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Abstract

Measles, a highly contagious infection caused by the measles virus, is a major public health problem in China. The reported
measles cases decreased dramatically from 2004 to 2012 due to the mandatory measles vaccine program started in 2005
and the goal of eliminating measles by 2012. However, after reaching its lowest level in 2012, measles has resurged again
since 2013. Since the monthly data of measles cases exhibit a seasonally fluctuating pattern, based on the measles model in
Earn et al. (Science 287:667-670, 2000), we propose a susceptible, exposed, infectious, and recovered model with periodic
transmission rate to investigate the seasonal measles epidemics and the effect of vaccination. We calculate the basic reproduc-
tion number R, analyze the dynamical behavior of the model, and use the model to simulate the monthly data of measles
cases reported in China. We also carry out some sensitivity analysis of R, in the terms of various model parameters which
shows that measles can be controlled and eventually eradicated by increasing the immunization rate, improving the effective

vaccine management, and enhancing the awareness of people about measles.
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Introduction

Measles, a highly contagious disease caused by the measles
virus, is spread by coughing and sneezing via close interper-
sonal contact or direct contact with secretions. It is one of the
leading causes of death among young children globally, despite
the availability of a safe and effective vaccine. Approximately
134,200 people died from measles in 2015, mostly children
under the age of 5. Since there is no specific treatment for mea-
sles, routine measles vaccination for children is the key public
health strategy to prevent the disease (WHO 2017).

Measles virus continues to circulate and cause significant
morbidity in China which accounts for a large proportion of
the measles cases reported in the Western Pacific Region
(WHO 2009). In 1978, China established the national
Expanded Programme on Immunization and began to imple-
ment a standard schedule for routine immunization that
included a dose of measles vaccine administered at 8 months
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of age. In 1986, a second routine dose of measles vaccine,
at 7 years of age, was recommended (Ma et al. 2011). The
mean annual measles incidence reported in China was
572.0/100,000 population in the 1960s, 355.3/100,000 popu-
lation in the 1970s, 52.9/100,000 population in the 1980s,
and 7.6/100,000 population in the 1990s (Wang et al. 2003).
A nationwide measles supplementary immunization activ-
ity was conducted in 2010, and the incidence of measles in
mainland China subsequently reached its lowest reported
level in 2012 (6,183 cases, 0.46/100,000 population). How-
ever, in 2013, a nationwide resurgence of measles occurred
primarily among young, unvaccinated children with 27,647
cases and an incidence rate 2.05/100,000 population, and
in 2014, there were 52,628 cases and the incidence reached
3.88/100,000 population (National Health and Family Plan-
ning Commission of PRC 2017; Ma et al. 2014) (see Fig. 1).
This outbreak was believed to be a result of measles vacci-
nation coverage gaps among young children and adults, and
insufficient hospital isolation of cases (Zheng et al. 2016).
The transmission dynamics of measles epidemics have
been extensively modeled and studied (measles is prob-
ably the first and the most studied infectious disease using
mathematical models). Hamer (1906) studied the regu-
lar occurrence of measles in London. Soper (1929) was
the first to propose a mathematical model to explain the
periodic occurrence of measles. Bartlett (1957) observed
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Fig. 1 Reported human measles a annual data and b monthly data in mainland China from January 2004 to December 2016 (National Health

and Family Planning Commission of PRC 2017)

that the number of localized extinctions of measles was
related to the population size of the community. Later,
Bartlett (1960) and Bolker and Grenfell (1996) observed
that in small communities epidemics are often followed
by extinction of disease as the chain of transmission
breaks down by mass vaccination. Bolker and Grenfell
(1993) and Keeling and Grenfell (1997) found that the
critical community size above which measles can persist
may depend on the spatial structure and connectedness of
the regional population. Many researchers have studied
the periodic reoccurrence of measles which is believed
to be strongly related to the seasonal forcing (Bartlett
1957; London and Yorke 1973; Yorke and London 1973;
Anderson and May 1983, 1991; Hethcote 1983; Conlan
and Grenfell 2007). In fact, sinusoidal functions have
been extensively used to describe the seasonal factor in
modeling measles (Dietz 1976; Schenzle 1984; Earn et
al. 2000). Various mathematical models have also been
developed to study the transmission dynamics of measles
in different countries and regions (Bartlett 1960; Bolker
and Grenfell 1996; Earn et al. 2000; Ferrari et al. 2008;
McLean and Anderson 1988; Pang et al. 2015).

Though measles is a serious public health problem, there
are very few studies on modeling the transmission dynamics
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of measles in China (Bai and Liu 2015). Since the monthly
measles data from China exhibit periodic pattern, in this
paper, we adapt the periodic measles model from Earn et al.
(2000) to study the effect of vaccination and seasonality on
the transmission dynamics of measles and use the model to
simulate the monthly data in China from January 2004 to
December 2016.

