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Abstract Recently, linear codes constructed from defining sets have been investigated
extensively and they have many applications. For an odd prime p, we determine the com-
plete weight enumerator and weight enumerator of a class of p-ary linear codes by choosing
a proper defining set. The results show that they have at most two weights and are suitable
for applications in secret sharing schemes.
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1 Introduction

Throughout this paper, let p be an odd prime and ¢ = p° for a positive integer e. Denote
by I, a finite field with g elements. An [n, «, 8] linear code C over F, is a k-dimensional
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subspace of /) with minimum distance § (see [20]). Let A; denote the number of codewords
with Hamming weight i in a linear code C of length n. Then 1 + A1z + A2+ 4+ A"
is defined to be the weight enumerator of C.

The complete weight enumerator of a code enumerates the codewords according to the
number of symbols of each kind contained in each codeword. Let the elements of I, be

denoted by wg =0, wy, - -+, wp_1, in some fixed order. Also, let ]F’;7 denote IF,\{0}. For a
codeword ¢ = (cg,c1,++ ,Ch—1) € IE"[;, let w[c] be the complete weight enumerator of c,
which is defined as .
ko k —
wlc] = wy'wy' - 'wp[f,

where k; is the number of components of ¢ equal to w, Zf;é k;j = n. The complete weight
enumerator of the code C is then

CWE(C) = ) wlc].
ceC
The weight enumerators of linear codes have been well studied in literature, see, for
example, [11, 12,22, 29, 30] and references therein. The information of the complete weight
enumerators of linear codes is of vital use because they not only give the weight enumera-
tors but also show the frequency of each symbol appearing in each codeword. Furthermore
the complete weight enumerator has close relation to the deception probabilities of certain
authentication codes [7], and is used to compute the Walsh transform of monomial and
quadratic bent functions over finite fields [13]. Further research can be found in [2, 3, 8, 15,
16, 25, 26].
The authors of [6, 9, 10] gave the following generic construction of linear codes. Set
D ={d,dp, - ,d,} C IF;, where ¢ = p°. Denote by Tr the absolute trace function from
I, to F),. A linear code associated with D is defined by

Cp = {(Tx(ady), Tr(ady), - - - , Tr(ady)) : a € Fy}.

The set D is called the defining set of Cp. This construction technique leads to a new
research and was employed to construct linear codes with a few weights, see [1, 14, 17, 18,
23, 24, 27] for more details.

Motivated by the above construction and the idea of [23], we investigate a class of linear
codes with defining set. Recall ¢ = p°. Let d = gcd(k, e) be the greatest common divisor
of positive integers k and e. Suppose that e/d is even with e = 2m. The code is defined by

k
Cp, = {(Tr(ax” *"))sep, 1 a € F a}. (1)

with defining set
Dy = {x e F : Tr(x) = b} forb € ).

The remainder of this paper is organized as follows. In Section 2, we describe the main
results of this paper, additionally we give some examples. In Section 3, we briefly recall
some definitions and results on cyclotomic numbers and exponential sums, then prove the
main results. In Section 4, we make a conclusion.

2 Main results
In this section, we only introduce the complete weight enumerator and weight enumerator

of Cp, described in Section 1. The main results of this paper are presented below, whose
proofs will be given in Section 3.
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Theorem 1 If b = 0, then the code Cp, of (1) is a [pe’l — 1,d] linear code and the
following assertions hold.

(i) Whenm/d =1 mod 2andm/d #0 mod p, its weight enumerator is
14 (p — Dpd=1zP=Dp" 2 4 (pd=1 _ 1) (p=D 4"

and its complete weight enumerator is

pl-1 Py peed P2 =n(o)p"! P2 +n(p)p" !
o 2ot (T g g

2 0 % *
,oe]Fi, pEFp
d—1 P672_(p_1)pmfl_] e—2+ m—1
+(p* = Dw} []we "
peF}j

@@i) Whenm/d =1 mod 2 andm/d =0 mod p, the code Cp, has only one non-zero
weight (p — 1)(p°~% + p™~ 1) and its complete weight enumerator is

—1 e—2 m—1 — —
pe -1 d P =(p—=Dp" -1 pe2+pm!
wy + (P = Dw, 1_[ wy .

pe]F};

(iii) Whenm/d =0 mod 2andm/d £ 0 mod p, its weight enumerator is

e—2 e—2 m—+d—1
14+ (p— 1)pd—lz(p—1)P + (pd—l _ 1)Z(P—1)(P +pmtd=ly

and its complete weight enumerator is

e—1_ —1 e—2_ ) m+d—1 e—2 m+d—1
pi=1, P g, piTl | | P2 =n(p)p™ " | | P2 4+n(p) p™ T
+ p wy, w, + w,

