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Abstract Recently, linear codes constructed from defining sets have been investigated
extensively and they have many applications. In this paper, for an odd prime p, we propose
a class of p-ary linear codes by choosing a proper defining set. Their weight enumerators
and complete weight enumerators are presented explicitly. Our results show that they are
linear codes with three weights and suitable for the constructions of authentication codes
and secret sharing schemes.
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1 Introduction

Throughout this paper, let p be an odd prime and » = p™ for an integer m > 2. Denote
by IF, a finite field with  elements. An [n, «, §] linear code C over F), is a k-dimensional
subspace of ]F’I‘, with minimum distance § (see [8, 27]).

Let A; denote the number of codewords with Hamming weight i in a linear code C of
length n. The weight enumerator of C is defined by Ag + A1z + A2+ -+ A,Z", where
Ao = 1. The sequence (1, Ay, A, -+, A,) is called the weight distribution of the code C.

The complete weight enumerator of a code C over IF, enumerates the codewords
according to the number of symbols of each kind contained in each codeword. Denote

elements of the field by F, = {wq, wy, -+, wp_1}, where wg = 0. For a vector v =
(vo, v1, -+ ,Vp_1) € IF";,, the composition of v, denoted by comp(v), is defined as
comp(v) = (ko, k1, -+, kp—1),
where k; is the number of components v; (0 < i < n — 1) of v that equal to w;. It is easy
to see that Z’:(; kj =n.Let A(ko, ky, - - - , kp—1) be the number of codewords ¢ € C with
comp(c) = (ko, k1, --- , kp—1). Then the complete weight enumerator of the code C is the
polynomial
CWE(C) = Y wgw;" - _‘1‘
ceC
ky kp_
= > Alko, ki, -+ kp-Dwglwi - w P

(ko.k1,+ kp—1)€By

where By = {(ko, ki, -+ kp-1) 10 < ky < X7 kj =n}.

The weight distributions of linear codes have been well studied in the literature (see [12,
16, 17, 26, 29, 31, 32, 35-38] and references therein). The information of the complete
weight enumerators of linear codes is of vital use because they not only give the weight
enumerators but also show the frequency of each symbol appearing in each codeword.
Therefore, they have many applications. Blake and Kith investigated the complete weight
enumerator of Reed-Solomon codes and showed that they could be helpful in soft deci-
sion decoding [4, 20]. In [18], the study of the monomial and quadratic bent functions was
related to the complete weight enumerators of linear codes. It was illustrated by Ding et al.
[10, 11] that complete weight enumerators can be applied to the calculation of the deception
probabilities of certain authentication codes. In [6, 7, 13], the authors studied the complete
weight enumerators of some constant composition codes and presented some families of
optimal constant composition codes.

However, it is extremely difficult to evaluate the complete weight enumerators of linear
codes in general and there is little information on this topic in the literature besides the
above mentioned [4, 6, 7, 13, 20]. Kuzmin and Nechaev investigated the generalized Ker-
dock code and related linear codes over Galois rings and determined their complete weight
enumerators in [21] and [22]. Further recent progress on the complete weight enumerators
of linear codes can be found in [1, 2, 19, 23, 24, 33]. The results of [1] and [2] can be viewed
as generalizations of [34] and [15], respectively. In [19, 23, 24, 33], the authors treated
the complete weight enumerators of some linear or cyclic codes using exponential sums
and Galois theory. Recently Tang et al. constructed linear codes with two or three weights
from weakly regular bent functions in [30]. We shall extend this construction to non-bent
functions.
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The authors of [9, 14, 15] gave the generic construction of linear codes. Set D =
{d;, dg, -+ ,dy} C F,. Denote by Tr the absolute trace function. A linear code associated
with D is defined by

Cp = {(Tx(ady), Tr(adz), - - - , Tr(ady)) : a € F,}.

