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Abstract Permutation polynomials over finite fields are an interesting subject due to their
important applications in the areas of mathematics and engineering. In this paper, we inves-
tigate the trinomial f(x) = x(P~Da+1 4 xPq _ x4+(P=D over the finite field FF 2, where p is
an odd prime and ¢ = p* with k being a positive integer. It is shown that when p = 3 or 5,
f (x) is a permutation trinomial of I > if and only if k is even. This property is also true for a
more general class of polynomials g (x) = x@tDIF(P=Da+1 4 (g +DI+pg _x(g+Di4q+(p=1)
where [ is a nonnegative integer and gcd(2/ + p, g — 1) = 1. Moreover, we also show that
for p = 5 the permutation trinomials f (x) proposed here are new in the sense that they are
not multiplicative equivalent to previously known ones of similar form.

Keywords Finite fields - Permutation trinomials - Niho exponents - Multiplicative
inequivalent
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1 Introduction

Let IF; denote the finite field with g elements and IF; = F, \ {0}, where g is a prime power.
A polynomial f(x) € Fy[x] is called a permutation polynomial of I, if the associated
mapping f : ¢ —> f(c) permutes F,;. Permutation polynomials were firstly studied by

P< Yongbo Xia
xia@mail.scuec.edu.cn

Department of Mathematics and Statistics, South-Central University for Nationalities,
‘Wuhan 430074, China

Hubei Key Laboratory of Intelligent Wireless Communications, South-Central
University for Nationalities, Wuhan 430074, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12095-017-0263-4&domain=pdf
http://orcid.org/0000-0002-3402-5375
mailto:xia@mail.scuec.edu.cn

1024 Cryptogr. Commun. (2018) 10:1023-1036

Hermite for the finite prime fields and by Dickson for arbitrary finite fields [19]. They have
wide applications in coding theory [14], cryptography [5, 25] and combinatorial designs [3].
For a finite field F,, there are in total ¢! permutation polynomials of I, and all of them can
be obtained from the Lagrange interpolation. Permutations with a few terms are of particular
interest because of the simple algebraic expressions. Especially, permutation binomials and
trinomials attracted particular attention [11, 12, 15, 20, 27, 31]. Recent achievements on the
study of permutation polynomials were surveyed in [11, 23].

Let p be a prime and k a positive integer. A Niho exponent over the finite field F is
a positive integer d satisfying d = p/ (mod p* — 1) for some nonnegative integer j <
k. In the case of j = 0, it is called a normalized Niho exponent. Researches in the past
decades demonstrate that Niho exponents are good resources that lead to desirable objects
in sequence design [6, 30], coding theory [2, 32] and cryptography [7]. Recently, a lot of
permutation trinomials of the form

F(x) = x + AP oDFT gyt (=D (1)

have been proposed, where s and ¢ are two integers, and the coefficients A; and A; are
restricted to {—1, 1}. For p = 2, Li and Helleseth gave a rather detailed list of known pairs
(s, t) and some new pairs such that F(x) is a permutation polynomial of F,x [16, 17]. In
[8, 21, 28, 34] some permutation trinomials of [y« of similar form were also presented. For
p = 3, Lietal. in [21] investigated several permutation trinomials of Fo« of the form (1)
and proposed three conjectures, which were later confirmed in [18] and [1]. Very recently,
for p = 5, Wu and Li in [29] derived a series of sufficient conditions on s, 7, A1 and A; for
F (x) to permute Fso.

There are also some permutation polynomials constructed from Niho exponents over ]qu
with g being a power of an arbitrary prime. Hou in [10] characterized the necessary and
sufficient conditions on the coefficients for the polynomial ax + bx? + x24~! F2[x] to
be a permutation of F». In [4], for ¢ # 3 (mod 3), the necessary and sufficient conditions
for x + x'@= D+l 4 x=1@=D+1 {5 be a permutation polynomial of IF,2 were determined,
where ¢ is a positive integer. Let Trqz /q(-) denote the trace function from qu to IF, [19].
Some permutation trinomials of qu of the form x + yTrqz /q (xd ) were obtained in [13],
where y € F; and d is a Niho exponent over F ».

In this paper, we investigate the permutation property of the following trinomial

fx) = xP=Datl 4 ypa _ yat+p=D) 2)

where p is an odd prime and ¢ = p* for a positive integer k. It is easily verified that
(p—Dg+1, pg and g + (p — 1) are Niho exponents over I 2. We show that for p =3
or 5, f(x) in (2) is a permutation polynomial of F P2k if and only if k is even. However, for
the case p > 5, such a result may not hold. Furthermore, we prove that the above property
is also true for more general polynomials

g(x) = x@tDIH(p=Dg+1 | (q+Ditpg _ x(q+l)l+q+(1)*l)’ (3)

where / is a nonnegative integer and gcd(2/ 4+ p, g — 1) = 1. In addition, when p = 5, the
permutation polynomials f(x) presented in (2) are shown to be new in the sense that they
are not multiplicative equivalent to the permutation polynomials of the form (1) in [4, 9, 10,
13, 18, 21, 22, 29].
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The remainder of this paper is organized as follows. Section 2 gives some preliminaries
and notation, including some useful lemmas. In Section 3, we give the proofs of our main
results. Section 4 is devoted to demonstrating that the permutation trinomials f(x) given in
(2) are new when p = 5. Section 5 concludes the study.