Wo
2
peFy, pelF;,
d—1 P(,,zi(pil)perd—l -1 pe—2+pm+d71
+(p — Dwy 1_[ wy, .
peF;

(iv) Whenm/d =0 mod 2 andm/d =0 mod p, the code Cp, has only one non-zero
weight (p — D)(p¢~2 + p™t4=1) and its complete weight enumerator is

e—1__ e=2_ (. m+d—1__ -2 m+d—1
P -1 d P (p—Dp 1 pe 24 pmt
wy + (p° — Dw, 1_[ wy .

pe]F;“,
Theorem 2 If' b € I, then the code Cp, of (1) is a [pe=l.d, (p — 1) p¢2] linear code
and the following assertions hold.
(@) Whenm/d =1 mod2andm/d #0 mod p, its weight enumerator is
14 (p9=1 = 1)z P=DP 7 4 (p — 1) pd=lgp=Dp 4p"!

and its complete weight enumerator is

w) = Tl T el S [ wg et
o p :
pelF, Ae]F;‘, pe]F*;,

(ii) Whenm/d =0 mod 2andm/d %0 mod p, its weight enumerator is

e—2 e—2 m+d—1
L+ (' = D770 4 (p — pp D
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and its complete weight enumerator is

pe! d—1__ pe? d—1, per—pmtd-l Z 1_[ P E—n(b2—pa)pmtd—1
w, +(p 1) 1_[ wy  +p°T W wy .
peF, AGIFT, pe]F’;,

(iii) Whenm/d =0 mod p, the code Cp, has only one non-zero weight (p — 1)pe2

and its complete weight enumerator is

e—1 e—2
wi  + (-1 l_[ wh .
peF,

Some concrete examples are provided below to illustrate our results.

Example 1 Let (p,m,k) = (5,2,2). Thend = gcd(2m,k) = 2 and s = m/d = 1. If
b = 0, the code Cp, has parameters [124, 2, 100], weight enumerator 1 + 207100 4 4,120
and complete weight enumerator

wg™* + 10wg* (w1we) ™ (waw3)™ + 10w (w1we)* (warw3)* + 4wy (wiwrwsws)™.

If b = 1, the code Cp, has parameters [125, 2, 100], weight enumerator 1 4 47100 4 207105
and complete weight enumerator

4
w(1)25 +41_[ wf)5 +5w(2)0 (w%5 w%owgowzo+w?0w§5 w§°w§0+wf0wgow§5wio+w?owgowgowis> .

p=0
These results are checked by Magma.

Example 2 Let (p,m,k) = (3,3,1). Then d = gcd(2m,k) = 1 and s = m/d = 3.
If b = 0, the code Cp, has parameters [242, 1, 180], weight enumerator 1 + 27180
and complete weight enumerator w(2)42 + 2w82(w1w2)90. If b = 1, the code Cp, has
parameters [243, 1, 162], weight enumerator 1 + 27102 and complete weight enumerator
w(z)“3 + 2(wow;w2)3). These results are checked by Magma.

3 The proofs of the main results
3.1 Auxiliary results

In order to prove the results proposed in Section 2, we will use several results which are
depicted and proved in the sequel. We start with the concepts of cyclotomic numbers and
exponential sums over finite fields. Recall that g = p®. Let 6 be a primitive element of F,
and ¢ = Nh + 1 for integers N > 1, h > 1. The cyclotomic classes of order N in I, are
the cosets Ci(N’q) =01(6N) fori =0,1,---, N — 1, where (9V) denotes the subgroup of
F} generated by 6. For fixed i and j, we define the cyclotomic number (i, j)™-9 to be
the number of solutions of the equation

xi+1=x; (xi € Cl.(N’q), xj € C;N’q)),
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where 1 = 69 is the multiplicative unit of F,. That is, (i, j Y(N-4) is the number of ordered
pairs (u, v) such that

oVt 4 1 =N O < u,v<h—1).

Now we review some results on cyclotomic numbers.

