Cryptogr. Commun. (2017) 9:545-562 @ CrossMark
DOI 10.1007/512095-016-0198-1

Complete weight enumerators of two classes of linear
codes

Xianfang Wang! - Jian Gao? - Fang-Wei Fu!

Received: 23 December 2015 / Accepted: 28 June 2016 / Published online: 7 July 2016
© Springer Science+Business Media New York 2016

Abstract In this paper, we give the complete weight enumerators of two classes of linear
codes over the finite field IF,, where p is a prime. These linear codes are the torsion codes of
MacDonald codes over the finite non-chain ring ), + vIF,, where v? = v. We also employ
these linear codes to construct systematic authentication codes with new parameters.
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1 Introduction

Let IF, be a finite field with g elements. An [n, k, d] linear code C over IF, is a k-dimensional
subspace of IFZ with minimal (Hamming) distance d. Let ¢ = (c1, ¢2, -+, ¢,) be a code-
word of C. The support of ¢ is defined as supp(c) = {i : ¢; # 0}. Then the (Hamming)
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weight w(c) of ¢ is w(c) = |[supp(c)|. Let A; denote the number of codewords with
Hamming weight i in C. The weight enumerator of C is defined by

Ao+ Az + A+ + A"

The definition of the complete weight enumerator of linear codes is given in [18, 19]. We

recall the definition as that in [15]. Let the elements of F; be wp = 0, w1, w2, -+, wy—1.
The composition of a vector v = (vo, V1, ,Uy—1) € IF’; is defined to be comp(v) =
(to, t1, - -+ , ty—1), where each #; = t;(v) is the number of components v; (0 < j <n —1)
q—1
of v that are equal to w;. Clearly, ) = n. Let A(to, 11, --- ,74—1) be the number of
i=0
codewords ¢ € C with comp( ¢) = (to, f1, - , t4—1). Then the complete weight enumerator
of C is the polynomial
to(c) _ti(c tg—1(c)
Wezo, 21, 2g-1) = 20 O @]
ceC
to _t Ig—1
= > Alto, 1, 1g-1)29'2) =+ 2,5,
(10,11, ,1g—1)EBy
q—1
where B, = {(to,t1, -+, 14—1):0<t; <n, ) ti=nt. Hweletzg =1, 21 = 22 =
i=0
---Z¢q—1 = Z, then the complete weight enumerator of C is the weight enumerator of C.

For binary linear codes, the complete weight enumerators are just the Hamming weight
enumerators.

The complete weight enumerators are applied to study the monomial and quadratic bent
functions [11]. It was pointed out that the complete weight enumerators can be used to cal-
culate the deception probabilities of certain authentication codes in [8, 9]. Blake and Kith
[3, 12] researched the complete weight enumerators of Reed-Solomon codes. The complete
weight enumerators of the generalized Kerdock code and related linear codes over Galois
rings are given by Kuzmin and Nechaev [13, 14]. Recently, the complete weight enumera-
tors of linear codes or cyclic codes over finite fields were studied in [2, 10, 15-17, 24-28].
The weight enumerators of the torsion codes of MacDonald codes over the finite non-chain
ring F,, + vIF,, where p is a prime, have been given in [23], it was used to study the access
structure of secret sharing. To the best of our knowledge, the complete weight enumerators
of these torsion codes have not been studied.

In this paper, we will investigate the complete weight enumerators of the torsion codes of
MacDonald codes over the finite non-chain ring I, + vIF,. We will recall the definitions of
MacDonald codes and its torsion codes in Section 2. In Section 3, we will give the complete
weight enumerators of these torsion codes. Some applications of these complete weight
enumerators in authentication codes will be considered in Section 4.

2 MacDonald codes over ), + vFF),

Let R be the ring F,, + vF,, where p is a prime and v2 = v. Clearly, R is isomorphic to
the quotient ring ¥, [v]/ (v2 — v). R is a commutative ring with identity and characteristic
p. For any element r € R, there are unique a, b € F), such that r = a + bv. Further, R is
principal and has two maximal ideals (v) and (1 — v). It means that R is not a local ring,
which implies that R is a finite non-chain ring.

@ Springer



Cryptogr. Commun. (2017) 9:545-562 547

In this section, we will recall the definitions of MacDonald codes over R and their torsion
codes. The MacDonald code is a punctured code of the simplex code. The MacDonald code
over [, was first introduced by MacDonald [20]. The formal definition of the MacDonald
code and its torsion code will be given below. MacDonald codes from simplex codes of type
a over the ring F, + vIF, with v2 = v could be found in [7]. In [5], MacDonald codes from
simplex codes of type a over the ring F3 4 vF3 with v> = 1 were given. Simplex codes
of type 8 over the ring F3 4+ vF3 with v> = 1 were studied in [6]. Recently, the weight
enumerators of the torsion codes of MacDonald codes from simplex codes of type « and
type B over the ring R were given in [23].

