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Abstract Linear codes with few weights have applications in data storage systems, secret
sharing schemes, and authentication codes. In this paper, a class of p-ary two-weight linear
codes is constructed using a generic construction developed by Ding et al. recently, where p
is a prime. Their length and weight distribution are closed-form expressions of Kloosterman
sums over prime finite fields, and are completely determined when p = 2 and p = 3. The
dual of this class of linear codes is also studied and is shown to be optimal or almost optimal
in the binary case.
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1 Introduction

Let ¢ = p™ and I, denote the finite field with ¢ elements, where p is a prime and m is a
positive integer. An [n, k, d] linear code C over I, is a k-dimensional subspace of IF ’1‘, with
minimum (Hamming) distance d. Let A; denote the number of codewords with Hamming
weight i in a code C of length n. The weight enumerator of C is defined by

14+ Az + A? + -+ A"

Accordingly, the sequence (1, Ay, --- , A,) is called the weight distribution of C. Clearly,
the weight distribution gives the minimum distance of the code, and thus the error correcting
capability. Moreover, the weight distribution of a code allows the computation of the error
probability of error detection and correction with respect to some error detection and error
correction algorithms (see [14] for details). Thus the study of the weight distribution of a
linear code is important in both theory and applications.

A code C is said to be a t-weight code if the number of nonzero A; in the sequence
(A1, Aa, -+, Ap) is equal to ¢. Linear codes with few weights have applications in secret
sharing schemes [1, 3, 18], authentication codes [5, 6], and association schemes [2], in addi-
tion to their applications in consumer electronics, communication and data storage systems.
They are also closely related with strongly regular graphs and combinatorial design. An
[, k, d] linear code C is called optimal if its parameters n, k and d meet a bound on linear
codes [13]. An [n, k, d] linear code C is called almost optimal if [n, k, d + 1] meets a bound
on linear codes [13].

Design of (almost) optimal linear codes with few weights has been an interesting research
topic in coding theory. Much progress has been made in recent years. One of known
approaches for obtaining such linear codes is based on subsets of a finite field and the trace

function over this field. Specifically, let D = {d;, d>, - - - , d,} be a subset of F*, a linear
code of length n over IF, can be obtained as
Cp = {(Te] (ady). X} (ady). - -+ . T} (ady)) : a € By}, (1)

where Tr" is the absolute trace function from F, to IF, and D is called the defining set
of this code. It turns out in [7, 8] that this approach is very promising in the sense that
it can generate many (almost) optimal linear codes with a few weights if the subset D is
appropriately chosen. This is further confirmed by a number of recent papers [11, 12, 17].
An objective of this paper is to construct a class of two-weight linear codes over IF, with
new parameters using the approach mentioned above. They are optimal or almost optimal
linear codes in many cases. Another objective of this paper is to study the weight distribution
and the dual of this class of linear codes. Thanks to some known results on Kloosterman
sums over finite fields, the length and weight distribution of this class of linear codes have a
closed-form expression, and are completely determined when p = 2 and p = 3. The para-
meters of its dual are also determined which are optimal or almost optimal in the binary case.

2 Preliminaries

Throughout this paper, we adopt the following notations unless otherwise stated:

— pisaprime and m = 2k, where k is a positive integer with k > 2.
- g=p"andr = pk
- Trﬁf (x) s the trace function from the finite field I ¢, to I ¢, for any positive integers

016
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—  x is the canonical additive character on F, i.e., x (x) = 2V /P for anyx € F,.
—  For any positive integer £|m, x, is the canonical additive character on F Pt ie, ye(x) =
£
2V ITNM/P for any x € Fe.

Let o be a generator of F; and B = o"~!. Let A be the cyclic group generated by 8 and
I' = {aj 0<j < r}. The following results will be useful to prove our main results.

Fact 1 With notations defined above, we have
1. {v’_1 1V E F} = A; and

2. foreach x € F}, it has a unique decomposition as x = uv, whereu € F} and v € T

Lemma 1 For any givena € F Z, there is one and only one v, € T such that

Try (av,) = 0.
Proof By Fact 1, x has a unique decomposition as x = uv, where u € F} and v € I". There-
fore Tr}' (x) = Tr}’ (wv) = uTr)’ (v) which implies that the number of solutions x € F; to

Try' (x) = 0isr—1 times as the number of solutions v € T" to Tr;’ (v) = 0. The conclusion then
follows from the fact that the equation Tt} (x) = 0 has g™ ¥ —1 = r—1 solutions in F7. O

The length and weights of the linear code proposed in this paper will be expressed by
means of the Kloosterman sums over finite field. For any a € F pb> the Kloosterman sum
over I ¢ at the point a is defined by

1
K = —
@)=Y x (ax+ x),
xeF;e

where £ is a positive integer with £|m. The following bound on |K,(a)| will be needed in
the sequel.

