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Abstract
Aggregate production planning (APP) is a medium-term planning in the production system, which determines the optimal produc-
tion plan in the planning horizon. To allocate the optimal production quantity to the production lines, we propose an efficiency-
based APP to multi-line manufacturing systems. For that purpose, first, considering the line efficiency factors, we calculate the 
efficiency score of production lines with an extension of data envelopment analysis (namely DEA-AR). Pollution rate, defective 
product rate, production capacity, downtime, and electricity consumption are the criteria employed to calculate the efficiency 
of production lines. Then, using the result of DEA as a parameter, we develop a bi-objectives integer mathematical model that 
allocates the most production to efficient lines while minimizing total production costs considering loading constraints. To solve 
the proposed model, the ℇ-constraint method is employed. We evaluate the performance of the multi-line APP using a set of data 
collected from a plastic production factory. Results indicate that in using the proposed model, both efficiency and production costs 
are appropriately satisfied in the efficiency-based APP. The proposed framework is generic and provides the managers of different 
manufacturing organizations with a powerful tool to deal with medium-term planning by taking the line efficiency into account.

Keywords Aggregate production planning (APP) · Line efficiency · Efficiency-based APP · Ɛ-constraint · Data 
envelopment analysis with assurance region (DEA-AR)

1 Introduction

In the last few decades, to deal with the intensely more and 
more competitive operational environment, manufacturing 
companies have been forced to work efficiently to achieve 

and sustain a competitive advantage over their rivals (Jang and 
Chung 2020). Admittedly, efficiency is one of the most signifi-
cant factors contributing to the organization's competitiveness 
(Lisboa et al. 2012). In this regard, production managers are 
obliged to revise their aggregate production planning (APP) to 
operate efficiently while trying to meet the customer demand 
in a timely manner (Ríos-Solís et al. 2020; Seyfi et al. 2022). 
That is to say, an effective efficiency-based APP is expected to 
maximize the overall production efficiency by allocating the 
production to the lines or facilities, which is among the most 
critical issues in manufacturing (Bazargan-Lari et al. 2022), 
with the best operational performance calculated based on the 
line efficiency factors (LEFs).

Reportedly, almost all of the studies on efficiency-based 
APP have focused on developing multi-objective mathemati-
cal models to minimize total production cost simultaneously 
with improving the production efficiency from resource utiliza-
tion (Entezaminia et al. 2016; Modarres and Izadpanahi 2016; 
Rasmi et al. 2019), greenhouse gas emission (Entezaminia 
et al. 2016; Modarres and Izadpanahi 2016), and defective 
product (Leung and Chan 2009; Mehdizadeh et al. 2018) per-
spectives. Nevertheless, production efficiency pillars are not 
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only confined to the aforementioned measures (Chen and Liao 
2003), and to have more realistic APP models, it is necessary to 
take other LEFs (e.g., production capacity, downtime, produc-
tion quality) into account (Pradenas et al. 2009). However, con-
sidering all of the efficiency measures in the objective function 
and the constraints of the APP would increase the complexity 
of the model (Méndez et al. 2006), which, in turn, reduces 
the feasibility of the problem. In addition, as different LEFs 
do not contribute equally in the overall production efficiency 
(Jamalnia and Soukhakian 2009; Sequeira et al. 2022), their 
importance weight should be estimated using an appropriate 
weighing method. Nonetheless, since the weighting procedure 
is challenging, most scholars have either ignored the objective 
importance (Wang and Liang 2004) or used experts' opinions 
to determine the weight of the LEFs as the objective functions 
(Jamalnia and Soukhakian 2009). However, experts' opinions 
are subjective in nature and tend to be biased or imprecise 
(Wen and liao 2021; Xin et al. 2022). There are also other con-
cerns regarding the conformity induced by aggregating experts' 
opinions (Ouchi 2004).

On the other hand, despite the fact that an efficiency-based 
APP may significantly improve the overall production effi-
ciency of the manufacturing companies in which dissimilar 
manufacturing lines (or machines) perform similar operations 
with different operational characteristics (Wu and Golbasi 
2004; Klement et al. 2021), this problem has not yet received 
enough attention in the literature. To address these deficien-
cies, a hybrid efficiency-based methodology for a multi-
product multi-line APP is proposed in this paper. It assigns 
the production to the most efficient production lines, based 
on their operational performance producing each product 
family. The presented methodology combines two consecu-
tive stages, including (i) an efficiency score estimation using 
data envelopment analysis (DEA) succeeded by (ii) a line 
efficiency-based multi-objective APP (MO-APP) model with 
regard to loading constraints. From the main advantages of 
the suggested methodology, not only does it consider all the 
important production LEFs, but it also does not require to find 
the weight of the objective function. Finally, the ε-constraint 
method is used to solve the MO-APP by converting the multi-
objective model into a single-objective model.

