Cryptogr. Commun. (2018) 10:531-554 @ CrossMark
DOI 10.1007/s12095-017-0236-7

Permutation polynomials of the form cx + Tr,; (x%)
and permutation trinomials over finite fields with even
characteristic

Kangquan Li! - Longjiang Qu'2 . Xi Chen! - Chao Li!

Received: 25 November 2016 / Accepted: 16 June 2017 / Published online: 1 July 2017
© Springer Science+Business Media, LLC 2017

Abstract Permutation polynomials over finite fields constitute an active research area and
have applications in many areas of science and engineering. Particularly, permutation poly-
nomials with few terms are more popular for their simple algebraic form and additional
extraordinary properties. Very recently, G. Kyureghyan and M.E. Zieve (2016) studied per-
mutation polynomials over F» of the form x+y Tryn /4 (xk), where ¢ is odd, and nine classes
of permutation polynomials were constructed. In this paper, we present fifteen new classes
of permutation polynomials of the form cx + Try (x%) over finite fields with even char-
acteristic, which explain most of the examples with ¢ = 28, k > 1,kl < 14 and ¢ € IFZ,.
Furthermore, we also construct four classes of permutation trinomials.
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1 Introduction

Let F, be the finite field with g elements and F be the multiplicative group with the nonzero
elements in [F,. A polynomial f(x) € Fy[x] is called a permutation polynomial if the
induced mapping x — f(x) is a permutation of IF,. Permutation polynomials have various
applications in coding theory [20, 30], cryptography [22, 26, 27] and combinatorial designs
[8]. Therefore, the study about permutation polynomials attracts people’s interest for many
years. Particularly, permutation polynomials with few terms are more popular thanks to their
simple algebraic form and additional extraordinary properties. For example, in [10], Dob-
bertin first proved a well-known conjecture of Welch stating that the power function x2"+3
on Fymt1 is even maximally nonlinear, or, in other words the crosscorrelation function
between a binary maximum-length linear shift register sequence of degree n and a decima-
tion of that sequence by 2" + 3 takes on precisely the three values —1, —1 42”1, And the
key of his proof was a discovery of a class of permutation trinomials. More results about
permutation polynomials can be found in [5, 6, 12, 13, 15-18, 24, 29].
Letg =2 Fora € F 1, the trace function from F to its subfield Fy is defined as

Tryg(@) = +af +--- +at

Ifg =2, Trqz /q () is called the absolute trace function, and it is simply denoted by Trqz (a).
The trace function is often used in constructing permutation polynomials over finite fields
[5-7, 18, 33, 37]. In [5], P. Charpin and G. Kyureghyan considered a class of permutation
polynomials of the shape G (x) + yTr, (H (x)) over IF;, where g = 2% They found that the
considered problem can be reduced to looking for Boolean functions with linear structures.
With this idea, they constructed sparse permutation polynomials by choosing both G(x)
and H (x) to be monomials. In [7], they extended these results from finite fields with even
characteristic to arbitrary finite fields. Very recently, G. Kyureghyan and M.E. Zieve [18]
studied all permutation polynomials over IF,» of the form x + yTryn 4 (x*y with y € IE‘;,,,
q odd, n > 1, and ¢" < 5000. They constructed nine classes of permutation polynomials
with this special form, which explained most of the experimental results under the afore-
mentioned condition. This motivates us to study such permutation polynomials over finite
fields with even characteristic. Hence this paper is devoted to construct new permutation
polynomials of the form cx + Tr1/, (x), where g = 2K, To avoid repetitive work from [5],
we do not consider the absolute trace function, in other words, we assume that g > 2.

We notice that a permutation polynomial of the form cx + Try:/, (x) is a permutation
trinomial when / = 2. Permutation trinomials have been widely studied for their simple
structure and wide applications. For instances, the discovery of a class of permutation tri-
nomials by Ball and Zieve [3] provided a way to prove the construction of the Ree-Tits
symplectic spreads of PG(3, ¢). Hou [16, 17] acquired a necessary and sufficient con-
dition about determining a special permutation trinomial. For more recent results about
permutation trinomials, please refer to [9, 14, 24, 25, 28].

We also notice that a permutation polynomial of the form cx + Trg i, (x%) may also

. ! . . .
with the form x"h (x (a'=1)/ d) in some special cases, while there are many results about

the polynomials with this form over Iqu. For instances, let Q = q(’)”, where gp = 1
(mod d) and d | m, and h € Fy,[x]. Akbary and Wang [2], Laigle-Chapug [20] proved
that x"h (x (©=D/?) permutes Fy if and only if ged(r 4+ n,d) = ged (r, (Q —1)/d) = 1.
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Zieve made important contributions to determining permutation polynomials with this
form. In [34], Zieve obtained a necessary and sufficient condition about a complex form
h(x) = he(x)'h (hi(x)%), where hg(x) = 14 x + - + x¥~ and 1, do, h satisfy some
conditions. For more results about permutation polynomlals with this form, one can consult
[14, 35, 36].

In this paper, we construct fifteen new classes of permutation polynomials of the form
cx + Trql /q (x%) over finite fields with even characteristic. Moreover, four classes of permu-
tation trinomials are also presented. According to the difference on the Hamming weight
of a, which is defined to be the number of nonzero coefficients @; in the binary expansion
Zf:o a;2! of a, we use three different methods to prove these results. In the following, we
give the sketches of these methods. The first one is called the elementary approach. It was
used in the case where the Hamming weight of a is small. Let f'(x) = cx +Tr, ), (x*) =d
andu = cx +d. Thenu = Trqz/q (x?) € Fyand x = %(u + d). Plugging x = %(u +d)
into f(x) = d leads to an equation of u with low degree. It is not difficult to show that this
low degree equation has at most one solution in ;. We call the second method the frac-
tional approach. It has been used in [12, 25], where the permutation trinomials over qu
of the form x"h (xq_l) were mainly considered, and p(x) = x"h(x)?~! was called a frac-
tional polynomial. In the present paper, several new classes of permutation trinomials over
qu,where q = 2% with such form are constructed, some of which are the generalizations
of those in [25]. The final method is the multivariate method introduced by Dobbertin [11].
That is to prove the permutation property of a polynomial by algebraic calculations with
multivariate equations. It had been widely used to prove permutation polynomials, such as
[9, 18] and so on.