Lemma 1 ([21]) When N = 2, the cyclotomic numbers are given by

(1) heven: (0,007 =132, (0, N*" = (1,027 = (1, NN =4

) hodd: (0,00>" = (1,00>" = (1, H@" = =L (0, 1)@ ") = bl

Next, let us introduce group characters and exponential sums. For each b € [, an
additive character y; of I, is defined by x,(x) = {;r(bx) for all x € Fy, where ¢, =
exp (%) and Tr is the simplification of the trace function Trﬁ’ fromF, tolF,. Forb =1,

x1 is called the canonical additive character of IF,.
Let n, denote the quadratic character of F,. The quadratic Gauss sum G(7, x1) is
defined by

Ge, x1) = Y nex)x1 (x).

*
xe]Fq

We denote G, = G(n,, x1) and G = G (1, x{), where n and x| are the quadratic character

and canonical additive character of I, respectively. Moreover, it is well known that G, =

(=D /p* and G = /p*, where p* = n(—1)p. See [10, 19] for more information.
The following lemmas will be of special use in the sequel.

Lemma 2 (Theorem 5.33, [19]) Let g = p° be odd and f(x) = ax?+aix+ap € Fylx]
with ay # 0. Then

T Tr(ap—a?(4az)™")
Z gpr(f(x» ={p o ne(az)Ge,

xel,

where 1, is the quadratic character of IF,.

For a, B € [F,; and any integer k, the exponential sum S(c, B) is defined by

S@. p) =Y xilex”* + px).

xel,

We recall some results of S(«, 8) for @ # 0 and g odd.

Lemma 3 (Theorem 2, [4]) Let d = gcd(k, e) and e/d be even with e = 2m. Then

—1)S p ifa(q—l)/(Pd‘H) —1),
S@o=1" )sfl mtd if g a=D/(p+D) o )v
=D"""p if @ =T = (=1)°,

where s = m/d.

Lemma 4 (Theorem 4.7, [5]) Let B # 0 and e/d be even with e = 2m. Set fo(X) =
a? xr* + aX. Then S(«, B) = 0 unless the equation f,(X) = —ﬂ”k is solvable. There
are two possibilities.
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(i) Ifot(q’l)/(”d“) # (=1)%, then for any choice of B € ¥, the equation has a unique
solution xy and

1

S, B) = (—1)* p" y1 (—axl *1).

>ii) Ifoz(q_l)/(pd"'l) = (—1)* and the equation is solvable with some solution xq say, then
k
St B) = (=1 p" oy (—axf .

Lemma 5 (Theorem 4.1, [4]) For e = 2m the equation a? xr* + aX = 0 is solvable for
X e IF‘Z if and only if e/d is even and

Q@ D/ — (1),
In such cases there are p*® — 1 non-zero solutions.
3.2 The proofs of the theorems in Section 2

In this subsection, we will prove of our main results presented in Section 2. Recall that
q = p®,d = ged(k, e), e/d is even with e = 2m. The code Cp, with b € IF,, is defined by

Cp, = {(Tr(ax”kH))xegh ta € de},

where D, = {x € IF:; : Tr(x) = b}. It is trivial that Cp, has length ngp = pel—1ifb=0

and np = p¢~! otherwise.

Observe that a = 0 gives the zero codeword and the contribution to the complete weight
enumerator is wy. This value occurs only once. Hence, we may assume that a € IE‘; 4 in the

rest of this subsection. .
For a codeword ¢, = (Tr(ax? +]))x€Db of Cp, and p € Fp, let n,(b, p) denote the
number of components of ¢, that are equal to p, i.e.,

na(b, p) = #{x € F% : Tr(x) = b and Tr(ax”" 1) = p).
For convenience, we compute
Na(b, p) = #{x € F, : Tr(x) = b and Tr(ax”' ) = p).

Then we have

Na(b,0) = p*~' = 3 Nu(b, p). 2)
pe]F’;

Also it is easy to obtain the Hamming weight of c,, that is

wi(Ca) = Y Na(b, p) = p*~" = Na(b,0).
pE]F;“,

So we only consider p € [, and a € F’;d in the sequel.
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Now it comes to determine the value of N, (b, p) for p € F ; By definition, we have

- Tr(x)—b Kiry_
Ny(b,p) = p 2 Z Z ;z r(x)—by Z ;;Tr(axp V—pz

xelF, yeF), z€eF),
k
o e=2 -2 ZTr(ax? TH—pz -2 yTr(x)—by
=7+ 5 +r2 YD 6
ZG]F*; xelf, yEJF}‘,xEIFq
k
) Tr(azx? '4yx)—by—pz
YD D :
yeIF}*, zeF; xeFy
= P2+ p 2 Au(p) + p 2 Bu(b. p). 3)
where
Aulp) = 32 3 g, @
ze]F; xeF,
k
T pr+1 —by—
Bo(b.p) i= Y D Y g, T )

yeF}, zeF}, xelfy

The following lemmas state the evaluations of A, (p) and B, (b, p).