In the following, we give the definition of the torsion code first. A linear code C over
R of length n is an R-submodule of R". For any linear code C over R , we have C =
(1 —v)H" ® vH~, where HY = {s : It € F such that (1 — v)s + vt € C} and
H™ ={r:35 € IF’I’, such that (1 — v)s + vt € C}. Clearly, H and H™ are both linear
codes of length n over F,. We define H" and H~ as the torsion codes of C.

2.1 MacDonald codes of type o

A type a simplex code S} is a linear code over R. Its generator matrix G{ is constructed
inductively. Let G’ be a k x p?¥ matrix over R, where

Gg=|:0 051 1 (p—1)+v(p—1) (p—1)+v(p—1)i|

=[01 - p=Tv-v(p=1) - (p=D+v-- (p=D+v(p—DI

Lemma 1 [23] The torsion codes H and H™ of SY are permutation equivalent to each
other.

The MacDonald code of type « over the ring R can be constructed from the generator
matrix G}, of the simplex code S¢. For I <u <k — 1, let Gg,u be the matrix obtained from
G by deleting columns corresponding to the columns of G, i.e

0
o= 60 g | m

where [A \ B] denotes the matrix obtained from the matrix A by deleting the matrix B, and
the size of 0 is (k — u) x p2”

Definition 1 The code C,‘(’f . generated by G is called a type & MacDonald code.

We can see that the code C“ is a linear code over the ring R of length p?f — p?*. Let
Cy .. be the torsion code of C"‘ That is the generator matrix of Cf’,  is obtained by
replacmg (1 —v) by 1inthe matrlx (1 —v)G§ . Similarly, we can get another torsion code
of Cf , by replacing v by 1 in vGf . But, by Lemma 1, we know that the two torsion codes
are équivalent to each other. Thefefore we only need to consider the former case, i.e. we
only study CI?,M,T’ which is a [p?* — p?*, k] code [23].
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2.2 MacDonald codes of type

The length of simplex codes of type « is large and increases fast. We can omit some columns

from S7. A type B simplex code Sf is a linear code over R constructed by omitting some

columns from GY.

Let A be a matrix of size k x pp f’ overthering R.LetA; =[12 --- p—1wv]and

0f1 82 vip=livil+(p—Dvi2+(p- 2)v'-~- p—14+v
WPt AR S SO SO Sl SO SO S SR S
2 MIGYIGY - GY GY A : A Al
Then A is constructed inductively as follows
0 L fip=1 v i1+ (p—=Dvi2+(p— 2)v ----- p—1+4v
W U U SN o U S S S A S S
Mot P GE e G G M L e M1

2k k
Let 8 be a matrix of size k x pp__lp over thering R. Let§; = [12--- p—1 p—1+v] and

p—lip—1+4+vivi2vi---i(p—Dv

. 1 :0iv v v v p—14+v —14v p—1+4+v
276 2 p=1 p—1+4vi 1 p-1 v
Then G? is constructed inductively as follows
1 0 v ip—1+v
B |
G, = ;
Gt { Gy id-1] M

Therefore we have the following result similar to Lemma 1.

Lemma 2 [23] The torsion codes HY, H™ of S ,f are permutation equivalent to each other.

We can construct type 8 MacDonald codes similar to the construction of type o Mac-
Donald codes in Definition 1. For2 < u < k — 1, let G|, be the matrix obtained from G}

by deleting columns corresponding to the columns of Gf ,1.e.

g _ |8, 0
Giu= |:Gk \G'3:| 2

where [A \ B] denotes the matrix obtained from the matrix A by deleting the matrix B, and

po1)\2
the size of 0 is (k — u) x (p—_ll) .
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Definition 2 The code C,’z ., generated by Gf’u is called a type 8 MacDonald code.

Let C,’i .7 be the torsion code of C,’i .- That is the generator matrix of C,’i .7 18 obtained
by replacing v by 1 in the matrix va,u. Similarly, we can get another torsion code of C,’z "
by replacing 1 —v by 1in (1 — v)Gf .- But, from Lemma 2, we know that the two torsion

codes are equivalent to each other. So we only consider the former case, i.e., Cf .. Whose
dimension is k [23].

3 The complete weight enumerators of torsion codes of MacDonald codes

For the convenience, we introduce some notations which will be used throughout the paper.

For a matrix G, let Ng be the number of columns of G. Specially, N(;g =1, N o =
0

Ny, = Ns, = 0. Let (G); denote the jth row of the matrix G, the composition of

j—1

(G); be denoted by comp((G);). Let n; and y; (j > 1)be the integers p'/p_l_l and
% respectively, where p is a prime. For any w; € [}, define the permutation
map ; : F, — Ty, with 7;(a) = w; - a (mod p). Similarly, for any w; € Fp,
define the permutation map ri’ : Fp, — Fp, with ti’ (a) = wj + a (mod p). For
a vector v = (v,v2, -+ ,0,) € F?) comp(v) = (fo,t,---,tp—1), define rl./(v) =
(t/(v1), T/ (V2), - -+, T/ (), T (V) = (7; (v1), Ti (v2), - - - , Ti (vp). It is clear that comp(V) =
comp(ri’(v)) (resp.comp(v) = comp(z;(v)) if to =t = -+ =t (resp. ) =t =
e = tp—l)-

3.1 The complete weight enumerator of C} ,

Let G} 7 be the matrix that is obtained by replacing (1 — v) by 1 in the matrix (1 — v)GY.
Similarly, let G} , ; be the generator matrix of Cf’ , 1, thatis, G} ,  is obtained by replacing
(1 — v) by 1 in the matrix (1 — v)GZu. Let g (1 <i < k) be the ith row of Gz,u,r- We

give the composition of each row of G 7, (G} 7);, and g in the following results.