2 Preliminaries

Let p be a prime, k a positive integer and ¢ = p*. The trace function and the norm function
from > to g will be denoted by 7'r(x) and N (x), respectively [19]. Namely,

Tr(x) =x+x% and N(x) =x-x7, x ¢ Fgo.
The unit circle U of F 2 is defined by
U={x| xitl =1, x e ]qu}. 4

In [16-18, 21, 29], in order to prove the permutation property of the trinomials con-
structed from Niho exponents, the authors mainly used the following lemma, which was
proved by Park and Lee in 2001 and reproved by Zieve in 2009.

Lemma 1 [24, 33] Let p be a prime and n a positive integer. Assume that d is a positive

]
integer such thatd | (p" — 1), h(x) € Fpn[x] and r > 0 is a integer. Then, x’h(xpT) isa
permutation of F ,n if and only if

) god(r, 27 ) = 1and

|
(i) x’h(x)pT permutes [Lq, where (g is the set of d-th root of unity in IF’;”.

The polynomials constructed from Niho exponents over IF» can always be rewritten in

2_
the form x’h(qul) with d = g + 1. To determine the permutation property of the polyno-
2

mials x"h(x" @) constructed from Niho exponents by Lemma 1, the main task is to decide

2_

if xrh(x)% permutes the unit circle U of F,_.. However, sometimes the corresponding
2_

polynomial x” h(x)qT] leads to a fractional polynomial with high degree [16-18, 21, 26,

2
29]. It is still a difficult problem in general to verify that x"h(x) o permutes U.

Another general method for investigating the permutation property of the polynomials
constructed from Niho exponents over F > is to concentrate on the subset > \ F,. More
specifically, assume that G(x) is a polynomial constructed from Niho exponents over F .
with coefficients in [F;. If we can show that G(x) is a permutation of I, and a permutation
of F 2 \ Fy respectively, then G(x) is a permutation polynomial of 2. To this end, it is
usually required that G (x) has the property G (F 2 \ Fy) € F 2 \ g, and the key step in the
proof is to prove that G (x) is a permutation of F > \ F;. This idea originated from [9] and
later was used in [21]. In this paper we will use this idea to prove our main result.

The following lemma is needed in the sequel. Its proof is trivial and is omitted here.

Lemma 2 Let g be a prime power. Denote by Tr(x) and N (x) the trace function and the

norm function from ¥ 2 to ¥y, respectively. Then, for any ¢ € F 2, the set {c, c?} is uniquely
determined by the pair (Tr(c), N(c)).
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The following lemma is obtained by direct computations.

Lemma 3 Let g be a prime power, and Tr(x) and N (x) be the trace function and the norm
function from F > to Fy, respectively.

(i) Ifq =3, then forany x € F,

Tr(x*) = Tri(x) + N(x) and Tr(x*) = Tr*(x) — N)Tr*(x) — N*(x);
(i) Ifq = 5*, then forany x € F2,
Tr(x?) =Tr2(x) —2N(x), Tr(x>) = Tr3(x) + 2N@x)Tr(x),
Tr(x* = Tri(x) + N(x)Tr?(x) + 2N%(x),

Trx® = Tro(x) — Nx)Tr*(x) — N2(x)Tr*(x) — 2N3(x),
and
Trx®) = Tr3(x) + 2N @) Tro(x) — N3 () Tr?(x) + 2N*(x).

Proof We only give the proof of (ii). In Lemma 1 of [29], the expressions for Tr(x?),
Tr(x3), Tr(x*) and Tr(x®) were given while that for Tr(x®) was not. Now we compute
Tr(x%) to illustrate how to obtain the above results. Note that

Tré(x) = (x +x9)°
= (x + x9)°(x 4 x9)
= (X + 1) (x +x9)
= xO 4 x4 4 x3aFT 4 x6a
= Tr(x® +x!H9 (x* + x4)
Tr(x®) + N(x)Tr(x%),

which implies
Tr(x6) = Tr6(x) — N(x)Tr(x4). ®)

Substituting Tr(x*) into (5), we get the desired result. O
Lemma 4 Let U be defined as in (4). We have the following results:

() ifg = 3%, then y*> + 1 = 0 has no solution in U if k is even and has two solutions in
U otherwise;

(i) ifq = 5% then y* — y 4+ 1 = 0 has no solution in U if k is even and has two solutions
in U otherwise.

Proof (i) Let o be a primitive root of F 2> with g = 3K. Then, the solutions of y?> = —1 in

2
qu are :i:aqTq, which belong to U if and only if ¢ + 1 is divisible by 4. Since ¢ + 1 is
divisible by 4 if and only if k is odd, the desired result follows.