The incorporation of ε-constraint into the optimization 
process can enhance the stability and robustness of the opti-
mization process, resulting in more dependable and exact 
solutions. Moreover, ε-constraint can also contribute to the 
generalization of the solution to unseen data. (Cao et al. 
2019). To evaluate the capability of the model, an Iranian 
plastic production factory is selected as a case study. In sum-
mary, this research aims to answer the following questions:

• Does incorporating production lines’ characteristics into 
the APP minimize the overall production cost?

• What is the optimal end-to-end architecture of such APP?

The rest of this paper is organized in the following 
way. The relevant research literature on multi-line APP 
is reviewed in Section 2. Section 3 presents our proposed 
hybrid methodology, followed by the computational results 
of a real illustrative case study in Section 6. Finally, we pro-
vide concluding remarks and present future research direc-
tions in Section 7.1..

2  Literature review

We begin our discussion by drawing in two relevant streams of 
literature to the multi-line APP. The first set addresses single-
objective works. The second set touches on multi-objective 
APP that has received attention among production and opera-
tion management scholars. Moreover, we use the literature to 
extract the most significant line efficiency indicators.

Among the single-objective works, the minimization of 
cost as an objective function is the most prominent. In order to 
substantiate the high performance of adopting a fuzzy math-
ematical programming approach, Omar et al. (2012) intro-
duced a fuzzy mixed-integer linear programming (FMILP) 
model for APP considering multiple product families, identi-
cal parallel machines, restriction of batch sizing, and setup 
issues. The main objective of this study is to minimize the 
total cost, including production, setup, inventory, backorder, 
and workforce-related costs. Moreover, real data from a resin 
manufacturing plant is used to evaluate the capability of the 
model. Hahn et al. (2012) introduced an aggregate stochastic 
queuing (ASQ) model for an APP with respect to the dynam-
ics of the production system. The goal of this model is to 
identify optimal capacity buffers and lead time, as well as 
minimize the total costs specified in the objective functions. 
Finally, Hahn et al. (2012) integrated APP and ASQ into a 
hierarchical framework to solve the model.

Omar et al. (2013) introduced an FMILP model to mini-
mize the sum of production, setup, inventory, backorder, 
and workforce costs in an APP problem. They imple-
mented this study on a chemical plant in the southeast of 
Asia that produces multiple product families with different 
production lines. Raa et al. (2013) concentrated on solv-
ing a multi-plant aggregate production and distribution 
problem for a European branch of global plastic products 
manufacture where products are fabricated using injection 
molding. Mold transfer between plants was the main prob-
lem. To deal with the interfacility mold transferring prob-
lem, they proposed mixed-integer linear programming, 
which is solved by a meta-heuristic solution approach. 
The objective of this model is to minimise the summation 
of the costs associated with production and distribution.

Mehdizade and Abkenar (2014) presented a multi-
machine, two-phase APP model considering product returns, 
breakdown, and preventive maintenance. They developed 
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two mixed-integer linear programming models to minimize 
production breakdowns, maintenance costs, and inventory 
levels, while trying to have a constant workforce level. In 
this study, to calibrate the parameter of the meta-heuristic 
and choose the optimal level of the factors that influence 
the performance of the algorithm, the Taguchi method is 
utilized. Besides, the authors employed the Harmony search 
algorithm to solve the model. Moreover, to determine the 
optimal plan of production and preventive maintenance and 
to develop the efficiency of the equipment, Erfanian and 
Pirayesh (2016) proposed an integrated model for multi-
machine APP and maintenance planning. The goal of this 
model is to determine the optimal production and inventory 
level in a way that minimizes total production cost associ-
ated with the production operations, changes in workforce 
level, and the lack of a preventive maintenance plan. Finally, 
to show the capability of the model, information from an 
Iranian pharmaceutical company is used.

Similarly, Campo et al. (2018) presented a linear pro-
gramming model for APP to obtain the best midterm pro-
duction strategy in a textile company. Considering factors 
such as fabric contraction, process wastes, new employees' 
efficiency, and training requirements, they provided a math-
ematical model referred to as LIPROTEX to minimize the 
total cost. Rahmani et al. (2019) employed a multi-machine 
APP considering environmental and machine pollution con-
cerns. In this study, which minimizes the overall production 
cost, the authors used the light robust optimization to deal 
with the uncertainty of the parameters. Moreover, to test the 
validity of the suggested APP, they provided a numerical 
example of a refrigerator factory located in Iran. In addition, 
Kia (2020) proposed mixed-integer nonlinear programming 
to provide an APP and design a dynamic cellular manu-
facturing system regarding significant features like budget 
constraints related to machines purchasing, alternative pro-
cessing routes, operation sequence, process time, duplicates 
of machines, the depot of machines, and so forth. Just like 
the other works, the main objective of this research is the 
minimization of the total cost, including 16 cost compo-
nents. To solve the model, an improved genetic algorithm 
is implemented.