V. o p2k71 p2k71 p2k71 .
Proposition 1 COmp((Gk’T)j) =2zy 2 Tl 1<j<k
o ) . PNge pNga PNga
Proof The composition of the first row of Gf 7 isz, “'z; “'---z, *"". The com-
.. . 2j-2
position of the jth row of Gy ; equals to (comp((Gy_ i1 )P ', Then, we have
21N 0  p-lIN 2j-1N o
comp((GY +);) = " %l i ’ G 1 < j < k. The result is
pUGL r)j) = 29 2 Ip—1 ’ = J =k
obtained as NG;_/. = p2k-2J, O
Proposition2 For 1 <u <k — 1,
%U—1_ 2u o 2k—1 2%—1 ) )
N - R ifl<j<k—u,
comp(gj) = Pl -l p2k—1_p2€—l el _pust ) 3)
2 b4 T, ifk—u+1=<j=<k
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—Nga _2u
Proof For1 < j <k —u, comp(gj?) = comp((Gg’T)j) “Zg Gu — comp((Gg’T)j) “ Zg P
Fork —u+1<j <k, comp(g‘;) = comp((Gz"T)j) . [comp((GZ‘,T)j_Hu)]_l. Then, the
Eq. (3) holds immediately from Proposition 1. O

Now, we consider the composition of the vector which is a linear combination of any two
rows of G , 7.

Lemma 3 Forany i, wy € ¥y, and 1 <i < j <k, we have comp(wi - g}') = comp(g;")
and comp(wy - g7 + w2 ~g‘}‘) = comp(g‘;).

Proof By Proposition 2, we know that every element of I}, appears the same time in g‘}‘,
where 1 < j < k. Moreover, t; is a permutation, so the frequency of every nonzero element
in 71(g}’) is the same as that in g¥, and hence comp(w; - g) = comp(g{’). The i-th row of
z’T is
(Gg,r)i = [(Gz—iH,T)l’ (Gz—iﬂ,T)h o (Gz—i-H,T)l]'

ForO<l<p—1,let

the number of the block (G{_;,, ;)1 in M; is p>/ =272, Let

M=|\MoM, ---My,_ MoMy --- Mo M\ M, --- My ---Mp_ My --- My,

p—1 p—1 p—1 2Xp2k—2[+2

We need to consider the following three cases.

Casel: 1<i<k—wuand2<j<k—u.Let

the size of the Mo is 2 x (ka’Zi - pz") and the number of the block (Gz‘fjﬂj)]
inMgis p2=%-2 _ 1. Let

M=|MyM, My MoMg --- Mo M{My --- My --- M, M,y - M,_,

p—1 p—1 p—1
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the size of M is 2 x (p*—2+2 _ p2uy Then, we have

o
Bl |mMm - M
gj 2i—2
i-2_1

p zx(ka_pZM)

Case2: 1<i<k—wuandk—u+1 < j <k.Weneed to change the structure ofMO. Let

the number of the block (Gz‘ijJrl r)1in Mo is 172/4_2"_2 — pz“_2k+2j_2. Then the
o
structures of M and gfx ] are the same as that in Case 1.
J
Case3: k—u+1<i < j<k. Inthiscase, we have
g
|:gf; :| = [MMM e M]zx(p2k7p2u) 9

the number of the block M appears p2—2 — p2—2k+2i=2 timeg,

Every eljcment in ), appears the same number of times in (G}_ j 41,701, and T, T/ are
permutation maps. So, for any w;, w; € F*%, we have

Comp(féwl (1)(Tw2((Gg7j+1,T)l))) = Comp(fé)(fwz ((G%,Hlj)l )

Comp(fwz((Gz,j+1,T)l))
= Comp((Gz,jH,T)l),
where @ = w; - I(mod p), 0 < I < p — 1. Hence, comp(w; - (M) + w2 - (M))2) =
comp((M;)>), for anyAO <l<p- l . Moreover, for the Mﬁ in the above Cz}se 1 and Case 2,
we have comp(w; - (Mg)1 + wy - (Mg)2) = comp(ws - (Mg)2) = comp((My)2). Unti} now,
we have proved that comp(w; - (M)1 + ws - (M)2) = comp((M)3) and comp(w; - (M) +
104

wy - (M)z) = comp((M)z). Then, from the structure of gf, in the aforementioned three
J
cases, we have comp(w1 - g7 + w2 - g‘;?) = comp(g;‘).
We give the complete weight enumerator of C,‘j‘u r» 1 < u < k —1, in the following
result.

