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Abstract Fix a field F. The algebraic immunity over F of boolean function f : {0, 1}" —
{0, 1} is defined as the minimal degree of a nontrivial (multilinear) polynomial g(x) €
F[x1, ..., xn] such that f(x) is a constant (either 0 or 1) for all x € {0, 1}" satisfying
g(x) = 0. Function f is called k robust immune if the algebraic immunity of f is always not
less than k no matter how one changes the value of f(x) for k < |x| < n — k. For any field
F, any integers n, k > 0, we characterize all £ robust immune symmetric boolean functions
in n variables. The proof is based on a known symmetrization technique and constructing
a partition of nonnegative integers satisfying certain (in)equalities about p-adic distance,
where p is the characteristic of the field F.
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1 Introduction

In cryptography community, algebraic immunity (over F;) is proposed as a criteria for
boolean functions used in some stream ciphers to resist algebraic attacks [6]. In order to
resist algebraic attacks (as well as many others), there are a lot of constructions aiming to
achieve high algebraic immunity, high nonlinearity, balancedness, and so on [4, 5, 12, 15].

Symmetric boolean functions are those whose output is invariant under permutations
of inputs. Regardless of its application in stream cipher, symmetric boolean functions
are particularly well studied due to its relatively simple structure. It turns out all sym-
metric boolean functions with maximum algebraic immunity [n/2] can be completely
characterized, cumulated along a line of research [2, 10, 11, 13, 14, 16], etc.
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In computational complexity, algebraic immunity (the same definition under different
names!) also attracts some attention. Namely, (one-sided) immunity of f is defined as the
minimal degree of a nontrivial polynomial g such that f(x) = 0 = g(x) = 0; immunity
over [F), is also called weak mod-p degree. In circuit complexity, roughly speaking, lower
bound on the algebraic immunity will imply circuit lower bound under various models [3,
7-9]. In proof complexity, immunity plus some expanding property implies degree lower
bounds for Polynomial Calculus [1].

This work is motivated by the goal to characterize all symmetric boolean functions with
any given algebraic immunity (not only maximum). To make the problem easier, we pro-
pose the definition of k robust immune (which is stronger than algebraic immunity), and end
up with a complete characterization of k robust immune symmetric boolean function for any
k over any field F. The the first ingredient is a known symmetrization technique which has
been successfully applied to understand algebraic immunity of symmetric Boolean func-
tions. The main technical part is a construction of the (unique) partition of nonnegative
integers which satisfies certain p-adic distance (in)equalities, which will imply a complete
list of robust immune symmetric boolean functions.

2 Main result

Definition 1 LetF be a field, and f : {0, 1}* — {0, 1} be a boolean function. The algebraic
immunity of f over field IF is defined as the minimal degree of a nontrivial! polynomial
g € Flxy, ..., x,], such that f becomes a constant when restricting to the zeros of g, i.e.,
there exists some ¢ € {0, 1} such that g(x) =0 = f(x) =c.

In cryptography community, algebraic immunity usually refers to that over F,, and can
also be defined as the minimal F,-degree of some boolean function g such that fg = 0?
or (1 — f)g =0.1If fg = 0, then g is called an annihilator of f (over boolean cube). In
words, algebraic immunity of f is the smallest degree of some nonzero annihilator of either

forl—f.

Definition 2 Boolean function f : {0, 1}* — {0, 1} is called k robust immune over field F
if the algebraic immunity of f over F is always not less than £ no matter how one changes
the values of f(x) with k < |x| <n — k, where |x| := x1 + ... + x, is the weight of x.

The definition of k robust immune looks a bit artificial. However, the reason why we
allow changing values of f(x) for k < |x| < n — k instead of k¥’ < |x| < n — k’ for some
other k' is because k’ = k is the largest possible integer to take. Another reason we propose
this definition is because we are able to characterize all k robust immune symmetric boolean
functions, while the goal keeping in mind is to give such a characterization for all symmetric
boolean functions with any given algebraic immunity.

Our main result is the following characterization of all k£ robust immune symmetric
boolean functions for any given k over any field F. For convenience, if f : {0, 1} — {0, 1}

is symmetric, let vy : {0, 1, ..., n} — {0, 1} be its value vector, that is, f(x) = vr(|x]|).

1By nontrivial, we mean there exists some x € {0, 1}"* such that g(x) = 0.

2fg = 0 should be understood semantically, i.e., for every x € {0, 1}, f(x)g(x) = O; alternatively,

fg = 0 could be understood as multiplication of polynomials over the quotient ring F[xy, ..., x,]/ (xl2 =
2

Xlyeons Xp = Xp).
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Theorem 1 For any field F, any integer t > 0, there exists a partition P = P(F, t) of
nonnegative integers such that, for any k, symmetric boolean function f : {0, 1}2+1=1 —
{0, 1} is k robust immune if and only if

vk —1—i)=1—vpk+1+j) (1)

forany 0 < i, j <k — 1 belonging to the same set in partition P.

Remark 1 The partition P = P(TF, t) will be defined explicitly in the following sequel, and
‘P only depends on ¢ and the characteristic of the field F, which follows from the following
linear algebra argument. Function f has no degree < d annhilator if and only if some matrix
of size (2,) x | f~!(1)| has rank (”,), which is a {0, 1}-matrix. It is clear that the rank of
the {0, 1}-matrix does not change over any field extension.