Another popular objective function in single objective 
cases is profit maximization. To cope with the poor perfor-
mance of inventory management in a Brazilian food company 
with high seasonal customer demand, Takey and Mesquita 
(2006) proposed a spreadsheet multi-line model that links 
APP and inventory management planning. Their model is 
designed to maximize profit by optimizing production rate, 
inventory, and workforce level. Similarly, Phruksaphanrat 
et al. (2011ab) proposed a practical APP considering fuzzy 
demand, variable system capacity, and limitation in fixed 
hardware capacity to maximize profit. They provided a new 
approach by integrating the possibility level of demand to 

handle the fuzzy demand. To demonstrate the validity of their 
model, they chose three performance measures base on the 
theory of constraints (TOC) concept.

Contrary to the single-objective APP, a few studies have 
employed multi-objective models to formulate the APP 
problems. For instance, Rakes et al. (1984) presented an 
MO-APP based on chance-constrained goal programming 
with respect to probabilistic product demands and produc-
tion line operating characteristics. The main goal of the 
multi-objective model presented in this work was to obtain 
the optimal production rate. Furthermore, Farzam Rad and 
Shirouyehzad (2014) conducted a multi-objective, multi-
machine APP in a tile factory in Iran. They developed a 
linear goal programming approach to solve the suggested 
model. The objectives of this study are to minimize total 
production cost, to meet customer's demand without any 
backorders, and to maximize production capacity utiliza-
tion while considering machines’ limitations in producing 
different product categories.

Phruksaphanrat et al. (2011a, b) took a pre-emptive pos-
sibilistic linear programming (PPLP) approach to solve an 
APP in an electronic component company concerning inter-
val demand, imprecise unit price, and operational costs. The 
objective functions, which were maximizing the possible 
value of profit and the opportunity to achieve more profit and 
minimizing the risk related to decrease the value of profit, 
were transformed into their equivalent crisp objective func-
tions. Notably, the author used a possible range of interval 
demands to improve the flexibility of the plan. Taking the 
learning effect of workforce and machine deterioration into 
account, Mehdizadeh et al. (2018) presented a bi-objective 
APP. The model is developed to minimize the cost of repairs 
and deterioration and to maximize total profit concerning 
the optimal level of production, inventory, workforce, and 
subcontracting. In this study, to validate the capability of 
the mathematical formulation, the multi-objective model 
is converted to a single objective model using fuzzy goal 
programming; subsequently, the subpopulation genetic algo-
rithm (SPGA) is utilised to solve the large-sized problem. 
The results substantiated that the SPGA shows good perfor-
mance in this problem.

By reviewing the literature, it is revealed that when it 
comes to developing an efficiency-based APP, researchers 
have shown a predilection for mathematical programming. 
However, previous studies have only assessed a few of the 
most obvious efficiency indicators, for example, energy 
consumption and product quality, in their analysis of line 
efficiency. In contrast, this study has sought to address 
the deficiencies of existing studies by taking into account 
downtime, production capacity, and pollution rate. On the 
other hand, incorporating important LEFs into the model 
would increase the complexity of the model, which, in 
turn, would diminish the feasible region or even make 
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the problem unfeasible. Most importantly, the literature 
review shows that efficiency-based APPs have not yet 
been widely applied to production planning problems 
where different manufacturing lines can perform similar 
operations with different functioning capabilities.

To tackle the aforementioned problems, a two-stage hybrid 
methodology is proposed that not only takes the experts’ 
opinions into account in the efficiency score calculation pro-
cedure, but also chooses a handful of the conspicuous line 
efficiency measures using experts’ appraisements. To be more 
precise, using the weights bounds of line efficiency criteria 
and considering the efficiency score of production lines as a 
parameter of an objective function, the hybrid methodology 
greatly reduces the complexity of APP mathematical model. 
Another contribution of our methodology is the consideration 
of a manufacturing environment in which a wide variety of 
products are produced across multiple manufacturing lines 
sharing similar production capabilities.

3  Methodology

As shown in Fig. 1, the methodology suggested in this paper 
comprises two stages. In the first stage, we identify the most 
important production LEFs in the industry of interest. Then, 
we utilize pairwise comparisons among these factors accord-
ing to the experts’ opinions to determine the input and out-
put weights’ assurance regions used in DEA to calculate 
the efficiency score (or relative efficiency) of the produc-
tion lines according to their functioning performance. In 
the second stage, a bi-objective line efficiency-based APP 
is presented that optimizes total operational costs and overall 
production efficiency with respect to loading constraints. It 
should be noted that the scores obtained from the first stage 
are used in the formation of the second objective function, 

which is the maximization of production efficiency. Then, 
using the ε-constraint method, the developed model is solved 
and evaluated. The methods used in this paper are elaborated 
upon in the following sections.