Theorem 1 Let 1 < u < k — 1. The complete weight enumerator of the torsion code C}} W
is given by

2k 2u 2k—1 2u 2k—1 2k—1 2k—1
p*=p k— pHTi=p™ p p P
Wee, (2021570 2p-1) = % + (" =Dz ST S
2k—1 2u—1 2k—1 2u—1 2k—1 2u—1
k k—uy _p*=p p* T =p pr=p
+(p" = p" )z 2 2
. P21 pu=1
Zp—l
Proof For any u = (uy,us, -+ ,ug) € IF’;,, letiy, = max{i : u; #0, 1 <i < k}. From

Lemma 3, we have comp(u - quu’T) = comp(gf;). So, the number of codewords whose
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composition equals to comp(g) is p'~1(p — 1). Then, according to Proposition 2, we get
the complete weight enumerator of G/, 7 as follows

k—u
2k 2u .
p¥-p —1
Weg, @021, zp-1) = 27+ 30 (p — Dcomp(gf
i=1
k
i—1
+ > pNp— Deomp(gl_,,))
i=k—u+1
2k 2u 2k—1 2u 2k—1 2k—1 2k—1
p~—p k— p=T—p™ p p p
= Z() +(p u_l)z() Zl 22 "'Zp_l
k— 1
+(pk = P00y - "2y g
where 1 = p2~1 — p2u-1, O
Letzo = 1,21 = 22 = - - zp—1 = z. Then we get the Hamming weight distribution of

C,‘fu r» which is consistent with that in [23].

Example 1 Let p =3, k =3, u = 1. Then from Theorem 1, we have the complete weight
enumerator of C§ | ;. as follows

cht] = Z820 + 82234 243 243 + 18Z240 240 %40

For u = 2, the complete weight enumerator of C3 2.7 18

WC?ZT —2848 +2Z162 243 243 +24Z216 216 %16

Both of the two results are consistent with numerical computation by the Magma Computa-
tional Algebra System [4].

3.2 The complete weight enumerators of Ck w,T

Let Gz 7 be the matrix that is obtained by replacing v by 1 in the matrix vGj}. Similarly,
let Gk .7 be the generator matrix of C,'i u.7- that is, G,’f’u,T is obtained by replacing v by
1 in the matrix va_u. Let Gf’T(resp. Ak,T, Ok, 1) denote the matrix which is obtained by

replacing v by 1 in the matrix UGf (vAg, v8g). Let g? (1 <i < k) be the ith row of Gf.u T
For these matrices, we give the composition of their rows first. '

Proposition 3 For k > 1, we have

comp(Gy 1)1) = Z(I;Zk_lzf%_l --~z§2_kl_l,
k1
comp((ve,T)1) =z 7 Z%ka 22521(72 a Zzz:(;z’
p2k—17pk—1 p2k—17pk—l
comp((Be, 7)) =z "7 ~~-zp,1”7' ,
Nog +Np_, p2-loph-!
COmP((Gk 1) =2 . 24 et
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For 1 < j <k, we have

Al A0 2j-2
comp((Gy 1)) = (compGy_j 1 D,

Ngp
Comp((Gf,T)j) = comp((Gy_; 1y 1)1) G-t comp((8x—j+1.7)1)"
-comp((Ak—j+1,7)D)" - comp((Gf_j_H’T)l),
Comp(()\'k,T)j) = (Comp(}\,k,j+l’T)l)Pj71 . (comp(éz—j+l,T)l)NAj71 ,

comp((8.1);) = (compBi—jr1.0))? " (comp(Gy_j .y )N,

Proof Here, we only give the calculation of the composition of (G,‘(g r)j» as the others are

easy to verify. Here, we only give the calculation of the composition of (G,’? 7)j> as the
others are easy to verify.

comp((Gf,T)j) = ComP((szl,T)jfl) - comp((8k—1,7)j—1) - comp((Ag—1,7)j—1) * COHIP((G,’?,LT)]‘A)
= comp((GZ,l_T)jfl) - comp((§x—1,7) j—1) - comp((Ag—1,7)j-1)

«comp((Gy_y 1) j—2) - comp((§—2,7) j—2) - comp((hi—2,7) j—2) - comp((G}_5 1) j—2)

j-1 j=1 i1
= [Teomp(@;_ ;i 1)) - [ comp((ejiir)i) - [ comp(Gr—jsir)i) - comp((Gy_; 1y 1))
i=l i=1 i=l

j=2 j=2 j=121-3
2t t 1

~ p ~ p
=Comp((Gi__,-+1‘r)1)f:” - comp((8k— j+1,7)1)'=0 -comp((GZ__m,r)l)’:z':’*1

i j=121-3
I '

P o DIED I 5
-comp((A—j+1,7)1) =" - comp((Gy_j 1y 7)== - comp((Gy_; 1y 7)1)-
j—2 j—121-3
Y pie2y ¥

= comp((Gy_j 1 )02 == comp((8—jt1,7)1)"

-comp((Ag—j+1,7)1)" -COIHP((Gf—_/H,T)l)-

R Ngp :
= COIHP((G;H],T)O -1 comp((8k—j41,7)1)" - comp((Ag—j1,7)1)" ~comp((foj+l’T)1).