The paper is organized as follows. In “Mathematical mod-
eling” section, the periodic measles model will be introduced.
Mathematical analysis, including the boundedness of solu-
tions, calculation of the basic reproduction number, global sta-
bility of the disease-free equilibrium, and existence of positive
periodic solutions, is carried out in “Mathematical analysis”
section. Sensitivity analysis of the basic reproduction number
and simulation of the measles data from China are given in
“Simulations and sensitivity analysis” section. A brief discus-
sion is presented in “Discussion” section.

Mathematical modeling

We denote the total numbers of humans by N(¢) and clas-
sify the human population into four subclasses: susceptible,
exposed, infections, and removed, with the numbers denoted
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by S(¥), E(?), I(f), and R(¢) at time #, respectively. The trans-
mission dynamics associated with these subpopulations are
illustrated in Fig. 2.

The transmission rate between S(7) and I(¢) is described
p(¢). Since the monthly measles data in China exhibit seasonal
pattern, we use the periodic function
p() = a[l + bsin (%t +38 )] to describe the transmission rate,

where a is the baseline contact rate and b is the magnitude of
forcing (Dietz 1976; Zhang et al. 2012). The birth numbers of
humans per unit time are constant. Natural death rate is u.
Based on the model in Earn et al. (2000) with periodic trans-
mission rate, we consider the following periodic measles
model:

ds

D A -p) - pors - us,

c(ll—b;=ﬂ(t)15—(6+/4)E,

a“ (1)
S GE—(+wl,

riald ¥ +n

dR

X Ap+yI-uR,

dar pTYy H

where all parameters are positive constants and the interpre-
tations and values are described in Table 1.
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B(t)SI ol ~T Ap
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Fig.2 Flowchart of measles transmission in a population

Mathematical analysis
Extinction and persistence of the disease

Notice that from the equations in model (1), we have

dN
— =A—uN.
a H. @

Letting A = {(S,E,I,LR) | S>0,E>0,/ >0,R > 0,
O0<S+E+I+R< ;—j}, we have the following results.

Theorem 3.1 The region A is positively invariant with
respect to system (1). In particular, (S(t), E(t), I(t), R(?))
is positive for all t>0 if the initial values
S0)=S8,>0,E0)=E;,>0,100)=1,>0,R0) =Ry, >0
att=0.

Proof On the nonnegativity of solutions of system (1)
with nonnegative initial conditions, by the continuous
dependence of solutions with respect to initial values, we
only need to show that when §, > 0,E, > 0,1, > 0 and
Ry > 0,(S(0), E(2), I(1), R(2)) 1s positive for all £ > 0. Let

n(f) = min {S@), E(t), 1(t), R(®)}, Vt > 0.

Clearly, n(0) > 0. Assuming that there exists a #; > 0 such
thatn(t;) = 0 and n(t) > 0,Vz € [0, 1,).

If n(t;) = S(¢,), from the first equation of system (1), we
have
ds

5 = ~BOI+ s,

Thus,

vt > [0, 1]

0 = S(tl) 2 Soe_ /()ll(ﬁ(t)l"'ﬂ)ds > 0’

which leads to a contradiction.

Table 1 Parameters in model

o Para. Value Unit Interpretation Source

A 1.34 x 10° Month™! Human birth rate NBSC (2016)

U 0.00053 Month™! Human natural mortality rate NBSC (2016)

i 0.5 Month Human incubation period China CDC (2017)
c 2 Month™! 1 China CDC (2017)
p 0.8216 Month™! Human vaccination rate Estimation

a 1.2527 x 10~° None The baseline contact rate Estimation

b 0.3346 None The magnitude of forcing Estimation

j 0.6333 Month Human ill period China CDC (2017)
y 1.579 Month™! 1 China CDC (2017)

i
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If n(t)) = E(#;), since I(t) >0 and S(¢) >0 for all
te [O, t,], from the second equation of system (1), it fol-
lows that

C(li—lf > —(c+ wkE, Vt>[0,1]

Hence,

0= E(t) > E,e™“th > 0,

which also leads to a contradiction.

Similar contradictions can be deduced in the
cases of n(t)) =1(t;) and n(t;) = R(t;). Therefore,
S > 0,E() > 0,1(t) > 0and R(¢) > O for all ¢ > 0.

