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Abstract Recently, the second weight of generalized Reed-Muller codes have been
determined (Erickson 1974; Bruen 2010; Geil, Des. Codes Cryptogr. 48(3):323-330,
2008; Rolland, Cryptogr. Commun. 2(1):19-40, 2010). In this paper, we give the
second weight codewords of the generalized Reed-Muller codes.
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1 Introduction

In this paper, we want to characterize the second weight codewords of generalized
Reed-Muller codes.

We first introduce some notations:

Let p be a prime number, n a positive integer, ¢ = p" and [F, a finite field with ¢
elements.

If m is a positive integer, we denote by B}, the F,-algebra of the functions from
F7 to Fy and by Fy[ X, ..., X,,] the Fy-algebra of polynomials in m variables with
coefficients in IF.

We consider the morphism of F,-algebras ¢ : F [ X, ..., X,,] = B, which asso-
ciates to P € F [ X}, ..., X,,] the function f € BY such that

Vx = (x1,..., %) € F? f(x) = P(x1, ..., Xm)-

The morphism ¢ is onto and its kernel is the ideal generated by the polynomials
X! =X\, ..., X}h — Xy So, for each f € Bj,, there exists a unique polynomial P €
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F,[ X\, ..., X;n]such that the degree of Pin each variableis at most g — 1 and ¢(P) =
f. We say that P is the reduced form of f and we define the degree deg( f) of f as
the degree of its reduced form. The support of f is the set {x € F : f(x) # 0} and

we denote by | f| the cardinal of its support (by identifying canonically By, and IE‘ZM,
| f] is actually the Hamming weight of f).
For 0 <r < m(q — 1), the rth order generalized Reed-Muller code of length g™ is

R,(r,m) :={f e Bl :deg(f) <r}.

For 1 <r <m(q — 1) — 2, the automorphism group of generalized Reed-Muller
codes R,(r, m) is the affine group of F} (see [2]).

For more results on generalized Reed-Muller codes, we refer to [7].

In the following of the article, we write r =t(q — 1) +s5,0<t<m—1,0<s <
q—2.

In [10], interpreting generalized Reed-Muller codes in terms of BCH codes, it
is proved that the minimal weight of the generalized Reed-Muller code R, (r, m) is
(g —s)qg""".

The following theorem gives the minimum weight codewords of generalized Reed-
Muller codes and is proved in [7] (see also [12]).

Theorem 1 Letr =t(qg—1)+s <m(q— 1),0 <s < q — 2. The minimal weight code-
words of R,(r,m) are codewords whose support is the union of (q —s) distinct
parallel affine subspaces of codimension t+ 1 included in an affine subspace of
codimension t.

In his Ph.D thesis [8], Erickson proves that if we know the second weight of
R,(s,2), then we know the second weight for all generalized Reed-Muller codes.
From a conjecture on blocking sets, Erickson conjectures that the second weight of
R,(s,2) is (g — s)q + s — 1. Bruen proves the conjecture on blocking set in [5]. Geil
also proves this result in [9] using Groebner basis. An altenative approach can be
found in [13] where the second weight of most R, (r, m) is established without using
Erickson’s results.

Theorem 2 Form >3,q >3 andq <r < (m — 1)(q — 1) the second weight W, of the
generalized Reed-Muller codes R, (r, m) satisfies:
1. ifl<t<m-—1lands=0,
Wy =2(g - Dg" "
2. ifl<t<m-—2ands =1,

(a) ifg=3 W, =8x3""2
(b) ifg=4 Wr=q"",

3. ifl<t<m—-2and2<s<gq-2
Wr=(q—s+1Dg—Dg" "
In [6], Cherdieu and Rolland prove that the codewords of R,(s, m) of weight

(q—s+1)(g—1)g™ 2, 2<s<qg—2, which are the product of s polynomials of
degree 1 are of the following form.
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Theorem3 Let m>2, 2<s<qg—2 and f e Ry(s,m) such that |f|=(q—s+
(g — 1)q"%; we denote by S the support of f. Assume f is the product of s poly-
nomials of degree 1 then either S is the union of q — s + 1 parallel affine hyperplanes
minus their intersection with an affine hyperplane which is not parallel or S is the
union of (q — s + 1) affine hyperplanes which meet in a common affine subspace of
codimension 2 minus this intersection.

In [14], Sboui proves that the only codewords of R, (s, m),2 <s < 9 whose weight
is (g — s+ 1)(g — 1)g""? are these codewords. The case where g = 2 is proved in
[11]. In [1], Ballet and Rolland prove that a codeword with an irreducible but not
absolutely irreducible factor of degree greater than 1 over I, is not a second weight
codeword.

All the results proved in this paper are summarized in Section 2 and their proofs
are in the following sections.

2 Results
2.1 Description of second weight codewords of generalized Reed-Muller codes

The following theorems and propositions describe the second weight codewords of
generalized Reed-Muller code R, (r,m) forg >3,m>2,and1 <r <m(g—1) — 1.
We recall that we writer =t(q — 1) + swhere0 <t <m—land0<s <qg—2.

2.1.1 Case wheret =m — land s # 0

Theoremd4 Letm >2,q>5,1<s < q— 4. Up to affine transformation, the second
weight codewords of R,((m — 1)(q — 1) + s, m) are of the form

m—1

s—1
Vo= (o) € By fe = o [T (1= [Ten = by
=1

i=1

where a € Fy and b j € ¥, are such that if j # k, b j # by.

Proposition 1 Let m > 2 and q > 4. Up to affine transformation, the second weight
codewords of R,((m — 1)(q — 1) 4+ q — 3, m) are either of the form

m—1

qg—4
Vx:(xl,...,xm)eIF? fX)=«a <l—xl‘!*1) n(xm—b,-)
j i=1

=1 =
where a € Iy and b j € ¥, are such that if j # k, b ; # by or

-2

g—1 q-3
Vx=(x1,...,X,) € IF'qn fX)=«a (1 — xffl) H(a,-xm_l + bix;) n(xm )
i=1 i=1 i=1

3

L
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where o € Fy, (a), b)) € IF; \ {(0,0)} and c; € Fj are such that if j # k cj # cx or of the
formV¥x = (x1,...,xy) € IF?

q—4

m—2 g—1
fo=a]] (l — <! [T @1 + b [T0on = @1 + b +0)
i=1

i=1 i=1
where a € IE‘Z, (aj, b)) e IFf] \{(0,0)}, ¢j € IF:‘] are suchthatif j# kcj# cxand a € IF:‘],
b eFy cely

Proposition2 Let m > 2 and q > 3. If q >3, up to affine transformation, the
second weight codewords of R,((m —1)(q—1)+q—2,m) are of the form Vx =
X1,y Xm) e]Fg

m—2 q-—2 q-—2
fo=a]] (l - X?_l) [ 1 = b [ [Gom — c)(@xm1 + b + )
i=1 i=1

i=1
whereaeFZ,aeFZ,b eFZ,cquundbjqu, cje ¥, are such thatif j# k, b; #
by and cj # ck
2.1.2 Case where 0 <t <m—2and2 <s<q—2

Theorem 5 Letqg>4,m>2,0<t<m-—2,2<s <q—2 Uptoaffine transforma-
tion, the second weight codewords of R,(t(q — 1) + s, m) are either of the form

t s—1
Vo= () € B f) = o [T(1= 2 [T = b — o
i=1 =1

where o € K, b ; € ¥y are such that if j # k, b ; # by and ¢ € Fq or of the form

t s
Vx = (X1,...,X%,) € ]FZ1 fx) = al_[ (1 — xf]_l) H(a,-xm +bx0+c))

i=1 j=1

where a € Ff and (aj, b j) € F; \ {(0,0)}, ¢; € F, such that

s
A= m{(xzﬂ, X4 eo s Xm) 1A% + b X+ ;=01 #0
=1

and dim(A) =m —t — 2.

2.1.3 Case wheres =0

Theorem 6 Letm >2,q > 3,1 <t <m— 1. Up to affine transformation, the second
weight codewords of R,(t(q — 1), m) are either of the form

t—1 q-2
Vx = (X1,...,Xn) € IF? f(xX) =« l_[ (1 — xl‘!*I) l_[(x[ —b X1 —0©)
. i

i=1
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where a € ;. b j € Fy are such that if j # k, b j # by and ¢ € F or of the form

-1 q—1

Vx = (x1,...,xn) € FJ  f(x) = otl_[ (1 —x;’ﬂ) H(ajxt +bjxp +c))

i=1 =1
where o € Fy and (a;, b)) € FZ \ {(0,0)}, ¢j € Fy such that

q—1
A= (WO X Xm) @ + b jxi +¢; =0} #
j=1

and dim(A) =m —t— 1.

2.1.4 Case where 0 <t<m—2ands =1

Theorem7 Letq >4, m=> 1,0 <t <m— 1. Up to affine transformation, the second
weight codewords of R, (t(q — 1) + 1, m) are of the form

t
Vi = (e, € B fo=a[T(1-20)
i=1
where a € ;.
Proposition3 Let m >3, gq=3, 1 <t<m—2. Up to affine transformation, the

second weight codewords of R3(2t + 1, m) are of the form

t—1

Vo= (xp o xm) € f) =a [ (1 - xF) X

i=1

where a € 3.

Remark 1 For g = 3, in the case where r = 1, the second weight of R;(1,m) is 3"
and the second weight codewords are degree zero codewords.

Remark 2 From the above theorems, it follows that second weight codewords of
generalized Reed-Muller codes are product of degree 1 factors.

2.2 Strategy of proof

In the following, except when another affine space is specified, a hyperplane or a
subspace is, respectively, an affine hyperplane or an affine subspace of .

It is easy to verify that the codewords described above are second weight code-
words. Using the following lemma and its corollary from [7], we deduce that these
codewords are exactly the second weight codewords from the results on the structure
of the support of second weight codewords below.
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Lemmal Let m>1, ¢>2, fe By, and a€Fy. If for all (x,,...,xy) in F},
f(a, xa2,...,xy) = Othen forall (xy,...,x,) €F"

f(xh e »xm) = (xl —ﬂ)g(.X], e ,)Cm)
with deg, (g) < deg, (f) — L

Corollary1 Letm>1,q>2, fe Blanda ¢ Fy. If for all (xy,...,x,) in IFZ such
that x| #a, f(x1,...,Xxy) =0 then for all (x,...,xy) € FZ‘, fxy,....xm)=010—

(1 = @) g2, ..o X).

2.2.1 Case wheret =m — land s # 0

Theorem 4 comes from

Theorem8 Letm >2,qg>51<s<qg—4and f e R,((m—1)(q—1)+s,m) such
that | f| = q — s + 1. Then the support of f is included in a line.

Propositions 1 and 2 come from

Proposition4 Let m > 2. If g >4 and [ € R;((m —1)(q — 1) +q — 3, m) such that
|[fl=4o0rq>3and fe R,((m—1)(q—1)+q —2,m) such that | f| = 3, then the
support of f is included in an affine plane.

Indeed, in both cases, since the support of f is included in an affine plane, up to
affine transformation, Vx = (xq, ..., x,,) € IE‘Z‘,

m—2

e =TT (1=5") gm-1, xm)

i=1

where g € R;(u,2),u € {29 — 4,2q — 3}.

