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Abstract Let A = M, (F, + ulF»), where u? = 0, the ring of 2 x 2 matrices over the finite
ring [Fy 4 ulF>. The ring A is a non-commutative Frobenius ring but not a chain ring. In this
paper, we derive the structure theorem of cyclic codes of odd length over the ring A and use
them to construct some optimal cyclic codes over Fy. Let v> = 0 and uv = vu. We also
give an isometric map from A to F4 4+ vF4 + ulF4 4+ uvF4 using their respective Bachoc
weight and Lee weight.
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1 Introduction

Cyclic codes over finite rings have been much studied in recent years, particularly after the
significant result obtained in [1], where certain interesting nonlinear binary codes were con-
structed through a Gray map from Z4 to IE*‘% The Gray map employed in [1] is an isometry
from Lee weight over Z4 to Hamming weight over IF% which helped to explain the apparent
duality of the nonlinear binary codes. Since then several recent papers dealt with codes over
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finite commutative rings. The case of noncommutative rings have been studied in different
contexts by very few authors (see [2, 4, 5, 7-9]). Recently the ring M>(IF) was studied in
the context of space time codes [7]. Subsequently, in [4] the theory of cyclic codes over
M, (F») was developed. One got a characterization of cyclic codes and their duals as right
ideals in terms of two generators and the existence of infinitely many nontrivial cyclic codes
for the Euclidean product. But these codes were derived in the case of odd length. Thus, a
natural question is the generalization to even length.

In this paper, we will focus on cyclic codes of odd length over the ring A = M>(F, +
ulF,), where u? = 0, which enables us to construct even length codes over M5 (IF,) using a
Gray map. An important fact is that the ring A is not a finite chain or commutative ring. We
will define a Gray map ¢ from M, (IF, +ulF;) to M22 () which preserves the Bachoc weight
[2]. Thus, images of cyclic codes of odd length over A under ¢ are binary quasi-cyclic codes
of even length over M, (IF). This is one of the questions introduced in [4].

In Section 2, we will start with a short description of the ring M (I, + ulF2) and show
that My (Fa + ulFy) = Fy + vFy4 + uF4 + uvFa,where v = 0 and uv = vu. Hence, the ring
M; (IFy 4+ ulF») has the similar structure of > + ulF» + vIF» + uvlF, which was introduced in
[6], So, refer to that work, we will define a Gray map from M (F, + ulF,) to Fi and extend
the definition of Lee weight in [3].

In Section 3, the structure of cyclic codes of odd length over M, (I, + ulF>) will be
obtained. In Section 4, the Bachoc weight will be introduced over M, (I, + ulF,). We will
define a right F>-module isometry from Mj(IFy 4 ulF,) to Fq 4+ vIFy + ulF4 4+ uvFy4 using
their respective Bachoc weight and Lee weight. This ideal for the isometry map comes from
[5] in which an isometric map from M, (F;) to IF‘Z1 was defined. In Section 5, we will give
some examples of cyclic codes of length 3 and 5 over M (I, +ulF,) , and show their images
under the Gray maps ¢ are optimal quaternary quasi-cyclic codes of length 12 and 20 over
F4, respectively.

2 Linear codes over M, (IF + ulF;)

Let A = My(Fy + uF»), where u? = 0. Then A is a non-commutative ring of matrices of
order 2 over the ring Fy + ulF,. Clearly A = My (IF2) + uM;(IFp) ~ M (F2)[u]/{u?). Here
we present some preliminaries that are required to introduce linear and cyclic codes over
A. Following [2], M3 (IF2) = F»[¢] + ilF2[¢], where ¢ and i are elements in A satisfying

the relation i¢ = gzi. A possible choice of ¢ and i given by Bachoc [2] are i = ((1) (1)>

0
11
M, (Fy) = F4 4 vF4. This implies that

and ¢ = : ) Setting v = 1 4 i and identifying the subring F,[¢] with [F4 follows that

A =Fy 4+ vF4 + ulFy + uvFy,

where v2 = 4% = 0 and uv = vu.

We recall, in the case of F, +ulf;, Lee weight was defined in [3] as wr (0) = 0, wr (1) =
wr(1 +u) = 1,wr(u) = 2, and accordingly a Gray map from (F, + ulF»)" to F%” was
defined by sending a + ub to (b, a + b) with a, b € ;. We will adopt a similar technique
here to define the Gray map from A to ]Fi. It follows:

9:A—>F4,a+bu+cv+a'uv—> d,c+d,b+d,a+b+c+d),
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where a, b, ¢, d are in Fy4. For any e = a + bu + cv 4+ duv in A, we extend the definition of
the Lee weight as

wr(e) =wp(d)+wyd+c)+wyld+b)+wy(d+c+b+a),

where wg (—) denotes Hamming weight of the element — of Fy.