Concerning (2), we have N(t) = j—i + Nye ™, where

Ny = S(0) + E(0) + 1(0) + R(0). Hence, N(¢) is bounded for
allr > 0and
limsup N(¢) = é,

t—o00 H
which implies S(¢), E(t), I(f), and R(t) are also bounded for
all # > 0. This completes the proof. [l

It is easy to see that system (1) has one disease-free
equilibrium

Py=(5.0,0,R),
where § = #,R = %. Now, we deduce the basic repro-

duction number R, for model (1) following the definition of
Bacaér and Guernaoui (2006) and the general calculation
procedure in Wang and Zhao (2008). Firstly, we can verify
that model (1) satisfies the conditions (A1) — (A7) given in
Wang and Zhao (2008).

Denote
_ (0 p0S _f(o+u 0
ro= (0 795) vo= (720 0)),

Let Y(¢, s) be the 2 X 2 matrix solution of the following initial
value problem

dt
Y(s,s)=1.

{ S = VoY),

Further, let w =12 and C, be the ordered Banach
space of all w—periodic continuous functions from
R to R? with maximum norm |-|| and positive cone
Cr:= {(p eC,:@=20Vte R}. Suppose ¢ € Cis the
initial distribution of infections individuals, then F(s)g(s)
is the rate of new infection produced by the infectious indi-
viduals who were introduced at time s, and Y (¢, s)F(s)gp(s)
represents the distributions of those infection individuals
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who were newly infected at time s and remain in the infected
compartments at time ¢ for ¢ > s. Naturally,

t +oco
/ Y, $)F(s)p(s)ds = / Y(t,t —a)F(t — a)p(t — a)da
oo 0
3

is the distribution of accumulative new infections at times
t produced by all those infected individuals @(s) introduced
at times previous to z. Then, we define a linear operator
L:C,— C,asfollows

+o0
(Lp) = / Y(t,t — a)F(t — a)p(t — a)da,Vt e R, p € C,,.
0

)
L is called the next infection operator.

By the definition of Bacaér and Guernaoui (2006)
and the general calculation procedure in Wang and Zhao
(2008), the basic reproduction number R, for the model
(1) is defined as the spectral radius p(L) of operator L,
that is,

Ry = p(L). (5)
Employing Theorem 2.1 and Theorem 2.2 given in Wang
and Zhao (2008), we can deduce the following results with
respect to R, and the locally asymptotical stability of the
disease-free equilibrium P, for model (1).

Theorem 3.2 On the basic reproduction number R of model
(1), we have

(i) Ry < lifand only if p(@5_y(@)) < I;
(i) Ry = lifand only if p(®p_y(@)) = 1;
(i) Ry > lifand only if p(®p_y(w)) > 1.

Moreover, Py is locally asymptotically stable if Ry < 1 and
unstable if R, > 1, where ®_y () is the monodromy matrix
of the linear w-periodic system % =[F@®) - V(@®]u.
Lemma 3.3 For an arbitrary positive number 0, there exists
t, > O such that for all t > t,,8() < § + 6.

Proof From the first two equations of system (1), we have

dlS+E) _

” A(l = p)—uS— (o + pE

<Al =p)— pS— pE
=A(l-p)—uS+E)

which implies that

lim sup(S(¢) + E(1)) < Ad=p)
t—00 H
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Because E > 0, it follows that

limsup S(¢) < =8.

—00

A(l = p)
u

Thus, there is ¢, > 0, such that for all 7 > ¢, S(r) < S+ 6 for
arbitrary positive number 6. O

Theorem 3.4 The disease-free equilibrium P is globally
asymptotically stable when Ry < 1.

Proof If R, < 1, we know that p(®,_,(®)) < 1 and P, is
locally asymptotically stable by Theorem 3.2. We can choose
0 > 0 small enough such that P(P@p_y iy, (@) < 1, where

06
n=(29)

Considering the region X and using Lemma 3.3, when ¢ > ¢,
we have

{%smmﬁwﬂ—w+ma

S = 6E—(y+pl. ©
with the following comparison system
& =S +0) - (o + WE,
’ (7)
%=6E—(V+u)1,
that is,
dh T
pria (F() = V(1) + Mp)h(1), h(r) = (E(1),1(1))". ®)

By Lemma 2.1 in Zhang and Zhao (2007), it follows
that there exists a positive w—periodic functions A(r)
such that A(r) = ep’fz(t) is a solution of system (8), where
P =210 p(@p_yyy, (@). We know that p(@p_y ., (@) < 1
when R, < 1. Therefore, we have h(#) = 0 as ¢t — oo, which
implies that the zero solution of system (7) is globally
asymptotically stable. Applying the comparison principle
(Smith and Waltman 1995), we know that for system (1),
E(t) > O0and I(f) - Oast — oo. By the theory of asymptotic
autonomous systems (Thieme 1992), it is also known that
S(r) » Sand R(t) » Rast — . So P, is globally attractive
when R, < 1. It follows that P, is globally asymptotically
stable when R, < 1. O

Existence of positive periodic solutions

Define

X:={G,E,LReX :5>0,E>0, >0,R > 0},
Xy :={,E.LR)eX : E>0,I>0},
Xy =X\Xy={(S,E,LR)eX : E=1=0}.