Consider the case of Proposition 1. If the support of fis included in a line then f
is a minimum weight codeword of R, ((m — 1)(q — 1) 4+ q — 4, m) and we get the first
case of the Proposition. Assume that 3 points of the support are included in a line L.
We denote by A the point of the support which is not in L and by B, C, D the 3
other points. We define a point E such that ABD E is a parallelogram.

Then considering the lines parallel to (A B) and those parallel to (A D) which do
not contain any point of the support, the line parallel to (BD) through E and the
line L and L' (see Fig. 1), we get that up to affine transformation g is of the form
q-3 q-3 3

H(xm,l — b)) H(xm - ) l_[(a,-xm,l + Bixm + yi) where b; € F,, ¢; € F, are such

i=1 i=1 i=1
thatif j #Kk,b; # by, c; #crando; € Fz,ﬂi € IE‘Z, vielF,. So fe Rj(m—1)(g—1)
—+q — 2, m) and this case is not possible.

In the other cases, the four points of the support form a quadrilateral, we denote
by M the intersection of the diagonals of this quadrilateral. By applying an affine
transformation, we can assume that M = (0, 0).

If at least two of the edges of this quadrilateral are parallel, considering all the lines
through M which do not contain any point of the support and all the lines parallel to
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Fig. 1 Proposition 1, case
where 3 points of the support
are included in a line

E

these edges which contain neither M nor any point of the support, we get that f is of
the second form in Proposition 1.

In the last case, we denote by A, B, C, D the vertices of the quadrilateral and by
C’ (respectively D’) the intersection of the diagonal (BD) (respectively (AC)) with
the line parallel to (A B) through C (respectively D). Then considering all the lines
through M which do not contain any point of the support, all the lines parallel to
(A B) which do not contain any point of the support and the line (C' D’), we get that
f is of the third form in Proposition 1.

Consider now the case of Proposition 2. Denote by A, B, C the 3 points of the
support and define D a point such that ABCD is a parallelogram. Considering
the line through D parallel to (AC) we get that f is of the form described in the
Proposition.

2.2.2 Case where0 <t <m—2and2 <s<q—2

Theorem 5 comes from

Theorem9 Letg >4, m=>2,0<t<m—2,2<s<q—2 Thesecond weight code-
words of Ry(t(q — 1) + s, m) are codewords whose support S is included in an affine
subspace of codimension t and either S is the union of q — s+ 1 parallel affine
subspaces of codimension t+ 1 minus their intersection with an affine subspace
of codimension t+ 1 which is not parallel or S is the union of (q— s+ 1) affine
subspaces of codimension t + 1 which meet in an af fine subspace of codimension t + 2
minus this intersection (see Fig. 2).

2.2.3 Case wheres =0

Theorem 6 comes from:

Theorem 10 Let m>2, g >3, 1 <t <m— 1. The second weight codewords of
R,(t(q — 1), m) are codewords whose support S is included in an affine subspace
of codimension t — 1 and either S is the union of 2 parallel affine subspaces of
codimension t minus their intersection with an affine subspace of codimension t which
is not parallel or S is the union of two non parallel af fine subspaces of codimension t
minus their intersection.

@ Springer



248 Cryptogr. Commun. (2013) 5:241-276

Fig. 2 The possible support (a) (b)
for a second weight
codeword of R4(5, 3) T N :

2.2.4 Case where0 <t<m—2ands=1

Theorem 7 comes from

Theorem 11 Forg >4, m>1,0<t<m—1,if f € R,(t(q — 1) + 1, m) is such that
| fI = ¢, the support of f is an af fine subspace of codimension t.

Proposition 3 comes from
Proposition S Letm >3, q=3,1<t<m—2and f € R32t + 1, m) such that | f| =
8.3"~1=2 We denote by S the support of f. Then S is included in A an affine subspace

of dimension m —t + 1, S is the union of two parallel hyperplanes of A minus their
intersection with two non parallel hyperplanes of A (see Fig. 3).

3 A preliminary lemma

Lemma2 Let g >3, m >3, and S be a set of points of ¥ such that #S = u.q" < q",
withu #0 mod q. Assume for all hyperplanes H either # SN H) = 0or #(SN H) =
v.g", v <uor#(SN H) > u.q"~" Then there exists H an af fine hyperplane such that
S does not meet H or such that #(SN H) = vg"™ ..

Proof Assume for all H hyperplane, SN H # ¢ and #(S N H) # vq"~'. Consider an
affine hyperplane H; then for all H' hyperplane parallel to H, #(SN H') > u.q"~".

Fig.3 The support of a second
weight codeword of R3(3, 3)
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Since u.q" = #S§ = Z #(SN H'), we get that for all H hyperplane, #(SN H) =
H'//H
n—1

u.q
Now consider A an affine subspace of codimension 2 and the (g + 1) hyperplanes
through A. These hyperplanes intersect only in A and their union is equal to F7'. So

ug" =#S = (g + Hu.qg"' — g#(SN A).

Finally we get a contradiction if n = 1. Otherwise, #(S N A) = u.q" 2. Tterating this
argument, we get that for all A affine subspace of codimension k < n, #(SN A) =
u.q" k.

Let A be an affine subspace of codimension n+ 1 and A’ an affine subspace
of codimension n — 1 containing A. We consider the (¢ + 1) affine subspace of
codimension n containing A and included in A’, then

ug=#SNA)=(@+ Hu—qg#SN A)

which is absurd since #(SN A) is an integer and u £ 0 mod g. So there exists Hj an
hyperplane such that #(S N Hy) = vg"~! or S does not meet H,. O

Remark 3 This lemma applies in particular when S is the support of a second weight
codeword and vg” is the minimal weight.

4 Case where r =m — 1and s # 0
4.1 Proof of Theorem 8

We recall that S is the support of f. Let w;, w, € S and H be an affine hyperplane
containing w; and w,. Assume SN H # S. Wehave#S=q—s+ 1 <gand w;, w; €
SN H,so there exists an affine hyperplane parallel to H which does not meet S. Since
the affine group is the automorphism group of generalized Reed-Muller codes, we
can apply an affine transformation without changing the weight of a codeword. So,
we can assume x; = 0is an equation of H and we denote by H, the affine hyperplane
parallel to H of equation x; =a,a € F;. Let I :={a € F, : SN H, = }} and denote
by k:=#I;s <k <q—2.Letc ¢ I, we define

Vi =, xn) €FL o= f [ n-a
aél,azc

that is to say f is a function in By, such that its support is SN H,. Since ¢ ¢ I, [, is

not identically zero. Then | f| = Z | fo| and we consider two cases.
c¢l

— Assume k > s.
Then the reduced form of f, has degree at most (m — )(g— 1) +qg—1+s—k
and | f;| > k — s+ 1. Then,

@=s+D=Ifl=) Ifl=@-ktk-s+1)

cgl

@ Springer



250

Cryptogr. Commun. (2013) 5:241-276

which gives
I=(@—-1-kk=-s

this is possible if and only if k = g —2 = s+ | and we get a contradiction since
s<q-—4.

Assume k = .

Then S meets (¢ — s — 1) affine hyperplanes parallel to H in 1 point and H in 2
points. Consider the function g in B}, defined by

Vx = (x1,..., %) € F" g(x) = x; f(x).
The reduced form of g has degree at most (m — 1)(q — 1) + s+ 1 and
Igl=(q—s—1D.

So g is a minimum weight codeword of R,((m —1)(g — 1) + s+ 1, m) and its
support is included in a line. This line is not included in H. So consider H; an
affine hyperplane which contains this line but does not contain both w; and w;.
Then SN H; # S and H, contains at least 3 points of S since s < g — 4 which
gives a contradiction by applying the previous argument to H;.

So § is included in all affine hyperplanes through w; and w, which gives the result.

4.2 Proof of Proposition 4

If f e Ry((m —1)(q — 1) + q — 2, m) issuch that | f| = 3, we have the result since
3 points are always included in an affine plane.
Assume f € R,((m —1)(q — 1) 4+ q — 3, m) is such that | f| = 4. By Corollary 1,

there exist a, b, ¢, d € F; and 0 = @", ..., 09), 0® =@, ... o?),
09 =", ..., 09), 0@ =, ..., 0P) 4 distinct points of F7 such that
Vx = (xq,...,x,) € F",

m
i=

i)oo'
. R
i=1 i

So,

f&) = (D"a+b+c+d) [
i=1
+(=1)"! Z (awf”) + bwfb) + cwi(c) + da)fd)) xj’fz nx‘fl +r
i=1 i
with deg(r) < m —1)(q—1)+¢g —3.Since f € Ry((m—1)(g—1)+q—3,m),

a+b+c+d=0
aw® +bw® + c0© +do? =0 -

S
S0, aw Y0 + b w® + co®w© = 0 which gives the result.

@ Springer



Cryptogr. Commun. (2013) 5:241-276 251

Remark 4 In both cases we cannot prove that the support of f is included in a line.
Indeed,

— Let w;, wy, w3 be 3 points of ]Fg not included in a line. For ¢ > 3 we can find a,

b e IE‘Z such thata+b # 0. Let f =al,, +b1,, — (a+ b)1,, where for w € IE‘Z‘,

1,, is the function from IE‘Z‘ to F, such that 1,(w) = 1 and 1,,(x) = 0 for all x # w.

Then, since Z f)=a+b—-(a+b)=0,feR((m—-1(@q—-1)+q—2,m).
xer

— Let wy, wy, w3 be 3 points of IF;" not included in a line and set
w4 = W) + Wy — w3.

Then f=1, +1,, — 14, — 1o, € Rg((m —1)(g—1) +q — 3, m).

S5Casewhere) <tr<m-2and2<s=<q-2
5.1 Case wheret =0
In this subsection, we write ¥y =a(qg— 1) + b withO <a<m—1and0<b <g— 1.

Lemma3 Let >3, m>2 0<a<m—-2 2<b<qg—1and feRyalg—1) +
b, m) such that | f| = (g — b + 1)(g — 1)q¢" %%, we denote by S the support of f. If
H is an affine hyperplane of F such that SN H # () and SN H # S then either S
meets all affine hyperplanes parallel to H or S meets q — b + 1 affine hyperplanes
parallel to H in (q — 1)q"™ %2 points or S meets q — 1 affine hyperplanes parallel to
Hin (q — b + 1)g™ %2 points.

Proof By applying an affine transformation, we can assume x; = 0 is an equation
of H and consider the g affine hyperplanes H,, of equation x; = w, w € F,, parallel
to H. Let I :={w eF,: SN H, =@} and denote by k :=#I. Assume k > 1. Since
SNH#Pand SNH # S,k <q—2.Forallc e, c¢I,we define

Vi=(x....x) e 0 =fo  J]  x-w.
wel, w#c,wgl

— Assume b < k.
Then2<qg—1+4+b —k <qg—2 and for all ¢ ¢ I, the reduced form of f. has
degree atmosta(g— 1)+ q—1+b —k.So | f.| > (k —b + 1)g™“"'. Hence

(q—D(@—b+1)g" 2> (q—kk—b+1g" !

which means that (b — k)q(q —k—1)+b — 1 > 0. However (b — k) < —1 and
qg—k—1>1so(b —k)qg(q—k—1)+b — 1 < 0 which gives a contradiction.