Definition 1 (1) A linear code C of length n over the ring A is an A-submodule of A”.
(2) Letc = (co, c1, -+, cn—1) be a vector of A”. Then Lee weight of ¢ is defined as

wr(c) = wr(co) +wrlcr) + - +wrlcp—1).

(3) Let C be a linear code over A. Then Lee distance of C is defined as

n—1

dr(C) =min{wg (c) = Y wrle)le = (co,c1, -+, ca1) € C).
i=0

Extending the map 6 to vectors, by definition of Lee distance, we have the following
theorem.

Theorem 1 If C is a linear code over A of length n, size M and Lee distance d. Then 6(C)
is a code over ¥y of length 4n, size M and Hamming distance d.

3 Cyclic codes over M5 (IFy + ulF,)

Let A[x] be the ring of polynomials over A. We have a natural homomorphic mapping from
A to the field F4. For any e € A, let ¢ denote the polynomial reduction modulo u and v.
Now we define a polynomial reduction mapping u : A[x] — F4[x] such that

n—1 n—1
fx) = Zeix] — Zéixf.
i=0 i=0

A monic polynomial f over A[x] is said to be a basic irreducible polynomial if its pro-
jection w(f) is irreducible over F4[x]. As right modules we have the Chinese Remainder
Theorem as follows. In the sequel, we will drop interrminate x for polynomials when the
context is clear.

Proposition 1 Let n be an odd number. Then
Alx Alx

b _ gy Al

(x—1) (f)

where x" — 1 = ]_[tj:1 fj and f;’s are irreducible polynomials over Fy.

Proof The proof follows by a natural application of Chinese Remainder theorem to the right

module <f[j‘1]) using the method similar to that given in [7] O

We shall prove the results below using the same techniques in [2] with the condition n
being an odd number.
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Proposition 2 If f is an irreducible polynomial over F4, then the only right A-modules of
Ry = Al
f)

I (0), (1), {u), (v), (u) + (v), (uv).
II: (u -+ vhy) where hy is a unit in (;l:;‘p[ﬁ] -
v 4X

Proof Let I be a nonzero ideal of Ry and let 0 # g € A[x] with g + (f) € I and g & (f).
Then there exist g1, g2, g3, g4 € F4[x] such that g = g; + ug> + vg3z + uvga. Consider the
polynomial g (x), we obtain that

ged(g1(x), f(x)) = f(x)or L.

If ged(g1(x), f(x)) = 1 for some gi(x) € Alx], then there exists g’l € Fy4[x] such
that g1g) + (f(x)) = 1 + (f(x)). Let g’ = g| — u((g})*g2 — v((g})*g3 — vu(ga(g))* +
2(g;)3g2g3). Then we have gg’ + (f(x)) = 1 + (f(x)). This means that I = R;. Now
assume that ged(gq(x), f(x)) = f(x) for any element g + (f(x)) € I,then g + (f(x)) =
ugr + vgs + uvgs + (f(x)).

If ged(ga(x), f(x)) = f(x),then g+(f(x)) = vg3(x)+uvga(x). It follows that I = (v)
or I = (uv).

If ged(ga(x), f(x)) = 1 exists, arguing as in the proof of g;(x), one deduces that there
isa g, €Fa[x]suchthat gog; ' = 1. This implies that uv = g - vg, ' € I. It follows that
ugr +vgy =g —uvgs € 1.

If ged(g3 (x), f(x)) = f(x), then u € I. This means that I = (u).

If ged(g3(x), f(x)) = 1, then u + vhy € I where hy = g2_1g3 is a unit of [F4[x]. Now
one obtains two cases as follows:

Case A: (u + vhy) =1

Case B: (u + vhy) $ I. Then there exists u + vhg € I where hg € Fy[x], but it is not
in (u + vhy). This implies that v(hy — hg) € I. Since hy — hg & (f(x)), v € I. Thus, we
obtain that I = (u) + (v). O

Let & be a factor of x” — 1 in F4[x]. We denote by h=%

Proposition 3 Let x" — 1 = fifo--- f; where fi(1 < i < t) are irreducible pairwise-
coprime polynomials in F4[x]. Then any ideal in % is a sum of ideals of the form
(fi + " =1), (ufi + " = 1)), ((u 4+ vhy) fi + (x" = 1)) for 1 <i <t. where hy is a
unit of

x” l)
Proof By the Chinese Remainder Theorem, we have

Alx] ™ Alx]
(X”—l)_ﬂf"lfz EB(fz)

i=1

Thus, any ideal of is of the form &1;, where I; is an ideal of By Proposition 2, for
1 <i <t,wehave
I € {((L+(fi)), (w+ (fi)), (v+ (fi)), (w4 vhe + (fi))}.
Then J; correspond to the form { f; + (x" — 1)), (u f; + (x" —1>> ((u—l—vha)fl (x"—1))
</?,[ m . Consequently, I is sum of ideals of the forms (f; + — 1), (ufi +
1)),((u+vha)fl (x" —1)),where 1 <i <t. O

in
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From now on, in order to simplify notation, we will just write ag + a;x + arxt 4+
ay_1x"1 for the corresponding coset ag + ajx + x4t apx" P+ (" — 1) in

T x’},[f ]1> . Next, we give the main result in this section.