Let u(t, x,) be the unique solution of system (1) with the ini-
tial value x, = (Sy, Ey, Iy, Ry). Let P : X — X be the Pincaré
map associated with system (1), i.e.,

P(xy) = u(w, xy), Vx5 € X,

where w = 12 is the period. Applying the existence-
uniqueness theorem (Perko 2001), we know that u(t, x;)) is
the unique solution of system (1) with u(0, x) = x,. From
Theorem 3.1, we know the X is positively invariant and P is
point dissipative.

Lemma3.5 When R > 1, then there exist a 6 > 0 such that
when

[|(Sos Eos Los Ry) = Po| < 6

for any (S, Ey, Iy, Ry) € X, we have

lim sup d[P"(Sy, Eq. Iy, Ry), Py] = 6,

m—oo

where Py = (5,0,0, R).

Proof If R, > 1, we obtain p(®_,(®)) > 1by Theorem 2.2
in Wang and Zhao (2008). Choose ¢ > 0 small enough such
that p(®_,, v, (@) > 1, where

0 ¢
M€_<O 0).

Now, we proceed by contradiction to prove that

lim sup d [P"(Sy, Eg. I, Ry), Py| = 6.

m—oo

If not, then

lim sup d[P"(Sy, Ey, I, Ry), Py| < 6

m—oo

for some (Sy, Eq, Iy, Ry) € X,. Without loss of generality,
we assume that d[Pm(SO,EO,IO,RO),PO] < o forall m > 0.
By the continuity of the solutions with respect to the initial
values, we obtain

“u(tl, P"(Sy, Eg Io» Ry)) — u(ty, PO)” <e, VYm0,V € 0,0

@ Springer
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Foranyt > 0, lett = mw + t,, where t; € [0, w]and m = [i],

w

which is the greatest integer less than or equal to i Then,
we have

[|eCt, (So Eqs I Ro)) — ult, Po)||
= ”u(tl,P’"(SO,EO,IO,RO)) - u(tl,PO)” <e
for any t > 0, which implies that when 7 > 0, we have

S—e<S@t)<8+e0<E®r)<e0<I()<e. Then, for
[|(So- Eo. Iy- Ro) — Py || < 8, we have

{%zmm©wﬂ—w+ME

9
L =GE—(y+pl. ®
dr
Next, we consider the linear system
£ = p)S -l — (o + PE,
dI (10)
o =cE—(y+ul.

Once again by Lemma 2.1 in Zhang and Zhao (2007), it
follows that there exists a positive w—periodic function g(#)
such that g(r) = (E(¢), I(¢)) = e”'g(¢) is a solution of system
(10), where p = iln P(P@p_yy (@)). Because R, > 1 and
P(P@p_y iy (@) >11, when g(0) > 0, g(t) > o as t > oo.
Applying the comparison principle (Smith and Waltman
1995), we know that when E(0) > 0,1(0) > 0, E(t) - oo and
I(t) > oo ast — oo. This is a contradiction. The proof of the
lemma is complete. O

Theorem 3.6 If R, > 1, then system (1) admits at least one
positive periodic solution.

Proof We need to prove that P is uniformly persistent with
respect to (X, 0X,). First of all, we claim that X, and 0X,
are positively invariant with respect to system (1). In fact,
for any (Sy, Ey, Iy, Ry) € X,, solving the equations of system
(1), we have

S =e" Jo BOI+pydt

t
So + / A(l - p)efor(ﬂ(f)lﬂt)drdt]
0

t
> A(1 — p)e~ JoPOI+uar / i BOHWA G 5 0 > 0,
0
(11

R(ty=e* [Ro + / (Ap+vl (t))e’”dt]
0

t
> e_’”/ (Ap + yI(t)et'dt > 0, Vt> 0, a2
0
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E(r) = e~ @+mt [E0+ / ﬁ(t)S(t)I(t)e“”””dt]
0

> g~ [ / ﬂ(t)S(t)I(t)e(””)’dt] >0, Vi>0,
’ (13)

I(t) = e~ (r+mt

t
Iy + / aE(t)e(”“)’dt]
0
) (14)
> e—(7+u)l/ cE@Me" ' dr > 0, Vr> 0.
0

So X, is positively invariant. Clearly, 0X|, is relatively closed
in X. Set

My = {(So. Eg. I, Ry) € 09X, : P™(Sy. Eg. I, Ry) € 90X, Vm > 0}.