Then D is called the defining set of this code C .
Motivated by the above construction and the idea of [30], we define linear codes Cp and
Cp, by

Cp = {(Tr(ax?))yep : a € Fy}, (1
Cp, = {(Tr(axH))rep, : a € Fy},

where

D ={x € F} : Tr(x) € Sq},
Dy = {x € F} : Tr(x) € Nsq},

which are called defining sets. Here Sq and Nsq denote the set of all squares and non-
squares in [}, respectively. By definition, these codes have lengthn = (p — 1) p" /2 and
dimension at most m. Further, we will demonstrate that Cp is equal to Cp,. Actually, for a
fixed b € Nsgq, there exists a mapping ¢, such that

¢p: D — Dy

x = bx

which implies that Tr(a (¢ (x))z) = Tr(ab®x?) forallx € D and a € F,. As a runs through
IF,, so does ab?. This means they have the same codewords. Hence, we only describe all the
information of Cp. In this paper, the complete weight enumerator of Cp is investigated by
employing exponential sums and Gauss periods. This gives its weight enumerator immedi-
ately. As it turns out, this code is a three-weight linear code which will be of special interest
in authentication codes [11] and secret sharing schemes [5].

The remainder of this paper is organized as follows. In Section 2, we describe the main
results of this paper and give some examples. Section 3 briefly recalls some definitions and
results on Gauss periods and Gauss sums, then proves the main results. Finally, Section 4 is
devoted to conclusions.

2 Main results

In this section, we only introduce the complete weight enumerator and weight enumerator
of Cp described in (1). The main results of this paper are presented below, whose proofs
will be given in Section 3.

First of all, we establish the complete weight enumerator of Cp in the following three
theorems, then we give some examples to illustrate these results.

Theorem 1 Let p = 3 mod 4 and p, z be elements in F,. Then the code Cp defined by

Disa [pT_l pn m] three-weight linear code and we have the following assertions.
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(i) If m is even, then the complete weight enumerator of Cp is given by

I7;1pmfl =l m-2

W, +(p" =1 l_[ prp

where, for ¢ € {1, —1},

A = p% P epT
(i) Ifm is odd, then the complete weight enumerator of Cp is given by
p=l - 2,
w02 P P 1_ ) 1_[ w,, 2

peF,

where, for e € {1, —1},

_1 m—.
A, = pT(pm_z—sp 23)7
p—1 _ p+1 ma
Be= Ty et p

Example 1 (i) Let (p,m) = (3,5). Then by Theorem 1, the code Cp has parameters
[81, 5, 51] and complete weight enumerator

bt 36w wiw3! + 36wi’wi' w3’ + 80wy wi wi!

+ 45w24w33w%4 + 45w24w%4w33,

which is confirmed by Magma. This is a three-weight linear code.
(i) Let (p,m) = (7,2). Then by Theorem 1, the code Cp is a [21, 2, 15] three-weight
linear code with complete weight enumerator

4 6(wowiwawswawswe)® + 9wl (wiwaws)? (wswswe)
+ 9w (wiwaws)? (wawswe)® + 12w wrwa)* (w3wswe)?
+ 12(wiwaws)? (w3wswe)?,

which is confirmed by Magma.
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Let p=1 mod 4. Fori =0, 1, 2, 3, we denote the cyclotomic classes of order 4 in FF,
by C*?), which is simplified as C; in the sequel and defined in Section 3.1.

Theorem 2 Let p =1 mod 4 and m be odd. Then the code Cp of (1) is a [pT_lp’”’l, m]

three-weight linear code with complete weight enumerator

=1 _m—1 =1 _m-2
w02 4 _}_(pmfl 1) 1_[ pr p
pelF,
— -1 n- A B
+T(m —i—p?) W, nwpl 1_[ w!

3
i=0 peC; ze]Fj,\C,-
3
3 (pm—2+pT>
B_;
v [Twor IT w'

8 i=0 peC; ze]F*\C,
where, for e € {1, —1},
p—1 .., ( mf3)
Ay = —— 3 T 7 ),
& 5 P +5 5 \°P +tp
p—1 ,., ¢ ( m=1 m—3)
B, = —— - = 2 —p 2z ).
e 5 p ) p p

Example 2 Let (p, m) = (5, 3). Then by Theorem 2, the code Cp is a three-weight linear
code with parameters [50, 3, 38] and complete weight enumerator
12 2

122 122

+ 10(wow i wawy) + 10(wowiw3wy)

50
wy + 10(wowiwows)

10(11)0u)2u)3w4)12w1 + 24(w0w1w2w3w4)10 + 15(w0w1w2w3)8

+ 15(w0w1w2w4)8w§8 + 15(w0w1w3w4)8w2 15(woworw3zwy) wlg.