— Assume b > k.
Then 0 <b — k < g —2 and for all ¢ ¢ I, the reduced form of f, has degree at
most (a+1)(g—1)+b —k.So|f.] = (q—b + kg™ 2. Hence

(@=1D(@—b+1g" = (q-k(g—b+kqg" ">
with equality if and only if for all ¢ & I, | f.| = (¢ — b + k)g"“~2. Finally, we
obtain that (k — 1)(k — b + 1) > 0 which is possible if and only if k =1 or 1 >
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b — k > 0. Now, we have to show that k = s is impossible to prove the lemma.
If b =q— 1, since k < g — 2, we have the result. Assume b < g —2and b = k.
Then, forall c ¢ I, f. € R;((a+ 1)(q — 1), m). The minimum weight of R,((a +
(g — 1), m) is ¢! and its second weight is 2(g — 1)g"“~2. We denote by
Ny:=#cgl:|f|=q" ") Since k=b, N, < g — b.Furthermore, we have

(@q—b+1)(g—Dg"“?=Nig" "+ (qg—b —NpD2(g— 1)g" ">

which means that Ny > ("71);‘5}’71) > g —b — 1. Finally, N; = ¢ — b and for all
cél,|f.|=q" ' However (g — 1)(q—b + 1)g" "% > (g — b)g™ ' which
gives a contradiction. O

Lemma4 Form =2,q> 3,2 <b <q— 1. The second weight codewords of R,(b, 2)
are codewords of R,(b,2) whose support S is the union of g — b + 1 parallel lines
minus their intersection with a line which is not parallel or S is the union of (4 — b + 1)
lines which meet in a point minus this point.

Proof To prove this lemma, we use some results on blocking sets proved by Erickson
in [8] and Bruen in [5]. All these results are recalled in the Appendix of this paper.
By Theorem 3, which is also true for b = g — 1 (see [8, Lemma 3.12]), it is sufficient
to prove that f € R,(b,2) such that | f| = (g — b + 1)(g¢ — 1) is the product of linear
factors.

Let fe Ry(b,2) such that |[f|<(gq—b+1)(g—1)=q(@q—b)+b —1. We de-
note by S its support. Then, S is not a blocking set of order (g — b) of Ff] (Theorem
13) and f has a linear factor (Lemma 10).

We proceed by induction on b. If b =2 and f € R,(b,?2) is such that | f| < (g —
b+ 1)(q — 1), then f has a linear factor and by Lemma 1 f is the product of two
linear factors. Assume if f € R,;(b —1,2) is such that | f| < (g — b +2)(q — 1) then
fis a product of linear factors. Let f € R;(b,2) such that |f] < (g —b + 1)(g— 1);
then f has alinear factor. By applying an affine transformation, we can assume for all
(x,y) € ]F(ZJ, fx,y) =y f(x,y) with deg(f) < b — 1. So, L the line of equation y =0
does not meet S the support of f. Since (g —b + 1)(g — 1) > g, Sisnotincludedin a
line and by Lemma 3, either S meets (g — b + 1) lines parallel to L in (g — 1) points
or S meets (¢ — 1) lines parallel to L in (g — b + 1) points.

In the first case, by Lemma 1, we can write for all (x, y) € IE‘%I,

f,y)=y(y—a)...(y —ap_)gx,y)

where a;, 1 <i < q —2 are g — 2 distinct elements of F; and deg(g) < 1 which gives
the result. _

In the second case, we denote by a € F, the coefficient of x*~! in f. Then for any
A € I, since S meets all lines parallel to L but L in ¢ —s + 1 points, we get for all
xel,,

[ 1) =ar(x—ai(V) ... (x —ap_1(1))

So there exists ay,...a,—; € F,[Y] of degree at most g —1 such that for all
(x,y) e F,

fl,y) =ay(x —ai(y))...(x —ap_1(y)).
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Then for all x € F,
fox) = F(x,0) = a(x — a1 (0)) ... (x — ay_1(0))
and | fo| < g — 1. So,
IFI< 1141l < (@b +2(g—D.

By induction hypothesis, fis the product of linear factors which finishes the proof of
Lemma 4. O

Proposition 6 For m >2, g >3, 2 <b < q— 1. The second weight codewords of
R,(b, m) are codewords of R,(b,m) whose support S is the union of q —b +1
parallel hyperplanes minus their intersection with an affine hyperplane which is not
parallel or S is the union of (q — b + 1) hyperplanes which meet in an affine subspace
of codimension 2 minus this intersection.

Proof We say that we are in configuration A if § is the union of ¢ — b + 1 parallel
hyperplanes minus their intersection with an affine hyperplane which is not parallel
(see Fig. 2a) and that we are in configuration B if S is the union of (g — b + 1) hy-
perplanes which meet in an affine subspace of codimension 2 minus this intersection
(see Fig. 2b).

We prove this proposition by induction on m. The Lemma 4 proves the case where
m = 2. Assume m > 3 and that second weight codeword of R,(b,m —1),2 <b <
q — 1 are of type A or type B. Let f e R,(b,m) such that |f|=(¢q—1D(qg—b +
1)¢"~? and we denote by § its support.

— Assume S meets all affine hyperplanes.
Then, by Lemma 2, there exists an affine hyperplane H such that #(SN H) =
(g — b)q""2. By applying an affine transformation, we can assume x; = 0 is an
equation of H. We denote by 1 the function in By, such that

Vx=(X1,...,Xn) € Fgﬂ lgx)=1 —x'l’fl

then the reduced form f.1 has degree at most (¢ + 1)(¢ — 1) + s and the support
of fly is SN H so SN H is the support of a minimal weight codeword of
R,(qg—140b,m) and SN H is the union of (¢ — b) parallel affine subspaces of
codimension 2. Consider P an affine subspace of codimension 2 included in H
such that #(SN P) = (g — b)q"™ 3. Assume there are at least two hyperplanes
through P which meet S in (¢ — b)q”? points. Then, there exists H; an affine
hyperplane through P different from H such that #(SN H,) = (g — b)q" 2.
So, SN H, is the union of (¢ —b) parallel affine subspaces of codimension
2. Consider G an affine hyperplane which contains Q an affine subspace of
codimension 2 included in H which does not meet § and the affine subspace
of codimension 2 included in H; which meets Q but not S (see Fig. 4).
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Fig. 4 Proposition 6, case 0 G
where S meets all affine
hyperplanes, construction of G

H

4

By applying an affine transformation, we can assume x, = A, A € F, is an
equation of an hyperplane parallel to G. For all A € F,, we define f,
B, by

Vo X)) €FP7N 0 i X)) = O X A).

If all hyperplanes parallel to G meets S in (g — b + 1)(g — 1)g" > then for all
» e Fy, f. is a second weight codeword of R, (b, m — 1) and its support is of type
A or B. We get a contradiction if we consider an hyperplane parallel to G which
meets SN H and SN H;. So, there exits G, an hyperplane parallel to G which
meets S in (g — b)g" 2 points and S N G is the union of (¢ — b) parallel affine
subspaces of codimension 2 which is a contradiction. Then for all H" hyperplane
through P different from H #(SN H') > (¢ — 1)(q¢ — b + 1)¢™~>. Furthermore,
since

(q—b)q" 7 +q.(q—1(g—b+Dg"">
—q.(q—b)g" P =(q—D(@—b+ 1)g"?,

#SNH) = (q—1)(g—b + 1)g" 3. Finally, by applying the same argument to
all affine subspaces of codimension 2 included in H parallel to P, we get that
all hyperplanes through an affine subspace of codimension 2 parallel to P but
H meet S in (g —1)(q — b + 1)g™ 3. Choosing g such hyperplanes, we get g
parallel hyperplanes (G;)i<i<4 such that forall 1 <i<q, #SNG)=(q—-b +
1)(g — )g" 3 and #(SN G; N H) = (q — b)g" 3. Then by induction hypothesis,
S N G; is either of type A or of type B.

If there exists iy such that SN G;, is of type A. Consider F an affine hyperplane
containing R an affine subspace of codimension 2 included in H which does not
meet S and the affine subspace of codimension 2 included in G;, which does
not meets S but meets R. If for all F" hyperplane parallel to F, #(SN F’) > (g —
b)g™? then #( SN F) = (g — 1)(g — b + 1)g™>. So SN F' is the support of a
second weight codeword of R,(b,m — 1) and is either of type A or of type B
which is absurd is we consider an hyperplane parallel to F which meets SN H.
So there exits F| an affine hyperplane parallel to F which meets Sin (g — b)g" >
points. So S N Fj is the union of (g — s) parallel affine subspaces of codimension
2 which is absurd since S N G, is of type A (see Fig. 5).

Ifforall 1 <i<gq, SN G;jis of type B. Let H; be the affine hyperplane parallel
to H which contains the affine subspace of codimension 3 intersection of the
affine subspaces of codimension 2 of S N G;. We consider R an affine subspace
of codimension 2 included in H which does not meet S. Then thereis (g — b + 1)
affine hyperplanes through R which meet S N G| in (g — b)g™ 3. However, if we
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Fig. 5 Proposition 6, case
where S meets all affine
hyperplanes, there exists G,
such that SN Gj, is of type A

denote by k the number of hyperplanes through R which meet S in (g — b)q" >
points, we have

k(g—b)q" >+ (q+1—k(@—1D(@—b+1g" > <(g—D(g—b+1)g"?

which implies that k > g — b + 2. For all H' hyperplane through R such that
#SNH)=(q—b)g™ 2, SN H' is the union of (g —b) affine subspaces of
codimension 2 parallel to R and then #(SN H' N G,) = (g — b)g™ > which is
absurd (see Fig. 6).

— So, there exists H an affine hyperplane such that H does not meet S.
Then, by Lemma 3, either S meets (¢ — 1) hyperplanes parallel to H in (g — b +
1)g™~2 points or S meets (¢ — b + 1) hyperplanes parallel to H in (g — 1)g"™ 2
points.
If S meets (g — b + 1) hyperplanes parallel to H in (g — 1)¢" 2 points, then , for
all H hyperplane parallel to H such that SN H’ # ¢, SN H' is the support of a
minimal weight codeword of R,(q, m) and is the union of (¢ — 1) parallel affine
subspaces of codimension 2. Let H’ be an affine hyperplane parallel to H such
that SN H' # . We denote by P the affine subspace of codimension 2 of H’
which does not meet S. Consider H, an affine hyperplane which contains P and
a point not in S of an affine hyperplane H" parallel to H which meets S. Then

#(H\S) > bg" > +1.

However, if SN H, # @, #(H;\ S) <bg™ 2. So, SNH,; =¢ and we are in
configuration A.

If S meets (g — 1) hyperplanes parallel to H in (¢ — b + 1)¢™ 2 points. Then for
all H' parallel to H different from H, SN H' is the support of a minimal weight
codeword of R,((q —1)+b —1,m) and is the union of (¢ — b + 1) parallel
affine subspaces of codimension 2. Let H; be an affine hyperplane parallel to H

Fig. 6 Proposition 6, case H

where S meets all affine ﬁ/
hyperplanes, for all G;, SN G; H - /

is of type B
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Fig. 7 Proposition 6, case H ]
where there exists an affine
hyperplane which does not Ho
meet S, contruction of (G;)

different from H and consider P an affine subspace of codimension 2 included
in H; such that

#SNP)=(q—b +1)g" .