We firstly show that

M, ={(S5,0,0,R)eX :S>0,R>0}. 15)

Note that {(S,0,0,R) € X : S > 0,R > 0} C M, is obvious,
we only need to prove that

M, C {(5,0,0,R)e X : S>0,R > 0}.

Otherwise, if M;\{(S,0,0,R) € X : S > 0,R > 0} # @, then
there exists at least a point (Sy, Ey, Iy, Ry) € M, satisfying
Ey>0orl,>0.

If E, > 0, from the second equation of model (1) and
Theorem 3.1, we have that for all > 0

E(t) > Eyexp™ ™" > 0.

Thus, from the third equation of model (1) and inequality
(14), we also have I(r) > 0 for all # > 0. From S, > 0 and
inequality (11), we have S(r) > O for all # > 0. Similarly,
From R, > 0 and inequality (12), we have R(¢) > 0 for all
t > 0. Thus, with initial value (S, Ey, Iy, R;), we finally
obtain that (S(¢), E(?), I(¢), R(¢)) > (0,0,0,0) for all > 0,
which contradicts that (S, Ey, I, Ry)) € M, that requires
P"(Sy, Ey, 1y, Ry) € 0X,,Vm > 0.

If I,>0, similarly, we can also prove that
S@®,E@®),1(t),R(t)) > (0,0,0,0) for all #>0, which
leads to a contradiction. Therefore, we finally have
M, C {(5,0,0,R)e X : S>0,R > 0}. So the claim (15)
holds, which implies Ey(S, 0,0, R) is the only fixed point
of Pin M,

Moreover, Lemma 3.5 implies that P, = (S’, 0, O,R)
is an isolated invariant set in X and W3(Py) N X, = §J. By
the acyclicity theorem on uniform persistence for maps
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(Theorem 1.3.1 and Remark 1.3.1 in Zhao (2007)), it fol-
lows that P is uniformly persistent with respect to (X, dX,).

Now, Theorem 1.3.6 in Zhao (2007) implies that P has
a fixed point

($7(0), E(0),I7(0), R*(0)) € X,

From the first equation of system (1), we have

t
S*([) =e ﬂ)’(ﬂ(’)['ﬂ")dt [S*(O) + / A(l — p)e/()r(ﬂ(t)l"'ﬂ)dldt
0

t
> A(1 = p)e JoPwi+uwar / eJo BOI+p)dr g
0

>0, Viel0,w].

The periodicity of S*(r) implies that $*(¢) > O for all # > 0.
Following the processes as in inequalities (11)—(14), we
have E*(¢) > 0,I*(t) > 0, R*(t) > O for all ¢t > 0. Therefore,
(S*(®), E*(1), I (1), R*(1)) is a positive w—periodic solution of
system (1). O

Simulations and sensitivity analysis

In this section, we firstly use the model (1) to simulate
the reported measles data of China from January 2004 to
December 2016, predict the trend of the disease, and seek for
some control and prevention measures. To do so, we need to
estimate the parameter values. We obtain the annual number
of human population using the annual birth and death data
from the National Bureau of Statistics of China 2016. Then,
we calculate the average and divide it by 12 to derive the
monthly human birth population A = 1340000. For g(), p
and u by using the least square fitting of I(¢) through discre-
tizing the ordinary differential system (1) as follows:

I(t;+ A\D = (6E — (v + ) A\ 1+ 1(z)).

The least square fitting is to minimize the objective function
1 % 5
J(O) = - 1(t; — 1(1)),
=~ ;( (t; = 1t

which is implemented by the instruction Isgnonlin, a part of
the optimization toolbox in MATLAB. By the least square
method, we obtain a = 1.2527 x 102, b = 0.3346, and
p = 0.8216. The parameter values are listed in Table 1.

We need the initial values to perform the numerical simu-
lations of the model. The number of the initial suscepti-
ble population, S(0), is obtained from the China Statisti-
cal Yearbook. However, the numbers of the initial exposed
population E(0) and the recovered population R(0) cannot be

obtained. According to the least square method, We estimate
E(0) and R(0), respectively. The comparison between the
reported measles data in mainland China from January 2004
to December 2016 and the simulation of I(¥) from model (1)
is given in Fig. 3.

Moreover, with these parameter values, we can roughly
estimate that the basic reproduction number R, = 0.4663
under the current circumstances in China. From Fig. 4, we
can see that when R, < 1, the number of infected humans
I(9) tends to 0. On the contrary, when R, > 1, () tends to
a stable periodic solution. We can also predict the general
tendency of the epidemic in a long term according to the
current situation in China, which is presented in Fig. 5,
where the basic reproduction number is R, = 0.4663. From
these figures, we can see that the epidemic of measles can
be relieved in a short time and eradicated by strengthening
the current prevention and control measures.