3.1  Problem definition

Consider a manufacturing plant, such as the plastic pro-
duction industry, capable of producing N product families 
within different one-month periods ( T ) by L production lines 
with non-identical operational characteristics. Each prod-
uct family n ∈ N is produced only by particular production 
lines provided that the required molds are available, with the 
number of molds of each product family being less than the 
number of lines. The demand levels for different periods are 
not necessarily equal and are already known. Our goal is to 
propose an APP that determines the optimal production and 
inventory levels for each product category at different peri-
ods of time in a way that optimizes the overall production 
efficiency and cost. That is to say, since each production line 
has a different operational performance status, in order to 
increase the overall efficiency of the production system, the 
model should allocate the production to the more efficient 
manufacturing lines. Therefore, in the First stage, the DEA 
method is utilized to determine the manufacturing lines’ 
efficient scores.

3.2  DEA

DEA is a mathematical programming model to assess the 
relative efficiency of the decision-making units (DMUs)  
that have homogeneous characters. This method was first 
presented by Charnes et  al. (1978). This model is also 
known as DEA-CCR. Consider n DMUs with m input and s 

Fig. 1  The methodology used in 
this research PPaaiirrwwiissee ccoommppaarriissoonnss::

To determine the input and output weights' 
assurance region in DEA-AR

DDEEAA--AARR::

To calculate the production lines' ef�iciency

MMaatthheemmaattiiccaall mmooddeell::

To develop a multi product multi-line APP 

EEppssiilloonn--ccoonnssttrraaiinntt mmeetthhoodd::

To solve the proposed model

Stage one

Stage two
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output criteria, where the input and output criteria of DMUj  
are denoted as  

(

x1j, x2j,… , xmj
)

 and 
(

y1j, y2j,… , ysj
)

, respec-
tively. Given the relevant performance information, Model 
1 is solved for each DMU.

where 0 ranges over 1, 2, …, n. vi0 and ur0 are the weight of 
input and output index i and r for DMU0 , respectively. � is a 
small positive constant.

The weights in the DEA-CRR model are derived from 
data and are not fixed. In this regard, because each DMU 
tends to get the best efficiency score, an efficient DMU may 
overweight a single input and a single output, with the other 
inputs and outputs being underweighted. In order to overcome  
this obstacle, this research makes use of the DEA-AR model, 
designed by Thompson et al. (1986). It is worth mentioning  
that the DEA-AR method has been used for a variety of  
objectives, including transportation (Lai et al. 2015; Lu et al. 
2019; Tadić et al. 2019), energy (Thompson et al. 1996; Wu 
et al. 2021; Huang et al. 2021; Lu et al. 2022), economics  
(Bian 2012), industrial and technology performance (Ray 
et  al. 1998; Liu 2008; Jahanshahloo et  al. 2009; Zhou 
et al. 2010, 2012; Yu and Lee 2013), political (Hashimoto 
1997), banking (Taylor et al. 1997; Thompson et al. 1997),  
academic (Liu and Chuang 2009; Kong and Fu 2012),  
supplier selection (Ebrahimi and Khalili 2018; Amindoust 
2018), and environmental (Liang et al. 2009; Hongmei et al. 
2015) issues. The DEA-AR enables weights to be adjusted 
within a given area by imposing limitations on the respective 
magnitudes of the weights for items of special significance 
(Kong and Fu 2012).

For every pair of input and output measurements, lower 
(lb) and upper (ub) bounds for the ratio of weights are 
defined as:

�
∗
0
= max

s
∑

r=1

yr0ur0

s.t.

m
∑

i=1

xi0vi0 = 1,

−

m
∑

i=1

xijvi0 +

s
∑

r=1

yrjur0 ≤ 0,∀j = 1,… , n

ur0 ≥ 𝜀 > 0,∀r = 1,… , s,

(1)vi0 ≥ 𝜀 > 0,∀i = 1,… ,m.

lbi1i2 ≤ (vi1∕vi2 ) ≤ ubi1i2

(2)lbr1r2 ≤ (ur1∕ur2) ≤ ubr1r2

where vi1∕vi2 and ur1∕ur1 represent the ratio of weights for a 
pair of inputs i1 and i2 , and the ratio of weights for a pair of 
outputs r1 and r2 , respectively. These constraints are added to 
the DEA model to convert the region of weights to a limited 
one named assurance region (AR). The ratio of the weights 
is derived from a pairwise comparison. In other words, after 
determining the ratio of weights for every respondent, mini-
mum and maximum values within these sets are selected as 
lb and ub, respectively.