Theorem 2 Let C be a cyclic code of odd length n over A. Then there exists a unit hy in

(E;f[fl]) and a family pairwise coprime monic polynomials Fy, Fy, - - - , Fg in F4[x] such that

FoFy - Fo=x"—1and C = (F1)® (uF2) ® (vF3) ® (uv F4) @ ((u + vhe) Fs) @ (uFs) +
(vFg)).

Proof Letx" — 1 = fif>--- fin be afactorization of x"” — 1 into a product of monic basic
irreducible pairwise coprime polynomials. By Proposition 3, C is a sum of ideals of the
form (f,' + (X" — 1)), (uf,- + (x" = 1)), ((u + vha)f,' + (x" — 1)), where 1 <i < t. After
reordering if necessary, we can assume that

C= (frya1) @ ® (fr,+4)
® (U fiy 1) ® -+ © (1 fiy thyrhs)
D (Vi thothy 1) ® - ® (U fryothy)
D (U fiy 4oty 1) D -+ B (U fig 4ot
@ ((u + Vha) fiy toths 1) D -+ © (U + Vhe) fry 4ihs)
® (U fry 4thg 1) + (U fey otk i1) @ - ® (U fon) + (v i),

where ki, -+ ,k¢>0and ki +---+ kg +1=<1t.
Let k9 = 0 and k7 be nonnegative integers such that k1 4 - - - + k7 = ¢. Next, we define

Fo = fig+1 - frotky» Fi = frotky+1 - frotki+ka»
Fy = foorkithot1 - frotkithotkss 3 = frotoths+1 - frotthas
Fi4 = fig+tha+1 " Srottkss Fs = figtths+1 - Srottkes
Fo = fig++ke+1 " Jt-

Then, by our construction, it is clear that Fy, Fy,---, Fg are pairwise coprime,
F()F] ---F6:xn —1 ,and

C = (F)® k) ® (vF;) ® (uvFy) ® ((u + vhy) Fs)
® (uFe) + (vFe)). 0

Let R = #[;‘;4” with (x" — 1), (] being the ideal of F4[x] generated by x" — 1.

Proposition 4 Let C be a cyclic code of odd length n over A. Then there exist polynomials
F,G, H, K, Q in F4[x] which are factors of x* — 1 such that

C=(F)r +u(G)g +v(H)g +uv(K)g + (u + vha)(Q)r,

where hy is a unit of R and (—) g is an ideal of R generated by —. Moreover,

|C | — 45n —(degF+degG+deg H+degK +deg Q)
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Proof By Theorem 2, C = {Fy)®(u F2) ®(vF3)®(uvF3) © ((u+vha) F5)®((uFe) +(vFe)).
Note that (F;) = (F)R —|—u(F)R 4+ v(F;)p + uv(F;)g for 0 <i < 6, we have

C = (Fi)r +u(Fi)r + v(F1)g +uv(Fi)r

+u(Fy) g + uv(Fa)g

+u(F3)R + uv(Fs)g

+uv(Fy)g

+ (u + vhe)(Fs)g + uv(Fs)g

+u(Fo) g + v{Fe)r + uv(Fe)r

= (Fi)r

+u((Fi)g + (F2)k + (Fe)R)

+v((F1)r + (F3)r + (Fe)R)

+uv((F1)g + (F2) g + (F3)Rr + (Fa)g + (F5)k + (Fo)R)

+ (u + vhe) (F5)&.

Let

F=F
G=F +F+ Fg
H=F+F+Fs
K=F +F+F+Fi+Fs+ Fs
0 = Fs.

Next, we show that (G)g = (Fi)r + (F2)r + (Fe)r. (H)r = (F1)r + (F3)g + (Fe)r
and (K)g = (F1)r + (F2)r + (F3>R + (Fy)r + (F5)r + <F6)

For any distinct i, j € {0, 1, , 6}, we have x"" — 1|FF ,sothat F; F; = 01n e ]1)
Moreover, fori =1, ,6, {F;, I:‘ } are coprime pairs, hence, there exist by;, b1; € IF4[x]
such that by; F; + bI,F, =1.