These results coincide with numerical computation by Magma.

Theorem 3 Ler p = 1 mod 4 and m be even. Let s and t be defined by p = s* + 12,
s =1 mod 4. Then the code Cp of (1)isa [pz ! pnL m] three-weight linear code with

complete weight enumerator

p=1 m— r=
L=p" Lrp
w, =0 ] we
pelF,
-1 2
+ (! Z)Zw'{‘l_[w [T wit TT wit T wa
poeCi p1€Cit1 p2€Citn p3€Cit3
1
+55 ( )Zw [Tww' TT wo' TT wa' T wa,
Po€C; P1€Ci+1 m€Cit p3€Cit3
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Table 1 The weight distribution

of Cp when m is even Weight i Frequency A;
(p—21>2 m—2 el
2 ((p—1pn 2+ " 2L (pm=t 4 p"sy
2 ((p = np 2 = ptT e - ")
0 1
where, for ¢ € {1, —1},
p— 1 _ m=2
Ke=——("?—ep'7),
- 1 m—=2
L, = prmﬂ +ep 2 (149),
- 1 m—2
R, = prm—2 —8th,
- 1 m—2
Se = Eo=p" e (1 - ),
- 1 m—2
T, = pr”"z +ep 2t

Example 3 Let (p,m) = (5,4). Then by Theorem 3, the code Cp has parameters
[250, 4, 190] and complete weight enumerator
w(z)50 + 60w80w?ow‘2‘0w§0w20 + 60w80w?0wgow§owio + 60w80w‘]‘0w30w‘3‘0w20

+ 6Ow80w?0w‘2‘0w36,0w20 + 124(w0u11u)2w3w4)50 + 65w30w?0wgow§0wio
+ 65w80w?0w§0w§0w30 + 65w30wf0w30w§0w20 + 65w8‘0w‘1‘0w§0w§0w20,

which is verified by Magma. This is a three-weight linear code.

The following corollary gives the weight enumerator of Cp, which follows immediately
from its complete weight enumerator.

Corollary 1 The code Cp of (1) has the weight distribution given in Table 1 if m is even
and Table 2 if m is odd.

From Tables 1 and 2, we observe that the weights of Cp have a common divisor (p —
1)/2. This implies that it can be punctured into a shorter code as follows.

Let a € Sq. Note that Tr(ax) = aTr(x) for any x € FF,. This indicates that Tr(ax) is
a square (nonsquare) in IF;‘, if and only if Tr(x) is a square (nonsquare) in . Then we

Table 2 The weight distribution

of Cp when m is odd

@ Springer
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Table 3 The weight distribution

of C 5 when m is even Weight i Frequency A;
(p—Dp"? -1
-2 _ m=2
(p—Dp"24+pz L=l 4 p"T)
m=2 _ m=2
(p—Dp"2—p'T e (=t — p*T)
0 1

can select a subset D of the set D such that Uaesqaﬁ is just a partition of D. Hence, the
corresponding linear code C j is the punctured version of Cp. The following corollary states
the parameters and weight distribution of Cp, which directly follows from Corollary 1.

Corollary 2 The code Cj is a [p"™~', m] three-weight linear code with the weight
distribution given in Table 3 if m is even and Table 4 if m is odd.

In the following, we give the punctured version C 5 of Cp from the previous examples.

Example 4 (i) Let (p,m) = (5, 3). Then the code Cp in Corollary 2 has parameters
[25, 3, 19] and weight enumerator

1+ 402" + 24720 + 60721,

This code is almost optimal in the sense that the best known code over Fs of length
25 and dimension 3 has minimum distance 20 according to Markus Grassl’s table (see
http://www.codetables.de/).