Remark 2 1t is known that the algebraic immunity of any n-variable boolean function is
upper bounded by [r/27, which is not difficult to see by a dimension argument. When r = 0,
f is an odd-variable symmetric boolean functions with maximum algebraic immunity; and
when ¢ = 1, f is an even-variable symmetric boolean function with maximum algebraic
immunity.4 For the case F = F, and ¢ = 0, 1, our theorem is implicitly known [11, 16]. For
general field F and general ¢, our result is a nontrivial generalization.

3 Overview of the proof

The proof follows from a crucial symmetrization technique in [10] and the calculation of
a determinant over the field IFj,. It turns out the symmetric boolean function is k robust
immune if and only if some corresponding matrices have full rank, that is, the determinant
is nonzero. Over the field I, in order to prove the determinant is nonzero, the calculation
involves a lot of p-adic distance estimates.

The following lemma says in order to prove symmetric boolean function f has no
nonzero annihilator of certain degree, it suffices to consider the semi-symmetric annihila-
tors up to that degree. The crucial lemma is proved by Liu and Feng in [10] for F = [F,, and
observed in [3] that it works for any field.

Lemma 1 [10] Let F be a field, and f : {0, 1}* — {0, 1} be a symmetric boolean function.
Then f has a lowest degree annihilator g of the following form,

!
g =]t —xn)¢,
i=1

where g’ is a symmetric function in variables xy41, . .., X,.

For convenience, let us introduce the following notation V. : Z>o — F*, where
x X X
= . F,
vt <<0>’ (1) (k - 1)) ©

3The rows are indexed by subsets of [1] of size < d, the columns are indexed by points x € {0, 1}" such that
f(x) =1, and the entry (S, x) is exactly ]_[l-es Xj.

4The converse is not true, that is, there are 2k-variable symmetric boolean functions with maximum algebraic
immunity k£ which are not k robust immune. However, they are “close” to some k robust immune functions.
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where () = 1+ 14 ...+ 1. In other words, (}) = (}) (mod p) over field F,. The
N—— e ————’

i
(7) times

following proposition is an immediate consequence of Lemma 1.

Proposition 1 Let f : {0,1})" — {0, 1} be a symmetric boolean function, and vy :

{0,1,...,n} — {0, 1} be its corresponding value vector. Function f is k robust immune if
and only if, forany 0 <1 <k — 1, both

(@ —=D:iell,Lk—=11Un—k+1,n—1] and vy(i) =0} 2)
and

(kG —D:iell,k—=1U[n—k+1,n—1] and vy(i) = 1} 3)

are bases of F¥—!.

Proof By the definition of k robust immune, for symmetric boolean function f, it suffices
to prove fp has no annihilator of degree < k, and 1 — fj has no annihilator of degree < &,
where
‘ _Jurx) xe€[0,k=11U[n—k+1,n]
Vs (x) = { 0 otherwise
and
. _Jurx) xe€[0,k—=11U[n—k+1,n]
vp () = { 1 otherwise.
By Lemma 1, fo (the argument for fj is similar) has no annihilator of degree < k if and
only if it has no annihilator of the form g = ]_[f=l (x2i—1 — x2i)g’, where g’ is a symmetric
function in x741,...,x, of degree < k —[. Fix some 0 <[ < k— 1. fog = 0 &
fo ]_[5:1 (x2i—1 — x2;)¢" = 0, which is equivalent to fj¢" = 0, where
f(; = fo'xl:X3:.‘.ZXQ],1:1,X2:X4:.‘.:X21:0'
It is easily checked that v = vy (D), vg(I+1),...,v5(n —1D). Note that both f and g’
are symmetric, and deg(g) < k — /. Thus we may write
g =apeo+ ...+ ap_j_1ex_i_1,
where e; is the elementary symmetric polynomial of degree i, which takes value (f) at any
point with weight i. The condition fj¢’ = 0 is equivalent to ¢’(x) = 0 for all v =1,
ie,ao(y) +ai(]) +...+ar—-1(,_]_,) = 0. Therefore, such g’ exists if and only if there

exists a nonzero a € F¥~! such that a” y,_;(x) = 0 for all vy (x) =vs(x +1) =1, thatis,
(kG —D:iell,k—11U[n—k+1,n—1] and vs(i) = 1} hasrank < k — [. O

Remark 3 From the above proposition, we can see if symmetric f is k robust immune, then
vr(@)=1—-vr(n—i)for0<i <k—1,and f|x,=1,x=01is kK — 1 robust immune.

Next step is to notice ¥ (xo), ¥ (x1), - - ., Yr(xx—1) has full rank if and only if the deter-
minant is nonzero (over the field [F), where the determinant turns out to have the following
simple form [31°

detWi(xo), Ya(xn), o dalum) = [ 2. @)

i
o<i<j<k—1 7

5The computation consists of some simple manipulations reducing to Vandermonde matrix.
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Over the the field ' with characteristic 0, the above determinant is always nonzero for
distinct xg, . . ., xx—1, which implies P(F, r) = {{0}, {1}, {2}, ...} for any ¢ > 0O; over field
with characteristic p, the determinant is nonzero if and only if

Z ord,(xj — x;) = Z ord,(j — i), (5)

0<i<j<k—1 0<i<j<k—1

where ord,, (x) is the p-adic order of x, that is, the maximum integer m such that p™ divides
x. From now on, we will assume F = I, for some prime p.

Combining (4) with Proposition 1, we have the following lemma, which says if the
partition P satisfies certain condition, then the functions in Theorem 1 are k robust immune.