Take bg; F; + bllF, = 1fori = 2,---,6, then there exist polynomials wy, -- - , we in

F4[x] such that
wiFy - Fg+wibsFs-- Fg+ - +weFy--- Fskg=1.
Multiplying both sides of the above equation by F] yields
Fi=w FiF,-- Fe.
By the hypothesis, we obtain that
G =F + P>+ F,
which implies that
w1 FF - Fo=w F1F>--- Fe.

Hence
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This implies that 13“1 € (G)g. Continuing this process, we have
F1, Fs, Fs € (G)g
Fi, F5, Fg € (H)g
Fi, By, F3, Fy, Fs, Fg € (K)g

Consequently, by Theorem 2, C = (F)gr +u{(G)r +v{(H)g +uv{K)g + W +vhe){Q)r.
Since [F4| = 4, |(F)g| = 4"~9%2F hence,

|C| — 45;1—(degF+degG+dch+degK+degQ) ) 0

4 Right F-module isometry

We take A as a natural extension of the ring M, (IF,), accordingly, we can extend the defi-
nition of the Bachoc weight which was introduced in [2] from M, () to this ring. Let Wp
be the Bachoc weight over A and wp be the ordinary Bachoc weight of M, (IF,)-codes, and
so we set

Wp(X = X1 +uX3) = wp(X2) + wp (X1 + X2), forany X1, X2 € M (F7).

The definition of the weight immediately leads to a Gray map from A to M22 (IF2) which
naturally extends to A”":

@A M5(F2), X1 4+ uXy — (X2, X1 + X2)
Note that ¢ extends to a distance preserving isometry:
@ : (A", Bachoc weight) — (M22"(IF2),

Bachoc weight).
Consider the mapping ¢ defined as

¢ : Mr(Fy + ulFy) —> Fyq + ulFy + vFy + uvlFy
a + ub; a> + uby
(a2 +a3) +u(by +b3) (a1 +az +as) +u(by + by + ba)
— (a1 + aaw) + u(by + brw) + v(az + asw) + uv(bz + byw),

where a;, bj in F; for 1 < i, j < 4. Itis easy to show that ¢ is a left F;-module isomor-
phism. Note that Wp(X = X| + uX3) = wp(X2) + wp(X1 + X2) = wr(¢ (X)) for all
X € A, ¢ is aright F;-module isometry. Thus, we have the following theorem.

Theorem 3 IfC is a cyclic code over A of length n, size M and minimum Bachoc distance d,
then ¢ (C) is a linear code over By of length 4n, size M and minimum Hamming distance d.

5 Examples

A linear code C of length n over A is called an optimal code if the quaternary code 6(C)
in Theorem 1 has the largest minimum Hamming distance for the given length and the
dimension. Now, some optimal codes of length 3 and 5 over A are shown as the following
examples. All the computations of minimum distance were performed in Magma (http://
magma.maths.usyd.edu.au/magma/).
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Example I The case when n = 3, we see the factorization of x> — 1 = (x + 1) (x + w) (x +
wz). Now)let fi =x+1, o =x+wand f3 =x + w?, some optimal codes of length 3
over A are shown as follows:

Generators Im6

(f3, uf1, vf1) [12,11,2]*
(f1,vf2 [f3) [12, 10, 2]
(f1, u+v)f2f3) [12, 10, 2]
(ufr, vfi, (u+v)f2f3) [12,8, 4]*

(ufr, vfi, uvfa f3) [12,7,4]

Example 2 The case when n = 5, we see the factorization of P-l=x+D0E+wx+
1)()c2 + w?x + 1). Now, let fi=x+1, o= x2+wx +1and fr= x2 + w?x + 1, some
optimal codes of length 5 over A are shown as follows:

Generators Imé

(f1, vf2 f3) [20, 18, 2]*
(f1, (u +v)f2f3) [20, 18, 2]*
(f3, (u+v)f1/2) [20, 16, 3]
(ufz, vf2, (u +v) f1) [20, 15, 4]*

6 Conclusion

In [4], a theory of cyclic codes over M»(F,) was developed giving a characterization of
cyclic codes and their duals as right ideals in terms of two generators, and showing the
existence of infinitely many nontrivial cyclic codes for the Euclidean product. But these
codes were derived in the case of odd length. In this paper, based on these results, we derive
the structure theorem of cyclic codes of odd length over the ring M, (I, + ulF2) which leads
to even length codes over M (IF2). We also provide some optimal cyclic codes of even length
over [F4. Also we obtain an isometric map from My (I, + ulF;) to Fgq 4+ vF4 + ulFq + uvFy
using their respective Bachoc weight and Lee weight.
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