Assume there exists H, an affine hyperplane through P such that #(SN H,) =
(@ —b)q" % Then SN H, is the support of a minimal weight codeword of
R,(q — 14 b,m) and is the union of (¢ — b) parallel affine subspaces of codi-
mension 2 which is absurd since S N H, meets H, in S N P (see Fig. 7).

Then, for all H’ through P#(SN H') > (¢ — 1)(q — b + 1)¢"3. Furthermore,

@=b+1g"?+q.(g-1(@q=b+Dqg" > —q.(qg—b+Dg"”
=(q—1D@—b+1g">
So for all H hyperplane through P different from H,,
#SNH)=(q—1)(g—b+1)g" .

By applying the same argument to all affine subspaces of codimension 2 included
in H; parallel to P, we get g parallel hyperplanes (G;)<i<, such that for
alll <i<q,#SNG)=(@—-b+1(g—1Dg"3and#(SNG,NH) =(qg—s+
1)g™~3. By induction hypothesis, for all 1 <i < g, either SN G; is of type A or
SN Gjis of type B.

Assume there exists iy such that SN G, is of type A. Consider F an affine
hyperplane containing Q an affine subspace of codimension 2 included in H,
which does not meet S and the affine subspace of codimension 2 included in G;,
which does not meets S but meets Q. Assume S meets all hyperplanes parallel
to F in at least (g — b)g™=2. If for all F’ parallel to F,#(SN F') > (g — b)q"
then

#SNF)>(q—1(qg—b+ g™

So SN F’ is the support of a second weight codeword of R,(b,m — 1) and is
either of type A or of type B which is absurd is we consider an hyperplane
parallel to F which meets SN H; and SN Gj,. So, there exits F; an affine
hyperplane parallel to F such that #(S N F;) = (¢ — b)q" 2. Then, SN F, is the
union of (¢ — b) parallel affine subspaces of codimension 2, which is absurd.
Finally, there exists an affine hyperplane parallel to F which does not meet S.
By Lemma 3, either S meets (g — b + 1) hyperplanes parallel to Fin (g — 1)g" 2
points and we have already seen that in this case S is of type A or S meets (g — 1)
hyperplanes parallel to Fin (g — b + 1)¢™~? points. In this case, for all F’ parallel
to Fsuch that SN F' # @, SN F' is the support of a minimal weight codeword of
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Fig. 8 Proposition 6, case F
where there exists an affine Hi
hyperplane which does not
meet S, there exists Gj, such Gi,
that SN Gy, is of type A S o
P a
L/

R,(q—14b —1,m) and is the union of g — b + 1 parallel affine subspaces of
codimension 2, which is absurd since S N G, is of type A (see Fig. 8).

Now, assume for all 1 <i < g, G; N Sis of type B. Let O be an affine subspace of
codimension 2 included in H; which does not meets S. Assume S meets all affine
hyperplanes through QO and denote by k the number of these hyperplanes which
meet S in (¢ — b)q™? points. Then,

k(g—b)g" >+ (q+1-k(g—1D(@—b+1Dg™"* <(q@—D(g—b+ g™

which means that k > g — b + 2. These (¢ — b + 2) hyperplanes are minimal
weight codewords of R,(qg — 1+ b, m). So, they meet S in (¢ — b) affine sub-
spaces of codimension 2 parallel to Q, that is to say, they meet SN G, in (¢ —
b)q"3 points. This is absurd since SN G is of type B and so there are at most
(g — b + 1) affine hyperplanes through Q which meet SN G, in (¢ — b)g" >
points (see Fig. 9). So there exists an affine hyperplane through Q which does
not meet S.

By applying the same argument to all affine subspaces of codimension 2 included
in H; which does not meet §, since S N G; is of type B for all i, we get that S is of
type B. O

5.2 The support is included in an affine subspace of codimension f.
The two following lemmas are proved in [8].

Lemma$ Letm>2,g>31<t<m-—1,1<s<q—2 Assume fe R,(t(q—1) +
s, m) is such thatVx = (xy, ..., X,) € IE"qn,

F) =0 =x""Nfxa, ...\ xm)

and that g € Ry(t(q—1)+s—k), 1 <k <q—1, is such that (1 — x'l’fl) does not
divide g. Then, if h = f + g, either |h| > (g — s+ k)g" "' ork = 1.

Fig. 9 Proposition 6, case 0 H
where there exists an affine
H /
hyperplane which does not ! /
meet S, for all G;, SN G, is G
of type B s !
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Lemma6 Let m>2, g>3, 1<t<m-1, 1<s<q—2and fe R,t(q—1) +
s,m). For aeF,, the function f, of Bl | defined for all (x,...,xn) € Fy by
faCo, ... xm) = fla, xa, ..., Xp). Assume for a, b € ¥, f, is dif ferent from the zero
function and (1 — xg_l) divides f, and that

0<Ifpl<(@—s+Dg™ "2

1

)

Then there exists T an affine transformation, fixing x; for i # 2 such that (1 — x5~
divides (fo T), and (fo T)p.

Lemma7 Letm=>3,g>4 1<t<m—-2and2=<s<q—-21If fe Rj(t(q—1) +
s,m) is such that | f| = (g — s + 1)(q — 1)q"""72, then the support of f is included in
an affine hyperplane of Fy.

Proof We denote by S the support of f. Assume S is not included in an affine
hyperplane. Then, by Lemma 2, there exists an affine hyperplane H such that either
H does not meet S or H meets S in (¢ — s)g"™ 2. Now, by Lemma 3, since S is not
included in an affine hyperplane, either S meets all affine hyperplanes parallel to H
or S meets (¢ — 1) affine hyperplanes parallel to H in (g — s + 1)¢™ =2 or S meets
(g — s + 1) affine hyperplanes parallel to H in (g — 1)g” "2 points. By applying an
affine transformation, we can assume x; = A, » € I, is an equation of H. We define
fi € B,,_, by

V(XZ» ey xm) € F;n_l’ fA(XZ» ey xm) = f()‘-» X2y e »xm)~
We set an order Ay, ..., A4 on the elements of I, such that
[ful <. 1A,

Then either | f;,| =0 or | f;,] = (g — )¢ "2, that is to say either f;, is null or f;, is
the minimal weight codeword of R,(t(g — 1) +s, m — 1) and its support is included
in an affine subspace of codimension ¢ + 1. Since ¢ > 1, in both cases, the support of
f», is included in an affine hyperplane of F' different from the hyperplane parallel
to H of equation x; = A;. By applying an affine transformation that fixes x;, we can
assume (1 — xg_l) divides f;,. Since S is not included in an affine hyperplane, there

exists 2 < k < g such that I — ngl does not divide f;,. We denote by k, the smallest
such k.
Assume S meets all affine hyperplanes parallel to H and that

|ka()| >(q—s+ko— l)qm7t72.

Then

q
1= 1ful
k=1

> (q—)q" " ko= 1D+ (q —ko+ 1)(g—s+ko— g™
= (q—95)q"""" + (ko — 1)(q — ko + 1)g" ">
>(@—9)g""""+ (- g™
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which gives a contradiction. In the cases where S meets (g —s'),s’ =lors =s—1,
for 1 <i<s, |fi,| =0 and the support of f; is SN H,, , where H,,  is the
hyperplane of equation x; = Ay;. Since SN H;,,, is the support of a minimum
weight codeword of R,((t+ 1)(q — 1) +s',m), it is included in affine subspace of
codimension ¢+ 1. So in those cases, we can assume ko > s’ + 2. Finally, | kaol <

(q—s+ko— g™ 2.
We write

q—1
FOo, X2, X3, 0, ) = ) xhgi(X1, X3, -, Xom)
i=0

= h(xy, X2, X3, ..., X)) + (1 — ngl)g(xl, X3, o ees Xim)-

Since forall 1 <i<ky—1,1— xg_l divides f;,, for all (xa, ..., x,) € F*~", for all
l<i<ko—1,h(x,x2,...,%y) =0.So, by Lemma 1,

fx,x2,x3, 00, %) = (X1 — A .o (X — )Lko—l)ﬁ(xl’ X2, X3, .oy Xpm)
+H(1 = x§ g, X3, s )
with deg(ﬁ) <r—ko+ 1. Then by applying Lemma 5 to f;, , since
| fuy| < (@ =5+ ko — Dg" "2,

ko = 2. This gives a contradiction in the cases where S does not meet all hyperplanes

parallel to H. In the case where S meets all hyperplanes parallel to H, by applying

Lemma 6, there exists 7" an affine transformation which fixes x; such that (1 — ngl)

divides (f o T), and (f o T),,, we set kj, the smallest k such that (1 — ngl) does not
divide (f o T),,. Then k;; > 3 and by applying the previous argument to f o T, we get
a contradiction. O

Proposition7 Let m>3, g>4, 1 <t<m—-2and 2<s5s<q—2 If fe R,(t(q—
1)+ s, m) issuch that | f| = (q — 1)(q — s + 1)q"" "2, then the support of f is included
in an af fine subspace of codimension t.

Proof We denote by S the support of f. By Lemma 7, S is included in H an
affine hyperplane. By applying an affine transformation, we can assume x; = 0 is
an equation of H. Let g € B! | defined by

Vx=(x2,...,Xp) € FZ’“I, gx)= f(0,x2,...,Xm)
and denote by P € F [ X>, ..., X,,] its reduced form. Since
Vi = (xr, ) € B F0 = (1=207) Pl ),
the reduced form of f € R,(t(q — 1) +s,m) is
(1 _ X;’*I) P(Xa. ..., X
Thenge Ry ((t—1)(q —1)+s,m—1) and

lgl=1fl=(@—-s+1(@—-Dg" " 2=(q—-1(g—s+1)g"'~"2
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Then, by Lemma 7, if ¢ > 2, the support of g is included in an affine hyperplane of
IFZ“l. By iterating this argument, we get that § is included in an affine subspace of
codimension t. O

5.3 Proof of Theorem 9
Let0<t<m—-2,2<s<qg—2and f e R,(t(q — 1) +s, m) such that

|fl=(q—s+ (g — g™ "2

we denote by S the support of f. Assume ¢ > 1. By Proposition 7, S is included in
an affine subspace G of codimension ¢. By applying an affine transformation, we can
assume

G:{x:(xl,...,xm)eIF?:x,—:Oforl§i§t}.
Let g € Bj,_, defined for all x = (x;11, ..., X,,) € F'~ by
gx)= fO,...,0, x41,...,Xm)
and denote by P € Fy[X,41, ..., Xn] its reduced form. Since
Vx = (X1, ..., %) € T f(x) = (1 - x‘fl) ... (1 — x?71> P, oo Xm),
the reduced form of f € R,(t(q — 1) +s,m) is
(1 _ X;’*I) . (1 _ X,‘”l) PXesrs - X

Thenge Ry(s, m—1t)and |g| = |fl=(q—s+ D (q— 1)g"~"=2. Thus, using the case
where t = 0, we finish the proof of Theorem 9.