Lemma 2 (Sufficiency) Fix some integer t > 0 and k > 0. Let P be a partition of
{0,...,k—1},ie, P={lyI,...}, where Oizgli ={0,....k— 1} Ifforall I € P, we
have

Yo ordy(y—x)= > ord,(y+x+1+1) (6)

xel and x<y xel and x<y
forall0 <y <k —1withy & I, then all symmetric boolean functions satisfying (1) are k

robust immune.

Proof By Proposition 1, it suffices to prove that for all /, both (2) and (3) are bases of F¥—/.
With loss of generality, assume [ = 0, and we shall prove (2) is a basis of Fk.
By condition (1), we know that, there exists index set S such that

fk—1—i:v(i)=0 andie[0,k—11}=| ]I,
ieS
and

i—k—t:vp()=0 andi e[k+1t2k+t—11) =1L
igs
where P = U; I;. By (5), it suffices to prove

Z ord,(j —i) = Z ord,(xj — x;),

0<i<j<k—1 0<i<j<k—1

where x; is either k — 1 — j or k +t + j, depending on whether j € U;egl; or not.

Z Ol"dp(Xj —xi)

0<i<j<k-1
= Y od,j—i+ Y. ordy(j+itt+1)
i,/'eSiiffi,_MS ieS,jQS[zrjieS,/‘eS
= > ordp(j—i)+ > ordy(j—i)
i,/'eSiiffi,_MS ieS,jQS[zrjieS,/‘eS
= Y, odp(j-i)
0<i<j<k-1
where the second last step follows from our condition (6). O
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Lemma 3 (Necessity) Fix some integert > 0andk > 0. Let P be a partition of {0, . .., k—
1} satisfying (6) in Lemma 2. If for any y € I € P with {x € I : x < y} nonempty,
Z ord,(y —x) < Z ord,(y +x + 1t + 1), @)
xel and x<y xel and x<y

then all k robust immune symmetric boolean functions satisfy (1).

Proof Let P be a partition of {0, 1, ...,k — 1} satisfying the conditions in this lemma.
Assume for contradiction that there exists some k robust immune symmetric boolean
function which does not satisfy (1).

Let0 <i < j < k—1 be some pair which violates (1) with minimum j.Letl = k—1—j,
and we shall prove

(V@ =D :iell,k—11Un—k+1,n—1] and vs(i) =0} ®)

is not a basis of F*~/, which would be a contradiction to Proposition 1.
LetPN{0,1,...,k—1—1}={ly, I, ..., L}, which is the partition of {0, 1, ...,k —
I — 1} induced by P. Without loss of generality, assume j € I,,. Then the set (8) is exactly
the union of
{(Ur—ytk—1—x—=0D:x€elp} or {Yp_y(k+t+x—1):x € I}

(Wr—ytk—1—x—=D:xeli} or {Yp_yk+t+x—1):x €}

Wi—1tk —1—x—=10):x € Ly} or {Y—y(k+t+x—1):x € L1}
(Wk—ttk =1 —x=D:x el \{JHU{Yxtk+1+j—0D}
or {Yx—yk+t+x—0:x el \{jHU{Yx—k—1-j—=D}L

Following the same calculation as we did in Lemma 2, we claim that the order of the
determinant is exactly

Z ordd,(y +x+t+1) — Z ord,(y — x),
x€ly and x<y x€l, and x<y
which is greater than O by our condition in the lemma, and thus the determinant over I, is
zero, and therefore (8) is not a basis. O

Given field F, integer ¢, k, assuming there exists a partition P of {0, 1, ...,k — 1} sat-
isfying (6) and (7), then by Lemma 2 and Lemma 3, we will obtain all k£ robust immune
symmetric boolean functions in 2k 4+ ¢ — 1 variables. It remains to prove the existence of
such partitions, and we will construct P inductively on 7. An interesting feature, which in
fact follows from (6) and (7), is that P does not depend on k, that is to say, P(F, ¢, k) and
P(F, t, k + 1) induce the same equivalence relation on {0, 1, ..., k — 1}. Let us summarize
the conditions we need on P (F p» 1), which is our main technical lemma.

Lemma 4 (Main technical lemma) For any prime p, and any integer t > 0, there exists a
partition P = P(IF,, t) of nonnegative integers satisfying the followings.
—  (Soundness) Forall I € P,y & I, we have

Yo ordy(y—x)= Y ordy(y+x+i+1). 9)

xel and x<y x€l and x<y
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—  (Completeness) Forany y € I € P with{x € I : x < y} nonempty,

Yo ordy(y—x)< Y ordp(y+x+i+1). (10)

xel and x<y xel and x<y

Putting everything together, it is easy to see Lemma 4 together with Lemma 2 and Lemma
2 implies our main theorem. All the remaining pages are devoted to the constructive proof
of Lemma 4, which is a bit tedious. It would be interesting to find a simpler proof of Lemma
4, probably an existential proof.

4 Proof for the case char(IF) = 2

In this section, we will prove Lemma 4 for F = [F,.

Notations We are introducing some handy notations, which are nonstandard but will be
convenient and intuitive for the following proofs. For p = 2 (or any prime p > 2), integer
x > 0 has a unique p-adic expansion®

x = (x0, X1, X2, ...)2,

where x = Zizo x;2'. When there is no ambiguity, we will drop the subscript 2 . A pattern,
either denoted by an p-adic expansion or Greek alphabets «, 8, is subset of Z>( descried
by p-adic expansion by the following rules.

—  Character * denotes any 01-string of arbitrary length, that is, pattern (x) is exactly Zx.

—  Character ? denotes a single bit, i.e., either O or 1. For example, (?, 0, x) denotes the set
of nonnegative integers congruent to 0, 1 mod 4.