By using Magma, we search all permutation polynomials over F i of the form cx +

q /g (x%) withg = 2k kl <14,c € IE‘* anda € [1, q — 2]. We also add some conditions
in the process of obtaining the data i 1n Table 1. First, the restriction k > 1 is added to
distinguish our study from that of P. Charpin and G. Kyureghyan [5]. Second, we rule out
the trivial cases that Try/, (x*) = 0 for x € F, a is divided by ¢, and a is a power of 2,
where the last case is correspondlng to hnearlzed polynomials. All experiment examples are
given in Table 1. In Table 1, w is a primitive element of the corresponding finite field and
the overbar of an element denotes the set consisting of all its conjugate elements. Column
Ref. refers to the theorem that explains the corresponding examples. It should be noted that
an example may be explained by several theorems, however, we only list one for simplicity.
Lastly, the symbol ”-” means that an example can not be explained by us up to now. We
can see from Table 1 that most of the examples of this form can be generalized to a class of
permutation polynomials.

The rest of this paper is organized as follows. In Section 2 we introduce some useful
lemmas. Section 3 contains the permutation polynomials of the form cx + Tri/, (x?). It is
divided into three subsections according to the value of /, which are the case that / > 2 is
even, the case that / is odd and the case that [ = 2. Four classes of permutation trinomials
are introduced in Section 4.

2 Preliminary
The following result was discovered independently by several authors. It is also worth point-

ing out that it is actually the multiplicative case of a more general AGW criterion [1, Lemma
1.2]. Lemma 2.1 will be frequently employed in the sequel.
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Table 1 Permutation polynomials of the form cx + Trou o1 (x) over Fou, k > 1, kI < 14

k l a c Ref. k l a c Ref.
1 2 2 7 1 Th3.6 21 3 4 9 F%, Th3.1
2 3 2 15 Th3.6 2 3 4 18 F, Th 3.1
33 2 2 o Th3.9 23 3 4 36 F, Th 3.1
4 2 3 10 Fq\{0 1) Th3.5 24 4 3 34 C Th 3.4
5 4 2 3] 1 Th3.6 25 4 3 136 Fi6\{0,1} Th35
6 4 2 6l 1 Th2.7 26 6 2 127 1 Th3.6
7 4 2 91 1 Th2.6 27 6 2 136 G, -
8 4 2 76 1,01 Th28(2) 28 6 2 505 1 Th 2.8(1)
9 4 2 106 T Th3.7 29 6 2 505 @b -
10 2 4 5 ¥, Th 3.1 30 6 2 568 1 Th 2.8(2)
12 4 10 Th 3.1 31 6 2 1072 G Th3.9
12 3 3 36  TFg\{0,1} Th3.5 32 6 2 1324 1 Th3.12
13 2 5 10 Fno, 1} Th3.4 33 6 2 1387 1 Th2.6
14 2 5 34 F4\{0, 1} Th3.4 346 2 1450 F%, Th2.7
15 5 2 63 T Th3.6 35 6 2 1639 1 -
16 5 2 435 % Th3.8 36 6 2 1828 F% Th3.13
17 5 2 125 1 - 37 2 6 5 i, Th3.1
18 5 2 466 | Th 3.10 33 2 6 10 F Th 3.1
19 5 2 187 1,0% Th3.11 39 2 6 17 F% Th3.2
20 5 2 280 1,0%1, 0%  Th39 0 2 6 34 Cs Th3.3

Cy:Fig\c:c® # 1)
Cy :{c:c €T3, x> + x + ¢ = 0 has no solution in F3,}

Csz: wll7’ L()273, w351 , w429’ w507’ wd19

Cy: 1, B0, 819, (1365

Lemma 2.1 [23, 31, 34] Pickd,r > O withd | (g — 1), and let h € Fy[x]. Then f(x) =

x"h (x (g=D/d ) permutes ¥, if and only if both

(1) ged(r, (g—1)/d) =1and
(2) x"h(x)W@=b/d permutes [Lq, where [1g

algebraic closure of .

{x € Fq s x4 =1}, and Fq denotes the

The following results on the number of the solutions of quadratic and cubic equations in
¥, are useful in the subsequent proof.

Lemma 2.2 [19] Let ¢ = 2%, where k is a positive integer. The quadratic equation x* +

ux +v =0, whereu,v € Fy and u # 0, has roots in IF, if and only if Tr, (u%) =0.

Lemma 2.3 [4] Let a,b € Fy, where q = 2K and b # 0. Then the cubic equation x> +
ax + b = 0 has a unique solution in ¥, if and only if Tr, (‘b’—; + 1) # 0.

We can work out a solution of a cubic equation by the following method.
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Theorem 2.4 [32] Let g = 2% and fx) = X tax+be Fylx] and b # 0. Let t| be one
solution of the quadratic derived equation t* + bt + a> = 0. And let € be one solution of
x3 =11. Then € + & is a root of f(x).

Philip A. Leonard and Kenneth S. Williams characterized the factorization of a quartic
polynomial over Fy« in [21].

Lemma 2.5 [21] Letq = 2% and fx) = X taxttaix—+age Fylx], where ag # 0. Let
g(y) =y +ary + ay. Then f(x) is irreducible if and only if g(y) only has one solution r
MquMTQ(%§>=1.

1

The following two theorems were obtained by G. Kyureghyan and M.E. Zieve in [18].
We list them here because they can explain some examples in Table 1.

q2+q+l

Theorem 2.6 [18] Ifg =1 (mod 3), then f(x) = x + Trqz/q (x 3 >permutes qu.

Theorem 2.7 [18] For any prime power q and any positive integers [, n with 21 | n, ify € Fyn
satisfies y‘121_1 = —1, then the polynomial f(x) = x + yTryn ), (x‘11+1) permutes Fyn.

The following results can be proved similarly as [18, Theorem 6.1].

Theorem 2.8 Let ¢ = 2% and fx) = cx + Try4/02 x%) € IFq4[x]. Then f(x) is a
permutation polynomial over 44 if one of the following conditions occurs:

(1) a=q¢*—qg+1landc=1;
2 a=qg*—q¢*+qandc=1.

3 Permutation polynomials of the form cx + Tr 1/, (x%)

In this section, we describe a few classes of permutation polynomials of the form cx +
Tryi /g (x%). We divide the results into three subsections according to the value of /. More
precisely, they are the case / > 2 is even, [ is odd and [ = 2. We put the case [ = 2 alone
out since the results in this case constitute the majority.

3.1 The casel > 2 is even

Theorem 3.1 Letq = 2k and fx)=cx —I—Trqzn/q (xzi(’”l)), where ¢ € ]FZ2 andn, k,i >

0 are integers. Then f(x) is a permutation polynomial over I ..