-2 j=121-3
In the last equality we use the equation E(:J P +2 zg z—;l p'=N &, O

We give the composition of g'f , 1 < j <k, in the following result.

Proposition4 Fork >1,1<u <k -1,

k—1

P Nop  “NptNuor Noo +Ng_,
comp(g|) = z, 23 .

f2<j<k—u

Ne+1Mk—N g k—j ) ) k—j (.
Gy, P ey j—1+njne+p 7 (nj+1)
comp(g?) = z, “Zl / J J
k== j+1)+p 2 254 Z’Ik(’]k—ﬂk—jﬂ)+P2k72'i772j—1
5 ez ,
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andifk —u+1<j <k,

k—j . T, — . —n; k=j(pn.—n:

- P Mkt j— 10 Mk —N2ut j—k—1—1j—k+uMu+P" 7 (0 j =0 j—k+u))
Comp(g/?) — ng+lnk VZu+17IuZ1 +Jj J 1+ j Jj—k+ulu J Jj—k+u
Z'lk('?k*'lk—jﬂ)*'lu('Iu*ﬂk—jJrl)+I72k_2j(772j—1*772j—2k+2u—1)

)

’lk(’]k_’]k—jJrl)_nu(ﬂu_Uk—j+1)+P2k72'i(772j—1_772./'—2/<+2u—1)
p—1 :

Proof The composition of gf can be calculated directly from the structure of G,’f .- For
2<j<k-—u,

,N ﬁ
comp(g) = comp((Gf 1);) -z5

Ngp
o0 G . . '5 G
= comp((Gy_j 41, r)D) 7' - comp((Sk—j+1,7)1)" - comp((hg—jr1,7) )™ - comp((Gy_; g 7)1) 29
N nj
_ ”NGZH,T I)NG‘/:,',;T pNG(IZ—j,T G‘f—l N5k7j+NGz,j Nak*i+NG‘;Z,j N‘sk—j+NG}<"7j J
= % 21 el %o 21 T pet

PNy New . Nex Neg  \" N(;ét ANy Nex_ +Ng_; —Ngp
) j j i j . j j . u
7 g z 2, Z, 7 2,

Nk+1Mk—N,
+ &

P (e jor A0 e+ PR (1) e Gie—me— j )+ 2
=2 2 2

kO DA
2, .

Ifk—u+1 < j <k, we can calculate the composition of gf in the same way, and we have

comp(g}) = comp((G{ ;);) - (comp((G 1)j-4+u))
. N p . .
= comp((Gy_1.7)1) T - comp((§k—j41.7)D)" - comp((hx—j41,7)1)"

-1
comp((G]_ 4 )1 - (comp((G] 1)j4)

L L Zpk’j (M j—1 1 =020 j—kmt ==k T+ P (=1 j k)
=3 1

M (k=g j+ )= Mu—nk— j 4+ D+ P22 (02 _1 =12 j 2k42u—1)

) -
M =M= j41) =1 e —M— j+ 1)+ (21 =12 2k 42u—1)
'p—l .

O

For 0 < i,j = p—1and v € F), suppose that the composition of v

o Sl N Ip—1 - _ o h li—
IS 252y -2,y We define the map fi«j) by fiej(comp(v)) = zyzy -z,
tj _tit Li—1 _t; Lj+1 Ip-1

RSN EEE FIRT ST REER S The map f{;. j) exchanges the power of z; and the power

of z; in the composition of v. Before we give the complete enumerator of Gf .7 We need
the following results.
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We first study the composition of w; - v, where w; € IF;, v is a row vector of

Ao
Gy r(resp. M1, Sk,T, Gf,r)~
Lemma 4 Forany 1 <i <k and w| € F%, we have

comp(1 Gy 1)i) = comp((Gy 1)),
comp(w1 (8¢, 7)i)) = comp((8k,T1)i),
comp(@1 (M, 17)i)) = [f1ow)(comp((Ae,1)i)),

comp(@1(Gy 1)1) = fi1eran) (comp(Gy 1))

Proof 1t is easy to verify that every element of IF,, appears the same number of times in
(GZ,T)i and (8x—1,7);. Since 7 is a permutation on ]F;;, then we have comp(w; (GZ,T),') =

COIHP((GZ,T)i) and comp(w; (8k—1,7):)) = comp((§x—1,7)i)-
We prove the other two equalities by induction. Clearly, for k = 1 and i = 1,

comp(w1 (A1,7)1) = f1ew)(comp((A1,7)1)) holds. Suppose that comp(w; (Ag—1,7)i) =
fow)(comp((Ak—1,7)i)) for 1 <i <k —1.Then, for 1 <i <k, we have

comp(wi (Ak,7)i) = (Comp(wl(kkfl,T)ifl))p : (Comp(wl(éz,lj)ifl)y
p A0 P
= (furoon omp(Gu—1.1)i-1))” - (comp((G_; 7)i-1))