— An integer superscript i means repeating i times. For example, (0', ) denotes the set
of nonnegative integers which are multiples of 2.

— If « is a pattern, it can be put at the end of p-adic expansion to define a new pattern,
like (0, 0, v), which is the set of integers 4x, x € «.

— Since patterns are sets, set operations can be applied. For example, « N [0, y] is {x €
o:x <y}l

We are ready to define partition P(F,, ). Within this section, we may simply write
PF,, t) as P(2).
Definition 3 Let P(0) = {(x)} and P(1) = {(1/,0,%) :i =0, 1,...}. Forinteger r > 1,
P2t ={(?a):aeP@®).
For odd integer r > 1,
PRt+1)={0,0,0): (0,0) e P(O}U{(1,2,a),(0,1,): (1,ax) € P(1)}.
For odd integer t > 1 and e > 2,

PR+ ={1%a):acPt+DIU{1,0,2 " a):a e Pt),0<i<e—1}.

50r equivalently, embed Z into the ring of p-adic integers Zp, which is a formal series x =), xipt.
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It is not difficult to see P(¢) is well-defined, that is, it is a partition of Z>¢. To make sure
the readers understand our definition of P(¢), let us restate the the definition in standard set
notations.

P0) = {Z=0}.
P) = {27 Zeo+2" —1:7r=0,1,...}.
P = IUQRI+1): 1 € P@)).
PQRt+1) =21 :1€P@t) and I C 270} U
(21, 21 + 1)U @I —1): I € P(t) and I € 275+ 1}.
PQR%+1) = 2°T+2°—1: 1P+ DU
U 21+2j+2-1:1eP®n,0<i<e—1).
0<j<e—1-i_|

In the following subsections, we will prove Lemma 4 for p = 2 by induction on ¢.
According to our definition of P(¢), the proof consists of 5 cases, that is, 0, 1, 2, 2¢t +
1,2 + 1.

4.1 P, 0)

Recall that P(0) = {Zx0}. Soundness is trivially true. For completeness, we need to prove

Y oy —x) < Y orda(y +x+1) (an

O<x<y O<x<y

for any x > 0, which is equivalent to ord>(y!) < ordy((2y)!/y!), which is true because

(2)’) = 0 (mod 2) for any y > 0. We leave it as an exercise for readers, and (11) will be

used again.

4.2 P(F,, 1)

Recall that P(1) = {(li, 0,%) : i = 0,1,...}. For soundness, let x € (li, 0,%)and y €
(17,0, %), where i # j.Itis easily checked that ord; (x — y) = ordy (x + y+2) = min(i, j),

which proves the soundness. _
For completeness, let y € I = (1*, 0, %) with /N[0, y — 1] nonempty, and we shall prove

Z ordpy(y — x) < Z ordy(y + x + 2).

xelN[0,y—1] xeln[0,y—1]
Lety = (yo = L,...,yi-1 = 1,y = 0,y>;41), where y>;4| denotes the integer
(Yit+1, Yit2, - . .), thatis, ijo 27y;y j+1. Adopt the same notation for x. It is easily checked
that
orda(y —x) =i + 1 +orda(yzit1 — X>i+1)

and

ordy(y +x +2) =i+ 14 orda(y>it1 + x>i41 + 1).
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Thus, it is equivalent to prove’

Yo o —zi) < ) orda(yzist +azie 1)
0=X2i41<y=i+1 0=Xzi41<Y=zi+1

for any y>;+1 > 0 (by assumption {x € I : x < y}is nonempty), which is exactly (11).
4.3 P(F, 2t)
By definition, P(2t) = {(?, @) : « € P(1)}.

Soundness Need to prove forany y € I € P(2t)
Yo orda(y—x)= Y ordy(y+x+2t+1). (12)
xelN[0,y—1] xelN[0,y—1]

Let/ = (?, @), wherea € P(t). Let y = (Yo, y1, - . .), where y>| & o by assumptiony & I.
The left hand side of (12) is

> orda(y —x)

xeln[0,y—1]

= Z ordz ((yo, y=1) — (Yo, X>1))

x>1N[0,y>1—1]

N0, y=1 =111+ > orda(y=1 — x=1).
x>1N[0,y>1—1]

The right hand side of (12) is

> orda(y+x+2+1)
xelN[0,y—1]

= ) orda((o, y=1) + (1= yo,xz1) + (1,1)

x>1€an[0,y>1—1]
=laN[0,y>1 — 1] + Z ordy(y>1 +x>1 +t+1).
x>1€aN[0,y>1—1]
By induction hypothesis, P(¢) is sound, and thus Zx>1 ordy(y>1 + x>1 + 1t + 1) =
> .., 0rda(y=1 — x=1), which proves (12). B

Completeness We shall prove, for any y € I € P with {x € I : x < y} nonempty,
Z ordy(y — x) < Z ordy(y +x +t+1). (13)
xelN[0,y—1] xelN[0,y—1]

Let I = (?,a), where @« € P(t). The left hand side of (13) is | N [0, y>1 — 1]] +
Zx>1 <vei ordy(y>1 — x>1), while the right hand side is at least

N[0, y=1 — [+ Y orda(yz1+x=1+1+ 1)+ 8,1,

X>1<Y>1

7In the following inequality, we could have written x instead of x>;1. We are denoting the variable by x>
for bit alignment.
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where 8y, 1 = 1if yo = 1, otherwise 0. If o N [0, y>; — 1] is nonempty, we have
Digeye, 002 (=1 Fxz1 +Ht 4+ 1) > 3 orda(y=1 — x>1) by the completeness of
‘P(t), which implies (13); otherwise yp = 1, which also implies (13).