6 Case where s = 0

6.1 The support is included in an affine subspace of dimension m — ¢t + 1

Proposition8 Let g >3, m>2 and fe R,((m—1)(q—1),m) such that |f|=
2(q — 1). Then, the support of f is included in an affine plane.

In order to prove this proposition, we need the following lemma.

Lemma8 Letm >3, q>4and f e Ry((m—1)(q—1),m) such that | f| =2(q — 1).
If H is an affine hyperplane of F7 such that SN H # S, #(SNH) = N,3 <N <q —
L and SN H is not included in a line then there exists H, an affine hyperplane of FJ
such that SN Hy # S, #( SN Hy) > N + 1 and SN H, is not included in a line

Proof Since SN H # S, by Lemma 3, either S meets (g — 1) hyperplanes parallel
to H or S meets two hyperplanes parallel to H or S meets all affine hyperplanes
parallel to H. If S does not meet all affine hyperplanes parallel to H then SN H is
the support of a minimal weight codeword of R,((m —1)(g—1)+s',m), s’ =1 or
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s’ = q — 2. In both cases, SN H is included in a line which is absurd. So, § meets all
affine hyperplanes parallel to H.

By applying an affine transformation, we can assume x; =0 is an equation
of H. Let I :={aeF, :#({x; =a}NS) =1} and k :=#/. Since #S =2(g — 1) and
#(SN H) = N,k > N. We define

Vi = (... xn) €FFL g0 = fO [ [ —a).

a¢l

Then, deg(g) < (m — 1)(q — 1) + g — k and |g| = k. So, g is a minimal weight code-
words of R,((m — 1)(q — 1) + g — k, m) and its support is included in a line L which
is not included in H. We denote by % a directing vector of L. Let b be the
intersection point of H and L and w;, wy, w3 3 points of SN H which are not

included in a line. Then there exists v and w € {bw;, bw,, bws} which are linearly
independent. Since L is not included in H, {7, ¥, W} are linearly independent.
We choose H; an affine hyperplane such that b € Hy, b + ¥ e H,, L C H, but
b+w ¢ H,. O

Now we can prove the proposition

Proof If m = 2, we have the result. Assume m > 3. Let S be the support of f. Since
#S=2(q—1) > q, S is not included in a line. Let w;, w,, w3 be 3 points of S not
included in a line. Let H be an hyperplane such that ;, w,, w3 € H. Assume SN H #
S. Then there exists an affine hyperplane H, such that #(SN H;) > g, SN H, is not
includedin aline and SN H; # §.Indeed,if g = 3, we take H; = H and for g > 4, we
proceed by induction using the previous Lemma. Then by Lemma 3 either S meets
two hyperplanes parallel to H, in 2 points or S meets two hyperplanes parallel to H;
in g — 1 points or S meets all affine hyperplanes parallel to H,. Since #(SN H,) > q,
S meets all hyperplanes parallel to H;. Then, we must have

g+q—1<2@-1

which is absurd. O
The two following lemmas are proved in [8].

Lemma9 Letm>2,qg>3,1<t<mand f € Ry(t(q— 1), m) such that | f| = ¢""
and g € R,((t(q—1) —k,m), 1 <k <q— 1, suchthat g #0. If h = [ + g then either
|h| = kg™ " or |h| > (k+ 1)g™~".

Lemmal0 Let m>2, g>3, 1<t<m-—1 and fe Ry(t(q—1),m). For aelF,
we define the function f, of Bl | by for all (xp,...,x,) € Fy, fa(xa, ..o, xm) =
fla, xa, ..., xp). If for some a, b € Fy, | fol =1 fp] = q" 7Y, then there exists T an
affine transformation fixing x; such that

(foT)a= (foT)y.
Proposition9 Let g >3, m>2, 1<t<m— 1. If fe R,(t(q—1),m) is such that

| fl =2(q — g™ "=" then the support of f is included in an affine subspace of
dimension m — t + 1.
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Proof For t = 1, this is obvious. For the other cases we proceed by recursion on ¢.
Proposition 8 gives the case where t = m — 1.

If m < 3 we have considered all cases. Assume m > 4. Let2 <t < m — 2. Assume
for fe R,((t+1)(q—1),m) such that | f| =2(q — 1)g™ =2 the support of f is
included in an affine subspace of dimension m — t. Let f € R, (t(q — 1), m) such that
| fl = 2(q — 1)g™*~!. We denote by S the support of f.

Assume S is not included in an affine subspace of dimension m — ¢+ 1. Then
there exists H an affine hyperplane of F{* such that SN H # S and SN H is not
included in an affine space of dimension 1 — . By Lemma 3, either S meets all affine
hyperplanes parallel to H or S meets (¢ — 1) affine hyperplanes parallel to H in
2¢"~"~! or S meets two affine hyperplanes parallel to H in (¢ — 1)g"™ """ points.

If S does not meet all hyperplanes parallel to H then SN H is the support of a
minimal weight codeword of R,(t(q—1)+s',m),s’ =1ors' =qg—2.So SN H is
included in an affine subspace of dimension m — ¢ which gives a contradiction.

So, S meets all affine hyperplanes parallel to H in at least ¢”~'~' points. If for
all H' parallel to H, #(SN H') > ¢"*~! then for all H' parallel to H, #(SN H') >
2(q — 1)g™ 2. So, for reason of cardinality, S N H is the support of a second weight
codeword of R,((t+ 1)(q — 1), m) and by recursion hypothesis S N H is included in
an affine subspace of dimension m — ¢ which gives a contradiction. So, there exists
H, an affine hyperplane parallel to H such that #(SN H;) = g™~

By applying an affine transformation, we can assume x; = A, A € [F, is an equation
of H.For % € F,, we define f; € B! | by

V(X ..., xm) €FPY, [, o) = fO, X2, oo, Xm).
We set an order Ay, ..., A4 on the elements of I, such that
[l <o S U A,L

Since #(SN H;) = ¢™ "' and S meets all hyperplanes parallel to H,

|f)»1 | = qﬂhtil
and f, is a minimum weight codeword of R,(t1(q — 1), m — 1). Let ky be the smallest
integer such that | f;, | > g™ . Since | f| > ¢, ko < q. Then by Lemma 10 and

applying an affine transformation that fixes x;, we can assume for all 2 <i < ky — 1,
fi, = fi,- lf we write for all x = (xy, ..., x,) € F?,

FQO) = fo, (2o X) + (X1 = A1) F X1 -y Xon).
Thenforall2 <i<ky—1,forall x = (x3,...,%,) € IF;”*I,
Fu@) = f,00 4 O — 1) fo, ().

Since for all 2 <i<ky—1, fi,= fi,, by Lemma 1, we can write for all x =

Ct1s X) € B

) = fi, G, ooy X)) (e = Ag) o (0 = Agg—1) (X1, ooy X))
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with deg(f) <t(q—1) — ko + 1. Now, we have fMO = fi, + A’f%, M oe ]Fjl. Then,
by Lemma 9, either | f, | > kog” """ or | fi, | = (ko — 1)¢™ "', Assume |f;, | >
kog"~'~'. Then

q
HEDMIAN
i=1

> (ko — Dg" "' + (g + 1 — ko)kog" !
=q"" + (ko — 1)(g — ko + 1)g" !

m—t—1

>2(qg — lgq

So, | fa, | = (ko — g™ """ Since | £, | > ¢" "', ko > 3. Now, we have

1fl > (ko — D@™" "' + (g + 1 — ko) (ko — Dg"™ "™ = (ko — 1)(q — ko +2)g" .
So either kg = q or kg = 3.

— Assume ko = q.
Since fi, =...= fi,_, are minimum weight codeword of R,(t(q —1),m — 1),
there exists A an affine subspace of dimension m — ¢ of F¢' such that for all
1<i<qg—1,5NH; C A, where H; is the hyperplane parallel to H of equation
x; = X;. Since S is not included in an affine subspace of dimension m — ¢ + 1 and
t > 2, there exists an affine hyperplane G containing A such that SN G # S and
there exists x e SN G, x ¢ A. Then #(SNG) > (g — g™ "' +1, SNG# S
and SN G is not included in an affine subspace of dimension m — t. Applying
to G the same argument than to H, we get a contradiction.

- SO, k() =3.
Then f;, = f,, are minimum weight codeword of R,(t(q — 1), m — 1) and for
reason of cardinality, forall3 < i < g, | f;,| = 2¢™"~'. So, there exists A an affine
subspace of dimension m — ¢t of ]Fy such thatforalll <i <2, SN H; C A, where
H; is the hyperplane parallel to H of equation x; = ;. Since S is not included
in an affine subspace of dimension m — ¢+ 1 and ¢ > 2, there exists an affine
hyperplane G containing A such that SN G # S and there exists x € SN G,
x¢& A. Then#(SNG) >2¢" "' +1,5N G # S and SN G is not included in an
affine subspace of dimension m — t. Applying to G the same argument than to
H, we get a contradiction.

Finally, S is included in an affine subspace of dimension m — ¢ + 1. O

6.2 Proof of Theorem 10

Letl <t<m—1and f € R,;(t(q — 1), m) such that

|fl=2(q— g™

we denote by S the support of f. Assume ¢ > 2. By Proposition 9, S is included in
an affine subspace G of codimension ¢ — 1. By applying an affine transformation, we
can assume

G:{x:(xl,...,xm)eFZ:x,-:Oforl§i§t—1}.
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Let g € By, _,,, defined for all x = (x;, ..., x,,) € F}'~"*! by
g(x) = f(0,~-~,0,xt,...,xm)

and denote by P € F,[X,, ..., X,,] its reduced form. Since
Vx=(X1,...,Xn) € IFZ, fx) = (1 - x‘fl) ... (1 - xi’jﬁ) Px,, ..., xm),
the reduced form of f € R,(t(q — 1) +s,m) is
(1=x11) (1= X PO X,

Then ge Ry(g—1,m—t+1)and |g| =|f] =2(q — 1)g™*~!. Thus, using the case
where ¢t = 1, we finish the proof of Theorem 10.

7Casewhere) <r<m-2ands=1
7.1 Case where g > 4

Lemmall Let m>2,g>4 0<t<m-—2and fe Ry(t(q—1)+1,m) such that
| f1 = q™". We denote by S the support of f. Then, if H is an affine hyperplane of
7 such that SN H # $ and SN H # S, S meets all affine hyperplanes parallel to H.

Proof By applying an affine transformation, we can assume x; = 0 is an equation of
H.Let H, be the g affine hyperplanes parallel to H of equation x; = a, a € IF,. We
denoteby I :=={aeF, : SN H, =0¥}.Letk :=#[ and assume k > 1. Since SN H # ¢/
and SN H # S,k <q—2.Forall c ¢ I we define

V= ..o x) €F) g =f0) [ @i-a).
acF,\Ia#c

Then | f] =) Igl-

cgl

—  Assume k > 2.
Then for all ¢ € I, deg(g.) <t(gq—1)+qg—kand2<qg—k <q—2.So, |g| >
kq" "' Let N =#{c & I:|gc| = kg™ """} If |g| > kq" """, |ge| = (k+ 1)(q —
1)g™ =2, Hence

q"" = Nkq" "'+ (g — k= N)(k+ 1)(g — Dg" .