Lemma 6 Leta € F;d and p € F,. Denote s = m/d. Then

B p" if s is odd,
Aq(p) = { pm+d if s is even.

Proof By (4),
Aa(p) =Y ¢, "*S(az, 0).

zeF;

A straightforward calculation gives that (az)("’l)/(”d“) = lforz € Fjanda € ]F’;d. Then
the desired conclusion follows from Lemma 3. O

For the later use, we set f,(X) = ax?™ +aX € Fy[X]fora € F;d.

Lemma7 Letb € Fy and p € IF’I;. Suppose that e/d is even with e = 2m and s = m/d.
Then for each a € ]F;d, the equation f,(X) = —1 has a solution y = —1/(2a) and so

Bu(b, p) # 0. Denote A := Tr(a™"). The evaluation of B,(b, p) # 0 partitions into the
following two cases.

(@) Ifb=0, then

(p—1Dp™ if s isodd and A = 0,
B,(0.p) =1 (pn(=pr) + 1) p™ if s is odd and A # 0,
athP)= (p— DHpmtd if sisevenand A = 0,

— (pn(—pr) + 1) pm*d

if s is even and A # 0.
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@{i) Ifb #0, then

—p" if s is odd and A = 0,

By (b, p) = (pn(bz—px)+ 1) p™ if s is odd and A # 0,
avs —p™ if s iseven and A = 0,
— (pn@®* — pA) + 1) p™t4  if s is evenand A # 0.

Proof Let e/d be even. By (5),

—by _
Bab,p) =Y ¢, Y ¢, S(az, ). 6)
ye]F*; zeIF;

For y, z € F?, it follows from Lemma 4 that S(az, y) = 0 unless the equation f,,;(X) =
—y”k is solvable. But for each a € F’;d, we can verify that y = —1/(2a) is a solution of
fa(X) = ax?* +aX = —1 and so z’lyy is a solution of f,;(X) = (az)XPZk + (@)X =

—yP" . This implies that B, (b, p) # 0.
For the evaluation of B, (b, p) # 0, we first consider the case that s is odd. In this case
faz(X) = —y”k has a unique solution z~ 'y y because f,(X) = ax? +aXisa permutation

polynomial over F, by Lemma 5 and y is the unique solution of f,(X) = —1. Thus we
have from Lemma 4 that

_ k
S(az.y) = —p" xi(—az(z 'yy)?P .
Plugging this into B, (b, p) of (6) gives that

Bab.p) = —p" 3 3 5" T xi(—az yp)

yeF* zeIF*

= —pn" Z Z ;—by P

ye]F* zeIF*

2

where A = Tr(a™ ).

If » = 0, then B,(b, p) = —p™ ZyE]F; Z&F; ;;by*pz and the corresponding result
then follows.

Now suppose that A # 0 and we consider the following cases separately.

(i) If b =0, we have from Lemma 4 that

a2
NG

ze]F;‘, ye]F;;

2
_pm Z g‘p—pz Z ;;T _

zeIF; yeF,
B )

—-p" Y (—*> G- p"
ZE]F;; <

—p"n(pM)G* — p™ = — (pn(—pr) + 1) p™.

B, (0, p)
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(ii) If b # 0, then it follows from Lemma 4 again that

a2,
B.(b,p) = —p™ Z ;-p—pz Z z, oy

ze]F’;) ye]F}*,
U A
= =P )5 (") G- p"
zeF%, z
b2
T A
— o (<) e
ze]F;g z
_|-r if b2 = pa,
T = (en@® = pr) + Dp™ if b # pi.

Therefore we conclude that B, (b, p) = —(pn(b* — pA) + 1) p™ for b £ 0.
We now study the case that s is even. Since 71 yy is a solution to f,;(X) = —ypk, we

have from Lemma 4 that
k
S(az.y) = —p" M xi(—azz lyy)P .

By a similar argument as above, we obtain the desired conclusions and complete the whole
proof of this lemma. O

3.2.1 The first case thatb = 0

In this subsection, we assume that » = 0. Recall that s = m/d and A = Tr(a_l) for
ace F;d. By (2), (3), Lemmas 6 and 7, we have the following two lemmas.