(i) Note that y> — y + 1 is an irreducible polynomial over F5 because it has no root in
Fs. Since the degree of y> — y + 1 is 2, it follows that its two roots belong to Fs>. We can
rewrite y2 — y + 1 as (y + 2)2 — 3. Then, the two roots of y2 — y + 1 in Fs are —2 £ V3,
where ++/3 denote the two solutions of x> = 3 in Fs.
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When £ is even, (ﬁ)q = /3 since /3 € Fs, and when k is odd, (ﬁ)q = (ﬁ)s =

—+/3. Thus, when k is even, we have

(—2ﬁ:v@)TH = (—2%3)" (-2 V3)

_ (—2j:v@)2
=2+./3,

which is not equal to 1. When k is odd, we have

(—2j:V@)¢H - (—2q:v§)(—2ﬂ:v§)
—4-3
-1

Therefore, when & is odd, —2 + +/3 € U. From the above computations, the desired result
follows. O

The following lemma is a special case of Exercise 7.4 in [19]. For the reader’s
convenience, we include a proof here.

Lemma S Let F, be a finite field of characteristic p. Then, x? — ux € Fy[x] is a
permutation polynomial of F, if and only if u is not a (p — 1)th power of an element

of .

Proof Note that x” — ux is a p-polynomial over [F,, and it is a permutation polynomial of
IF, if and only if it only has the root 0 in IF,;. Thus, x” — ux is a permutation polynomial
of F, if and only if xP~! — u has no root in IF,. The latter exactly means that u is not a
(p — Dth power in F,. O

3 A new class of permutation trinomials from Niho exponents

In this section, we present our main results about the permutation property of f(x) defined
by (2) and that of g(x) defined by (3). The first main result is given in the following theorem.

Theorem 1 Let g = p* and f(x) be the trinomial defined by (2). Then for p = 3 or 5,
S (x) is a permutation polynomial of F 2 if and only if k is even.

Before proceeding with the proof, we first have a general discussion on f(x) and g(x).
The three exponents appearing in f (x) are Niho exponents since (p—1)g+1 = (p—1)(g—
D+p, pg = p(g—1)+p,and g+(p—1) = (g—1)+ p. However, the exponents in g(x) may
not be Niho exponents. As we will see in the sequel, the permutation property of f(x) and
that of g(x) depend on a same condition after utilizing Lemma 1. If we obtain the condition
for f(x) to permute I -, then it is also true for g(x). In addition, a permutation polynomial
f(x) of the form (2) is closely related to some permutation polynomial of the form (1). In
the next section, we will study the relationship between the permutation trinomials f(x) in
Theorem 1 and the previously known ones of the form (1). By comparison, we will show
that the permutation polynomials f(x) proposed here are new when p = 5.
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In order to prove Theorem 1, the following preparatory lemma is needed.

Lemma 6 Let g = p* and f(x) be defined by (2). When p = 3 or 5, for any x € F2 \Fy,
we have f(x) € F 2 \ Fy if and only if k is even.

Proof Assume that x € IFq2 \ IF,. Note that f(x) € F, if and only if

x@P=Datl o pg _ yqt =D — yatp=1) o yp _ ((p=Dg+l

which is equivalent to

2x0+(P=D) 4 b _ xpa _ 9y (p=Datl _ .

Dividing the above equation by x?, we get
23971 41 — xP@=D _oyx(=D@=1) _ (6)
Setting z = x9~1 (6) can be rewritten as
274+1—27 =271 =0,

which equals
z—-DE+1)=0 7)
if p =3, and
-DE@-z+1D*=0 ®)
if p=>5.
Note that if x € qu \ Fy, then z = x971 € U \ {1}, where U is defined as in (4). For
p = 3, from (7), we can conclude that for any x € Iqu \F,, we have f(x) € I, if and only
if z = x4 1 satisfies 22+ 1 = 0. By Lemma 4, if k is even, then 72 + 1 = 0 has no solution
in U. Thus, in this case, for any x € F > \ Fy, we have f(x) ¢ Iy, i.e., f(x) € Fpo \Fy. If
k is odd, then zZ + 1 = 0 has two solutions in U \ {1}, which shows that there are 2(q¢ — 1)
elements x € F > \ Fy such that f(x) € Fy. Similarly, for p = 5, we can obtain the same
conclusion by (8) and Lemma 4.
From the above discussions, the desired result follows. O

Proof of Theorem 1 Note that in this proof ¢ = p* and p is restricted to {3, 5}. To prove
that f(x) is a permutation of F ., it suffices to show that for any ¢ € F 2, f(x) = ¢ has
exactly one solution in F .

If k is odd, from the proof of Lemma 6, there are 2(¢ — 1) elements x € F 2 \ F; such
that f(x) € ;. On the other hand, note that when x € [y, then f(x) = x”, which is a
permutation of F; since gcd(p, g — 1) = 1. Therefore, when k is odd, for some ¢ € F,
there must exist at least two distinct elements x|, xp € qu such that f(x1) = f(x2) =c.
Thus, f(x) is not a permutation polynomial of F > when & is odd.