4.4 P(Fp,2t + 1), ¢t odd

Recall the definition, P(2t+1) = {(0,0, @) : (0, @) € P(t)}U{(1,?, @), (0,1, ) : (1, @) €
P(t)}, where all patterns in P(¢) are of the form (0, ) or (1, &) by definition.

Soundness We need to prove forany y ¢ I € P2t + 1)
Y ord(y—x)= Y ordy(y+x+2t+2). (14)
xel and x<y xel and x<y

Let us prove by case analysis according to the patterns of y and /.

Casel y € (0,0,«) and I = (1, ?, B), where (0, @), (1, B) € P(r). Both the left and right
of (14) are 0.

Case2 y € (0,0,a) and I = (0, 1, 8), where (0, «), (1, B) € P(¢). The left of (14) is
|1 N[0, y — 1]|, and the right is erm[o,y—l] orda(y +x +2r+2) = > ord((0, 0, y>2) +
0,1, x2)+ 0, +1)) =[N0,y - 1]].

Case3 y € (1,7, ) and I = (0, 0, B), where (1, @), (0, B) € P(r). Both the left and right
of (14) are 0.

Cased y € (1,?,w)and I = (0, 1, B), where (1, @), (1, B) € P(¢). Both the left and right
of (14) are 0.

Case5 y € (0,1,«) and I = (0,0, B), where (1, @), (0, 8) € P(¢). It is similar to Case 2.

Case6 y € (0,1,a)and I = (1, ?, B), where (1, @), (1, B) € P(¢). Both the left and right
of (14) are 0.

Case7 y € (0,0,a) and I = (0, 0, B), where (0, @), (0, B) € P(¢r) and @ # B. The left of
(14) is

Z ordz((0, y>1) — (0, x>1))

x>1€0,a)N[0,y>1—1]

= 1(0.) N[0, y=1 — 1] + > ordy(y=1 — x=1),
x>1€(0,0)N[0,y>1—1]

and the right of (14) is
> ordy (0, y=1) + (0, x=1) + (0.1 + 1))
x>1€(0,0)N[0,y>1—1]
= 1(0,0) N[0, y=1 — 1] + > ordy(y=1 +x=1 + 1+ 1).

x>1€(0,0)N[0,y>1—1]

By induction hypothesis that P(7) is sound and (0, ) € P(r), we have > ordy(y>1 —
x>1) = > orda(y>1 + x>1 + ¢ + 1), which implies (14).
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Case8 y € (1,2, @) and I = (1,?, B), where (1, ), (1, 8) € P(t) and @ # B. It is not
difficult to verify that the left of (14) is

2 N[0, y>2 — 1] + Z orda((1, y>2) — (1, x>2)),
x=2€aN[0,y>2—1]
and the right of (14) is
20a N[0, ys2— 111+ Y orda((Lys2) + (Ixs) + 1+ ).
x>2€aN[0,y=2—1]
By the induction hypothesis that P () is sound, and (1, y>2) € (1,«) € P(t), we have
> ordy((1, y>2) — (1, x52)) = Y _orda((1, y>2) + (1, x>2) + ¢ + 1), which implies (14).
Case9 y € (0,1,a)and I = (0, 1, B), where (1, «), (1, B) € P(t) and o # B. The left of
(14) is
B0, y=21l+ > orda((1, y=2) — (1, x22))

x>2€BN[0,y>2—1]
and the right of (14) is
BOM0, y=2ll+ > orda((Ly=2) + (1, x22) + 1+ 1).

x>2€BN[0,y>2—1]

By the induction hypothesis, P () is sound, then for (1, y>2) € (1,a) € P(), (1,B) €
P(t), we have Y _orda((1, y>2) — (1, x22)) = > orda((1, y=2) + (1, x>2) + ¢ 4+ 1),which
proves (14).

Completeness We will prove the completeness of P(2¢ + 1), which amounts to, for any
yel € PQ2t+1)with {x € I : x < y} nonempty,

Z ordp(y — x) < Z ordy(y + x + 2t + 2). (15)

xel and x<y xel and x<y

Casel y € I = (0,0, @), where y>1 € (0, ) € P(t). The left of (15) is

11010,y — 111+ > ordy(y=1 — X=1),
x>1€(0,0)N[0,y>1—1]
and the right of (15) is
1IN0,y — 11+ > ordy (ys1 + x=1 + 1+ 1).

x>1€(0,a)N[0,y>1—1]

Observe that y~; € (0, ) € P(¢) and (0, «)N[0, y>; —1] is nonempty. By the completeness
of P(t), we have ) _orda(y>1 — x>1) < »_orda(y>1 + x>1 + ¢ + 1), which implies (15).

Case2 y e I = (1,7, ), where (1, y>2) € (1,@) € P(¢z). It is not difficult to verify the
left hand side of (15) is

200nf0,ys0 = Ul +8y 0+ > orda((1,y=2) = (1, x22)),

x>2€aN[0,y>2—1]
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while the right of (15) is at least

200 N[0, y22 — 1[+26, 0+ Y orda((1,y=2) + (1, x22) +1 + 1).

x>2€aN[0,y=2—1]
Given (1, ?, ) N [0, y — 1] nonempty, we either have (1, @) N [0, y=2 — 1] nonempty,
or y; = 1. In the former case, Zx>2 orda((1, ys2) — (1, x52)) < Zx>2 orda((1, y=2) +
(1, x>2) +t+1) by the completeness of P (), which implies (15); in the latter case, (15) is

also true.