Lemma 2 [16] With notations as above, we have

K@l < 2,/pt

for any nonzero a € F .

The following result on an incomplete exponential sum was firstly proven in [15] in the
binary case and was extended to the nonbinary case by the last author in [10].

Lemma 3 For any a € F%, we have

Z x(ax) = —Kx (az) .

XEA
The following lemma is due to Carlitz [4] and will be needed in the sequel.

Lemma 4 For any a € F#,

a2 ko (k—1
Kp(@) =— > (=D ( ) )p’ (K1(a) 2

k —
t=0 !
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3 A Class of Two-Weight Linear Codes

In this section, we shall study a class of linear codes with two weights. Following the
notations in Section 2, let D be a subset of F; given by

D= [x €T TH (x’—l) :0]. )

According to (1), we naturally obtain a class of linear codes by using such D as the defining
set. The following are the main results of this paper.

Theorem 1 Let Cp be the linear code with defining set D in (2). Then Cp is a two-weight
linear code with parameters [n, m] and weight distribution in Table 1, where

_ (=1 +1+59)

» (3)
and
[k/2] . _
Bt (ST
t= yeFy,

Proof Define
n= Hx ey : Tt} (xr_l) =OH.

By definition, the length of the code Cp is equal to n which can be expressed in terms of

character sums as
S T ().

XEF* yeF, )EIF,, xeF;

Using Fact 1 and the fact that u”~! = 1 for each u € F*, we have

FDIDIPIA )

»e]F,, uelk} vel

n

yveF, xeA

Pk_l k
ol +14+ Y > xG0 |,

yEIF;; xeA

where the last identity followed from the orthogonal property of the additive character x.
Applying Lemmas 3 and 4, we immediately get the formula in (3) for the length n of Cp.

Table 1 Weight distribution of
Cp Weight w No. of codewords A,

0 1

2o -DEPr+1+8) - plp -1 (P =) 41+5)

P
PP -D(pr+1+9) w
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We now calculate the Hamming weight of the codewords in Cp. Note that the codewords
in Cp are

¢, = (Trf'(ady), Tr] (ady), - - -, TX] (ady)) , a € Fy.
By definition, the Hamming weight of a codeword ¢, is equal to n — N,, where
No=|{x e By 1 (+7') =0 and T @x) =0}

Clearly, N, = n if a = 0, and otherwise N, can be expressed in terms of character sums as

1 YT (x" 1 ZTr (ax)
Ne=—3 o S g2

xeFy \yeF, z€F),

2 Z ZZ ( 71+zax>.

y€F, zeF ) xelFy

By Fact 1 again, we have

N, = iz Z Z S () D xGzauvy
eF, zF, vel

uel¥

iz Y x(zauv) - 1

uelf,

'ﬁM

&5

1M

Note that forany z € F,,u e Ff,veTlanda € ]FZ

x (zauv) = xi (Tr} (zauv)) = xx (zuTr} (av)).

We then arrive at N, = Ny 1 — N, 2, where

Ngy = Z >3 x ( 1) > xe (zuTry (av))

veF, zelF, vel’ uelF,

and

Moz =3 2 Y (v

yeF, zelF, vel’

S Y a ()

yeIF vel

- Z > x(x). ©)

ye]F XeEA
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Using the orthogonal property of the nontrivial additive characters and Fact 1, we have

PrNag=Y X X x(m)

yeF, zeF, vel

T (av)=0
=X Xx(vhH+ X X X x()
yelF, vel’ Y€l zeFy, vel
zTr’,\,"(uu):O
=X Xx(wH+p-DY X velx(w
yeF, vel yeF, ( av)=0
Ty
=Y Y xo0+@-D X x(vh
yeF, xeA yeF,
=Y X x0+@-1% xa(Ty ™),
yveF, xeA veF,

(6)

where v, is the only one element in I" such that Tr;? (avy) = 0 due to Lemma 1. It then
follows from (5) and (6) that

k—1

No= 2T 1 0 Y o |+ 020 - 0 Y (v (7))
P yeF}; xeA yeF,
=1 _ k
_ ey E)p FIHS) | ey ) > (v (v7). 7
yeF,

where the second identity followed from Lemmas 3 and 4, and S is given by (4). Note that
the weight of the codeword ¢, is equal to n — N,. By (7), the weight of ¢, takes the value

w=p 2= (P 14+58) = p - 1)
if T (v;~1) = 0, and otherwise takes the value

wy=p2p =1 (P 145).