= fuow) ((Comp(()hkfl,T)ifl))p ~comp((G‘Z_1,T>i71)")
= fllow)((comp((Ag,7)i)))-

Similarly, we can also prove the last equality by induction. For k = i = 1, the result is
obvious. Suppose that comp(w; (fol,r)i) = f(1<—>w1)(00mp((G;€,1,T)i)) forl <i <k-—1.
Then, for 1 <i < k, we have

comp(@ (foT)i) = (Comp(“’l@z_m)i—l)) : (Comp(wl(Gf—l,T)i—l)> - (comp(1 (8k-1,7)i-1))
- (comp(@1 (Ax—1,7)i-1))
= <C0mp((G:—I,T)i—1)) : (f(lewl)(comp((Gf_LT)i—|))> - (comp((8x—1,7)i-1))
(farew (comp((e-1.7)i-1)))
= Jaoon (Comp((é:—l,r)i—l) -comp((Gy_ 7)i-1) - comp((§—1,7)i-1) ~comp((xk7.,r)i4>>) :
= fuow) (Comp((Gf,T)i)) .
O

Now, we investigate the composition of the vector which is a linear combination of any
.o
two rows in Gy r(resp. Ak, 8.1, Gf 7)-

Lemma 5 Foranyl <i < j <k, and w1, GF’;, we have

comp(w1(Gy )i + 2(Gy 1)) = comp((Gy 7)), @
comp(w1 (8, 1)i + w2(8k,1)j) = comp((8k.,1) ), )
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comp(wi (Mg, 7)i + @20k, 7)) = f(1w) (comp((Ak,T);)), (6)

comp(@1(GY 1)i + @Gl 1)) = f(1wn) comp(Gf 1))). 7

Proof The Eq. (4) can be proved by the method used in Lemma 3, since GZT has the similar
structure as Gy ;. Actually, by Lemma 1, they are equivalent to each other. Hence, the
Eq. (4) immediately follows from Lemma 3. Next, we will prove the rest three equations by
induction. For k = 2,i = 1, j = 2, it is easy to see that the Eq. (5), (6) and (7) are correct.
Assuming that the Eq. (5) is suitable for 1 <i < j <k — 1. Then,if 1 <i < j <k, the
composition of @ (8, 7); + @2 (8k,7); is

comp (w1 (8, 7)i + 028k, 7);) = (comp(wi Bg—1,7)i—1 + @28k—1,7) j—1))”
-(comp(@1(Gy_y 1)i—1 + @2(Gy_1 1) j—1))"
(comp(8—1,7) j—1)" - (comp(Gy—1,72) j—1)”
comp((k,7))-

Up to now, we have proved the Eq. (5). Similarly, assuming that the Eq. (6) is correct for
1<i<j<k—1.Then forl <i < j <k, wehave
comp(wi (A, 7)i + w2(Ar,7);) = (comp(wi(he—1,7)i—1 + @2(Ak—1,7)j—1))?
-comp(@1 (Gy_y )it + @2(Gy_y 1)j—1))”
= (fiowy (compi_1,7);-1))" - (comp(Gi_1,7)j—1)”
= flow ((comp(ri—1,7)j—1)" - (comp(Gk—1,7¢)j—1)")
= f(lowy) (comp((Ar,1);)).

So, the Eq. (6) is correct. Lastly, for Eq. (7), assuming that it is correct when 1 <i < j <
k —1,then,if 1 <i < j <k, we have

COmP(wI(GfYT)i + 026G 1)) = comp(i (Gy_y 1)i—1 + 02(Gy_y 1)j-1) - Comp(wl(Gf,l,T)i—l
+ “)Z(qu,T)H) -comp(wi (8k—1,7)i-1 + @2(8k—1,7) j—1) - comp(w1 (Ak—1,7)i—-1 + @2(Ak—1,7) j—1)
comp(G{_1 7)1 - (1120 ©OMP(G]_ 1);-1))) - comp((Be-1,7);-1)
(farwn €Omp((u—1,7)-1)))
= fitesan) (comp((Gy_y 1)j-1) - comp(G}_; 7) 1) - comp((8—1,7) 1) - comp(Gut—1.7) 1))

= f(1oay (COmp((G] 1))
O

Based on the above results, we can give the composition of the linear combination of gf
and gf .

Lemma 6 For any 1 < i < j < k and wi,w € F*, we have comp(w; -g?) =

Faeop (comp(gl)) and comp(eng! + 28 = fi1csun) (comp(@)).
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Proof Wheni = 1, itis straightforward to show that comp(w -g’f ) = flow) (comp(gf ).
If2 <i <k — u, by Lemma 4, then we have