Case3 y el = (0,1, ), where (1, y>2) € (1, ) € P(z). The left of (15) is

(1) N0, y=1 — 11| + > (=1 — x=1),
x>1€(La)N[0,y>1—1]

while the right of (15) is

(L) N[0, y=1 — 1]] + > (=1 + 221 + 1+ 1).
w21 €(La)nl0, =111

From the completeness of P(¢), we have > (y>1 — x>1) < Y (¥>1 + x>1 + ¢ + 1), which
implies (15).

45 PIF,,2°t +1),todd, e > 2
Recall the definition, for e > 2 and odd ¢,

PR+ ={1%a):aecPr+DIU{1,0,2 " a):aePlt),0<i<e—1}.

Soundness We need to show forany y ¢ I € P(2°r + 1)

Yo orda(y—x)= Y ordy(y+x+2+2). (16)

xel and x<y xel and x<y
Again, it will be case analysis according to the definition.

Casel y e (1°,)and I = (17,0, 77177, 8), where @ € P(t + 1) and B € P(¢r). The left
of (16) is i|8 N[0, y>, — 1]|, and the right of (16) is

o orda((1%, yze) + (11,0, 7717 s ) 4 (0, 1,072, 1)),
X>€BN[0,y>—1]

which is also i|8 N [0, y>, — 1]|. Thus, (16) is true.

Case2 y € (14,0, 2¢=1=i &) and I = (1¢, ). Similar with Case 1, both sides of (16) is
i N[0, y=e — 111
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Case3 y e (1°,) and I = (1¢, B), where «, B € P(¢t + 1) and @ # B. The left of (16) is
ela N[0, ys, — 11| + szpeﬂﬂ[o,yze—l] ordy (y>¢ — X>,), while the right of (16) is

Y orda(y+x+21+2)

xel and x<y

= Y orda((1% yze) + (19 x20) + (0,1,0°7%,1))
xel and x<y
=ela N[0, yse — 1]+ > orda(yse + Xz +142).
X>€BN[0,y>c—1]
By induction hypothesis, P (¢ +1) is sound. Combining with the facts that o« # g € P(r+1)

and y>, € a, we have ), orda(y>¢ — x>¢) = D, orda(y>e + x>, +t + 2), which
implies (16). B h

Cased.l y e (1/,0,77' @)and I = (1/,0,7¢7'=/ B), where o, B € P(t), and i # j.
The left of (16) is min(Z, j)|IN[O0, y—l]l,andthe rightof(16) is also min(i, j)|/N[0, y—1]]|,
because ordy (17,0, yit1, -, Ye—1, ¥=e)+(17, 0, 27177 5)+(0¢, 1)+(0, 1)) = min(, j).

Case4.2 y € (1,0,?2 1=/ a)and I = (1,0, 27177, B), where a # 8 € P(¢). The left
of (16) is®

Yo orda (10, yigts s Yeo1, =) — (11,0, 2717 x20))
X>e€BN[0,y>c—1]

e—i—2

=G+ DN,y =1 +1BN0[0,kse =111 | D j2 T2 4e—i—1
=0

+ Z 0rd2(yze - xZe)a
X>0€BN[0,y>.—1]

where the term j2°~'=/=2 corresponds to the sum over (1¢,0, Vidlsonos Yitjrl> L —
Yitj+2, 2717177, x2,); the right of (16) is

Do orda((1,0, yig1, s Yoo, y=) + (10,7717 ) 4
xzeeﬁﬂ[&yze*l]
0.1,0°72,1))
e—i—2 o
=G+ DN,y =1+IBN0, kse — I Y j27 /2 4e—i—1)
j=0
+ Z ordy(ys¢ + X>¢ +t + 1).
X>€BN[0,y>.—1]

By the soundness of P(¢), and the assumption that y>, € «, 8 € P and @ # B, we have

ZX3¢»€ﬁﬂ[0,y33—1] ordy(yse — Xz¢) = nyeﬂnlo’yy_“ ordz(ys¢ + x>, + ¢t + 1), which
proves (16).

8n abuse of notation, the term (1¢, 0, 2¢~1~7 Xx>2) means the sum over all 01 strings by replacing ? by O or 1.
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Completeness 1t suffices to prove, forany y € I € P2t + 1) with {x € I : x < y}
nonempty,

Y ordy(y—x)< Y ordy(y+x+2+2). a7

xel and x<y xel and x<y

Casel y € I = (1°, ), where &« € P(¢ + 1). In this case, the left of (17)is e[l N[0, y —
1]+ Zx>eea()’26 — X>¢), and the right of (17) is

Yo orda((1% y=) + (1%, x20) + (0, 1,072, 1))

X>e€aN[0,yz.—1]

=elIN[0,y—1] + > ordy(ys¢ + Xs¢ + 1 +2).
x>e€aN[0,y>.—1]

By the completeness of P(r + 1), and the condition y>, € o € P(t + 1), we have
sze (V3o — X50) < Z@ orda(¥s¢ + x>, + 1 + 2), which proves (17).