(i) Let (p,m) = (7, 2). From Corollary 2, we know that C 5, has parameters [7, 2, 5] and
weight enumerator

1+ 182° +62° + 247,
This code is almost optimal since the best known code over F7 of length 7 and
dimension 2 has minimum distance 6 according to Markus Grassl’s table.
3 The proofs of the main results
3.1 Aucxiliary results
In order to prove Theorems 1, 2 and 3 proposed in Section 2, we will use several results

which are depicted and proved in the sequel. We start with cyclotomic classes and group
characters.

Table 4 The weight distribution

of C5 when m is odd Weight i Frequency A;
(p—Dp"~2 prl -1
m-3 — m—1
(p—Dp"2+p 2L (pnt 4 ptT)
m-3 — m—1
(p—Dp"2t-pT e pm=l — ey
0 1
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Recall that r = p™. Let « be a fixed primitive element of I, andr — 1 = s N, where s, N
are two integers with s > 1 and N > 1. Define CE(N'r) =a! (aN) fori =0,1,--- ,N —1,
where (") denotes the subgroup of F* generated by a”. The cosets Cl.(N’r) are called the

cyclotomic classes of order N in ;..
For each b € F,, let x; be an additive character of IF,., which is defined by

xp(x) = C,Tr(’”) forall x € F,,

where ¢, = exp @ and Tr is the absolute trace function. Especially when b = 1,

x1 is called the canonical additive character of IF,. The orthogonal property of additive
characters x, which can be easily checked, is given by

r if a =0,
ZX(“"):{O if a € . @

xelF,

The Gauss periods of order N are defined by

1™ = Y 0. =0,1, N L.

xeci(N.r)

Let A be a multiplicative and x an additive character of [F,.. Then the Gauss sum G (X, x)
is defined by

GOy X) =Y M)X (),

xelF

Let 1 denote the quadratic character of [F,.. The associated Gauss sum G (7, x1) over F,
is denoted by G (). And the Gauss sum G (7, x1) over I, is denoted by G (77), where 7} and
X1 are the quadratic character and canonical additive character of I ,, respectively.

For each y € F*, we have n(y) = 1if m > 2 is even, and otherwise n(y) = 7n(y).
Moreover, it is well known that G(n) = (=1)"~'/p*" and G(5}) = /p*, where p* =

5

The following lemmas will be required in the sequel.

p= (—1)%4p. See [15, 25] for more information.

Lemma 1 (See Theorem 5.30 of [25]) Let x be a nontrivial additive character of F,, k € N,
and A a multiplicative character of F, of order d = ged(k,r — 1). Then

d—1
> xtaxt +b)y = x®) Y M (@G, x)
xelF, j=1

forany a, b € F, with a # 0, where ) denotes the conjugate character of .

For p € F}, and a € I, in order to study the complete weight enumerator, we define

No(p) =#{x € F, : Tr(x) =0, Tr(axz) = p},
N(p) =#{x € F, : Tr(x) € Sq, Tr(ax?) = p},
Ni(p) =#{x € F, : Tr(x) € Nsq, Tr(ax?) = p}.

The values of N(p), No(p) and N;(p), which depend mainly on the choice of a, are given
in the following two lemmas.
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Lemma 2 ([34]) Let a € F} and p € F},. Then

P4 (- 1)”7"%n<a>ﬁ<p)p"’7” if modd, Tr(a™") =0,
Notp) — P2 (— 1" z1 " @i(Tr@ ) p™™  if modd, Tra™") #0,
p’"’z—l—(—1)[77%77(51);7%2 ifmeven,Tr(a’l) =0,
P2 — (=17 T n@i(eTr@ ) p"T if m even, Tr(a™") # 0.

Lemma 3 Let a € F} and p € F},. Then we have the following assertion.

N(p) + Ni1(p)

=l 2 if meven, Tr(a™!) =0,

el 2 if modd, Tr(a™') =0,

=) -1 —pn= 24 n(a)(— I)FT% 2 (1 +n(—p Tr(ail))) if meven, Tr(afl) #0,
— 71 mf_ ~ N — . —

Pl — p 2 @) ()T = (i(p)p + 1 (Tre@™"))) if modd, Tr(a™") #0.