As mentioned before, at the first stage, using the experts' 
opinions and literature review, some factors are considered 
as the LEFs. Downtime ( X1 ), electricity consumption ( X2 ), 
production capacity ( Y1 ), defective product rate ( Y2 ), and 
pollution rate ( Y3 ) are the two inputs and outputs criteria 
employed to calculate the efficiency of production lines. 
Using the DEA-AR, the efficiency scores of production lines 
are calculated.

3.3  Model construction

In this section, we present an efficiency-based, bi-objective 
model to formulate the problem. As stated before, the param-
eters used in the second objective function are computed in the 
first stage of the suggested methodology. The main assump-
tions in constructing the mathematical model are as follows:

• There are several production lines which can produce 
different product families. They differ as far as energy 
consumption, production rate, downtime, etc.

• Production and inventory costs are proportional to the 
production amount and inventory level.

• The costs associated with production and inventory car-
rying are almost constant during the study period, and 
the price fluctuations within production periods are neg-
ligible (they change at the first of the year).

• The maximum production capacity of lines for product 
category n ( TPnl ) is time independent.

• Backorder and subcontracting are allowed; however, 
the backordered demand in any given period should be 
fulfilled in the next period.

• It is assumed that the initial inventory is equal to zero.
• All the production lines are always available.
• The capacity of the warehouse is large enough, and there 

is no limit to the number of products stored as inventory.
• The demand for different periods is known.
• The time horizon unit is one month.

The notations used to develop the model are as follows:
Notation
Indices:

t  Index of time period (t = 1, 2, …, T)
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n  Index of product group (n = 1, 2, …, N)

l  Index of production line (l = 1, 2, …, L)

Decision variables:

Xnlt  1 if product n is produced by line l in period t, 0 
otherwise

Qnlt  Total number of nth products, produced by line l in 
period t (unit)

Int  Inventory level of product n in period t (unit)

Bnt  Backorder level for nth product in period t (unit)

Snt  Subcontracting volume for product n in period t 
(unit)

WFrt  Number of workers available in regular time in 
period t (person)

WFot  Number of workers available in overtime in period t 
(person)

Ht  Workers hired in period t (person)

Lt  Workers laid off in period t (person)

Parameters:
 

Rrt  Available working hours of each regular time 
worker in period t (hour/man)

Rot  Available working hours of each overtime worker 
in period t (hour/man)

Vcn  All variable production costs incurred for produc-
ing a unit of product n (costs associated with raw 
material, managers' salaries, overhead costs) ($/
unit)

Fc  The fixed cost incurred for using any of the lines 
(loading costs) ($/unit)

CWrt   Regular time working cost in period t ($/month)

CWot   Overtime working cost in period t ($/month)

CIn   Inventory carrying cost per unit of nth product ($/
unit)

CBn   Backorder cost for a unit of product n ($/unit)

CSn  The cost incurred for subcontracting a unit of prod-
uct n ($/unit)

CHt  Cost of hiring one worker in period t ($/person)

CLt  Cost of firing one worker in period t ($/person)

TPnl  Time required to produce each unit of product n in 
line l (man-hour/unit)

WFmaxt  Maximum number of workforces in period t 
(person)

PCnlt  Production capacity of line l for producing the 
product n in period t (unit)

MClt   Total production capacity of line l in period t (unit)

Dnt  Demand for product n in period t (unit)

Enl  Relative efficiency of line l for product n (hour/unit)

Mn  Total number of type n molds available in the plant 
(unit)

SLn  A subset of production lines sharing common abil-
ity to produce the product n

3.4  Model formulation

The first objective function minimizes the total operational 
cost associated with the production, and the second objec-
tive function maximizes the overall production efficiency. 
Objective functions are formulated as follows:

• Minimize total operational cost

The total production cost comprises five items: fixed cost 
(which is related to mold transferring and loading costs), 
variable production costs (costs associated with raw mate-
rial, managers' salaries, overhead costs), inventory costs, 
backorder and subcontracting cost, and workforce-related 
costs (salary, hiring, and firing cost).

(3)

Min F1 =
∑N

n=1

∑L

l=1

∑T

t=1
VcnQnlt +

∑N

n=1

∑L

l=1

∑T

t=1
FcXnlt

+
∑N

n=1

∑T

t=1
(CInInt + CBnBnt + CSnSnt)

+
∑T

t=1
WFrtCWrt +WFotCWot + CHtHt + CLtLt
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• Maximize line efficiency

The constraints of our model are as follows:

As formulated in Eqs. (5) and (6), the amount of pro-
duction and the total amount of time that any given pro-
duction line spends on production process should not 
exceed the line's production capacity and total available 
time (in both regular time and overtime), respectively. 
Constraint (7) guarantees that the total production of 
any given line would not exceed its production capac-
ity. Equations (8) to (9) are workforce constraints. Equa-
tion (11) shows the relationship of the forecasted demand 
in any given period with the production, subcontracting, 
backorder, and inventory levels. Ultimately, the last con-
straint is the loading constraint. As previously mentioned, 
the number of available molds for a given product fam-
ily (n) is strictly less than the number of the production 
lines capable of producing that product ( SLn ); hence, as 
stated in Eq. (12), the number of lines chosen to produce 
the product family n should necessarily be less than its 
available molds ( Mn).

