exactly u
times, forx 2y € D.Letx # y, x,y € D.Letx = h; + vy, y = hy + v, for some
hy,hy € H and vy, vy € L, then we get x —y = (h1 — hp) + (v] — v2). Clearly, if v] # v
thenx —y ¢ H.Hence x —y € H if and only if x, y € H + v; for some v; € L. Let
x =hy+vj,y="hy+v;. Thenx —y = hy — hy € H. Since H is a group, each non-
zero h € H can be expressed exactly k times by the differences i1 — hj for k1, hy, € H. If
h € H; then foreach v; € L, h can be represented exactly k times as (hy +v;) — (h2 +v;)
for h1 # hy € H. Hence h can be expressed exactly #H#L = k.r times as the difference
x — y for x # y € D. Therefore, u = k.r, and by Proposition 2.1, we have D is a trivial
PDSin [F . O

Corallary 3.1 Let F € GMMF such that F(x) = F(—x). If By(F)(or equivalently
B_(F)) is a PDS, then it is trivial.

Proof The proof follows from the Cases 1,2 and Proposition 3.1. O

In the following example, we use a non-weakly regular ternary bent function (see [19]).
In [3], the authors showed that it belongs to the GMMF class. By using Magma, we observe
that the set B (g3) is a subgroup of F53. Hence, it is a trivial PDS in F53. Moreover, in [4],
the authors claim that g3 is self-dual bent. However, by Magma computations, we observe
that the dual function g5 of g3 is indeed equal to —g3, and it is not self-dual.
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Example 1 g3 : Fy3 — F3, g3(x) = Tr3(x?? + x®) is non-weakly regular of Type (+).

o B’(g)isa(27,8,7,0)-PDS in Fy.
o B_(g3)isa(27,18,9, 18)-PDS in Fys.

Remark 3.3 By the Corollary 3.1 it follows that if neither Uyeer(F) supp(fy) nor
UyeW*(F) supp(fy) is a subgroup of IFn, then neither BY(F) nor B~ (F) is a PDS in
[, x F,. Hence, we conclude that not all non-weakly regular bent functions of the form
f(x) = f(—x) have the property that BT (f) or B~ (f) is a partial difference set. It is inter-
esting to determine certain conditions on those sets, so that they become non-trivial PDSs.
To do this, in the following section we analyze the sets B+ (f) and B~ (f) associated with
two of the known sporadic examples of ternary non-weakly regular bent functions.

4 Non-trivial PDSs from ternary non weakly regular bent functions

It is known that one of the tools to construct partial difference sets are bent functions. In [18],
the authors proved that pre-image sets of the ternary weakly regular even bent functions are
partial difference sets. Shortly after, this result is generalized to arbitrary odd characteristics
in [5].

Let f : Fym — ), be a p-ary function, and D; := {x : x € F,m|f(x) = i}. The
following is due to [18]

Theorem 4.1 Let f : Fyon — 3 be ternary function satisfying f(x) = f(—x), and
f(0) =0. Then f is weakly regular bent if and only if D and D, are both

(32}1’!, 32m1 _’_631111’ 32m2’ 32]’}12 +€3m1) _ PDSS,
where € = 1. Moreover, Dy \ {0} is a
(3%, 32ml _ _e3ml 32m2 _p _pe3ml 32m2 _ 3mly _ ppgs,

Later this result is generalized to arbitrary odd characteristic in [5] for the weakly regular
bent functions from F 2. to ), satisfying certain conditions. Namely, for a weakly regular
bent function f the following subsets

D = {x:x eFm\{0}|f(x) =0},

Dsg :={x:x¢€ IF‘pzm \ {0}] f (x) is square},

D’S ={x:x¢€ Iszm \ {0}] f (x) is non-zero square},
Dy ={x:x¢ Iszm \ {0}| f (x) is non-square}

are regular partial difference sets.