Next we prove that when £ is even, then f(x) is a permutation polynomial of .. By
the observation that f(x) permutes I, and Lemma 6, we only need to show that for any
c € qu \IF4, f(x) = c has exactly one solution in qu \F,.Let Tr(x) and N (x) be defined
as in (3). We compute 7r(f(x)) and N(f(x)) as follows:

Tr(f) = (x0 D 4 xPt - D) o (x0=DatLy pt koD
= xP9 4 xP
= Trp(x), (9)
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and
N(f(x) = (x(p—1>q+1 +qu_xq+(p—1>>(xq+<p—1>+xp_x<p—1>q+l)
- 3qu+p+<x<p—1>q+<p+1>+x<p+1>q+<p—1>)
_ (x(zpfzmz +x2q+<2p72>)_(x<2n71>q+1 +xq+(2p71>)

=3NP )+ NP L) Tr(x) =N?>()Tr@x?? " H—N@)Trx*7%).  (10)

When p = 3 or 5, by Lemma 3, N(f(x)) in (10) can be expressed in terms of 7r(x) and
N (x) as follows:

—N@)Tr*(x) + N2(x)Tr*(x) + N3(x), for p =3,
N(f(x) =1 N3(x) +3N*x)Tr*(x) + N3(x)Tr*(x) (11)
+2N2(0)Tro(x) — N(x)Tr8(x), for p =5.

For any ¢ € F 2 \ Fy, from f(x) = ¢, we have
Tr(f(x))=Tr(c) and N(f(x)) = N(c). (12)
In what follows, we will prove that Tr(x) and N(x) are uniquely determined by ¢ under
the aforementioned conditions that ¢ € F > \ Fy, f(x) = c and k is even. We only give
the proof for the case p = 5, and for p = 3 it can be proved in the same way. Thus, in the

sequel we always assume that ¢ = 5%.
By (9), (11) and (12), we have

Trs(x) =Tr(c),

N2(x) + 3N* () Tr2(x) + N3 () Tr*(x) + 2N2(x)Tré(x) = N(x)Tré(x) = N(c).
(13)
Note that ged(5, ¢ — 1) = 1. Thus, from Tr(x) = Tr(c), one knows that Tr(x) is uniquely
determined by c. Therefore, it suffices to show that N (x) is also uniquely determined by c.
We consider the following two cases.

Case 1 Tr(c) = 0. Then, it follows that Tr(x) = 0. By the second equation in (13), we
have N°(x) = N(c) and thus N (c) is also uniquely determined by c.

Case 2 Tr(c) # 0. Then, Tr(x) # 0. For convenience, put

_ N(x) _ N(c)
r= 70 and s = T2 (14)

Then, divided by Tr19(x), the second equation in (13) can be rewritten as
P43ttt —r =y
or equivalently
r—2%+1D)=s+1. (15)
We claim that s is not equal to —1. Otherwise, we have N (c) + Tr2(c) = 0, which implies
(c? — 0)2 = 0 leading to ¢ € Iy, a contradiction to the assumption ¢ € F > \ Fy. Let

t=r—2, (16)
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then (15) becomes

P43t =5+ 1. 17)
Note that ¢ is not equal to O since s is not equal to —1. Therefore, (17) can be further
transformed into
1’ 3 1 1
) - C— = . (18)
t s+1 ¢t s+1

If we can show that Yi—l is not a fourth power in [, then by (18) and Lemma 5 we can

conclude that % is uniquely determined by s. Then, from (14) and (16), it follows that N (x)
is uniquely determined by c.
Thus, it suffices to show that % is not a fourth power in F,. To this end, we express

Yi—l in terms of ¢ as follows:

3 3 1
S+l N TR R (1 Tl 4 ca —2>' (19

Since ¢ € F2 \F, and Tr(c) # 0, it follows that ¢4~! € U\ {£1}. Letu = ¢?~'. Suppose,
on the contrary, that % is a fourth power in IF;. Then, by (19) we have

1 4
(1= ) = 20)

for some w € ;. Note that 3 — o* # 0. Thus, we can rewrite (20) as

2 1+ 2%
u —I—3 I

u+1=0,

—w
which implies

3wt + 4+ V/30?

23 -wd)

where £+/3 denote the two solutions of x2 = 3 in F5.. Note that when k is even, the two
solutions of x2 = 3 belong to IF,. From (21), it follows that u € IF,;, which contradicts to
the factu € U \ {1} since F, N U = {£1}. Therefore, QJ%I is not a fourth power in F, and
the desired result follows.

The discussions in Cases 1 and 2 have shown that for p = 5, under the conditions that
ce Iqu \F4, f(x) = candk is even, Tr(x) and N(x) are uniquely determined by c. For
p = 3, this conclusion can be similarly proved.

It follows from Lemma 2 thatif f(x) = ¢ forc € F2\F,, then the set {x, x4} is uniquely
determined by ¢ when p € {3, 5} and k is even. Furthermore, since f(x?) = (f(x))? and
¢ # ¢, only one of {x, x?} can satisfy f(x) = c. Therefore, when p € {3, 5} and k is even,
for any ¢ € F 2 \ Fg, f(x) = c has only one solution in 2> \ Fy.