Proof Note that
No(p) + N(p) + Ni(p) = #{x € F, : Tr(ax?) = p},
where p € F;‘, This leads to
No(p) + N(p) + Ni(p) = p" ' 4 p=t 3 ¢, 3 g,
z€F}, x€elF,
Applying Theorem 5.33 of [25], we can deduce that
T3 g e _ { p@DTEpE ifmeven,
p mol mtl
z€F% xeF, n(@n(p)(=1) 2 p 2 ifmodd.

The desired conclusion then follows from Lemma 2. O

The following two lemmas will help us to determine the frequency of each composition
in Cp.

Lemma 4 ([34]) For any a € F}, let
nij = #a el :na) =i, A(Tra™ ") = j}, i,jef{l,—1}. (3)

(i) Ifm is even, then we have

—1 m  m=2
n1,1=n1,71=pT( m=l g (- 1)]Tj 2 )

(ii) Ifm is odd, then we have

p Lm —

ni1 =qu(pm '+ (=D"7 2PT),
— —1 m—
= 2 (- DI ).

|

Lemma S For any a € F}, let n; j be defined by (3).
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(i) If m is even, then we have
2 1 _ m  m=2
e e e I (Pm ' (=D 2p )

(ii) If m is odd, then we have
_ —1 ml
o o= 2 (- En ),
_ —1 m—1 m—1
n_j -1 = Tl(p’"‘l + (=D p"™ )

Proof We point out that

. _ L. p—1 .
nijnoyj =#a €Fy (T ) = j) = =—p"~,
with j € {1, —1}.
The desired conclusion then follows from Lemma 4. O

Consider p = 1 mod 4. Recall that r;l.(4’p) = ercg,p) g;j, where Ci(4’p) = B (B*) for

i =0,1,2,3,and B is a primitive element of F,. In the sequel, we write ’71'(4") ) and Cl.(4’p )

as n; and Cj, respectively. The following lemma plays an important role in determining the
complete weight enumerator, in which the value of ng coincides with the result of Theorem
4.2.4 of [3].

Lemma 6 Let p = 1 mod 4. Let s and t be defined by p = s> + 1%, s = 1 mod 4. The
Gauss periods of order 4 over T, are given as follows.

() Ifp=5 mod 8, then

{no, m} = [

1 2
{m,n3}={—ﬁ4+ i% «/ﬁs—p}.

(i) Ifp=1 mod S8, then

{no. m} = !ﬁ‘;l if\/l’_\/ﬁs},
{n,m} = :—ﬁ:l if\/p+ﬁs}.

Proof Let B be a primitive element of F,. According to [28], the Gauss sums G; are given
by

Gi=Y ¢f*i=0123
xelF,
and they are roots of a polynomial F4(X), i.e.,
3

F0) =[x = G,

i=0

@ Springer
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which is called reduced (or modified) period polynomial. By Theorem 14 of [28] (see also
Theorem 10.10.6 of [3]), we have

(X243p)? —4p(X —s)* if p=5 mod 8,

Fy(X) = (X2—p)? —4p(X —s)® if p=1 modS8,

where p = s> + 1> withs = 1 mod 4.

In the following, we give the proof of the case p =5 mod 8 since that of the case p = 1
mod 8 is similarly verified.

In the case of p =5 mod 8, we have

FiX) = (X2 +3p = 2/p(X = ) (X +3p +2/p(X —5)).

Note that no+n = 17(()2’17) = %(\/ﬁ—l) yields that Go+G2 = 2,/p, since G; = 4n; +1.

Hence, we see that G, G, are roots of

X2 4+3p —2/p(X —s) =0.
Therefore, G, G3 are roots of

X2 4+3p+2/p(X —s)=0.
It is straightforward that

Go+ G2 =2./p, GoG2 =3p +2./ps,
G+ Gy =-2/p, Gi1G3=3p—2,/ps.