Note that wy > w; and S is an integer due to (3). In order to prove that the dimension of
Cp is equal to m, it is only necessary to prove that w; > 0 which is equivalent to proving
that p¥ + 14+ S —p > 0. According to Lemma 3,

S = ZZX(yX)=—ZKk(y2)-

yEF;xeA yeF;

It then follows from Lemma 2 that

s1= 3 [ke (7)) = 200 - Dy~

yEFﬁ
This together with the fact that S is an integer means that

Pr+1+S—p=ph+1—p—20p—1)/pk
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When k = 3, it is easily verified that ¥+ 145 —p>0 Whenk > 3, we have

2
Pr1+85—p Z(\/p"—p> +2/pk=p*—p+1>0.

Therefore, w; > 0 for any k > 3. The discussion above shows that the dimension of Cp is
equal to m. It will be proved in Theorem 2 that the minimum weight of the dual code of Cp
is at least 2. By the Pless Power Moments (see [13], p. 259), we have

Awl +Aw2 =p" -1,
wiAy, +wrAy, = (p— Dp"n,

where A, and A, denote the number of codewords with weight w; and w; in Cp, respec-
tively. Solving this simple equation system gives the weight distribution of Cp in Table 1.
This completes the proof. O

Remark 1 In Theorem 1, we get closed-form expressions of the length and weight distribu-
tion of Cp using Kloosterman sums. One point that should be mentioned is that the defining
set of Cp has been used in [12]. In this sense, the linear code Cp is not new. However, thanks
to some known results on Kloosterman sums, we can determine the weight distribution of
Cp in the binary and ternary cases as shown below.

Remark 2 According to Theorem 1, in order to completely establish the weight distribution
of Cp, it is sufficient to determine the value of the inner exponential sum in (4). It may be
very hard in general. However, this can be done when p is small. In particular, when p = 2

and p = 3, we can get a more elegant expression for S. Note that K1(1) = 1 when p = 2
and K1(1) = —1 when p = 3. By (4), we immediately have

Lk/2]
k (k—t
S = -1 k—t "™ 2t
2 ()
=0
when p = 2, and
Lk/2]
k (k—t
S=-2 -H— 3
> ()
t=0
when p = 3. Plugging these values of S into Table 1, we then completely determine the

weight distribution of the code Cp in the binary and ternary cases.

The numerical experiments by Magma in the following examples agree with the weight
distribution in Table 1.

Example 1 Let p = 2 and k = 4. Then the code Cp has parameters [135, 8, 64] and weight
enumerator 1 4 135y%* + 120y72. It is almost optimal due to [9].

Example 2 Let p = 3 and k = 3. Then m = 6 and ¢ = 3°, the code Cp has parameters

[104, 6, 54] and weight enumerator 1 + 104y54 + 624y72. According to [9], the minimum
distance of the best known linear codes with length 104 and dimension 6 is 56.
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Example 3 Let p = 3 and k = 4. Then the code Cp has parameters [2560, 8, 1674] and
weight enumerator 1 4 2560y'74 4 4000y 1728,

4 The Dual of Cp

In this section, we shall discuss the dual code of the two-weight code in Theorem 1. The
following theorem is the main result of this section.

Theorem 2 Let C$ be the dual of the code Cp. Then Cﬁ is a linear code with parameters
(n,n —m,d*], where d- =3 if p =2 and d*+ = 2 if p is an odd prime.

Proof The dimension of the code Cf; follows from Theorem 1. By definition, D does not
contain the zero element of I, thus the minimum distance of C f; cannot be one.

When p = 2, any two distinct elements d; and d; in D satisfy d; + d; # 0, where
1 < i # j < n.This means that the minimum distance of Cé cannot be 2. Note that
Tr'(1) = 0 as m is even. Therefore, Tr’l"(x’_l) = Tr{'(1) = O for any x € F; which
further implies that [} C D. According to the basic properties of finite fields, there exist
two distinct elements x1, x, € F} such that x; + xo € F}. Hence, {x1, x2, x1 + x2} C D
which means that the minimum distance of C 5 is 3.