From what we have shown above, the desired result follows. O

: 2D

Corollary 1 Let U be defined as in (4) with ¢ = p* and p € (3, 5). Then, the following
fractional polynomial
x+1—xP1

_ 22
xP 4+ xP~l —x @2)

permutes U if and only if k is even.

Proof Note that f(x) in (2) can be written as x? (x(P=D@=1 4 xP@=D _ xd=1) Then, by

Lemma 1 and Theorem 1, it follows that x” (x?~! 4+ x? — x)q_1 permutes U if and only
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if k is even, where p € {3, 5}. Note that if x” (x?~! +x? — x)q_1 permutes U, then it is

not equal to zero when x € U. Thus, for each p € {3, 5}, x? (x?~! + x7 — x)qil can be

written as

xP (xp_1 + x? —x)q

xP=l 4 xP —x

which is exactly (22) since x4 = x~ L whenx e U. O

Based on Lemma 1 and Corollary 1, we obtain our second main result which gives the
permutation property of g(x) defined by (3).

Theorem 2 Let g = p* with p € {3,5), and | a nonnegative integer satisfying gcd(2] +
p,q — 1) = 1. Then,

g(x) = x@tDIFP=Da+l 4 ((g+DI+pg _ (g+Di+q+(p=1D

is a permutation polynomial oquz if and only if k is even.

Proof We can rewrite g(x) as

L @+Di+p (xwl)(qfl) 4+ xP@=b _ xqfl) ,

Note that gcd((g + 1)I + p, g — 1) = gcd(2l + p, g — 1) = 1. Then, by Lemma 1, g(x) is a
permutation polynomial of F,> if and only if x @D/ 47 (x(P=D 4 7 — x)qi1 permutes U.

Since x@+D! = 1 when x € U, this is equivalent to x” (x(P_l) +xP — x)q_] permuting
U. The desired result follows now from Corollary 1. O

Remark I As we have shown in the proofs of Corollary 1 and Theorem 2, f(x) or g(x) is
a permutation polynomial of F . if and only if x?” (x(” Dy xp— x)qi1 permutes U. This
shows that the permutation property of f(x) and that of g(x) depend on a same condition.
However, it seems difficult to verify directly whether this condition holds. Thus, in this
paper we use a different approach to investigate the permutation property of f(x), and then
obtain the permutation property of g(x).

Remark 2 Let f(x) and g(x) be defined by (2) and (3), respectively. The polynomial g(x)
contains f(x) as a special case since by taking / = 0, g(x) is reduced to exactly f(x).
Note that when p = 2, f(x) = xP7 and g(x) = x+tV+Pq which are always permutation
polynomials of F, for any positive integer k. For p > 5, Theorems 1 and 2 may not hold.
By Magma, we have obtained some numerical results summarized in Table 1.

4 A comparison with known related permutation trinomials

In this section, we will compare the permutation polynomials f(x) proposed in Theorem
1 with previously known ones of the form (1). It is straightforward that the composition of
two permutation polynomials of the same finite field is also a permutation polynomial. We
recall the definition of multiplicative equivalence from [11, 20, 28].

Definition 1 Let g be a prime power, and H (x) and A (x) be two permutation polynomials

of F,. H(x) and h(x) are called multiplicative equivalent if there exists an integer 1 < d <
g — 2 such that gcd(d,q — 1) = 1and H(x) = ah(x?) for some a € IF;.
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Table1 Is f(x)or g(x) a
permutation of I,

<
>~

Permutation of P2k

No
Yes
No
No
No
No

—_
s

W= R WD =N AW =
Z
o

Next we will determine whether or not the permutation trinomials f (x) given in Theorem
1 are multiplicative equivalent to the previously known ones of the form (1) in [4, 9, 10, 13,
18, 21, 22, 29]. We make some preparations as follows.

Proposition 1 Let f(x) be defined as in (2), and ¢ = pk with k being even and p € {3, 5}.
We have the following results:

(@ If p = 3, then f(x) is multiplicative equivalent to the following permutation
trinomials of qu :

() fi(x) = x +x@3THDE@=DH1 _ (G D@-D,
(i) frlx)=x+x79+2 — x4;
(i) f3(x) =x —x9 —x271;

Md) If p = 5, then f(x) is multiplicative equivalent to the following permutation
trinomials of F 2

i filx) =x + x @S THD@=D+ _ D@D+
2g+1
(i) ) =x+x7T @D
+5
(i) f3(x) =x —x9 — x5 @D+,

Proof We only prove the case p = 5. For the case p = 3, the result can be proved in the
same way. When p = 5, note that f1(x) = f ()cskf1 ). Thus, f(x) is multiplicative equivalent
to fi(x).Letd; = (4-5'+1)(g—1)+1anddy = (5*"' +1)(g—1)+1. When k is even,
ged(dy, g> — 1) = ged(da, g% — 1) = 1. Then, by extended Euclidean algorithm, we have
dfl = 2‘13—+1(q — 1)+ 1and d;l = #(q — 1) + 1, where dfl denotes the inverse of d;
modulo q2 —1,i =1, 2. Note that f>(x) = fi (xdl_l) and f3(x) = —fi (xdz_l). Therefore,
f(x) is multiplicative equivalent to f>(x) and f3(x). It is easily seen that f1(x), f>(x) and
f3(x) are pairwise multiplicative equivalent to each other. O
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The following claims are needed.