comp(e; - g’) = comp(w1(Gy_y 7)i—1) - comp(@y (Gy_, , 1)i-1)
-comp(w1 (8x—1,7) j—1) - comp(wi (Ag—1,7)j-1)
aot —N_g
ﬂ GH
= Comp((Gk_lyT)ifl : f(lewl)(comp((Gk_LT)ifl)) 2
-comp((Sx—1,7) j—1) * fllow) (comp((Ar_1,7)j-1))
8 ~Nef
= f(lewl)(comp((Gk’T)i) “Zg ")
= fi1ea) (comp(g))).
Similarly, if k —u + 1 <i < k, then we have
LoPy) — ;% LY. B )
comp(w; - g; ) = comp(w1(Gy_y 7)i-1) - comp(w1(Gy_y , 7)i-1)
-comp(w1 (8k—1,7) j—1) - comp(wi (Ag—1,7)j-1)
e p p -1
= comp(G;_1 p)i-1 * faesan (MPUGL_; 1)i-1) - (comp((G] i)
«comp((8x—1,7) j—1) - f(1<>wp)(cOmp((Ak—1,7)j-1))
-1
= faown (comp((Gf,T)i) - (comp((G] i) )

= fitow(comp(g)).

Until now, we have proved the first part of the Lemma. For the second part, there are three
cases to be considered.

Casel: 1<i<k—u,2<j<k—u.lInthis case, we have

N
of

comp(a)lgf; + a)zgf) Comp(wl(Gf,T)i + 602(Gf,T)j) -2
= faooy ((Gf,T)j> gy
GM
= fuowy) ((Gf,r)j "2 )
_ G )= 5
f(1<—>a)2) ( k,u!T)J f(lewg)(comp(gj))~

Case2: 1<i<k—u, k—u+1<j<k.Inthiscase,

-1
comp((u]gf-3 + wzgf) = comp(w; (ny,)i + a)z(Gf’T)j) . (comp(a)z(nyr)j_kﬂ))
-1
= fuow) ((Gf.r)j) : (f(1<—>wz) (Comp(Gf,r)j—k+u>>
-1
= fuowm) <(Gf,r).f : <C0mp(Gg,T).i*k+u) )

= faoon (GF,.1))) = facon comp@)).
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Case3: k—u+1<i < j <k.Inthiscase,
B By _ G ). GE .
comp(wg; +w2g/’) = comp(w; ( k,T)l + wa( k,T)/)
-1
: (comp <w1 (Gf’T),‘_kJru + wz(quT)j—k—&-u))
-1
f(l(—)wz) ((G]fj T) ) . (f(1<—>w2) (Comp(Gf’T)jflth))

-1
= f(l<—>w2) <(Gk T)] COHlP(Gf,T)j—kJru) >

= fom) (( ku 7)j ) f(lewg)(comp(gj ).

The proof is completed.

Now, we can give the complete weight enumerator of C,’f uT"

Theorem 2 Let 1 < u < k — 1. The complete weight enumerator of the torsion code C,’i W
is given by
Np
Wep (o2t 2p-1) = 2 k”—i—ZP’ 'T;, ®)
j=1

p—1
whereTj = 3 f(lei)(comp(gf ) and comp(g? ) is the composition in Proposition 4.
i=1

Proof For any u = (uy,ua, -+ ,ur) € IF/;, leti, = max{i : u; #0, 1 <i < k}. By
Lemma 6, we have comp(u - Gf’u’T) = f(leulu)comp(g'3 ). So, the number of codewords

i—1

whose composition equals to f(lewl)(comp(gt )isp'~',wherel <w; < p—1,1<i <k.

Hence, the complete weight enumerator of C WT is
Ngp

G
k,
Wep (0,21, 5 2p—1) =3¢

ko, T

+ comp(gl) + f(“_)z)(comp(g )+

+f<1ep71>(comp(g‘f))
+p (comp(gl) + fi1.2) comp(g)))

+--+ f(lepfl)(comp(gg)))
o p! (comp(@]) + frr2) comp(e])

+- 4 f(lep—l)(comp(gf)))

NG’B k

— ko J=lp.

= ZO +Zp l"j
Jj=1
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p—1
where I'; = Z f(l(_,,)(comp(g )). There are together pk compositions of all the p¥ code-

words. We can only give the complete weight enumerator of the code like Eq. (8), since the

exact expansion of the Wc (zo, 21, , Zp—1) is complex. O
kou,T
Letzo = 1,z1 = --- = z)—1 = z in Eq. (8). Then we have WC;; (2o, 215+ y Zp—1)
kou, T
N _p—nk+1mk (N_g=0k+116)—(N_g —1u+1Mu) .
=W (2)=1+p "=z % +(pk—=pFz % Gu , which
ku, T

is the Hamming weight distribution of C,’j .7+ The result is consistent with that in [23].

Example 2 Let p = 3,k = 3,u = 1. By Theorem 2, we get the complete weight
enumerator of Cﬁ 1.7 as follows

168 51,117 51 “7+3Z51 69 48+3251 48,69

WC?IT(ZO,Z],ZZ) =2y +ZO 21 +ZO 2y 0 21 22 0 21 %2

+9z(5)21?oz§6 + 92(5)2z?6zg°.

For u = 2, by Theorem 2, we have the complete weight enumerator of Cf 2.7 as follows

153 36,117 36 117+3Z48 57 48+3Z48 48 57

W;s”(zo,zl,m)zz +25°217 +t25 2 0 21 2o 0 21 2>

G,
+91382?4z§1 + 9z38z?lz§4.
These results are consistent with numerical computation by the Magma Computational
Algebra System [4].