Proof We show that for any d € F 2., the equation f(x) = d has at most one solution
in ]Fan. Letu = cx +d. Thenu = Trqzn/q (x2@thy ¢ F, and x = %(u + d). Plugging
x = %(u +d) into f(x) =d, we get

et 2D =0
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Thanks to u € Fy, Trqzn/q (1) =0 and Tqun/q (dzi‘f + dzi) = 0,we have

2i (g+1)
_ Tqun/q (d )
“= 2 g+

Hence f(x) = d has at most one solution in Iﬁ‘qzn. Moreover, f(x) is a permutation
polynomial over F 2. O

Theorem 3.2 Let g = 2k and fx) =cx + Trqzn/q (xqz‘H), where ¢ € IE‘; andn,k > 0

are integers. Then f(x) is a permutation polynomial over F 2.

Proof 1t suffices to prove that for any d € ]Fan, f(x) = d has at most one solution in qun.

Letu = cx +d. Thenu = Tryo ), (x‘12+1) eF andx = %(u + d). Plugging the above
expression of x into f(x) = d, we get

1
u+Trpon,, (—z(u2 + (dq2 +d)u + d‘l2+1)) =0,
c

ie.,
2+1
Tryo (47°)
2
Hence f(x) = d has at most one solution in F 2, We finish the proof. O

Theorem 3.3 Let ¢ = 2% and f(x) = cx + Tr,on ), (xzi(qz"'])), where ¢ € ]FZ2 and

n,k,i > 0 are integers. Then f(x) is a permutation polynomial over qun if one of the
following conditions occurs:
(1) niseven;

—1

q
(2) n is odd and (ﬁ + 1 )gcd(2i+17|,2k71) ;é 1.
C

02i+1q

Proof We claim that f(x) = d has at most one solution in ]Fan for any d € IF‘qzn in the
above two cases. Let u = cx + d. Then u = Tr o), (xzi(qz“)) € Fy and x = %(u + d).

Moreover,

xzi(q2+l) (u +d)2i(q2+l)

i+1
cz

_ 1 <u2i +d2iq2> <u2i +d2i)

i+1
c?

1 i i i i i i
= o [+ @ d P
c

Then plugging the above equation and x = %(u +d) into f(x) = d, we get:

(1) Ifmiseven,
1 2g2 1o 1 2ig3 40
u = CZIﬁTqun/qz <d q ) + CziTqTIan/qz (d q q) .

Under the first condition, f(x) = d has at most one solution in qu.
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(2) Ifnisodd,

1 1 5i+1 1 2ig240i 1 2gdioi
<62,ﬁ+0217q> u- +u= FTrqzn/qz <d q )+ETrq2n/q2 (d q q) .
(n

i,2 50
Ifc e IFZ, thenu = Trqzn /q (%) . It follows that f(x) = d has at most one solution
C

in ]qun .

1 i
Ifc e Fp\Fy leta = (Shr+ ) and g) = 227 +ax € F[x]. Obyi-

CQ:+1

ously, a # 0, 1. Notice that g(x) permutes I, if and only if g(x) only has zero root in

2i+l_q

. . i+1 . . PR .
IF,. Considering x?" = ax, then either x = 0 or x = a which is impossible

st +
g(x) = 0inF,. Thus g(x) is a permutation polynomial over IF,. Therefore, (1) has at most
one solution in qun.

Hence f(x) is a permutation polynomial over IE‘qzn in the above two cases. O

. i 1: k_ . . . .
since ( )g°d<2'+ 12°=D" £ 1. This means that x = 0 is the unique solution of

3.2 The casel is odd

In this subsection, we construct two classes of permutation polynomials of the form cx +
Trql /q (x a).

Theorem 3.4 Let g = 2F, where k is even and k # 0 (mod 3). Letn > 0,i # j > 0 be
i i q—1
integers and f(x) = cx + Tr 241, (xz’f +2‘/J), where ¢ € IF‘; and ¢+ # 1. Then f(x)is

a permutation polynomial over F jon+1.

Proof 1t suffices to show that for any d € F 2:+1, f(x) = d has at most one solution in
Fon1. Letu = cx +d. Thenu = Tryont1 (xzqi"'ij) € F,. Plugging x = %(u + d) into
f(x) =d, we get

ut o+ = Trppe (4292, @
Let g(u) = ut + ctu € Fy[u]. Then g(u) is a permutation polynomial over F, if and
only if g(u) = 0 only has one solution in F. If there exists u € IFZ such that g(u) = 0.

Then u® = ¢*, we have = (u4 ’1)% = 1, which is a contradiction. Therefore, g(u)
is a permutation polynomial over IF,. Moreover, (2) only has one solution in F, for any
d € F . It follows that f(x) = d has at most one solution in F 2.+1. The proof is
finished. O

7*+q

Theorem 3.5 Let ¢ = 2% and f(x) = cx + Troonei)g (X727 ), where ¢ € Fy\{0, 1} and

n, k > 0 are integers. Then f(x) is a permutation polynomial over qun+1.

Proof Let g(x) = f (x?) = ex® + Tryant1 4 (x‘fz‘“f). Then f(x) permutes FF 2 if and only
if so does g(x). We show that for any d € F ., the equation g(x) = d has at most one
solution in IF .
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Nl—=

- , and

Letu =cx?+d = Tryont1/4 (xqz+q) € F,. Then x = (“£4)

2
x4 ta —

1
(1 + @ + dyu +ar'+4)°

" .
Plugging the above equation into g(x) = d, we have

1 ) 2 2
- Tr, 20 (dq +‘1)) =0,
”+c<” + Tryons1

1 2 3
U= Tre (Trqz,m/q (dq +q>)2 .
Hence, g(x) = d has at most one solution in ]Fq2n+l. It follows that g(x) permutes Fq2n+l.

Then so f(x) does. The proof is complete. O
3.3 The casel =2

Theorem 3.6 Let ¢ = 2F and f(x) = cx + Tr,2/, (x271) € F 2[x]. Then f(x) is a
permutation polynomial over Iqu if one of the following conditions occurs.

(i) kisevenandc =1,
(i) kisoddandc® = 1.

Proof (i) Whenkisevenandc =1, f(x) = x + x24-1 4 x2-9_ We refer the proof to
Th 3.2 in [9].

(i) Now, f(x) = cx + x2~ 1 4+ x24°=4_ We show that for any d € F2, f(x) = d has at
most one solution in qu. Putu =cx+d = Tr,2 (xzq_l) € Fy. Then x = 2 w+d)
since ¢3 = 1.

If d € gy, so does cx, i.e., ¢?x? = cx. On the other hand, ¢? = ¢? since k is odd
2g—1 _ c*x?