Moreover, we obtain that
1
non2 = EGP +1-2/p(1—5s)),
1
nmns = BGP +14+2/p( —y5)),
2 ) 1
mtm=gl-p -2/p(1 +5)),
2 ) 1
ni+ 03 = g(1 —p+2/p(1+59).
Consequently, we have
2 _ 1 2 , 1
(o +m)” =3(/p—17 (o—m) = 5(—«/% - D),
2 _ 1 2 2 1
m+n)” =3(/P+D (1 —m3)° = 5(\/?»“ - Pp)-

The desired conclusions follow from the facts that ng + 7, = %(ﬁ — 1 and no + n1 +
nm +n3=—1L O

3.2 The proof of Theorem 1

Observe that a = 0 gives the zero codeword and the contribution to the complete weight
enumerator is w(’)‘, where n = pT_] pm_l. This value occurs only once. Hence, we assume
that a € F} for the rest of the proof.
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For p € F*, we consider

A= Z Z ;;);ZTI(X) Z {; Tr(axz)fzp’

xelF, yeF), zelF),
Then, it is easy to see that
A = No(p)p* + (N(p) — N1(p)) py/ p*, “
since
) p if Tr(x) =0,
S = VP i Tr € S,
yeF, —/p* if Tr(x) € Nsq,
and

Z I Tr(ax?)—zp _ | P if Tr(axz) =p,
P 0 if Tr(ax?) # p.

z€eF),

On the other hand, from Theorem 5.33 of [25] and (2), we get

EIDIALED D 35 Wi

yEF’; xelF, zEF’; y€EF, xel,

Tr—i
=+ Y57 Y 6 n@aem

zelF;, yeF,

A

_Tr(a’]) 4
rEn@Gm) Y 5@ Y ¢ T )

z€ly, yeF,

In the following, we calculate the value A of (5) by distinguishing the cases of Tr(a~!) =
0and Tr(a~!) #£ 0.

Casel Tr(a~') = 0.
In this case, from (5), we know that

r— pn(a)G(m) if m even,
r+ pn(@)i(=p)G(G(#H) if m odd,

which leads to N(p) = N (p) compared with (4) and Lemma 2. It follows from Lemma 3
that N(p) = ”T_lp’”’z. This value occurs p”~! — 1 times.

Case2 Tr(a~') #£0.
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Recall that p =3 mod 4. Thus, gcd(4, p — 1) = 2. From (5) and Lemma 1, we have

T —1
rn@Gm Y. 6P (— a ))G(ﬁ)

A 4
ZEF* <

r+ n@Gma-Tra™) Y. £, %@ G ()

ZG]F*

[ r+n@i(e Tr@Y)NGmG@H? if m even,
T r = n@H(=Tr@H)GHGH) if m odd,

which also leads to N(p) = Ni(p) from (4) and Lemma 2. It then follows from Lemma 3
that

p—1l o m=2 if 7i( Tr(a_l)) 1
Noy=1 727 it
“ :p;l” 2 4@ (=D p T if fp Tr@™")) = —1
for even m, and otherwise,
-1
N(p) = 2 P UGS T p"T (pi(p) + A(Tr(ah)).

Note that N(0) = pT_l pnl— > peF, N (p). The desired conclusion then follows from

Lemmas 4 and 5.
This completes the proof of Theorem 1.

3.3 The proof of Theorem 2

By the proof of Theorem 1, we only need to consider the case Tr(a~!) # 0 with a € F7,
since the cases of @ = 0 and Tr(a~!) = 0 have already been determined. For this purpose,
we write (5) as

A=r+n@GmnB, (6)
where
_ Tr(a™ 4
B=>Y¢"n@) Y. & s @)
ZEF* veF,

Let notations be as aforementioned and p = 1 mod 4. When Tr(a~") # 0, the value B
of (7) can be determined by

B = Z {p an(Z) (4'7 Tr(a’l) + 1)

zelFy,

Z+Z Z Z 4¢,%n e 1>+n( PG ()

zeCy zeCy zeCp zeC3

Z+Z Z Z 4§-p n Tr(a*l) +7(p)/ P, )

zeCy zeCy zeCp zeC3
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since m is odd. By (4), (6), and Lemma 3, we have
m=3 , . ~ _
N(p)+ Ni(p) = p" 1= p" 2+ n@p 2 (A(p)p +H(Tr@™")), ©
N _ m=2 m=3
Np) = Nip) = n(@ (i(Tra™)p"s + p*'B).
Now, we assume that p =5 mod 8.
Clearly, —1 and 4 are both in C,. In the following, the value B of (8) will be computed
according to the choices of Tr(a~!) and p.