Next, we perform some sensitivity analysis to determine
the influence of parameters p (vaccination rate) and a (the
contact rate) on R,. From Fig. 6a, we observe that p has an
obvious effect on R, which indicates that immunization is
an effective measure to control measles. Next, we consider
the effect of @ on R, which is depicted in Fig. 6b. Although
they are linear, a is very small and a slight change of a
can lead to large variations of R,,. So reducing the contact
between susceptible and infective individuals is important
to control measles.

Finally, we consider the combined influence of p and a on
R, in Fig. 7. From the contour surface, we can see that when
the increasing of vaccination and the reduction of contact
are combined, controlling measles will be more effective.

Discussion

Measles virus causes significant morbidity in China which
accounts for a large proportion of the measles cases reported
in the Western Pacific Region (WHO 2009). Thanks to the
national Expanded Programme on Immunization established
in 1978 and a national plan of action for accelerated mea-
sles control (vaccine coverage of at least 90%) in 1997 (Ma
et al. 2011). China made significant progress in controlling
measles and the mean annual measles incidence decreased
dramatically from 355.3/100,000 population in the 1970s
to 7.6/100,000 population in the 1990s (Wang et al. 2003).
In 2005, the Regional Committee of WHO Western
Pacific Region established 2012 as the target date for the
complete regional elimination of measles (WHO 20009;
Perry et al. 2014). In 2006, the Chinese Ministry of Health
initiated mandatory measles vaccination and set a goal of
accelerating the progress of eliminating measles by 2012
(Maetal. 2011). In 2010, a nationwide measles supplemen-
tary immunization activity was conducted, and in 2012, the
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Fig.3 Comparison between the reported human measles data
in mainland China from January 2004 to December 2016 and
the simulation of I(f) from model (1). The dashed curve repre-
sents the monthly measles data, while the solid curve is simu-
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lated by using our model. The values of parameters are given
in Table 1. The initial values used in the simulations were
S(0) = 1.29 x 10°, E(0) = 18527,1(0) = 1754, R(0) = 640000
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Fig.4 Tendency of the human measles cases I(¢) in a long term with different values of R,. A = 1900000 in the upper curve with R, = 1.3614
and A = 1300000 in the lower curve with R, = 0.4663, respectively, and the other parameter values are in Table 1

incidence of measles in China reached its lowest reported
level (6,183 cases, 0.46/100,000 population). However, in
2013-2015, a nationwide resurgence of measles occurred in
China (27,647 cases, 2.05/100,000 population; 52,628 cases,
3.88/100,000 population; 42,361 cases, 3.11 /100,000 popu-
lation) (National Health and Family Planning Commission

@ Springer

of PRC 2017). Some believed that this outbreak was a result
of measles vaccination coverage gaps among young children
and adults, and insufficient hospital isolation of cases (Zheng
et al. 2016). Other researchers suggested that multiple highly
connected foci of measles transmission coexist in China and
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Fig.5 Tendency of the human measles cases I(f) in a short and b long terms, where the basic reproduction number is R, = 0.4663
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Fig. 6 Influence of parameters on R a versus p and b versus a

Fig.7 Graph of R in the terms
of a and p

that migrant workers likely facilitate the transmission of
measles across regions (Yang et al. 2017).

The data of human measles cases reported in China
exhibit seasonal characteristics. In order to study the
transmission dynamics of measles in China, vaccina-
tion and seasonality of the spreading of the measles were

(b) 1.6

1.4 B

1.2 4

1

0.8 b

0.6 4

1 1.5 2 2.5 3
a x107°

incorporated into a SEIR epidemic model with periodic
transmission rate. Firstly, we calculated the basic repro-
duction number R, and analyzed the dynamics of the
model including the global stability of the disease-free
equilibrium and the existence of periodic solutions. The
analytical results demonstrate that seasonality plays a key
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in the persistence of the disease in terms of periodic solu-
tions. Then, we used the periodic model to simulate the
monthly data on the number of measles cases from Janu-
ary 2004 to December 2016 in China and predicted the
general tendency of disease in China. It was estimated
that the basic reproduction number R, = 0.4663 under the
current circumstances in China. This indicates that the
epidemic of measles in China can be relieved in a short
time, but extra efforts are needed in order to eradicate the
disease. Moreover, we carried out some sensitivity analy-
sis of parameters on R, to test some control measures and
found that the vaccination rate p has an obvious effect
on R which indicates that immunization is an effective
measure to control measles. We also observed that a slight
change of the contact rate a can lead to large variations of
R, so reducing the contact between susceptible and infec-
tive individuals is also important to control measles. Our
study shows that measles in China can be controlled and
eventually eradicated by increasing the immunization rate,
improving the effective vaccine management, and enhanc-
ing the awareness of people about measles.