Since k > 2, we get that N > q — k. Since (q — k)kq" "' # q"!, we get a
contradiction.

— Assume k = 1.
Then, for all ¢ ¢ I, deg(g.) <t(q— 1D +1+qg—-2=+1)(g—1). So |g >
g Let N=#c g I:1gl=q"""). If Igel > ¢" ", Igel = 2(q — Dg" .
Since for g >4, 2(q—1)2¢" "% > ¢"!, N > 1. Furthermore, since (q—
Dg™ "' < g™, N < q—2.For » € F,, we define f; € B! | by

V(XZ» cee »xm) € Fyil’ fA(XZ» cee »xm) = f()‘-» X2y e eny xm)~
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We set A4, ..., Ay an order on the elements of F, such that for alli < N, | f;,| =
" fal =0and " < | fiyul < S AL
Since fj,., = 0, we can write for all (xy, ..., x,,) € F”,

f(xl, ey Xm) = ()Cl — AN+1)h(x1, ey Xm)
with deg(h) <t(q—1). Then, for all 1 <i<gq, i#N+1 and (x2,...,%X,) €
Fm—l
q 9
fua, oo X)) = (i — Ang D), (2, -0y X))

So deg(fi,) <t(q—1)andh;, = fi

Ai—AN41”
Since h € R,(t(q — 1), m), by Lemmgt 10, there exists an affine transformation

such that for alli < N, h;, = h;,. Then, for all (x, ..., x,) € F",

RXL e X)) = Ty (Yo )+ (= A1) (0 = ANR(XL, - X)
with deg(h) < t(q — 1) — N. Hence, for all (xi, ..., x,,) € F™,

X1 — A ~
Feermy = T L G ) 0= h) -  n—Av) B, ),
1 — AN+1
Then, for all (x5, ..., X;,) € IF;”*I,

Frnn O2 - X) = Ay (o ) + ARy (62, )
with A, 1/ € IFZ
Since fy, € Ry(t(q—1),m — 1) and Exm € Ry(t(g—1)—N,m — 1), by Lemma 9,
either | fo.,| = Ng"""Lor | fiy,| > (N+ g™ L
If N = 1,since | fiy,| > g™ "7, we get

qutfl + (q _ 2)2qm7t71 < qut
which means that ¢ < 3.So N > 2. Then,
quftfl 4 (q . N)quftfl < qut.

Since N(q — N) > 2(q — 2), we get that g < 4. So, the only possibility is g = 4
and N=¢q—-2=2.

If t = 0, H,, contains 2.4™~! points which is absurd. Assume ¢ > 1. Since h;, =
h;, and for i € {1,2}, fi, = (\i — A3)h;,, SN H,, and SN H,, are both included
in A an affine subspace of dimension m —t. If t =1, by applying an affine
transformation which fixes x;, we can assume x, = 0 is an equation of A. If S
is included in A, then

#SN H,, NA)=24""2

which is absurd since H,, N A is an affine subspace of codimension 2. So there
exists an affine hyperplane H’ containing A but not S. By applying an affine
transformation which fixes x;, we can assume x, = 0 is an equation of H'. Now,
consider g defined for all (xy,...,x,) € ]Fg by g(x1, ..., xp) = X2 (X1, ..o, X)-
Then |g| < 2.4""~!. Furthermore, since S is not included in H’ and deg(g) <
3t+2, |g| > 2.4™ "1, So g is a minimum weight codeword of R4(3t+ 2, m) and
its support is the union of two parallel affine subspace of codimension ¢+ 1
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Fig. 10 Lemma 11, case where G’
k=1

H' H,

included in an affine subspace of codimension ¢. Then, since H' N H,, = @, there
exists H an hyperplane parallel to H’ such that SN H| = #. Now, consider G
the hyperplane through H,, N H} and H' N H,, and G’ the hyperplane through
H' N H,, parallel to G (see Fig. 10).

Then G and G’ does not meet S but S is not included in an hyperplane parallel
to G which is absurd by the previous case. O

Lemma 12 For m > 3, if f € Ry(3(m — 2) + 1, m) is such that | f| = 16, the support
of fis an affine plane.

Proof We denote by S the support of f.

First, we prove the case where m = 3. To prove this case, by Lemma 11, we only
have to prove that there exists an affine hyperplane which does not meet S.

Assume S meets all affine hyperplanes. Let H be an affine hyperplane. Then for
all H’ affine hyperplane parallel to H, #(S N H') > 3. Assume for all H" hyperplane
parallel to H, #(SN H') > 4. For reason of cardinality , for all H' parallel to H
#(SN H') = 4. Since g = 4, there exists a line in H which does not meet §. Since
3.4+ 4 =16, S meets four hyperplanes through this line in 3 points and the last one
in 4 points. So, there exists H; an affine hyperplane such that #(SN H;) = 3. We
denote by H,, H3, H, the hyperplanes parallel to H;. Then, SN H; is the support
of a minimal weight codeword of Ry(3(m — 1) + 1,m) so SN H; is included in L a
line. Consider L a line in H, parallel to L. Then there is four hyperplanes through
L' which meets § in 3 points and one H| which meets S in 4 points. Let H' be
an affine hyperplane through L’ which meets S in 3 points; SN H’ is minimum
weight codeword of Ry(3(m — 1) + 1, m) which does not meet H;. So either SN H' is
included in an affine hyperplane parallel to H; or S N H' meets all affine hyperplane
parallel to H, but H, in 1 point. Then we consider four cases:

1. H, is the only hyperplane through L’ such that #(SN H;) =3 and SN H, is
included in one of the affine hyperplane parallel to H,.
Since SN H; N H{ = there exists an affine hyperplane parallel to H; which
meets SN M} in at least 2 points. Assume for example it is H». Since m = 3,
these 2 points are included in L, a line which is a translation of L. Consider
H the hyperplane containing L; and L. Then, H meets SN H3 and SN Hyin 1
point (see Fig. 11a). So#(SN H) =7

@ Springer



Cryptogr. Commun. (2013) 5:241-276 267

L/ . - H] L/'//

(a) Case 1 (b) Case 2
H1 H2 H3 H4 H1 H2 H3 H4
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(c) Case 3
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e e H
==l
(d) Case 4 (e) Case 4’
H, Ho Hs H, Ho Hs Hy

| —a%]

=t

P

B

\$‘>< L] \ )

SnH,

)

Fig. 11 Lemma 12, case where m = 3

2.

There are exactly two hyperplanes through L’ which meets S in 3 points and such
that its intersection with S is included in one of the affine hyperplane parallel to
H,.

Assume H, contains S N H where H is the hyperplane through L’ different from
H, such that #(S N H) =3 and SN H is included in an hyperplane parallel to H|,
say H,. We denote by L; = H N H,. Since for all H’ hyperplane #(SN H') > 3,
SN Hj meets H3 and H, in at least one point. Then consider H the hyperplane
through L and L;. Since H is different from the hyperplane through L’ and L,
H meets H; and Hy in at least 1 point each (see Fig. 11b). So#(SN H) > 7.
There are exactly three hyperplanes through L’ which meets S in 3 points and
such that its intersection with § is included in one of the affine hyperplane
parallel to H;.

If two such hyperplanes have their intersection with S included in the same
hyperplane parallel to H,, say H,, then #(SN H;) > 7. Now, assume they are
included in two different hyperplanes, H, and H;. If SN H is included in Hy
then we consider H the hyperplane through L and SN H| and #(SN H) > 7.
Otherwise, we can assume SN H| meets H, in at least 1 point. Let H be the
hyperplane through L and L; the line containing the minimum weight codeword
included in Hs. Since H is different from the hyperplane through L' and L,, H
meets SN H, in at least 1 point and #(S N H) > 7 (see Fig. 11c).
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4. There are four hyperplanes through L’ which meets S in 3 points and such that
its intersection with S is included in one of the affine hyperplane parallel to H;.
If three such hyperplanes have their intersection with § included in the same
hyperplane parallel to H,, say H,, then #(S N H,) > 7. Assume two such hyper-
planes have their intersection included in the same hyperplane parallel to Hi,
say H, and the last one has its intersection with § included in Hj3. Then, since
#(SNHy) >3, #(SN H, N Hy) > 3.

If#(SN Hy N H}) = 4, we consider H the hyperplane through L and § N H} and
#(SN H) > 7. Otherwise, there is one point of SN H, included in H, or Hj. If
this point is included in H, then #(S N H,) > 7. If itis included in H3, we consider
L, and L, the two lines in H, containing S which are a translation of L. Then
either the hyperplane through L and L, or the hyperplane through L and L,
meets SN H; or SN Hy (see Fig. 11d). So there is an hyperplane H such that
#SNH) >T.

Now assume for each hyperplane H’ parallel to H,, there is only one hyperplane
through L’ which meets S in 3 points such that its intersection with § included in
H'.If § N Hj is included in an affine hyperplane parallel to H; then we consider
H the hyperplane through L and SN H)| and #(SN H) > 7. Otherwise, SN H|
meets at least two hyperplanes parallel to H,, say H, and H; in at least 1 point.
Fori € {2, 3,4}, we denote by H; the hyperplane through L’ such that SN H; C
H; It H the hyperplane through L and S N H) doesnot meet SN H, and §N H3,
then H the hyperplane through SN H} and S N H) meets $ N H,. Indeed, if H
does not meet SN H, we consider four hyperplanes through $ N H different
from H,, which intersect H, in 4 distinct parallel lines. However two of these
lines meet S (see Fig. 11e). So there is an hyperplane H such that #(SN H) > 7.

In all cases, there exists an affine hyperplane H such that #(SN H) > 7. If #(SN
H) > 7, since S meets all affine hyperplanes in at least 3 points, #S > 7+ 3.3 =16
which gives a contradiction. If #(SN H) = 7, then for all H’ parallel to H different
form H #(SN H’) = 3. By applying an affine transformation, we can assume x; =
0 is an equation of H. Then g=x,f € R4(3(m —2)+2,m) and |g| =9. So, gis a
second weight codeword of R4(3(m — 2) + 2, m) and by Theorem 9, the support of g
is included in a plane P. Since S meets all hyperplanes, S is not included in P. Then,
S meets all hyperplanes parallel to P in at least 3 points. However 3.3 +9 = 18 > 16
which is absurd.

Now, assume m > 4. Assume § is not included in an affine subspace of dimension
3. Then there exists H an affine hyperplane such that S N H is not included in a plane
and S is not included in H. So, by Lemma 11, S meets all affine hyperplanes parallel
to H in at least 3 points.

Assume for all H' parallel to H, #(SN H') > 4, then for reason of cardinality,
#(SN H) =4. So SN H is the support of a second weight codeword of R4(3(m —
1)+ 1, m) and is included in a plane which is absurd. So there exists H; an affine
hyperplane parallel to H such that #(SN H;) = 3. Then, S N H, is the support of the
minimum weight codeword of R4(3(m — 1) + 1, m) and is included in a line L. We
denote by 7 a directing vector of L and a the point of L which is not in S.