X

and ¢ = 1. Then x¢ = ¢Zx. Therefore, x = cx € F,. Moreover, f(x) =

cx + Trqz/q (x24=1y = ¢cx = d. Hence x = % is the unique solution of f(x) =d in }qu.
Ifd € F2\F,, then u +d = 0 is impossible. And x20~1 = ¢%-2(u 4 d)2~! = 4%
thanks to ¢? = ¢2. Then plugging the above expressions of x and x2¢~!into f(x) = d, we
get
M+u2+d2‘1 +u2+d2 —o
u+d u+di ’

i.e.,
ud 4 (d‘1+1 +d% + d2) u+d¥ 4+ dd=o. 3)

Lete = d9' and g(x) = x%2 + x + er-l' Then it is easy to verify that e € F 2\F, and
g(x) € IFy[x]. Considering the equation g(x) = 0, we get

_ 1 e —0
g(x)_(x—{—e_’_il)(x—i-e_'_l)— .

Then 17, ;%7 are the solutions of g(x) = 0in F2. Thanks to 7. 7% ¢ Fy, g(x) =0
has no solution in IF,. Therefore, according to Lemma 2.2,
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Let us return to (3): u® +au+b = 0, wherea = d* (¢ + e + 1) and b = d* (¢* + 1). Then
3 2+e+1 3
Trg (5 +1) = Tr, %—i—l
b (e+1)
2
e"+e+1
Tra (em“)

T, (o) =1
= T = 1.
4 e2+1

Therefore, according to Lemma 2.3, (3) only has one solution in F;. Then f(x) = d has at
most one solution in F>. We finish the proof. O

(2
Theorem 3.7 Let g = 2%, where k > 0 is even. Let a = (qu)(giﬂﬂ) and f(x) =
cx+Trp ), x e ]qu[x], where ¢3 = 1. Then f (x) is a permutation polynomial over Fq2.

Proof Let g(x) = f (x77%) = cx97% + x2473 4 x273¢ = x972h(x77"), where h(x) =
¢ 4 x 4+ x4 If g(x) is a permutation polynomial over F,2, then f(x) also permutes I

since gcd (q —2,¢%— 1) = gcd(g — 2,3) = 1. From Lemma 2.1, it suffices to show that
the fractional polynomial

3 1
N P X7 +cx +
p(x) =x"""h(x) Sred o1
permutes ig+1. If ¢ = 1, then p(x) = )f: 31’;2:11 , one can refer the proof in [25].

If ¢ # 1, p(x) can not be simplified. However, we can also prove that p(x) permutes
Mg+1. Assume that there exist two distinct elements x1, X2 € (441 such that
xf—f—cx]—f—l xg—i—cxz—l—l

xf—i—cxf—i—l _xg—}—cxg‘—l—l'

Let u = x1 + x3 and v = x1x3. Simplifying the above equation, we obtain
(1+v)u3+cvu2+v4+cv2+1 =0. )
Let y = u~!' # 0. The following relationship between u and v will be employed in the
sequel. And for convenience, we will use it directly in the following.
1 X1+ x2 u

wl=xl+xi=—+4+—= =—.
X1 X2 X1X2 v

Thenv = u'!~7 = y?~!andu = y~!. Substituting y?~! and y~! for u and v respectively
in (5), we have

Yy eyt 4 yM 4 ¥ 4yt =0, (©6)
Letoo = y+y? and B = y9t!. Thena, B € IF,. Plugging them into the above equation, we

get
ot+ot4+c,3—|—c;32=0, @)

ie.,

ﬂ2+ﬂ+cza4+c2(x =0.

Then B = ca? + c?a or ca® + o + 1. If B = ca? + c*a, recalling that u = x1 + xp and
v = x1x2, we know xp, x; are the solutions of x2+ux+v = 0, i.e., (yx)2 +yx +y‘/Jrl =0.

@ Springer



540 Cryptogr. Commun. (2018) 10:531-554

That is (yx)? + yx + ca? + c2a = 0. Without loss of generality, let x; = c2(1+y? Yy and
x2 = c*(1+ 9~ + y~L. Since x; € 11441, we have

x;[-‘rl - [02 (1+ ylfq)_;r_y*ll] I:Cz (1 + y"’l—i— y71>:|: ¢ <ylfq + yqfl) + yflfq -1

Hence, yqul = C(y2 —l—yzq) +1,1e, 8 = ca? + 1. However, B = ca? + ¢*«. Then
Za=1,a =cand § =y = 0. It is a contradiction.

If B = ca? + ca + 1, x; and x, are the solutions of (yx)% + yx + ca® + cZa + 1 = 0.
Without loss of generality, let x; = A1+ yi™ Y ey land xo = 21 4 y?= 1) + 2y~L.
Similarly, we can check that it is impossible in the case.

Therefore, p(x) permutes ji44 1. It follows from Lemma 2.1 that f (x) permutes Iqu. We
complete the proof. O

2
Theorem 3.8 Let g = 2% where k > 0 is odd. Let a = w and f(x) = cx +
Tr,2/, (x) € Fox], where c3 = 1. Then f(x) is a permutation polynomial over Fgo.

Proof Let g(x) = f(x°) = cx 4 Trp2, (x4%%). Then f(x) is a permutation polynomial
over 2 if and only if g(x) permutes > since ged(5, g*>— 1) = gcd (5, 41 1) =
gcd(5, 2) = 1. According to Lemma 2.1, it suffices to show that the fractional polynomial
xS 4+ x4 x

x4+ x4c

permutes (i, 1. Assume that there exist two distinct elements x, x2 € g1 such that

px) =

czxf —|—xi1 + X _ czxg +x§ + X2
xj+xitc X5+xte
Let u = x1 + x2 and v = x1x,. After simplifying the above equation, we get
ut + <c2v+c)u3+vu2+czv4+v2+c:0.
Lety =u~!. Thenu = y~! and v = y9~!. Plugging them into the above equation, we yield
1+ 2y + ey +yIT 4+ 9272 oyt 4 c2y¥ = 0.
Then
Tr, (1 + 2y 4oy +yIT 4 y20T2 eyt c2y4‘1) =0.
However, we also have
Tr, <C2yq Tooy 4+ yatl g 22 g oy +C2y4q>
4
=T, [cy + 2yl + (cy + czyq) + it 4 yzq+2i| =0.