3.5  The ɛ‑constraint method

To solve the proposed model, we use the ɛ-constraint 
method, which is one of the common techniques for multi-
objective problems. The ɛ-constraint method is independent 
of the scaling of objective functions, which has a strong 
influence on the obtained results. Furthermore, by using the 
ε-constraint method, we can control the number of produced 
efficient solutions (Nouri et al. 2018).

(4)MaxF2 =
∑N

n=1

∑L

l=1

∑T

t=1
TEn,lQnlt

(5)Qnlt ≤ PCnlt

(

Xnlt

)

∀t, l, n

(6)
∑

l

∑

n
TPnl

(

Qnlt

)

≤ WFrtRrt +WFotRot ∀t

(7)
∑

n
Qnlt ≤ MClt ∀t, l

(8)WFot ≤ WFrt ∀t, l

(9)WFrt ≤ WFmax ∀t

(10)WFrt−1 + Ht − Lt = WFrt ∀t

(11)
∑

l
Qnlt + Int−1+Bnt+Snt − Int−Bnt−1 = Dnt ∀n, t

(12)
∑

l∈SLn
Xnlt ≤ Mn ∀t, n

As seen in Eq. (13), ε-constraint optimizes one of the 
objective functions (e.g. F1 ), while the other objective func-
tions (e.g., F2 ) are considered constraints with respect to 
their allowable levels (specified as ε ) (Nojavan et al. 2017). 
In other words, by using the ε-constraint method, a multi-
objective model is converted into a single-objective problem.

s.t.

As indicated in Fig. 2, ε is a parameter in the range of  
FL
2
 to FU

2
 , where FL

2
 and FU

2
 are the amount of F2 for a set of 

solution that optimizes  F1and F2 , respectively. The point of 
C in Fig. 2 is the result of Model 12 for a specific amount of 
ε . Please note that using the points in the range of [ FL

2
 FU

2
 ] 

as values of ε, a set of solutions considered as Pareto front 
is obtained (Fig. 2).

4  Results and discussion

We evaluated the efficiency of lines and allocated them 
an efficiency score. To the best of author knowledge, the 
maximization of production efficiency through using the 
efficiency scores and minimizing the operational costs pre-
sented in this study is among the first proposed in the context 
of APP that explicitly takes into account characteristics of 
the production lines in multi-line manufacturing systems.

To test the usefulness of applying the proposed efficiency-
based APP to the multi-line manufacturing industry, the present 
case study is carried out using data provided by a company 
located in the northeast region of Iran, which produces vari-
ous types of plastic containers (including five product families) 

F = minF1

(13)
{

F2 ≥ �

Equation 5 to 12

C

F1

F1

F2ɛɛ

F2 ≥ ɛɛ

FF22
UU

FF22
LL

Pareto front 

Fig. 2  Pareto front calculated by the ε-constraint method (Nojavan 
et al. 2017)
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using 10 non-identical production lines. The dataset comprises 
all the information regarding the company's aggregate produc-
tion plan from 9 January 2019 to 9 May 2019. It should be 
noted that according to the information provided by the admin-
istrative manager of the company, the main loading constraints 
of this company are as follows:

Only the first five lines can produce product family 2.

a. There are two types of molds for product family 2; the 
first type can only be applied to production line 1, pro-
duction line 2, and production line 3, and the second 
type is compatible with line 4 and line 5.

b. Product family 3 is only produced using two molds by 
the first, second, and third lines.

c. The first three and the last four lines cannot produce 
product family 4; there are two molds available for this 
product family.

d. Two available molds of product family 5 can only be 
applied to lines 7 and 8.

To find appropriate line efficiency measures for the plas-
tic manufacturing businesses, the opinions of a group of 
experts in this industry — whose demography is shown 
in Table 1 — were asked through an interactive interview. 
Accordingly, a set of production line efficiency indicators 
is obtained that comprises pollution rate, defective prod-
uct rate, production capacity, downtime, and electricity 
consumption. Subsequently, the relative ratio of inputs and 
output weights’ bounds is calculated using pairwise com-
parisons (Table 4 in Appendix) according to the experts’ 
opinions. Finally, the efficiency score of the production lines 

(i.e., DMU) is determined by applying the DEA-AR model 
with the weights’ bounds (Table 2). The parameters used for 
the DEA model are presented in Table 5 in the Appendix.