When p is an odd prime, it is clear that —x € D for any x € D since r — 1 is even.
Choose some x; € D and set xp = —x, then x; # x2 and {x|, xp} C D. This implies that
the minimum distance of C JD- is 2. O

We remark that the linear code Cj; is bad when p > 2 since its minimum distance is
only 2. However, it is at least almost optimal when p = 2 since any binary linear code with
length # in (3) and dimension m has minimum distance at most 4 due to the sphere packing
bound [13].

Example 4 Let p = 2 and k = 3. Then the binary code Ci)- has parameters [49, 43, 3]. It is
optimal due to [9].

Example 5 Let p = 2 and k = 4. Then the binary code C$ has parameters [135, 127, 3]. It
is optimal due to [9].

5 Concluding Remarks

In this paper, we studied a class of two-weight linear codes, and gave closed-form expres-
sions of their length and weight distributions thanks to some known results on Kloosterman
sums. The dual of the linear codes was proved to be optimal or almost optimal in the
binary case. Finally, we mentioned that our linear code can be employed to construct secrete
sharing schemes with nice access structures under the framework developed in [3].

Acknowledgments The authors are very grateful to the reviewers and the Editor for their valuable com-
ments that improved the presentation of this paper. Special thanks go to one of the reviewers for pointing out
[12] and one family of two-weight linear codes. This work was supported by the National Natural Science
Foundation of China (Grant Nos. 61672028, 61602394) and the Fundamental Research Funds for the Central
Universities of China (Grant No. 2682016CX113).

@ Springer



Cryptogr. Commun. (2018) 10:291-299 299

References

12.
13.
14.
15.
16.
17.

. Anderson, R.J., Ding, C., Helleseth, T., Klgve, T.: How to build robust shared control systems. Des.

Codes Cryptography 15(2), 111-124 (1998)

. Calderbank, A., Goethals, J.: Three-weight codes and association schemes. Philips J. Res. 39(4-5), 143—

152 (1984)

. Carlet, C., Ding, C., Yuan, J.: Linear codes from perfect nonlinear mappings and their secret sharing

schemes. IEEE Trans. Inf. Theory 51(6), 2089-2102 (2005)

. Carlitz, L.: Kloosterman sums and finite field extensions. Acta Arithmetica 16(2), 179-194 (1969)
. Ding, C., Helleseth, T., Klgve, T., Wang, X.: A generic construction of cartesian authentication codes.

IEEE Trans. Inf. Theory 53(6), 2229-2235 (2007)

. Ding, C., Wang, X.: A coding theory construction of new systematic authentication codes. Theor.

Comput. Sci. 330(1), 81-99 (2005)

. Ding, K., Ding, C.: Binary linear codes with three weights. IEEE Commun. Lett. 18(11), 1879-1882

(2014)

. Ding, K., Ding, C.: A class of two-weight and three-weight codes and their applications in secret sharing.

IEEE Trans. Inf. Theory 61(11), 5835-5842 (2015)

. Grassl, M.: Bounds on the minimum distance of linear codes. Online available at http://www.codetables.de,

Accessed on pp. 08-20 (2008)

. Helleseth, T., Kholosha, A.: Monomial and quadratic bent functions over the finite fields of odd

characteristic. IEEE Trans. Inf. Theory 52(5), 2018-2032 (2006)

. Heng, Z., Yue, Q.: A class of binary linear codes with at most three weights. IEEE Commun. Lett. 19(9),

1488-1491 (2015)

Heng, Z., Yue, Q.: Two classes of two-weight linear codes. Finite Fields Appl. 38, 72-92 (2016)
Huffman, W.C., Pless, V.: Fundamentals of error-correcting codes. Cambridge University Press (2003)
Klgve, T.: Codes for Error Detection. In: World Scientific (2007)

Leander, N.G.: Monomial bent functions. IEEE Trans. Inf. Theory 52(2), 738-743 (2006)

Lidl, R., Niederreiter, H.: Finite fields, vol. 20. Cambridge University Press (1997)

Qi, Y., Tang, C., Huang, D.: Binary linear codes with few weights. IEEE Commun. Lett. 20(2), 208-211
(2016)

. Yuan, J., Ding, C.: Secret sharing schemes from three classes of linear codes. IEEE Trans. Inf. Theory

52(1), 206-212 (2006)

@ Springer


http://www.codetables.de

	The weight distribution of a class of two-weight linear codes derived from Kloosterman sums
	Abstract
	Introduction*-7pt
	Preliminaries
	A Class of Two-Weight Linear Codes
	The Dual of CD
	Concluding Remarks
	Acknowledgments
	References