It follows that Tr, (1) = 0, which contradicts the assumption that k is odd. Hence, p(x)
permutes flg+1.-
Therefore, f(x) is a permutation polynomial over F». O

Theorem 3.9 Let g = 2K, a =2%*243.2k2 ¢c ¢ I, and the equation WB4x+c=0
has no solution in Fy. Then f(x) = cx +Tr2,, (x) is a permutation polynomial over F .
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Proof Let g(x) = f(x*%) = oxt + Trqz/q (x3"+1) = cx? + X3t 4 3t = xt (et
13473 4 x471) = x*h (x971), where h(x) = ¢ + x + x3. Because of ged (4, ¢> — 1) = 1,
it suffices to show that g(x) permutes I >. In the following, we will prove that
4 3
4 1 cx”+x +x
X)=x"h(x)™' = ————
p(x) (x) PP

permutes fig41.
If the assertion would not hold, then there exist two distinct elements x1, x2 € 4441 such
that p(x1) = p(x2). We have
cxf—i—xf’ + x1 _ cxg—l—xg + x2

K4xite xBArmtce
Let u = x1 4+ x2 and v = x1x,. After simplifying the above equation and substituting # and
v for x1 4+ x» and x1x, respectively, we obtain
ca’ + (+ Du? + v’ + 0> v+ 1=0. (8)
1

Lety=u"'.Thenu = y~!, v = y7~! and we have
cHyly 4y 4yt 4yt gy =,
ie.,
A tatc= 0,
where o = y + y? € F,. This leads to a contradiction thanks to our assumption on c.
Thus we conclude that f (x) is a permutation polynomial over F > according to Lemma 2.1.

O

Theorem 3.10 Let g = 2% and fx)y=x+ Trqz/q (x%), where

@g°=Dg+6) = :
L, T if k=1 (mod 3);
_@—7%’ if k=2 (mod 3).

Then f(x) is a permutation polynomial over F .

Proof Put g(x) = f(x7) = x7 4+ x%+1 4 x40 = xTp(x7~1) where h(x) = 1 + x + x°.
We show that

x7 + x© +x

x0+x+1

permutes (g1 when k # 0 (mod 3). If there exist two distinct elements x1, X2 € fig41
such that

px) =x"h(x)?" =

x17+x16+x1_x;+x§+x2
Mtxi+1l xS+l
Letu = x1 + x2 and v = x1x2. We get
6 5 4 3 2 6 3 _
w+A4+vuw +ovu”+ @ +vHu+v’+v°+1=0.

Denote y = u~!. Thenu = y ' and v = y?~!. Leta = y + y? and B = y'*9. Then we
have

B+ @ +)p+p+a’+a+1=0. ©9)
Let y = B + o + . Then we get

Y +ay +b=0, (10)
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where
a = a4+(x2+1,
b=0ao+a®+1.

Now we compute the number of the solution of (10).
Since

a’ (oz4+ot2+ 1)3
b (ab a2+ 1)
ozlo+oc6+a4+a2
a2 +at+1
O{4 018 Ol2 064

R R R R S P IR R e o gy
2
" oz4+012 n n a4+a2
w — w — .
ab 4+ a2 41 b + a2 +1

where w3 = 1 and w #1,Tr, <Z—; + 1) = 0. According to Lemma 2.3, (10) has no solution

or three solutions in F,. In the following, we claim that (10) has one solution which is not
in F,. Then it follows that (10) has no solution in .
The quadratic derived equation of (10) is

2 +bt+a°=0. an

Let t = bz. Plugging it into the above equation, we get

2
NP SR (WP Sl DTN DM A A B
iR Te T @b+ a2+ 1 a2 +1)

Thenzzw-f—Mandt:bz: (a6+a2+1)w+a4—|—a2:w(woc2+1)3.

ab+a2+1
Thus €3 = ¢ has the solution € = a(woz2 + 1), where o3 =w,ie,o? =1and o3 # 1.
Therefore,
4 2
o +a”+1
4+ — = a(woe2 +1) +08(w2a2 +1)
€
= (04+05)a2 +o0 40t
= e4a2 + e,

where e = o + é, is one solution of (10). Next we show that e*a? + ¢ ¢ IF,. The following
of the proof is split into two cases.
Casel: k =1 (mod 3).
Let k = 31 + 1. Since 07 = ((781)2 =o*2 1 =2 4 01—2 = 2. Then (e*a? + )4 =
Ba? e Ife*a’® +ee Fy, then e*a® + e = eda? + e?. Therefore, we get
2 e’ te

at = ———.
e+ et
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It follows from o2 € I, that

4 2 2
e’ te e te
a2 = _

_el6+88 _68_'_64’

ie.,a* =a? o =1.Then according to (9), we have ,33—1—,B+I =0.So B € F)sNF, =T,
i.e., B = 1. Moreover, we have y> +y+1 =0, y> = I since y + y? = 1 and y4*! = 1.
Due to y ¢ F; and y3 =1, kisodd. Sov = y9~! = y. On the other hand, x{, x» € Fg2is

the solutions of x2 + ux +v = 0, i.e., x2 + y_1

Tr, (u%) =Tr, (y3) = Tr,(1) = 1, we know that the equation x2 + ux + v = 0 has no

x +y = 0. According to Lemma 2.2 and

solution in qu. It is impossible. Hence, in the case, ol +e ¢y,

CaseII: k =2 (mod 3).

This case can be proved similarly as Case I. We omit it here.

Hence (10) has a solution which is not in [F,;. It follows that p(x) permutes (41 when
k # 0 (mod 3). Moreover, g(x) permutes I > according to Lemma 2.1, so does f'(x) since

ged(7,¢%> — 1) = 1 when k 2 0 (mod 3). O

Theorem 3.11 Let g = 2%, where k is odd. Let a = w and f(x) = cx +

1
Trqz/q x* e qu[x],where c% = 1. Then f(x) is a permutation polynomial over qu.

k—1 _ok—1 k—1
Proof Let h(x) = ¢ + x2 a + x1 . . Then f(x) = cx + x2 TR -+ +

12’<

X @ =D+ — v p(x4-1). Let p(x) = xh(x)?~". Then for x € Wq+1,We have
_1 2kl ok—1_ _1 2k—1po 2k41
c o +x 3 +x 3 c'x 3 +x3 +1
px) =x 11 Y zk—l k4 :
c+x 3 +x 3 cx +x = +1

Let p1(x) = p(x)z. In the following, we show that p;(x) permutes (i 1. Then according
to Lemma 2.1 and ged(2, g + 1) = 1, we can conclude that f(x) permutes 2.

k
Lety=x = . Obviously, y> = 1. And we have

yx2+c2(y? +1)x
ry+cr (2 +1)x

p1(x) =

Let S| ={x :x € pugy1,y =1} and S = {x : x € pgy1,y # 1}. Assume there exist
two distinct elements x1, x2 € pg+1 such that py(x;) = pi(x2). The following proof is
divided into four cases.

CaseI: x1,x € S]

Then py(x1) = 4x1 and p1(x) = 4x2 It is clear that we can conclude x; = x from
p1(x1) = p1(x2),a contradlctlon

CaseII: x1, x € S5.