Claim 1 Recall that the inverse d~! of a (normalized) Niho exponent d over IF P2k if it
exists, is again a (normalized) Niho exponent, and the product of two (normalized) Niho
exponents is also a (normalized) Niho exponent [6].

Let F(x) be a permutation polynomial of IF o of the form (1), di = s(pF =1 +1

and dr, = t(pk — 1) + 1. If one of d; and d; is invertible, say d;, then AIF(xdrl) is also

a permutation polynomial of the form (1) which is multiplicative equivalent to F(x). This
analysis together with Claim 1 gives the following claim.

Claim 2 Let F(x) be a permutation polynomial of F o« of the form (1). Then, all the per-
mutation trinomials of the form (1) that are multiplicative equivalent to F(x) are given by

A F(x% ) provided ged(d;, p* — 1) = 1,i = 1,2.
Claims 1 and 2 together with Proposition 1 give the following claim.

Claim 3 Let f(x) be a permutation polynomial in Theorem 1. If a permutation trinomial
of the form (1) is multiplicative equivalent to f(x), then it must be one of f(x), f>(x) and
f3(x) in Proposition 1.

In the sequel, a permutation polynomial ¥ (x) of F 2 of the form (1) will be denoted by
the tuple (A1, s, A2, t). According to Lemma 1, F'(x) is a permutation polynomial of IF P2k if
and only if the associated polynomial

k_
x (1 + Axt + kzxt)P ! (23)

permutes the unit circle U. When F(x) is a permutation polynomial of F P2k (23) can be
further written as a fractional polynomial

14+x54x1
- T
1+ x5+ x!

Table 2 Known permutation trinomials of [F32« of the form (1) (¢ = 3)

(A1, S, A2, 1) Fractional polynomial k Ref.
(-1,2,1,-2) e k#0 (mod4)  [21, Theorem 3.2]
(1,3, -1, -1) ;«gt;;ﬁ;' odd k [21, Theorem 3.4]
(=1,4,1,-2) el all k [21, Conjecture 5.1 (2)1, [18]
(=1,-2,1,2) %@’j{ k2 @mod4)  [21, Conjecture 5.1 (3)1, [18]
(fl,ﬁ,fl,ﬁ) xeT;:_“qTﬂyg even k [13, Theorem 1.1 (d)]

x 4 —x—x 2
(-1, v, —1,1— /q) L even k [13, Theorem 1.1 (e)]
(71,\/§+1,71,7\/§) % even k [13, Theorem 1.1 (f)]
(-1,1,-1,2) thrlngx even k [10, Theorem A (iv)]
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since x € U, which is called the fractional polynomial of F(x). For comparison purposes,
we collect all known permutation trinomials of F32« and Fso of the form (1). We list them
in Tables 2 and 3, respectively. To the best of our knowledge, the lists in Tables 2 and 3 are
complete.

Table 3 Known permutation trinomials of [Fsx of the form (1) (g = 5%)

(A1, 8, A2, 1) Fractional polynomial k Ref.
N}
(l, @8, qzi) T (%) (s = q—+3) all k [29, Theorem 1]
7)5(fo7)~ 21 +l)
(1558 -1, 482) S N odd k 29, Theorem 2]
x 2 —x 2 —1
x2 x%fxfl)
(1.-1.-1,42) = odd k [29, Theorem 3]
x 2 —x—1
3 5 —X xqgl—qu:B—l)
(—l, %, L, %) e S I odd k [29, Theorem 4]
x 2 —x 2 +
3 B
(—1, 2,1, %) il even k [29, Theorem 5]
X XT*X2+1)
(1 1, -1 ﬂ) N even k [29, Theorem 6]
s Ly L) q—1 ’
x 2 —x—1
g=1
(71, 1,1, %) % even k [29, Theorem 7 ()]
x 2 —x+l1
1,48 1,43 N T e, even k 29, Th 7 (i
s s L S e ven [29, Theorem 7 (ii)]
X2 4x 2 41
3 x2 <,ch77l —x+l>
(1, o2, -1, —1) — even k [29, Theorem 7 (iii)]
x 2 4x-—1
2
(1,2,-1,-2) —x (iif;) odd k [29, Proposition 1]
[22, Theorem 4.1]
2
(—l, %, -1, W) —x (:Z—;;) even k [29, Proposition 2]
[22, Theorem 3.1]
1 q+2 1 2q+4 );Q}ﬁergJ}ﬁJrl
V2,1, 2 St 1 even k [13, Theorem 1.1 (c)]
3 3 1
PR E R
(-Lva.-11-va) oy even k [13, Theorem 1.1 (¢)]
(-1Va+1,-1,—q) =il even k [13, Theorem 1.1 ()]
(1,¢,1,—1) X even k [4, Theorem 3.4 (i) ]
(1,¢,1,—1) x odd k and [4, Theorem 3.4 (iii) |
exp;(t) > exp3(g + 1)?
(£1,1,1,2) 1 even k [9, Theorem A (i) |