Let wy, wy, w3 be 3 points of S N H which are not included in a line. Then, there
are at least 2 vectors of {w;w>, w;w3, wow3} which are not collinear to . Assume
they are wyw, and w;ws. Let a be an affine subspace of codimension 2 included in
H, which contains a, a + w;w», a + w,ws but not a + . Then S does not meet A.
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Assume S does not meet one hyperplane through A. Then S is included in an affine
hyperplane parallel to this hyperplane which is absurd by definition of A. So, § meets
all hyperplanes through A and since 3.4 +4 = 16, There exists H, an hyperplane
through A such that #(SN H,) =4 and SN H, is included in a plane. For all H’
hyperplane through A different from H,, #(SN H') =3 and SN H' is included in a
line. Consider H) the hyperplane through A such that w; € Hj. Then w, wy, w3 €
H,,. Since for all H" hyperplane through A different from H,, SN H’ is included in
a line and w;, w,, w3 are not included in a line H} = H,. Further more SN H, is
included in a plane,so SN H) C H.

For all H' hyperplane through A different from H,, SN H' is the support of
a minimum weight codeword of R4(3(m — 1) + 1, m) which does not meet H,, so
either SN H' is included an affine hyperplane parallel to H; or SN H' meets all
affine hyperplanes parallel to H but H,; in 1 point. Since SN H; is included in H
and all hyperplanes parallel to H meets S in at least 3 points, there are only three
possibilities:

1. For all H} hyperplane through A, SN H) is included in an affine hyperplane
parallel to H.

2. For H) hyperplane through A different from H, and H,, S N H), meets all affine
hyperplanes parallel to H different from H, in 1 points.

3. There is four hyperplanes through A such that their intersection with S is
included in an affine hyperplane parallel to H and one hyperplane through A
which meets all hyperplanes parallel to H but H; in 1.

In the two first cases, since SN H is not included in a plane and S meets all
hyperplanes parallel to H in at least 3 points, #(SN H) = 7 and for all H' parallel
to H different form H, #(SN H’) = 3. By applying an affine transformation, we can
assume x; = Ois an equation of H. Theng=x, f € R4(3(m —2) +2,m) and |g| = 9.
So, g is a second weight codeword of R4(3(m — 2) + 2, m) and by Theorem 9, the
support of g is included in a plane P. Since S is not included in P, there exists H| an
affine hyperplane which contains P but not S. Then, S meets all hyperplanes parallel
to H| in at least 3 points. However 3.3 + 9 = 18 > 16 which is absurd.

Assume we are in the third case. Since SN H is the union of a point and
S N H, which is included in a plane and m > 4, there exist B an affine subspace of
codimension 2 included in H such that S does not meet B and SN H is not included
in affine hyperplane parallel to B. Then S meets all affine hyperplanes through B in
at most 4 points which is a contradiction since #(S N H) = 5.

So § is included in G an affine subspace of dimension 3. By applying an affine
transformation, we can assume

G:={(x1,...,%n) eIF?:M:...:xm:O}.
Let g € Bf defined for all x = (xy, x3, x3) € F, by
g(x) = f(x1,x2,x3,0,...,0)
and denote by P € IF,[ X, X,, X3] its reduced form. Since

V= (.o X)) €T ) = —x3h (= x37Y) P(xy, xa, X3),
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the reduced form of f € R,(3(m —2) + 1, m) is
1- Xf{fl) (1= X;’[I)P(Xl, X5, X3).

Then g € R,(4,3) and |g| = | f| = 16. Thus, using the case where m = 3, we finish the
proof of Lemma 12. O

Theorem 12 Forq >4, m=>2,0<t<m—2,if f € Ry,(t(q — 1) + 1, m) is such that
| f| = g™, the support of f is an affine subspace of codimension t.

Proof 1f t = 0, the second weight is g”* and we have the result.

For other cases, we proceed by recursion on t.

If g > 5, we have already proved the case where t = m — 1 (Theorem 8); if m = 2
and t = m — 2 = 0, we have the result. Assume m > 3.

For g =4, it m=2,t=m—2=0 and we have the result. If m > 3, we have
already proved the case t = m — 2 (Lemma 12). Furthermore, if m =3 we have
considered all cases. Assume m > 4

Let 1<t<m—2 (or for g=4, 1 <t <m—3). Assume the support of f €
R,((t+ 1)(g—1) +1,m)such that | f| = g™ ! is an affine subspace of codimension
t+1.

Let fe R,(t(q— 1)+ 1,m) such that | f| = ¢"*. We denote by S its support.
Assume S is not included in an affine subspace of codimension ¢. Then there exists
H an affine hyperplane such that S N H is not included in an affine subspace of codi-
mension t+ 1 and SN H # S. Then, by Lemma 11, § meets all affine hyperplanes
parallel to H and for all H' hyperplane parallel to H,

#SNH) > (q— g™ "2

If for all H' hyperplane parallel to H, #(SN H') > (g — 1)g™ "2 then, for reason of
cardinality, #(SN H) = ¢"~"~'. So S N H is the support of a second weight codeword
of R,((t+1)(q — 1)+ 1, m) and is included in an affine subspace of codimension
¢t + 1 which is a contradiction.

So there exists H; parallel to H such that #(SN H;) = (¢ — 1)¢"™ 2. Then SN H,
is the support of a minimal weight codeword of R,((t+1)(¢ — 1) + 1, m). Hence,
SN H, is the union of g — 1 affine subspaces of codimension ¢+ 2 included in an
affine subspace of codimension ¢ + 1.

Let A be an affine subspace of codimension 2 included in H; such that A meets
the affine subspace of codimension 7 4+ 1 which contains S N H| in the affine subspace
of codimension ¢ + 2 which does not meet S. Assume there is an affine hyperplane
through A which does not meet S. Then, by Lemma 11, S is included in an affine
hyperplane parallel to this hyperplane which is absurd by construction of A. So, S
meets all hyperplanes through A. Furthermore,

qut — qutfl 4 q(q _ l)qm7t72.
So S meets one of the hyperplane through A in ¢" ! points, say H>, and all the
others in (g — 1)¢”"~2 points.

Since H, # H;, HyN Hy = A and SN H,N H; =@. So, SN H, is the support
of a second weight codewords of R,((t+1)(q — 1) + 1, m) which does not meet
H,. Hence, SN H, is included in one of the affine hyperplanes parallel to H.
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Furthermore, for all H) hyperplane through A different from H, and H;, SN Hj} is
the support of a minimum weight codeword of R,((t + 1)(q — 1) + 1, m) which does
not meet Hj, so it meets all affine hyperplanes parallel to H; different from H; in
g™ =2 points or is included in an affine hyperplane parallel to H;. Since SN H, is
included in one of the affine hyperplanes parallel to H and all hyperplanes parallel

to H meets S in at least (¢ — 1)¢"™ "~ points, there are only three possibilities:

1. For all H) hyperplane through A, SN H) is included in an affine hyperplane
parallel to H.

2. For H) hyperplane through A different from H, and H,, S N H), meets all affine
hyperplanes parallel to H different from H, in ¢"~'~2 points.

3. There is g hyperplanes through A such that their intersection with S is included
in an affine hyperplane parallel to H and one hyperplane through A which meets
all hyperplanes parallel to H but H, in ¢"~~2.

In the two first cases, if SN H; is not included in H’ parallel to H,#(SN H') = (¢ —
1)g™~'~2 and S N H' is the support of a minimum weight codewords of R,((t + 1)(g —
1)+ 1,m). So SN H' is included in an affine subspace of codimension ¢+ 1. Then,
necessarily, SN H, is included in H. For all H’' parallel to H but H, #( SN H') =
(g — 1)g""2. In the third case, for all H' hyperplane parallel to H different from
H; which does not contain SN H,, #(SN H') = ¢"'~'. So SN H' is the support of a
second weight codeword of R,((t+ 1)(q — 1) + 1, m) and is an affine subspace of di-
mensionm —t — 1.Then, SN H, ¢ Hand#(SN H) = ¢" "2+ ¢ " # SN H)) =
(g — 1)g™ 2. So if we are in the last case for reason of cardinality, for all A’ affine
subspace of codimension 2 included in H; such that A’ meets the affine subspace
of codimension ¢ + 1 which contains SN H, in the affine subspace of codimension
t+ 2 which does not meet S we are also in case 3. Then § is the union of affine
subspaces of dimension m — ¢ — 2 which are a translation of the affine subspace of
codimension ¢ 4+ 2 which does not meet Sin S N H;. Then, since S N H; is the support
of a second weight codeword of R,((t+ 1)(g — 1) 4 1, m), it is an affine subspace
of dimension m —t — 1. So SN H is the union of an affine subspace of dimension
m —t—1 and an affine subspace of dimension m —t — 2. Since S is the union of
affine subspaces of dimension m — t — 2 which are a translation of an affine subspace
of codimension ¢ 4 2, there exists B an affine subspace of codimension 2 such that
B does not meet S and SN H is not included in an affine subspace of codimension
2 parallel to B. Now, we consider all affine hyperplanes through B. Assume there
exists G an affine hyperplane through B which does not meet S. Then, S is included
in an affine hyperplane parallel to G which is absurd by construction of B. So, S
meets all hyperplanes through B and there exists G| hyperplane through B such that
#(SN Gy) = ¢" ! and for all G through B but G, #(SN G) = (g — 1)¢g" "2 which
is absurd since #(S N H) = ¢"~"~! + ¢"~'~2. Finally, we are in case 1 or 2.

By applying an affine transformation, we can assume x; = 0 is an equation of H.
Now, consider g the function defined by

V= (x1,..., %) € F g(x) = x1 f(x).
Then deg(g) < t(q — 1) +2 and |g| = (g — 1)2¢""~2. So, g is a second weight code-

word of R,(t(q — 1) 4+ 2, m) and by Theorem 9, the support of g is included in an
affine subspace of codimension ¢.
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Let Hj be an affine hyperplane containing the support of g but not S. Then, #(S N
H3) > (q — 1)2¢"~"=2. Furthermore, since S ¢ Hj, S meets all affine hyperplanes
parallel to Hj in at least (g — 1)¢g™~'~2. Finally,

#S > 2(q _ l)zqm—t—z > qm—t'

We get a contradiction. So § is included in an affine subspace of codimension .
For reason of cardinality, S is an affine subspace of codimension ¢. O

7.2 Case where g = 3, proof of Theorem 5

Lemmal3 Letm>2 0<t<m—2, fe R;Qt+1,m) such that | f| = 8.3" 2. If
H is an affine hyperplane of FJ' such that SN H # () and SN H # S then either
S meets two hyperplanes parallel to H in 43" 2points or S meets all affine
hyperplanes parallel to H.