Then p;(x1) = L.ile and pi(xp) = Cizxz. We have x; = xp from pi(x;) = p1(x2),
which is also impossible.

CaseIII: x; € S| and x; € S5.
q+1 g+l

1 1 1 1 3
Then p;(x) = C—4x12 and pi(x2) = 5x2. S0 x2 = C—lez. Butx,’ = (C—lez) =1,
which is a contradiction with x, € S».
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CaselIV:x; € S and xp € 5.
This case is similar as Case III.
Hence, pi(x) permutes 14+1. Moreover, f(x) permutes F . O

2_2q+4
Theorem 3.12 Let ¢ = 2% and k be even. Then f(x) = x + Tr,2 ), (xq 5 ) is a

permutation polynomial over F .

Proof Let h(x) = 1 4+ x5 + x 3%, Then f(x) = x + x5 @D+l 4 y5@-D+1 _
xh(x771y, According to Lemma 2.1, it suffices to show that

p(x) = xh(x)? ! =

permutes (g 1. Let p1(x) = p(x3). Since gcd(3,9 + 1) = 1, we only need to consider
p1(x) whether permutes (i, 1. A direct computation leads to
Ot x4l
W4t 2 x40

p1(x) =

Assume there exist two distinct elements x1, x € g1 such that py(x;) = py(x2). Let
u = x1 + x2 and v = x1x;. After a lengthy but direct computation, we get

<v2+l>u2+(v+1)3u+v2:0.

Obviously, we have v % 1 from the above equation. Multiplying both sides of —2

4+1
yields ’
L RSP TS BN R (12)
v+ 1 v+l 0241 vr4+1
Then u = U%Horu = v]ﬁ—kv—}-].lfu = vlﬁ,thenuq = Uq1+1 = ﬁ.However,
uq:xi’—l—xg:%—Fé:%.Sovvﬁ:%:vz—lﬂ,i.e.,vz:l,acontradiction.lf

U = ﬁ + v + 1, we can also obtain v2 = 1, which is impossible. Thus p;(x) permutes

Hg+1-
Hence, f(x) is a permutation polynomial over I >. The proof is complete. (]

The following theorem is proved by the multivariate method.

Theorem 3.13 Let g = 2%, a = 2%~1 — 231 . 221 L 2%~ and ¢ € FY. Then f(x) =
cx + Trya /2 (x%) is a permutation polynomial over Fq4.

Proof Let g(x) = f(x?) = ex? + Trq4/qz (xz“) = cx? + x4 —a*+a’+a + x@ e+l
suffices to show that g(x) permutes Fq4.
First of all, we claim that g(x) = 0 only has zero solution in F 4. If g(x) = 0, then either

3,2 3,2 .
x=0orc+x"9+e+a=1 4 ya"+a"=a=1 — 0. So we only need to prove the equation

c+ x*43+£]2+q*1 + xq3+q2*q*1 =0 (13)
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has no solution in IFZ4. Raising (13) to its g-th power leads to

¢+ x0 ATl g gt g, (14)
Adding (13) and (14), we have
x O a1 g’ g+
ie.,
P B AL

Since ged (¢* — > — g+ 1,4* — 1) = ¢* — 1, we have x € F 2. Plugging it into (13), we
get ¢ = 0, which is contradiction. Thus g(x) = 0 only has zero solution in F 4.

Next, we show that g(x) = o has at most one solution in F 4 forany o € ]F:; +- Obviously,
x = 0isnotasolutionof g(x) =awifa #0.Lety =x?, 2=y, w=z9, =04,y = B4
and 6 = y?. Thenx, y, z, w, &, B, ¥, 8 # 0, and we have

ex? 4 22 Bl g (15)
w y
Raising (15) into its g-th, g2-th and ¢3-th power, we get the following equations respectively.
Zw  xXyw
cy2+y—+y7=ﬁ, (16)
Xz Xyz
2 Y a7
y w
and w w
cw? + 22 L XY 5 (18)
z X

We compute the sum of (15) and (17) and get 7 = x + B, where B = <m> . Likely, we
have w = y + A, where A = (M through adding (16) and (18). Plugging z = x + B

and w = y + A into (15) and (16) and then simplifying, we obtain

(a + cxz) e (aA n chz) v+ BA%x + A%2 =0 (19)
and
(32 + Bex + cx2> v2 4+ B*Ay + Bx(B + x) = 0. (20)
Computing (19) x B2+ (20) % (a + cxz), we yield
D1y2 = Dy, (21)
where
Dy =c (a + cxz)
and

Dy = B2A% + aff + ﬂcxz.
We compute (19) xc+ (21), we get
D3y = D», (22)

where
D3 =cA (oz + sz)

and
D> = B?A% + off + cBA%’x + cA’ X% + ﬂcxz.
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1

If @ +cx? = 0, then x = (%)2. Then g(x) = o has at most one solution in Fe.
Otherwise, computing (22) 2/ (21) and simplifying it, we obtain

D5x4 = D4,
where
Ds = BA2S + A + B2
and
Dy = B*A* + o?B% + a?BA%c + aB*A'c.

We claim that D5 # 0 when 8 # 0. If D5 = 0, then we have

B2+ 82+ c2Bs = 0. (23)

q
Lett = %. Then ¢? =t + % € IF,. Thus (t + %) =t+ %, ie., (tq'H + 1) (tq_l + 1) =
0. Therefore, t4t! = 1 or t9=! = 1. In the first case, ﬂ("z’l)(q’l) = 1. Due to

gcd (q4 -1, (42 — 1) (g — 1)) =q¢*—1,B¢ qu. Then § = B. Moreover, it follows that

¢ = 0 from (23), which is a contradiction. The other case is the same as the first one, we
omit it here.

Above all, x* = g—‘;. Thus, g(x) = o has at most one solution in Fq4. We finish the proof.

O

4 Permutation trinomials

In this section, we construct four classes of permutation trinomials over finite fields with
even characteristic.

Theorem 4.1 Let ¢ = 2K, k > 1,1 be integers and f(x) = x'aH+3 4 x(+0)q+=3 4
xU=D4HFS Then f(x) is a permutation trinomial over Fp2ifged3+21,g —1) = 1and
k # 0 (mod 4).