Lemma 8 Lera € IE‘;(,, then

pe2—(p—Dp™ !  ifsisoddand i =0,
) e
_ ] r if s is odd and A # 0,
Na(0,0) = P2 —(p—1Dp"t¢1 ifsisevenand A =0,
pe2 if s is even and A # 0.

Lemma9 Leta e F;d and p € F7, we have

pe2 4 pr! if s is odd and & = 0,

N, (. py = | P2 = et ifsisoddand % £ 0,
’ peT2 4 pmtd-l if s is even and A = 0,
p¢72 —n(—pr)p™+d=1 ifsisevenand A # 0.

Now we are in a position to prove Theorem 1.

Proof Denote

wi = (p— P2+ p"hH

wy = (p—DHp2,
wy = (p— D(p¢ 2+ pm .

e—1

’

The code Cp, has length ng = p — 1 and dimension d, since wz(c,) > 0 for each
ae F;d. Observe that & = Tr(a™!) = Tr (Tr‘ll(a_l)) = 2sTr‘ll(a_1), where Trf is the
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trace function from Fpe to F 4. Therefore the calculation can be divided into four cases
according to the values of p and s. We only give the proof of two cases and the other two
can be similarly treated.

(i) When s is odd and p { s, we have from the above two lemmas that wt(c,) takes
two non-zero values wi and wy with frequencies A, = pd_1 —land Ay, = (p —
1)p?=1, respectively. Hence we get the weight enumerator of C Dy~ Note that for A #

0, n(=pr) = n(p) if =1 € C*” and 5(—pr) = —n(p) otherwise, so it is not hard
to determine its complete weight enumerator from Lemma 9.

(i) When s is odd and p | s, we have A = 0O for all ¢ € F*, and so all codewords
Cq, except the zero codeword, have the same weight w; and the frequency is A, =
p?—1.Hence C D, has only one non-zero weight and its complete weight enumerator
then follows from Lemma 9.

O
3.2.2 The second case that b # 0

In this subsection, we assume that b # 0. By (3), Lemmas 6 and 7 again, it is easy to get
the value of N, (b, p) for p # 0.

Lemma 10 Fora € F;d, b and p € F*, we have

e—

2 if s is odd and A = 0,
=2 —n(b* — pr)pm! if s is odd and A # 0,
2 if sisevenand A = 0,
e

p
Na(b, p) = ﬁ
pe7r —n(b* — pr)p" 471 ifsisevenand A # 0.

In order to evaluate N, (b, 0), we need one more lemma given below.

Lemma 11 Let b and A € IE‘;‘,. Then

> = pr) = —1.

pE]F‘;,

Proof Write p = 2h + 1 with a positive integer /. For fixed A € F%,

0 ifp?—pr=0,
W —pp) =11 ifb:—prec?,
—1 ifb?—prec?.

Letd = b> — pi. Then pA/d + 1 = b*/d. According to Lemma 1, the number of p € IE‘;
satisfying d € Céz’ ) s

0,007 +(1,0*" =h - 1.
Similarly, the number of p € IF; satisfyingd € C 1(2’ ) s

O, )P 4 (1, HEP = p.
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It then follows that

Z nb>—pr)=h—-1)-1+h-(—1)=—1,
pe]Ff,

giving the desired conclusion. O

The following lemma follows from (2), Lemmas 10 and 11.

Lemma 12 Fora € ]F’;d and b € F*, we have

pe? if s is odd and A = 0,
-2 m—1 . .
)b if s is odd and A # 0,
i pe? if s iseven and A = 0,
pe=% — pmtd=l ifsisevenand A # 0.

Now we begin to prove Theorem 2.

Proof Suppose that b # 0. By Lemmas 10 and 12, the proof is similar to that of Theorem 1
and so is omitted here. O

4 Concluding remarks

In this paper, we employed exponential sums to present the complete weight enumerators
and weight enumerators of the linear codes Cp, in the two cases b = 0 and b # 0. As
introduced in [28], any linear code over IF, can be employed to construct secret sharing
schemes with interesting access structures provided that

Wmin p—1

N

wmax p
where Wi, and w4, denote the minimum and maximum non-zero weights in Cp, respec-
tively. Assume that p £ s. It can be verified that the linear codes in Theorems 1 and 2 satisfy
the property wyin/Wmax > (p—1)/piftm > lands =1 mod 2, oriftm > d + 1 and
s =0 mod 2. We remark that the dimensions of the codes in this paper are small compared
with their lengths and this makes them suitable for applications in secret sharing schemes
with interesting access structures.

)
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