Since one of the main issues in controlling and elimi-
nating measles is the optimal age to vaccinate children in
order to have the maximum impact on the incidence of
measles-related morbidity and mortality for a given rate
of vaccination coverage, age-structured epidemic mod-
els have been extensively used to study the transmission
dynamics and control of measles (Schenzle 1984; Tudor
1985; Greenhalgh 1988; Hethcote 1988; McLean and
Anderson 1988; Ferguson et al. 1996). Taking the periodic
and age-dependent transmission rate into consideration, it
will be interesting to study the following age-structured
periodic measles model:

B 45— _st.a) / Blt:a,a)I(t.a')dd' — (u(a) + p(@)S(t, a),
()t 6a 0
9E L E _ S0 / B(t:a,a)(t,add' — (o(a) + p(@)EXt, a),
()t aa 0
Lt 2~ o @ - (@) + pa@)it.a),
t Oda
B4 2R~ @St + @) - @R
t oda

16)

with boundary conditions

$t0)=A, Et,0)=0, I(t,0)=0, Rz 0)=0 (17)

and initial conditions

8(0,a) = Sy(a), E(0,a)=Ey(a), 1(0,a) =1y(a), R(0,a)=Ry(a),
(18)

where f(f;a,d’) is the rate at which susceptible individu-

als of age a are infected by infectious individuals of age '
and is a time periodic function (Schenzle 1984). Interesting

@ Springer

properties of the model such as existence and stability of
periodic solutions, optimal age vaccinations, and so on
deserve further consideration.

Acknowledgements Research was partially supported by the National
Natural Science Foundation of China (Nos. 11471133, 11771168,
11871235) and National Science Foundation (No. DMS-1412454).

References

Anderson RM, May RM (1983) Vaccination against rubella and mea-
sles: quantitative investigations of different policies. ] Hyg Camb
90:259-325

Anderson RM, May RM (1991) Infectious diseases of humans: dynam-
ics and control. Oxford University Press, Oxford

Bacaér N, Guernaoui S (2006) The epidemic threshold of vector-borne
diseases with seasonality. ] Math Biol 53:421-436

Bai Z, Liu D (2015) Modeling seasonal measles transmission in China.
Commun Nonlinear Sci Numer Simul 25:19-26

Bartlett MS (1957) Measles periodicity and community size. J R Stat
Soc A 120:48-70

Bartlett MS (1960) The critical community size for measles in the U.S.
J R Stat Soc A 123:37-44

Bolker BM, Grenfell BT (1993) Chaos and biological complexity in
measles dynamics. Proc R Soc Lond B 251:75-81

Bolker BM, Grenfell BT (1996) Impact of vaccination on the spatial
correlation and persistence of measles dynamics. Proc Natl Acad
Sci USA 93:12648-12653

Chinese Center for Disease Control and Prevention (2017) Measles.
http://www.chinacdc.cn/jkzt/crb/mz/

Conlan AJK, Grenfell BT (2007) Seasonality and the persistence and
invasion of measles. Proc R Soc B 274:1133-1141

Dietz K (1976) The incidence of infectious diseases under the influ-
ence of seasonal fluctuations. In: Berger J et al (eds) Mathemati-
cal models in medicine, lecture notes biomathematics, vol 11.
Springer, New York, pp 1-11

Earn DJD, Rohani P, Bolker BM, Grenfell BT (2000) A simple
model for complex dynamical transitions in epidemics. Science
287:667-670

Ferguson NM, Nokes DJ, Anderson RM (1996) Dynamical complexity
in age-structured models of the transmission of the measles virus:
epidemiological implications at high levels of vaccine uptake.
Math Biosci 138:101-130

Ferrari MJ, Grais RF, Bharti N et al (2008) The dynamics of measles
in sub-Saharan Africa. Nature 451:679-684

Greenhalgh D (1988) Threshold and stability results for an epidemic
model with an age-structured meeting rate. IMA J Math Appl
Med Biol 5:81-100

Hamer WH (1906) Epidemic disease in England—the evidence of vari-
ability and of persistency of type, the Milroy Lectures III. Lancet
167(4307):733-739

Hethcote HW (1983) Measles and rubella in the United States. Am J
Epidemiol 117:2-13

Hethcote HW (1988) Optimal ages for vaccination for measles. Math
Biosci 89:29-52

Keeling MJ, Grenfell BT (1997) Disease extinction and community
size: modeling the persistence of measles. Science 275:65-67

London WP, Yorke JA (1973) Recurrent outbreaks of measles, chick-
enpox and mumps I: seasonal variation in contact rates. Am J
Epidemiol 98:453-468