Proof By applying an affine transformation, we can assume x; = 0 is an equation
of H. We denote by H, the affine hyperplanes parallel to H of equation x; = a,
aclF, Letl:={aeclF,;: SNH,=0}and k:=#I.Since SN H # @¥and SN H # S,
k<q—2=1.Assume k = 1. For all ¢ ¢ I we define

Vi=(xp....x0) €FN L= f0 [] —a.
aél,azc

Then deg(f.) = (t+ 1)2 and | f,| > 3”~"~!. Assume there exists H’ an affine hyper-
plane parallel to H such that #(SN H') =3""! and SN H' is the support of a
minimal weight codeword of R3(2(t + 1), m). Then consider A an affine subspace
of codimension 2 included in H’ containing SN H' and A’ an affine subspace
of codimension 2 included in H' parallel to A. We denote by k the number of
hyperplanes through A which meet S and by k' the number of affine hyperplanes
through A’ which meet S in 3”~*~! points. Then

K3 4 (k — K)4.3" 7172 < 8.3 2

Since #S > #(SN H') and k' < k, we get k = 2. Then, if we denote by H” the other
hyperplane parallel to H’ which meets §, SN H” is included in an affine subspace
of codimension 2 which is a translation of A. By applying this argument to all affine
subspaces of codimension 2 included in A’ and containing S N H', we get that SN H”
is included in a an affine subspace of dimension m — ¢t — 1. For reason of cardinality
this is absurd. If | f.| > 3"~"~! then | f.| > 4.3"~'~2. For reason of cardinality, we have
the result. O

Now, we prove Proposition 5.

— First, we prove the case where ¢ = 1. Obviously, § is included in an affine
subspace of dimension m. Assume S meets all affine hyperplanes of F'. Then

for all H' affine hyperplane of F', #(SN H') > 2.3"=3 and by Lemma 2, there
exists H an affine hyperplane such that

#SNH) =233,
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Then SN H is the support of a minimum weight codeword of R3(5, m). So it is
the union of Py, P, 2 parallel affine subspaces of dimension m — 3 included in an
affine subspace of dimension m — 2. Let A be an affine subspace of codimension
2 included in H, containing P; and different from the affine subspace of
codimension 2 containing S N H. Then there exists A’ an affine hyperplane of
codimension 2 included in H parallel to A which does not meet S. We denote by
k the number of affine hyperplanes through A’ which meet S in 2.3"~3 points.
Then, if m > 4,

k2.3™3 4 (4 — k)8.3" 4 < 8.3m3

which means that k> 4. If m =3, 2k + (4 — k)3 < 8 which also means that
k > 4. Then for all H' hyperplane through A different from H, SN H' is a
minimal weight codeword of R3(5, m) which does not meet H and either SN H’
is included in one of the hyperplanes parallel to H or SN H' meets the two
hyperplanes parallel to H different from H. In all cases, S is the union of eight
affine subspace of dimension m — 3. By applying this argument to all affine
subspaces of codimension 2 included in H, containing P, and different from the
affine subspace of codimension 2 containing SN H, we get that these 8 affine
subspaces are a translation of P;.

Choose H, one of the hyperplanes through A’ and consider H, and Hj; the
two hyperplanes parallel to H;. Since #(SN H;) =2.3""3 and S meets all
hyperplanes in at least 2.3"3 points, either #(S N H,) = 3.3 3 and #(S N H3) =
3.3" 3 or #(SN Hy) =2.3"3 and #(S N H;) = 43773,

First consider the case where #(SN H,) = 3.3 and #(SN H3) = 3.3"73. Then
there exists an affine subspace of codimension 2 in H, which does not meet S.
We denote by k' the number of hyperplanes through A which meet S in 2.3
points. Then , we have k' > 4 which is absurd since #(S N H,) = 3.3"73,

Now, consider the case where #(S N H,) = 2.3 and #(S N H3) = 4.3, By
applying an affine transformation, we can assume x; = 0 is an equation of Hs.
Then x,. f is a codeword of R3(4,m) and |x;. f| = 4.3”3. So, by Theorem 10,
its support is included in an affine hyperplane H{ and SN H{N H; =%. So §
is included H| and H3 and there exists an affine hyperplane through H| N H3
which does not meet S which is absurd.

Finally there exists an affine hyperplane G, which does not meet S. So, by
Lemma 13, S meets G, and Gs the two hyperplanes parallel to G, in 4.3"3
points. Then, Theorem 10, G, \ S and G5 \ S are the union of two non parallel
affine subspaces of codimension 2. Consider A one of the affine subspaces
of codimension 2 in G, \ S. Assume all hyperplanes through A meet S. So
for all G’ hyperplane through A, #(G’\ S) < 7.3"3. Furthermore, one of the
hyperplanes through A, say G, meets G; \ S in at least 2.3”73, then #(G \ S) >
2.3m72 4 2.3"=3 which is absurd (see Fig. 12). So there exists G’ through A which
does not meet S. By applying the same argument to the other affine subspace of
dimension 2 of G, \ S, we get the result for r = 1.

— We prove by recursion on ¢ that S is included in an affine subspace of dimension
m — t + 1. Consider first the case where t =m — 2. If m =3 then t = 1 and we
have already considered this case. Assume m > 4. Let f € R3;(2(m —2) + 1, m)
such that | f| = 8. Assume S is not included in an affine subspace of dimension
3. Let wy, wa, w3, wy be 4 points of S which are not included in a plane. Since
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Fig. 12 Proposition 5, case G» G Gs
where t =1

S is not included in an affine subspace of dimension 3, there exists H an affine
hyperplane such that H contains w;, w;, ws, w4 but S is not included in H. Then
by Lemma 13 either S meets two hyperplanes parallel to H in 4 points or § meets
all hyperplanes parallel to H.

If S meets two hyperplanes parallel to H then SN H is the support of a second
weight codeword of R;(2(m — 1), m) so is included in a plane which is absurd
since wi, wy, w3, wg € SN H. So § meets all hyperplanes parallel to H and for
all H' hyperplane parallel to H, #(SN H') > 2. Since #S =8 and #(SN H) >
4, for all H' hyperplane parallel to H different from H #(SN H') =2 and
#SNH)=4.

By applying an affine transformation, we can assume x; = 0 is an equation of H.
Then x;.f € R3(2(m — 1), m) and |x,. f| = 4so x;. f is a second weight codeword
of R3(2(m — 1), m) and its support is included in a plane P notincluded in H. Let
H' be an affine hyperplane which contains P and a point of (SN H) \ P but not
all the points of SN H. Then, #(SN H') > 5 and SN H' # S. By applying the
same argument to H’ than to H we get a contradiction for reason of cardinality.
If m < 4, we have already considered all the possible values for . Assume m > 5.
Let2 <t <m— 3. Assume if f € R3(2(t+ 1) + 1, m) is such that | f| = 8.3"~—3
then its support is included in an affine subspace of dimension m —t. Let f €
R3(2t+ 1, m) such that | f] = 8.3 =2 and denote by S its support. Assume S
is not included in an affine subspace of dimension m — ¢ + 1. Then, there exists
H an affine hyperplane such that SN H # S and SN H is not included in an
affine subspace of dimension m — ¢. So, by Lemma 13, either S meets two affine
hyperplanes parallel to H in 4.3"~=2 points or S meets all affine hyperplanes
parallel to H.

If S meets two affine hyperplanes in 4.3”~/=2 points, S N H is the support of a
second weight codeword of R3(2(t + 1), m) and is included in an affine subspace
of dimension m — ¢ which is absurd. So S meets all affine hyperplanes parallel to
H and for all H" hyperplane parallel to H,

#SNH)>23m"12

Assume for all H' parallel to H, #(SN H') > 2.3"*=2_ Then, for reason of
cardinality #(SN H) =8.3"~3 and SN H is the support of a second weight
codeword of R3(2(t+ 1) + 1, m) which is absurd since SN H is not included in
an affine subspace of dimension m — t. So there exists H; parallel to H such that
#(SN Hy) =2.3"""2and SN H, is the support of a minimal weight codeword of
R;2(t+ 1)+ 1, m)so SN H, is the union of P, and P, 2 parallel affine subspaces
of dimension m — ¢ — 2 included in an affine subspace of dimension m — ¢ — 1.
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Let A be an affine subspace of codimension 2 included in H; and containing
P, and such that AN P, =¢@. Let A’ be an affine subspace of codimension 2
included in H, parallel to A which does not meet S. Assume there exists
an affine hyperplane through A’ which does not meet S. Then, S meets H} and
H, the two hyperplanes parallel to H| different from H/ in 4.3"~~2 points. For
example, we can assume A C H). Then, S N Hj is the support of a second weight
codeword of R3(2(t + 1), m). So S N H, meets Hin 0,3™'72,2.3m1=2 or 4,3m~1=2
points. Since S meets all hyperplanes parallel to H in at least 2.3"~/~2 points, if

#SNHNH;) =43""72

SN HNH,=%.So SN H is included in an affine subspace of dimension m — ¢
which is absurd. So SN H} and SN Hj are the support of second weight code-
words of R3(2(t+ 1), m) not included in H, then their intersection with H is the
union of at most two disjoint affine subspaces of dimension m — ¢ — 2.

Now assume S meets all hyperplanes through A’. We denote by k the number of
the hyperplanes through A which meet S in 2.3"~/=2 points. Then

k2.3m72 4 (4 — k)8.3m 13 < 832

which means that k > 4. So for all H' affine hyperplane through A’ different from
H,, SN H’ is the support of minimum weight codeword of R;(2(t+ 1) + 1, m)
which does not meet H;. So either SN H’ is included in H or S N H' meets S in
an affine subspace of dimension m — t — 2. In both cases , SN H is the union of
at most four disjoint affine subspaces of dimension m — ¢ — 2. By applying this
argument to all affine subspaces of dimension 2 included in H; containing P,
but not P, we get that SN H is the union of four affine subspaces of dimension
m —t — 2 which are a translation of P,. This gives a contradiction since SN H
is not included in an affine subspace of dimension m — . So S is included in an
affine subspace of dimension m — ¢ + 1.

- Let fe R3(2t+1,m) such that |f| =8.3" 2 and A the affine subspace of
dimension m — ¢ + 1 containing S. By applying an affine transformation, we can
assume

A={(x1,...,xn) eFZ:xl =...=x,_; =0}.
Letge B;,_,,, defined for all x = (x;,...,X,) € F7=* by
gx)= fO,...,0,x;,...,xy)
and denote by P € F3[X,, ..., X,] its reduced form. Since
Vx=(x1,...,xn) €FY, f0)=(1—x7)...(1—x7 ) P(xs, ..., X),
the reduced form of f € R3(t(q — 1) + s, m) is
(1=XD) ... (1= X2) P(Xos ..o Xo).

Then g € R3(3,m —t+ 1) and |g| = | f| = 8.3 '~2. Thus, using the case where
t = 1, we finish the proof of Proposition 5.
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Appendix: Blocking sets

Blocking sets have been studied by Erickson in [8] in the case of affine planes and by
Bruen in [3-5] in the case of projective planes.

Definition 1 Let S be a subset of the affine space IE‘Z We say that S is a blocking set
of order n of F} if for all line L in F;, #(SN L) > nand #((F; \ )N L) > n.

Proposition 10 (Lemma 4.2 in [8]) Letg>3, 1<b <q—1land fe R;(b,2). If f
has no linear factor and | f| < (q — b + 1)(q — 1), then the support of f is a blocking
set of order (q — b) ofFf].

In [8] Erickson make the following conjecture. It has been proved by Bruen in [5].

Theorem 13 (Conjecture 4.14 in [8]) If S is a blocking set of order n in IF,ZJ, then #S >
nqg—+q—n.
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