As shown on Table 2, the most efficient production lines with 
respect to downtime (X1), electricity consumption (X2) produc-
tion capacity (Y1) defective product rate (Y2), and pollution rate 
(Y3) criteria, are the lines 2, 3, and 1, respectively. So, it is pre-
dictable that the model allocates production to these three lines 
before others. The efficiency scores are considered the input of 
the second objective function in the efficient-based bi-objective 
APP model. Moreover, the managers can decide either to upgrade 
or eliminate lines 9 and 10 due to their poor performance.

Using the results of the first stage of the proposed meth-
odology (Table 2), we evaluated the efficiency-based APP 
for N = 5, L = 10, and T = 4 using the Lingo software to 
obtain the non-dominated solutions of the illustrative case 
problem. Among the non-dominated solutions, Solution 1 
has the least operational cost (F1), and Solution 9 has the 
highest production efficiency (F2) (Table 3).

As seen in Fig. 3, there is a trade-off between the opera-
tional cost and the production efficiency: considering the 
normalized scores, the less the operational cost, the more 
the production efficiency. On the Pareto efficient front, Solu-
tion 5 displays an equitable balance between the objective 
functions, which makes it an appropriate solution to be 
chosen by the decision-makers. Indeed, Solution 5 displays 
an equitable balance between the objective functions, are 
about 930000000 and 57,319,000000 Toman, respectively. 
Comparing these results with the current situation of the 
factory shows a 24% increase in the production rate and a 
4.8% decrease in the operational costs.

Table 1  Experts' information Number of 
respondents

Position Level of education Average years of 
work experience

4 CEO PhD 16
2 CEO Master of Science 12
2 Production manager Bachelor of Science 14
3 Production manager Master of Science 11.3
1 Head of maintenance department Bachelor of Science 10
2 Head of R&D Bachelor of Science 9.5
3 Production supervisor Bachelor of Science 8.3

Table 2  Efficiency scores of the 
lines in producing each product 
category

Line no.

1 2 3 4 5 6 7 8 9 10

Product 1 0.947 1 0.954 0.643 0.573 0.53 0.515 0.416 0.087 0.17
2 0.947 1 0.954 0.643 0.573 0.53 0.515 0.416 0.087 0.17
3 0.947 1 0.954 0.643 0.573 0.53 0.515 0.416 0.087 0.17
4 0.947 1 0.954 0.643 0.573 0.53 0.515 0.416 0.087 0.17
5 0.947 1 0.954 0.643 0.573 0.53 0.515 0.416 0.087 0.17
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In addition, almost in all solutions and all periods, produc-
tion needs a maximum workforce capacity. But in overtime, the 
factory needs less or no workforce. Moreover, the current maxi-
mum number of workforces is enough to satisfy the demand. 
Regarding the inventory level of products, we can see that in 
early periods, the production is more than the realized demand, 
and the leftover stock is transferred to the following periods. 
Moreover, incorporating the efficiency of the production lines 
into the APP, reduces the subcontracting quantity. The result 
demonstrates that using an efficient-based APP for a given pro-
duction capacity, would increase the production capabilities. 
So, the managers are recommended to run vigorous marketing 
campaigns to make even more profit. Finally, we report optimal 
variables of our case sample in Tables 6 to M in the Appendix.

5  Sensitivity analysis

In sensitivity analysis, we seek to know how a change in 
a parameter has effect on the decision variables. Sensitiv-
ity analysis makes it possible to consider uncertainty in 

different values of decision variables. Generally, two outputs 
are expected as a result of applying sensitivity analysis; (i) 
final decision is not sensitive to that variable and (ii) a small 
change in some parameters completely changes the results of 
the mathematical model. Therefore, sensitivity analysis can 
help us to focus and put our efforts on the main variables of 
the problem. Furthermore, using the sensitivity analysis, we 
can analyse the performance of the presented model in the 
line with our expectation.

Since there is a direct relation between the perfor-
mance of APP and the capacity of production line, we 
assess the role of the production capacity of the lines 
( MClt ) on the performance of the objective functions of 
the efficiency-based mathematical model. To this end, we 
run the suggested model for MC

′

lt
 = 0.9 MClt . By reduc-

ing the production capacity of the lines (Scenario 2), a 
slight increase in the operational cost (in comparison to 
Scenario 1) is expected, as more demand might be back-
logged, and more products should be produced in over-
time or even supplied by subcontracting (Tables 7, 8, 9, 
10, 11, 12, 13, 14, and 15).

By comparing these two scenarios (Fig. 4), we realize 
that, as we anticipated before, the operational cost of the 
second scenario in any given efficiency level is higher than 
the same amount in the first scenario. Moreover, we can see 
that achieving one unit of efficiency is cheaper in the starting 
solutions (Sol. 1 to 3) than the rest of the solutions, regard-
less of the production capacity.