Case2 y el = (1,021 &) e P(2°t + 1), where a € P(¢). The left of (17) is

> orda (1,0, yzi1) = (1,0, Xi 41, ., X1, X2e))

Xjg]Xe—1€{0. 1} x> €

(10,054 )<y

=G+ DN,y =111+ Y orda((itt, s Ve, ¥ze) — (77, x20))

X>c€Q
+ Z ordy ((Yi41s - -+ Ye—1, Y>e) — (Xig1s -+ Xe—1, Y>e))-
Xjg1eeno_1€10.1)
KX s X D<o Ve—1)
The right of (17) is
Z ordy (17,0, y=i41) + (11,0, xi41) + (0, 1,0°72, 1))

Xjp ] Xe—] E(O,l).xzeeot
:(l",0<x2i+1)<y

=G+ DN,y =111+ D orda(ysig1 + (7 x20) + (1,072, 1))

X>e €

_i-2
+ > ordy (Vi1 + (Xit 1 - oy Xeo1, ¥ze) + (1, 077772 1)),
Xjy1s-Xe—1€{0,1}
g oo D <O 1Yo 1)

Comparing the left with the right, if we could prove

D orda((ig1s - Yoo, y2e) — (771 x20))

X>c€Q

< Y orda(yzipr + (7 ko) + (1,072 1) (18)

X>c€Q
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and

Z Ord2 ((Vit1, - -+ s Ye—1s Yze) — (Kitls - Xe—l, Y>e))
Xjp1seXe—1€{0,1}
R R DA G/ RS R P )

< ) orda(ysigt + (it Xeo 1, o) + (1,072, 0)), (19)

XiglseeesXe—1

and “="in (18), (19) can not hold simultaneously, then (17) will be true.
For (18), the left hand side is

e—i—2
N[0, kse — 11D j2°7 /2 de—i=D+ Y orda(yze — Xz0)
j=0 X>e€aN[0,y>—1]
while the right is
e—i—2
e N[0, kse =111 D j27 12 fe—i— D+ > ordy (y=¢ + 1+ 1).
j=0 x>e€aN[0,y>,—1]

By the induction hypothesis that P(¢) is complete, we have
Yo orda(yze—x2) < Y orda(yze 1+ 1),
x>e€aN[0,y>—1] X>e€aN[0,y>—1]
where the < is strictly less if @ N [0, k>, — 1] is nonempty.
For (19), the left is Z){;Ol ordy (¥ — x) = orda(y'!), where ¥y = (Vit1, .-+ Ye—1),

and the right is at least Z)yc:ol ordy(y' + x + 1) = orda((2y")!/y’!). From (11), we know
orda(y") < orda((2y")!/y’!) unless y' = 0. Suppose for contradiction that the “="holds in
both (18) and (19) are true. Then y' = (yi4+1, ..., Ye—1) = 0 and & N [0, y>, — 1] is empty,
which implies 7 N [0, y — 1] is empty, which contradicts our assumption!

5 Proof for the case char(FF) > 3

For the case p > 3, the idea of proving Lemma 4 is similar to that of p = 2. And the
construction of P(IF,, ¢) is in some sense simpler, where fewer cases are involved.

Within the section, p is always a prime greater than 2, and let ¢ = (p + 1)/2. For con-
venience, we may write () instead of P(IF,, ¢), and we adopt the same p-adic expansion
notation used in the last section.

Definition 4 Let p > 3 be a prime, and g = (p + 1)/2. Define
PO)={{x0,p—1—=x0}, {x1, p—1=x1},..)p:0=<x; <g—1}
and
P ={((p-— l)i,{j,p—Z—j},oz)p raeP0),i>0,j=0,1,...,9 — 2},

where {j, p —2 — j} denotes a bit which is either j or p —2 — j. For any integer t > 0 and
0<r < p—1with pt +r > 2, define

P(pt +r)
={{i,jhw)p:0<i,j<p-1be{l,2},i+j+r+1=bp,acPt+b-1}
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To help understand the definition, let us redefine the partition in standard set notations
instead of “patterns”. Partition P(0) = {lo, I, ...}, where

Ij = {x=(x0.x1...0p: > xqg + Y (p—1-x)q" =j}.
ixi<q—1 ixi>q
PO = {1 +jp+p —DUGT T +(p-2-)Hp+p —1):
1 e€P0),i>0,;=0,1,...,9 —2}.
Ppt+r) ={(i+pDHU(+ph):0<i,j<p—1,be(1,2},i+j+r+1=bp,
IePt+b—1)

5.1 P(F,,0)

By the definition of P(0), every set in P (0) is uniquely identified by some pattern ({xp, p —
I —xo}, {x1, p —1—=x1},...)p, Where xo, x1,... € {0, 1,...,g — 1}

Soundness It suffices to prove, forany y ¢ I = ({z0, p — 1 — 20}, {z1, p — 1 — 21}, .. )p,

Z ord,(y —x) = Z ord,(y +x + 1). (20)

xelN[0,y—1] xelN[0,y—1]

Let i be the minimum index such that y; & {z;, p — 1 — z;}. (By assumption that y & 1,
such i exists.) It is not difficult to see both the left and the right of (20) is

i—1

(ziop = 1=z dzip p— 1= ziph . )p N0,y — 1| Y 2 +i
j=1

Completeness It suffices to prove, for any y € I with 7 N[0, y — 1] nonempty,

d>oood,(y—x)< Y ordy(y+x+1). Q1)

xelN[0,y—1] xelN[0,y—1]

Let I = ({zo, p—1—2z0}, {z1, p—1—2z1},...)p. Leti be an integer such that z; = (p—1)/2.
The ith bit on the left of (21) is zero if x; = y; forall j < i, and x>; < y-;; and the ith
bit on the right is zero if x; = p — 1 — y; forall j < i, and x < y, which includes the case
X>j < y>j. By a double counting argument, without loss of generality, assume such i does
not exists, that is, for all i, z; # (p — 1)/2.