MaC, AnZ, Hao L, Cairns KL, Zhang Y (2011) Progress toward mea-
sles elimination in the People’s Republic of China, 2000-2009. J
Infect Dis 204:S447-S454


http://www.chinacdc.cn/jkzt/crb/mz/

Theory in Biosciences (2018) 137:185-195

195

Ma C, Hao L, Zhang Y, Su Q, Rodewald L (2014) Monitoring pro-
gress towards the elimination of measles in China: an analysis of
measles surveillance data. Bull World Health Organ 92:340-347

McLean AR, Anderson RM (1988) Measles in developing countries.
Part II. The predicted impact of mass vaccination. Epidemiol Inf
100:419-442

National Bureau of Statistics of China (2016) China Demographic
Yearbook of 2016. http://www.stats.gov.cn/tjsj/ndsj/2016/index
ch.htm

National Health and Family Planning Commission of PRC (2017) Bul-
letins, http://www.nhfpc.gov.cn/jkj/pqt/new_list.shtml

Pang L, Ruan S, Liu S, Zhao Z, Zhang X (2015) Transmission dynam-
ics and optimal control of measles epidemics. Appl Math Comput
256:131-147

Perko L (2001) Differential equations and dynamical systems, 3rd edn.
Springer, New York

Perry RT, Gacic-Dobo M, Dabbagh A, Mulders MN, Strebel PM,
Okwo-Bele JM (2014) Global control and regional elimina-
tion of measles, 2000-2012. MMWR Morb Mortal Wkly Rep
63:103-107

Schenzle D (1984) An age-structured model of pre- and pose-vaccina-
tion measles transmission. Math Med Biol 1:169-191

Smith H, Waltman P (1995) The theory of the chemostat. Cambridge
University Press, Cambridge

Soper HE (1929) The interpretation of periodicity in disease preva-
lence. J R Stat Soc 92(1):34-73

Thieme H (1992) Convergence results and a Poincaré—Bendixson tri-
chotomy for asymptotically autonomous differential equations. J
Math Biol 30:755-763

Tudor DW (1985) An age-dependent epidemic model with application
to measles. Math Biosci 73:131-147

Wang W, Zhao X-Q (2008) Threshold dynamics for compartmental
epidemic models in periodic environments. J Dyn Differ Equ
20:699-717

Wang L, Zeng G, Lee LA, Yang Z, YuJ (2003) Progress in accelerated
measles control in the People’s Republic of China, 1991-2000. J
Infect Dis 187:S252-S257

World Health Organization (2009) Progress towards the 2012 measles
elimination goal in WHO’s Western Pacific Region, 1990-2008.
Wkly Epidemiol Rec 84:271-279

World Health Organization (2017) Measles, WHO Fact sheet No. 286,
Updated March 2017.http://www.who.int/mediacentre/factsheets
/fs286/en/

Yang W, Wen L, Li S-L, Chen K, Zhang W-Y, Shaman J (2017) Geo-
spatial characteristics of measles transmission in China during
2005-2014. PLoS Comput Biol 13(4):e1005474. https://doi.
org/10.1371/journal.pcbi.1005474

Yorke JA, London WP (1973) Recurrent outbreaks of measles, chick-
enpox and mumps II: systematic differences in contact rates and
stochastic effects. Am J Epidemiol 98:469-482

Zhang F, Zhao X (2007) A periodic epidemic model in a patchy envi-
ronment. ] Math Anal Appl 325:496-516

Zhang J, Jin Z, Sun GQ, Sun XD, Ruan S (2012) Modeling seasonal
rabies epidemics in China. Bull Math Biol 74:1226-1251

Zhao X-Q (2007) Dynamical systems in population biology. Springer,
New York

Zheng X, Zhang N, Zhang X, Hao L, Su Q et al (2016) Investigation
of a measles outbreak in China to identify gaps in vaccination
coverage, routes of transmission, and interventions. PLoS ONE
11(12):e0168222. https://doi.org/10.1371/journal.pone.0168222

@ Springer


http://www.stats.gov.cn/tjsj/ndsj/2016/indexch.htm
http://www.stats.gov.cn/tjsj/ndsj/2016/indexch.htm
http://www.nhfpc.gov.cn/jkj/pqt/new_list.shtml
http://www.who.int/mediacentre/factsheets/fs286/en/
http://www.who.int/mediacentre/factsheets/fs286/en/
https://doi.org/10.1371/journal.pcbi.1005474
https://doi.org/10.1371/journal.pcbi.1005474
https://doi.org/10.1371/journal.pone.0168222

	Seasonal transmission dynamics of measles in China
	Abstract
	Introduction
	Mathematical modeling
	Mathematical analysis
	Extinction and persistence of the disease
	Existence of positive periodic solutions

	Simulations and sensitivity analysis
	Discussion
	Acknowledgements 
	References