4where exps (i) denotes the exponent of 3 in the canonical factorization of i
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Note that the last one in Table 2 is exactly f3(x) in Proposition 1 (a)(iii). In [10], Hou
determined all permutation trinomials of qu of the form ax + bx9 + x2~1 ¢ qu[x].
When p = 3, according to Theorem A (iv) of [10], —x + x? + xM-liga permutation
polynomial of Fyi if and only if —1 is a square of 7, , which holds if and only if k is even.
The permutation polynomial x — x4 — x>~! equals — (—x +x7+ x2‘1_1), and thus its
permutation property can be derived from Theorem A (iv) of [10].

According to Tables 2-3, Proposition 1 and Claim 3, we conclude the following result.

Proposition 2 Letr f(x) be a permutation polynomial proposed in Theorem 1. When p =
3, f(x) is multiplicative equivalent to the permutation polynomial x — x4 — x>~ (or
—x 4+ x7 + x%~V ) which is contained in Theorem A (iv) of [10]. When p = 5, f(x) is not
multiplicative equivalent to any permutation trinomial listed in Table 3.

The above proposition shows that f(x) proposed in Theorem 1 is indeed new when
p = 5. When p = 3, the permutation polynomial f(x) proposed in Theorem 1 is multi-
plicative equivalent to a known one contained in [10]. Nevertheless, the method for proving
the permutation property in this paper is different from that in [10].

5 Conclusion

In this paper, we construct a class of permutation trinomials of F > with g = 3% and 5*.
Precisely, for each p € {3, 5}, we prove that f(x) = xP~ D+l 4 xPq _ xq+(P=D j5
permutation trinomial of IF > if and only if & is even. This conclusion is also true for more
general polynomials g(x) = x@FDIH(P=Da+1 4 x(q+Dl+pq _ x@+DI+q+(P=1 with [ being
a nonnegative integer satisfying ged(2/ + p,q — 1) = 1. Moreover, when p = 5, we
prove that f(x) presented here is not multiplicative equivalent to any known permutation
trinomial of the form (1). Numerical experiments show that Theorems 1 and 2 may not hold
when p > 5. It would be nice if our construction can be generalized to arbitrary finite field.
Namely, the readers are invited to determine the permutation polynomials of IF > of the form

xP=Da+l 4o ka4 g, xd =D

where p is a prime, ¢ = p* for some positive integer k and A1, A, € IF,.

Acknowledgments T. Bai and Y. Xia were supported in part by National Natural Science Foundation of
China under Grant 61771021 and Grant 11301552, and in part by Natural Science Foundation of Hubei
Province under Grant 2017CFB425. T. Bai was also supported by Graduate Innovation Fund of South-Central
University for Nationalities.

References

1. Bartoli, D., Giulietti, M.: Permutation polynomials, fractional polynomials, and algebraic curves,
available online: http://arxiv.org/pdf/1708.04841.pdf

2. Chen, Y., Li, N., Zeng, X.: A class of binary cyclic codes with generalized Niho exponents. Finite Fields
Appl. 43, 123-140 (2016)