Proof Let h(x) = 14+ x® 4+ x72. Then f(x) = x"4t+3p(x41). According to Lemma 2.1,
S (x) permutes FF > if and only if ged(lg +!+3,9 —1) = Lie, ged(3+2/,g—1) =1 and

8 4 6
3 1 x®+x%+1
pO) = T )T = —
X7 +x°+x
permutes (i, 1. Assume that there exist two distinct elements xy, x2 € g1 such that

x?—l—x?—i—l x§+x§+l
x19+xf + X1 - xg—l—xg +x2.
After a complex computation and substituting u and v for x| + x» and xx, respectively, we
get
us—I—(v3+v)u4+(v6—|—v4+v3+v2—|—l)u2+v8+v7+v5+v4—|—v3+v+l =0. (24)
1

Lety =u~'. Thenu = y~! and v = y¢~!. Plugging them into (24), we obtain

B+ B+ @ +aPp+at +a®+1=0, (25)
where
B =y,
a=y+yl
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Let g(x) = B+ te+ad+a+1¢e I, [x]. In the following, we prove that
g(x) has no root in F;, when k # 0 (mod 4). The rest of the proof is split into two cases.
Case I: k is odd.
We show that g(x) is an irreducible polynomial. Let g; (x) = x*g (% +aod + a). Then
we can compute
g1(x) = a1x4 + a2x2 +x+1,
where
a = a?+ab+a®+at+1,
a = 013 + «.
We claim that a; # 0 forany a € F,. Otherwise, there exists o € F, such that a; = 0. Then
ottt +a?+1 =0,
ie.,
<a4+a3+a2+a+ 1) (a2+(x+ 1) =0.
Thus, o* + o + a2 +a+1=0o0ra?+a + 1 = 0. In the first case, let & = & + 1. Then

oe‘lt + ozf = 1. Moreover, we have
1\* 1
(7> + —=1. (26)
o o

Raising the above equation to its 4-th power, we obtain

1\ 16 1\
(o) +(5) -» @)

15
Computing (26) + (27) , we get (%) = 1. Then thanks to gcd(15,¢ — 1) = 1 when k is

odd, we get oy = 1. However o1 = 1 is not the solution of (26). Therefore, at+ad+a?+
o + 1 # 0. In the other case, let # (o) = o4+a+le IF;[«]. Obviously, t (@) is irreducible
in F>[ar]. Thanks to ged(2, k) = 1, t(«) is also irreducible in Fy[a]. So, o ta+1 = 0 for
any @ € F,. Hence, a; # 0.

Next we let go(x) = %gl x) = x4+ Z—Tx2 + %x + % € 4 [x]. Then it suffices to show
that g (x) is irreducible in I, [x]. Let us consider the cubic equation

a 1
¥+ 2y +— =0, (28)
aj ai
Then the quadratic derived equation of (28) is
2 1 ar 3
t“+—t+|—) =0. 29)
aj a

3
Lett = %z. Then 22 + z + 2—21 = 0. In fact,

§  @ra)
a T A2 i fabfat 1
a9+a7+a5+a3
a2+ a8+l +at+1

2
B al N ol
bt at a3+ +1 a®+at+ad+a2+1)
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3
9
ai

3
On one hand, for (28), we have Tr, <((”12//a “11))2 + 1) = T, <

Lemma 2.3, (28) only has one solution in ;. On the other hand, for (29),

+ 1) = 1. According to

oo 1 o’
L 2y ab+at+1 \aStat+ad+a’+1

T \abtat+adt+a2+1)

is one solution of (29). Let € = be a solution of x3 = #;. Then

o«
a4t +ad+a+1

+7a2 !
| a—a =
ae a*+ad+a?l+a+1

is the unique solution of (28) in IF;. In the following, we compute

1 2
2 12 8 6 4
Trq(alr) Tr, |:(oz +a”+ta +o +1) <a4+a3—|—a2+a+l>j|

Tr, (a4 +a+ 1)
= 1.

According to Lemma 2.5, in the Case k is odd, g(x) is irreducible in IF,[x]. Particularly,
g(x) has no roots in .
CaseII: k =2 (mod 4).
Assume that o satisfies w? + = 1. Then g(x) = G1(x)Ga(x), where
Gi(x) = x2+(a+a))x+w2a2+wa+w,
Gor(x) = x2+ (a + wz)x + wa? + wta + .

We have
2.2
() 5
_Trq< za)a 2)—{—1
o+ w
:Trq( L zwz 2>+1
at+w o +tw
=1,
since
Trq(a)):w+w2+--~+w+a)2:1+--~+1:§:1

k k
2

when k = 2 (mod 4). Hence G (x) has no roots in F; according to Lemma 2.2. Similarly,
we claim that G,(x) = 0 has no solution in [F;,. Thus g(x) = G1(x)G2(x) has no roots in
F,.
Therefore, g(x) has no roots in IF, when k # 0 (mod 4). Moreover, (25) can not hold.
Then p(x) permutes 1t 1. We complete the proof. O
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23445 2% —3q+4

Theorem 4.2 Let g = 2%, where k is odd, and f(x) = x + XT3 x5 Then
f(x) is a permutation trinomial over qu.

Proof Let f(x) =x (1 +x%(‘771) —{—x@(q*l)) =xh (xq_l),where hx) = 1—|—qu72+
x%. Put p(x) = xh(x)?"! € Mg+i1[x]and y = quH. Obviously, y3 = 1. Then for x €

Mg+1,We have
2—q 1-2,
l+x 75 +x 3 (P +y)x+1
px) =x =x
q—2 2g—1 2+ + x
1+x3 +x y y

Let $1 = {x|x € pgy1,y = 1} and S = {x|x € pgy41,y # 1}. We claim that
p(x) permutes 14+1. Otherwise, there exist two distinct elements x1, x2 € g1 such that
p(x1) = p(x2). The following proof is divided into four cases.

CaseI: x1,xp € S;.

Then p(x;) = x1 and p(x3) = x2. So x1 = x» from p(x1) = p(x2).

CaseII: x1, x € S5.

Then p(x1) = x12 and p(xp) = x%. We have x; = xp from p(x1) = p(x2).

CaseIll: x; € Sy and xp € S». » N

Then p(x1) = x; and p(x2) = x3. So x| = x3. Butx.7 — (x%)qT # 1, which is a
contradiction with x; € §j.

CaseIV: x| € S and xp € S;.

This case is similar as Case III.

Hence, p(x) permutes pq+1. Moreover, f(x) permutes F 2> according to Lemma 2.1.

O

Theorem 4.3 Let g = 2F and k # 1 (mod 3). Then f(x) = x +x9 T4=1 4 x0’~0*+4 j5 4
permutation polynomial over an.