Casel Tr(a~") € Cy, p € Cy.

In this case, by Lemma 6 and (8), we obtain
B=4<2nonz—n%—n§)+«/ﬁ=2p—«/ﬁ

It follows from (9) that

-1, _ 1 m-1 m=3
Np) = Eo=p"2 4 S0y (3p™7 +p™7).

_1 _ 1 m—1 m—3
Nitp) = E=p=2 = S (p*7 = 7).

Case2 Tr(a~') € Cy, p € C.

In this case, we deduce that

B = 4(m3no + mm2 — nonz — man1) — /P = —/P.

which indicates that

p—l _ 1 m—1 m—=3
N(p)le(p)sz’” 2—517(61)(17 T —p? )

Case 3 Tr(a~") € Cp, p € Cs.

In this case, we have

B:4(n%+n§—2n1n3)+f=—2p—f,

which gives that

p—l _ 1 m—1 m—3

N(p) =Tp’" 2—517(51)(117 7 —p? )
_1 _ 1 m—1 m—3

Nitp) = L= p=2 4 Sy (3p"7 +p"7).

Case 4 Tr(a~") € Cy, p € Cs.

In this case, we obtain

B =4(mno + n3n2 — m2n3 — non1) — /P = —/P-

As a consequence, we get

p—l _ 1 m—1 m—=3
N(p)=N1(p)=Tp"’ 2—517(61) (p T —p?2 )
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Moreover, for Tr(a~!) € Cy, the number of a satisfying n(a) = 1 is

1 _1 m—
#aeF* i n@=1Ti@ ) eCo) = =n =L~ (pm—l +p 2‘),

2 8
by Lemma 4. In a similar way, the number of a satisfying n(a) = —1 is
1 - 1 m—
#Ma €Fy i n@) =—1,Tr@™") € Co} = Jn1,1 = pT (P’”‘1 - pT') :
by Lemma 5.

There are sixteen cases all together to be considered. Other cases can be similarly
calculated, which are omitted here.

Note that the case of p =1 mod 8 can be analyzed in an analogous fashion. The proof
of Theorem 2 is finished.

3.4 The proof of Theorem 3

This proof is similar to that of Theorem 2 by observing that

L D3R5 350 285 3) RN

zeCyp ze(Cy zeCy  zeC3

from (7), since m is even. Thus, we omit the details here.

4 Concluding remarks

Inspired by the original ideas of [15, 30], we constructed a class of three-weight linear codes.
By employing some mathematical tools, we presented explicitly their complete weight
enumerators and weight enumerators. Their punctured codes contain some almost optimal
codes. By Theorem 1, it is easy to check that
Wmin p—1
>

Wmax p

for m > 4. Here wy,;, and w4, denote the minimum and maximum nonzero weights in
Cp, respectively. Therefore, the code Cp can be used for secret sharing schemes with inter-
esting access structures. We also mention that the complete weight enumerators, presented
in Theorems 1, 2 and 3, can be applied to compute the deception probabilities of certain
authentication codes constructed from linear codes. Furthermore, if r is large enough, these
authentication codes are asymptotically optimal. See [11, 15, 23].

Note that gcd(4, p — 1) = 4if p =1 mod 4. This implies that we can prove Theorems
2 and 3 with a similar method used in Section 3.2. One can see that it works well though it
is indeed very complicated. However, we gave a simpler proof by employing Gauss periods
to determine the complete weight enumerator of Cp for the case of p =1 mod 4.

To conclude this paper, we remark that the codes proposed in this paper can be extended
to a more general case, that is, for an integer ¢ > 2, define

)

CD/:{(Tr(alxlz—i—«u—l—a,xtz)) al,u-,ateIR},

(1, ,x)eD
where

D' ={(x1,-+,x) €FL:Tr(x; +---+x) € Sq}.
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For this kind of linear codes, it will be interesting to settle their complete weight
enumerators.
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