3. Ding, C., Yuan, J.: A family of skew Hadamard difference sets. J. Comb. Theory, Ser. A 113, 1526-1535
(2006)

@ Springer


http://arxiv.org/pdf/1708.04841.pdf

1036 Cryptogr. Commun. (2018) 10:1023-1036

4. Ding, C., Qu, L., Wang, Q., Yuan, J., Yuan, P.: Permutation trinomials over finite fields with even
characteristic. SIAM J. Dis. Math. 29(1), 79-92 (2015)
5. Dobbertin, H.: Almost perfect nonlinear power functions on G F'(2"): The Welch case. IEEE Trans. Inf.
Theory 45(4), 1271-1275 (1999)
6. Dobbertin, H., Felke, P., Helleseth, T., Rosendahl, P.: Niho type cross-correlation functions via Dickson
polynomials and Kloosterman sums. IEEE Trans. Inf. Theory 52(2), 613-627 (2006)
7. Dobbertin, H., Leander, G., Canteaut, A., Carlet, C., Felke, P., Gaborit, P.: Construction of bent
functions via Niho power functions. J. Comb. Theory, Ser. A 113(5), 779-798 (2006)
8. Gupta, R., Sharma, R.K.: Some new classes of permutation trinomials over finite fields with even
characteristic. Finite Fields Appl. 41, 89-96 (2016)
9. Hou, X.: Determination of a type permutation trinomials over finite fields. Acta Arith. 162, 253-278
(2014)
10. Hou, X.: Determination of a type permutation trinomials over finite fields, II. Finite Fields Appl. 35,
16-35 (2015)
11. Hou, X.: Permutation polynomials over finite fields-A survey of recent advances. Finite Fields Appl.
32, 82-119 (2015)
12. Hou, X.: Permutation polynomials of the form x" (a + xz(‘l’l))—a nonexistence result, available online:
http://arxiv.org/pdf/1609.03662v1.pdf
13. Kyureghyan, G., Zieve, M.E.: Permutation polynomials of the form X + Tr(X*), available online:
https://arxiv.org/pdf/1603.01175.pdf
14. Laigle-Chapuy, Y.: Permutation polynomials and applications to coding theory. Finite Fields Appl. 13,
58-70 (2007)
15. Li, N., Helleseth, T., Tang, X.: Further results on a class of permutation polynomials over finite fields,
Finite Fields Appl. 22, 16-23 (2013)
16. Li, N., Helleseth, T.: Several classes of permutation trinomials from Niho exponent. Cryptogr.
Commun. 9(6), 693-705 (2017)
17. Li, N., Helleseth, T.: New permutation trinomials from Niho exponents over finite fields with even
characteristic, available online: http://arxiv.org/pdf/1606.03768v1.pdf
18. Li, N.: On two conjectures about permutation trinomials over Fs«. Finite Fields Appl. 47, 1-10 (2017)
19. Lidl, R., Niederreiter, H.: Finite Fields, in Encyclopedia of Mathematics and Its Applications, vol. 20.
Addison-Wesley, Amsterdam (1983)
20. Li, K., Qu, L., Chen, X.: New classes of permutation binomials and permutation trinomials over finite
fields. Finite Fields Appl. 43, 69-85 (2017)
21. Li, K., Qu, L., Li, C., Fu, S.: New permutation trinomials constructed from fractional polynomials,
available online: https://arxiv.org/pdf/1605.06216v1.pdf
22. Ma,J., Ge, G.: A note on permutation polynomials over finite fields, available online: https://arxiv.org/
pdf/1703.03158.pdf
23. Mullen, G.L., Panario, D.: Handbook of Finite Fields. Taylor&Francis, Boca Raton (2013)
24. Park, Y.H., Lee, J.B.: Permutation polynomials and group permutation polynomials. Bull. Austral.
Math. Soc. 63, 67-74 (2001)
25. Qu, L., Tan, Y., Tan, C.H., Li, C.: Constructing differentially 4-uniform permutations over [Fx via the
switching method. IEEE Trans. Inf. Theory 59(7), 4675-4686 (2013)
26. Tu, Z., Zeng, X., Hu, L., Li, C.: A class of binomial permutation polynomials, available online: http://
arxiv.org/pdf/1310.0337v1.pdf
27. Tu, Z., Zeng, X., Hu, L.: Several classes of complete permutation polynomials. Finite Fields Appl. 25,
182-193 (2014)
28. Wu, D., Yuan, P., Ding, C., Ma, Y.: Permutation trinomials over Fp=. Finite Fields Appl. 46, 38-56
(2017)
29. Wu, G., Li, N.: Several classes of permutation trinomials over [Fs from Niho expeonents, available
online: http://arxiv.org/pdf/1702.06446v1.pdf
30. Xia, Y., Li, N., Zeng, X., Helleseth, T.: An open problem on the distribution of a Niho type cross-
correlation function. IEEE Trans. Inf. Theory 62(12), 75467554 (2016)
31. Zeng, X., Tian, S., Tu, Z.: Permutation polynomials from trace functions over finite fields. Finite Fields
Appl. 35, 36-51 (2015)
32. Zeng, X., Hu, L., Jiang, W., Yue, Q., Cao, X.: The weight distribution of a class of p-ary cyclic codes.
Finite Fields Appl. 16, 56-73 (2010)
33. Zieve, M.E.: On some permutation polynomials over I, of the form x"h(x@~D/?) Proc. Amer. Math.
Soc 137(7), 2209-2216 (2009)
34, Zha, Z., Hu, L., Fan, S.: Further results on permutation trinomials over finite fields with even
characteristic. Finite Fields Appl. 45, 43-52 (2017)

@ Springer


http://arxiv.org/pdf/1609.03662v1.pdf
https://arxiv.org/pdf/1603.01175.pdf
http://arxiv.org/pdf/1606.03768v1.pdf
https://arxiv.org/pdf/1605.06216v1.pdf
https://arxiv.org/pdf/1703.03158.pdf
https://arxiv.org/pdf/1703.03158.pdf
http://arxiv.org/pdf/1310.0337v1.pdf
http://arxiv.org/pdf/1310.0337v1.pdf
http://arxiv.org/pdf/1702.06446v1.pdf

	A new class of permutation trinomials constructed from Niho exponents
	Abstract
	Introduction
	Preliminaries
	A new class of permutation trinomials from Niho exponents
	A comparison with known related permutation trinomials
	Conclusion
	Acknowledgments
	References