As far as we know, no one introduced a relation between non-weakly regular bent func-
tions and partial difference sets. In this section, we examine to a relation between the set
B (f) (or equivalently B_(f)) and cyclotomic schemes by analyzing two known sporadic
examples of non-weakly regular bent functions over 36 (see [6, 8]). We observe that the
sets B4 (f) (or equivalently B_(f)) corresponding to these sporadic examples are non-
trivial partial difference sets and they are fusion scheme of some cyclotomic schemes for
certain parameters. Hence, this is a different relation from the previous ones in the sense of
while the pre-image sets of some weakly regular bent functions give PDSs, the partition of
F . with respect to the sign of the Walsh transformation of some non-weakly regular bent

p
functions also gives PDSs. For the following examples we have ¢ = 729, and N = 13. Let
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w be a fixed primitive element of F36. Let C( be the multiplicative subgroup of ;6 gener-
ated by w3 Forl <i < 12, C; denotes the i-th cyclotomic coset of Cp, and defined by
C; = w' Cy.

Example 2 g1 : F36 — F3, g1(x) = Tre(w’x%) is non-weakly regular of Type (—). The
dual of g is not bent and corresponding partial difference sets and strongly regular graphs
are non-trivial.

o B,(g)isa (729, 504,351,342)-PDS in Fy
o B*(g1)isa(729,224,62,71)-PDS in Fy

By using Magma, we compute B;(g1) and B_(g;). We observe that Bi(g;) =

,,,,,,

2-class fusion schemes and correspond to non-trivial strongly regular graphs.
Example 3 gs : F36 — 3, g5(x) = Tre(w’x* + w3 x70) is non-weakly regular of Type
(—). The dual of gs is not bent. Corresponding partial difference sets are non-trivial.

® B.(gs5)isa (729,504,351, 342)- regular PDS in Fs6.
e B*(gs)isa (729,224, 62,71)- regular PDS in Fs6.

Again by Magma computations we have, B+(g5) = U;¢(0.1.2.4.5.6.9.11.12) Ci and B_(gs) =
Ui€{3’7’8’]0} C;. Hence B, (gs) and B* (gs) are 2-class fusion schemes and correspond to
non-trivial strongly regular graphs.

Remark 4.1 Non-trivial strongly regular graphs correspond to g1 and g5 are from a unital:
projective 9 —ary [28, 3] code with weights 24, 27; V O~ (6, 3) affine polar graph (See, [2]).

In fact, these are not the only examples giving non-trivial strongly regular graph. We
easily obtain different non-trivial partial difference sets on F36 by preserving the images
of the functions g1 and g5 on Cy. For example the functions; #1(x) = Tr6(w7kx154) and
ha(x) = Tre(w’*x%8) are non-weakly regular bent for any odd integer k. The correspond-
ing subsets B_(h1) \ {0} and B_(h2) \ {0}) are (729, 224, 62, 71)-PDSs in [F35. On the other
hand if we take k even the Walsh transform of the corresponding functions % and %, have
the form;

(e,
hi(e) = { 0,
—54,

as o runs through F%,.

Letkbeeven, D := {o : o € Fy6 IhA,-(oz) = 0}. We observe that D is a (729, 252, 81, 90)-
PDS in IF36. The parameters of D are different than the parameters of Examples 2 and 3.
Moreover as k is even h; is not a bent function. This gives a construction of non-trivial
strongly regular graphs from certain p-ary functions which are not bent functions.

It is an interesting problem to determine fusion schemes of an N-class cyclotomic
scheme on IF,;. There are a lot of research papers devoted to this problem, for example, see
[1, 10, 14, 17]. Moreover, another interesting problem is to find an explicit relation between
non-weakly regular bent functions and 2-class fusion schemes of cyclotomic schemes.
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5 Conclusion

We study two special subsets of the finite field of odd characteristics associated with non-
weakly regular bent functions. We prove that if f : F) — [ is non-weakly regular in
GMMEF class, and f(x) = f(—x), then B4 (f) and B_(f) are partial difference sets if and
only if they are trivial subsets. We analyze two sporadic examples of non-weakly regular
ternary bent functions introduced in [6]. We observe a relation between certain cyclotomic
association scheme and the subsets B (f) (or equivalently B_( f)) associated with the two
sporadic examples. We show that they are non-trivial partial difference sets and 2-class
fusion scheme of that cyclotomic association scheme. We give a further construction of non-
trivial strongly regular graphs from certain p-ary functions which are not bent functions.
It would be interesting to characterize B4 (f) and B_( f) explicitly in terms of fusions of
cyclotomic schemes.
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