Proof First, we show that f(x) = 0 only has zero solution in IFqs. If f(x) =0, then either

x=0o0r 1 +x979 4 x+1-2 = Thus, we only need to prove that the equation
1 +x977 4 x7H2 2 30)
has no solution in IE‘;. Lett = x?~! £ 0. Then (P +a+ = 1, and (30) turns to

1417741772 =0,
ie.,
1419 + 129+2 = 0. (31)
Raising (31) to its g-th power, we get
1419 4247124 = 0,
Plugging 17"+ = [ into the above equation leads to
141941172 = 0. (32)

Computing (31) + (32), we get (1 + I‘I‘H) (1+7r+ tq“‘l) = 0. Then either 14t +1 = 0
ort4tl 14 1=0.
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If 1971 =1, then t = 1 since ged (¢ + 1, ¢* + ¢ + 1) = ged (¢ + 1, ¢?) = 1. However,
t = 1 is not the solution of (31). Therefore,

141+ =0, (33)

Computing (31) + (33)2, we yield 19-2 = 1, then ¢2°4(4—2.4>+4+1) — | Moreover, 7 = 1
thanks to ged (¢ — 2,¢% + g + 1) = ged(2"! —1,7) = 1 whenk # | (mod 3). However,
it is impossible!
Therefore, f(x) = 0 only has zero solution in F,
Next, we prove f(x) = a has at most one solution in [F s for any a € ]FZ3. It is obvious

3.

that x = 0 is not the solution of f(x) = a whena #0.Lety =x%,z =y, b=a?,c = b1
and A =a+b+c.Thena,b,c,x,y,z #0and A € [F,;. And it follows from f(x) = a that

X+ —+—=a. (34)

Raising (34) to its ¢g-th and ¢2-th power respectively, we get

X
R (35)

X y

and X xy
+ S+ 2 = (36)

y oz

Computing (34) + (35) + (36), we have
x+ytz=a+b+c=A.

On one hand, after computing xz* (34) +xy= (35), we get y(x +2)A +x(by +az) = 0.
Plugging y = x + z + A into the above equation and simplifying it, we have

(A+Db)x> + A2 + (a + b)xz + A(A + b)x + A’z = 0. (37)
Let x = uz. Plugging it into (37), we have
Biz+ By =0, (38)

where
Bl = (A+b)u® + (a +b)u + A,
By = A(A + b)u + A,
On the other hand, plugging y = x 4+ z + A into (34) *xz, we get B+DB 2+ AR+
z2) + axz = 0. And plugging x = uz into the above equation, we obtain
Ciz+Co =0, (39)
where
C = W tu+ 1,
Co = Au® +au+ A.
Computing (38) *C14 (39) *Bj, we have
ByC1+ B1Cy =0,
ie.,
Diu + Dy =0, (40
where
Dy = A> + Ab +ab,

D0:A2+a2—|—ab.
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We claim that Dy # 0. Otherwise,
A? + Ab+ab =0. (41)

Computing (41) + (41) 9+ (41) 9°, we get ab + ac + be = 0, ie., 1 + a1 + a9 ~1 = 0,
Lete =a!=%. Then 1 + e + 91! = 0, which is (33). And it is impossible. Thus

Dy
u=—.

D

Recalling the definition of A, weknow y = A+x+2z = A+ (1 +u)z. Plugging x = uz
and y = A + (1 + u)z into (34), we get

(u3+u+1)z: (u2+l)A+au.
If u3 +u + 1 = 0, we can conclude that u” = 1 easily. In fact,

u?, ifk=1 (mod 3),
wl =1 u* ifk=2 (mod 3),
u, ifk=0 (mod3).

When k = 2 (mod 3), z = u~'x = u®x and y = x? = (uz)? = ulx = ux. Plugging
them into (34), we get (1 + u® +u’) x = a. If 1 +u® +u° = 0, then 1 +u® +u~2 = O.i.e.,
I1+u?+u’> =0duetou’ = 1.Sou® = u?, u = 1. However, u = 1 does not satisfy
1+ u3 + u® = 0. Therefore, 1 + u3 + u° # 0. It follows that x = Hbfgﬁ is the unique
solution of f(x) = a in the case. When k = 0 (mod 3),the case is similar as the above one,
we omit it here.

Ful+u+1 # 0, then x = z%,where z =
has at most one solution in Fqs in the case.

Therefore, for any a € F, JER f(x) = a has at most one solution in Fq3. We finish the
proof. O

(u2+1)A+au

PR In other words, f(x) = a also

Theorem 4.4 Let g = 2F and k £ 1 (mod 3). Let f(x) = x +x9° +x9° ~*+4_ Then f(x)
is a permutation polynomial over an

Proof 1t suffices to prove that f(x) = a has at most one solution in IF‘q3 forany a € ]Fq3. If
a = 0, then we obtain x = 0 or

14 x2°~1 4 x9=¢° =, 42)

We claim that (42) has no solution in IF}. Otherwise, Trq3/q (1 + x2*-1 + x‘l—:ﬁ) = 0.

Moreover, it follows from Trys ), (x’fz’l + xq*‘/z) = 0 that Trys,, (1) = 0, which is a
contradiction.

In the following, we assume that a # 0. Put y = x4,z = y9, b = a9, ¢ = b? and
A =a+ b+ c.Obviously, x, y,z,b,c #0whena # 0and A € F,. Then we have

x+Z+z=a,

y—i—%—i—x:b, 43)
i+ S +y=c
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Leta =2, =2y = . They are clear that f = @ and y = a?’. Then

X2 =ay,
y? = ap, (44)
22 = By.

Plugging (44) into (43), we obtain
o +ay +py =a’,
B2 +af +ay =b?, (45)
y:+ By +ap =%
Adding the above three equations together leads toa + 8 +y = a + b 4+ ¢ = A. Then
plugging y = A + « + B into (45), we yield
B>+ AB+ Aa +a* =0, (46)

and
B +a® + Aa + b* = 0. 47
If A =0,then (¢, B8, y) = (c,a,b),and x = (ozy)% = (cb)% is uniquely determined.
If A # 0,after adding (46) and (47), we can get § = % (042 +ad> + bz). Then plugging
it into (46), we have
ot + A%’ + Ao +at + bt + AT =0 (48)
To finish the proof, it suffices to prove that there exists at most one element o« € F_3
satisfying (47) and (48) since then x is uniquely determined by o by (44).
Otherwise, suppose that there exist ] # oy € Fqs satisfy (47) and (48) and put § =
@142 £ 0. Then we can obtain
824 482 +5=0 (49)
and
4 +524+5=0 (50)
from (47) and (48) respectively. It is trivial to obtain 87 =1 from (50). In fact,
8% ifk=1 (mod 3),
82 =15, ifk=2 (mod3),
82, ifk=0 (mod 3).

When k = 2 (mod 3),according to (49), we have 82 = 0, which is impossible! The case
k = 0 (mod 3) is the same as the above case, we omit it here.

Therefore, when £k % 1 (mod 3), f(x) = a has at most one solution in ]Fq3 for any
a € F 3. We finish the proof. O
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