4 Authentication codes from C"‘ W, T and Ck w,T

A systematic authentication code is a four-tuple (S, T, IC, {Ex : k € K}), where S is the
source state space, T is the tag space, K is the key space and Ey : S — T is called
an encoding rule. We assume that the key space and source state space have a uniform
probability distribution. We use P; and Ps to denote the maximum success probabilities
with respect to the impersonation and substitution attacks. The reader is referred to [8, 9,
21, 22] for more introductions to the authentication code. For the systematic authentication
code, there are two lower bounds on P; and Pg [21]: P; > \]T\’ and Py > IITI In general,
it is required that P; and Pg are as small as possible. The systematic authentication code
with P; = Ps = ﬁ is called optimal. It is also desired that |KC| must be as small as
possible when the values P; and Ps are fixed. In [9], a generic coding-theory construction
of systematic authentication codes is presented as described below.

Let C be an [n, k, d] linear code over F,. We use ¢; = (ci,1,¢i2, -, Ci,n) to denote a
codewordof C,1 <i < pk. Define a systematic authentication code as follows
S, T, K, {E: keK})) = (Z i, Fp, Zy x Fp, {Ex : k € K}), )

where for any k = (k1,k2) € K and s € S, Ex(s) = cs.k, + ko.
Lemma 7 [9] For the systematic authentication code of (9), we have

N(c, u)
P; = — and Ps = max max
0#ceC uek), n
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where N(c, u) denotes the number of times u occurs in the codeword c. Futhermore, we
have |S| = p*, |T| = p and |K| = np.

We use 6f,uj to denote the code with generator matix [gzﬁ , gf b gf 1. Clearly, Ef’u, T

is a subcode of Cf .7+ Now, we consider the parameters of the authentication code con-

structed by the code Y, ; and éf «,1 tespectively. By Theorems 1 and 2 and Lemma 7, we
have the following results immediately.

IA

Theorem 3 Let C be the code Cf, , where k > 2, 1 < u
authentication code of (9), we have

k — 1. Then for the

1 1 1
Pr=—and Ps=—+ ————.
p p p2k—2u+1 —p

Furthermore, |S| = p*, |T| = p and |K| = p(p** — p*).

Theorem 4 Let C be the code 6f’u’T, where k > 2, 1 < u
authentication code of (9), we have

IA

k — 1. Then for the

1
P =— and
p

Pl 322 _3 k=1 _gp2k—3 4 3 k=240 2k~ l<u<k—2
2 5 pk— 211Dl ifl<uc=< ,
—2pk— 2
Pc = p pk—p*+2p
S = k—=1_n k=2
1, P =2p "+l ifu=k—1.
P P pE—2p

Furthermore, |S| = p*=1, |T| = p and |K| = W.

A systematic authentication code has five parameters. In many cases, it is impossible to
compare two classes of authentication codes. It is difficult to say which is better when two
authentication codes are not comparable. We will compare our codes in Theorems 3 and 4
with the code of Theorem 3 in [9]. Let p be an odd prime, k = 2 and u = 1. Then the code
of Theorem 3 becomes

1 1 1
Sl=p* ITI=p, IKI=p’ = p°, Pr=—, Ps=—+—5—.
4 p p—-p
If we take m = 4, then the code of Theorem 3 in [9] with the following parameters
p(p> —1) 1 1 p—1
Sl=p* ITl=p, IKl=—=—F5—, PI=—, Ps=—+ ——5——.
2 p p p(p*+1)
Similarly, let k = 2, u = 1. Then the code of Theorem 4 becomes
1 1 1
ISI=p, ITI=p, IKI=p*+2p* Pr=—, Ps=—+ —5——.
p p  p-+2p
If we take m = 3, then the code of Theorem 3 in [9] with the following parameters
3
p(p”—1) 1 1 1
S| = p?, =p, IKl=———=, P=—, Ps= — + —/———.
S1=p*. IT1 = p. IK| : 1= =t

In these cases, we can see that both the key space and the Ps of our codes are smaller than
that in [9]. Unfortunately, our source state space are also smaller than theirs’. However, for
the device with very limited storage and power, for example, the wireless sensor network
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and RFID tag, the source state space may be small. In this case, our authentication codes
may be better than that in [9].

Note that the parameters of the authentication codes in Theorems 3 and 4 are new, and
both of them are asymptotically optimal if p* is large enough.

5 Conclusions

In this paper, we investigate the complete weight enumerators of the torsion codes of Mac-
Donald codes over the finite non-chain ring IF, + vIF,. These torsion codes are linear codes
over the finite field F,,. We calculate the composition of the rows in the generator matrix
first. Then, we analysis the composition of the linear combination of these rows. We give
the complete weight enumerators without using exponential sums, since these torsion codes
have good structures. We believe our method can be used to study other linear codes which
have the similar good structures as the torsion codes in this paper. As an application, we
employed these linear codes to construct authentication codes with new parameters.
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