Let ¢ : Z>9 — Z>( be the map

P (x) = (xg, X1, - )2,

where x = (xp, x1,...)p is the p-adic expansion of x, and xlf = 1 if and only if x; =
max(x;, p — 1 — x;), otherwise 0. Then, under our assumption that x; # (p — 1)/2 for all
i, (21) becomes

Y orda(@( —x) < Y orda(p() +x+ 1),

x€l0,9(y»)—1] xe[0.9(n—1]

which is equivalent to ord; (¢ (¥)!) < ord((2¢(¥))!/¢ (¥)!), which is exactly (11).
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52 P(F,. 1)

Soundness We shall prove forany y ¢ I = ((p — D!, {j, p—2 — jha)p, j<p—2-j,
where y € (p = )", {j's p =2 = j'}, B)p. and &, B € P(0),

Z ord,(y —x) = Z ord,(y +x +2). 22)

xelN[0,y—1] xelN[0,y—1]
Case 1 i # i’. Both the left and right of (22) are min(i, i")|I N[0, y — 1]|.
Case2 i =i’ and j # j'. Both the left and right of (22) are i|I N [0, y — 1]|.

Case3 i =i, j = j and o # B. The left of (22) is

(i + Dl N[0, y=ip1]l + > ord, (y=i+1 = Xzi+1),
X>i+1€N[0,y>;41]
and the right of (22) is
G+ D0 y=ipll+ D ordp(ysit1 +xzi41+ D).

Xiy1€aN[0,y5;41]

Since P(0) is sound, and y>i+1 € o € P(0), we have )
Zsz ord, (¥>i+1 + X>i+1 + 1), which implies (22).

oipy OMdp(Vzitl = Xzig1) =

Completeness We need to prove forany y € I = ((p — DL G, p—2— ), a), € P(1)
with 7 N[0, y — 1] nonempty,

doood,y—x)< Y ordp(y+x+2). (23)
xelN[0,y—1] xelN[0,y—1]
The left side of (23) is
> ord, (((p = ', yi y=ie1)p — ((p = D, X0, X241) )

X €{j,p—2—j}.Xzip1€2:x <y

= Qi+ DIaN[0,yzis1 — Ul +i8yp2j+ D ordp(y=iti — Xzit1),

Y=l €Y
X>i41<Y>i+1

and the right of (23) is
> ord, ((p = D' yi y=ieD)p + (2 = D, X5, X2i41)p +2)
xXi€{j,p—2—jhxsit1€:x<y

> Qi+ DIen[0,ysip1 — N+ G+ D8y paj+ Y ordp(yzist +xziq1+ D).

Y>i4] €
X=i41=V=i+1
Since P(0) is complete, we have
Z ordy (Yziy1 — X>i41) < Z ord, (y=i+1 + x>i41 + 1)

X>j4] €A X>j]1 €

if «N[0, y>;+1—1]is not empty, in which (23) is true. Otherwise, by assumption /N[0, y—1]
is nonempty, we have y; = p — 2 — j, which also implies (23).
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53 Py, pt+r)

By definition, P(pt +r) = {({i, jLo)p : 0<i,j <p—1be{l.2}i+j+r+1=
bp,a € Pt +b— 1)}

Soundness We will prove for any y ¢ I = ({i’, j’},B)p, € P(pt + r), where y €
({17 ]}7 a)p’
Y ordy(y—x)= Y ord,(y+x+pt+r+1). (24)
xelIN[0,y—1] xelIN[0,y—1]

Without loss of generality, assume i = i’ and j = j’, otherwise both sides of (24) are 0. By
definition, i 4+ j +r 4+ 1 = bp, where b € {1,2},and « # B € P(t + b — 1). The left hand
side of (24) is

N[0,y =1+ > ordy(y=1 —xz1),
x>1€BN[0,y>1—1]

and the right of (24) is
> ordp((o. y=0)p + (il x=D)p + + 1,0))
x>1€BN[0,y>1—1]
=100y =1+ > ordy(y=i+az1+1+Db)
x>1€BN[0,y>1—1]
By induction hypothesis, P(r + b — 1) is sound, we have ZX>1 ord,(y>1 — x>1) =
Zx>1 ord,(y=1 + x>1 + ¢ + b), which proves (24). -

Completeness We prove, for any y € I = ({i, j},a«) € P(pt +r) with I N[0,y — 1]
nonempty, and i < j,

Y ordy(y—x)< Y. ordy(y+x+pt+r+1), (25)
xelIN[0,y—1] xelIN[0,y—1]
wherei + j+r+1=>bp,b e {1,2},and ¢ € P(t + b — 1). The left of (25) is
N0, y=1 =11+ Y ordy(y=1 — x=1),
x>1€aN[0,y>1—1]

and the right of (25) is

o ordp (0, y=D)p + (s jh x=0)p + 4 1,0))

x>1€aN[0,y>1—1]

> Ja N[0, y=1 — 11| + 8y, + > ord,(y=1 + x=1 4+t +b).
x>1€aN[0,y>1—1]

By the induction hypothesis that P (¢ + b — 1) is complete, then
Z ord,(y>1 — x>1) < Z ord,(y>1 +x>1 +t+b)
x>1€aN[0,y>1—1] x>1€aN[0,y>1—1]

if « N[0, y>1 — 1] is nonempty, in which case (25) is true; otherwise, yop = j > i, which
also implies (25).
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