Furthermore, Fig. 4 reveals that the slope of the oper-
ational cost-production efficiency graph in the second 
scenario is steeper than the other scenario among all the 
common areas; this means that not only the operational 
cost of the second scenario in any given efficiency point 
is higher, but the cost of achieving one unit more of an 
efficient production system in the second scenario is also 
more expensive than in the first scenario.

Table 3  The objective functions in non-dominated solutions

Non-dominated 
solutions

Total operational cost Total production 
efficiency

Solution 1 53725481404 650847364.5
Solution 2 53845567729 659189160.4
Solution 3 54119307376 664657161.2
Solution 4 55201280540 678466957.1
Solution 5 57318672492 692276753.3
Solution 6 59602951144 699181651.4
Solution 7 59839917541 706086549.6
Solution 8 61237046416 712991447.8
Solution 9 63686785300 719896345.8

Fig. 3  The trade-off between 
production efficiency and opera-
tional cost
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6  Conclusion

In this study, a bi-objective integer linear programming was 
developed to address the efficiency-based APP. In this regard, 
first, considering the factors contributing to the efficiency of 
production lines, we calculated the efficiency score of produc-
tion lines using DEA. Then, taking into account the objectives 
of minimizing the total cost and maximizing the efficiency of 
production lines considering a number of constraints, includ-
ing production capacity, workforce limitation, the relationship 
between demand and production rate, subcontract, backorder, 
and inventory constraints, and loading complexity, we formulated 
the bi-objective linear mixed integer programming model. The ε
-constraint method was applied to solve the model and produce 
efficient Pareto-optimal solutions. To analyse the performance of 
the proposed efficiency-based APP model, a set of data collected 
from a plastic products factory in Mashhad, Iran, was used.

The suggested framework is customizable; in other words, the 
authorities of any manufacturing company with multiple produc-
tion lines, may decide different line efficiency factors (LEFs) to 
increase the overall efficiency. Moreover, the decision-makers 
can efficiently handle the conflict goals in a production system. 
The results indicated that by employing the proposed model, 
managers could prevent high production costs and increase the 
efficiency of production systems, considering different func-
tional capabilities of the production lines. Indeed, the results of 
the model are efficacious in deciding rearranging, repairing, and 
even selling the lines' equipment. On the other hand, with the aid 
of this model, backorders and lost sales are significantly reduced.

The findings of this study can be used to inform the crea-
tion of an effective decision-making structure in which the 
importance of different products in the efficiency steps process 
is taken into account. Through the suggested methodology, 
organizations can more effectively group their products and 
raw materials. Furthermore, scholars can use the analysis of 
attributes and their effect on the production line's efficiency 
to prioritize which aspects of the machinery and equipment 
require improvement.

.However, like any academic work, this research has some 
limitations. One of the limitations is the incapability of the 
model to reckon with technical constraints such as the molds’ 
quality. It seems to be a significant limitation as the molds’ qual-
ity indirectly influences machines' performance. Moreover, this 
methodology is specially related to maximizing the efficiency of 
multi-line manufacturing systems capable of producing similar 
products. Therefore, the model cannot readily be used for pro-
duction systems with different structure unless it is customized.

Based on the results of this study, several recommendations 
are suggested for future works. First, it can be valuable to apply 
this model in other industries producing goods using mold. The 
advancement of digital technology has necessitated the identi-
fication of relevant criteria to evaluate the efficiency of digital 
production lines as a potential area of future research. Moreo-
ver, the optimization model was solved using a deterministic 
parameter; however, real-world problems are stochastic and 
dynamic in nature. Therefore, future research that addresses the 
multi-line APP model in a stochastic-dynamic context is highly 
valuable and important. This is particularly true for products 
that are related to human life. The proposed APP is planned to 
be adapted to this context. Finally, the proposed model and case 
study were readily solvable with existing commercial solvers; 
however, if the complexity of the model is extended with a 
larger number of variables and constraints, the need for tailored 
solution algorithms may arise.

Appendix

Decision Variables

Fig. 4  Comparison of different 
scenarios regarding the objec-
tive functions
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Table 4  The value of pairwise comparison

Weight 
Bound

X1∕X2 Y1∕Y2 Y1∕Y3 Y2∕Y3

ub 9 7.140351 12.46875 3.85
lb 3 3.069264 9.024691 1.583333
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Table 5  Inputs and outputs 
parameters for DEA

DEA X1 X2 Y1 Y2 Y3

l = 1 0.047619048 0.131368795 0.127118644 0.204296717 0.053908356
l = 2 0.047619048 0.10158794 0.127118644 0.204296717 0.053908356
l =3 0.047619048 0.126729451 0.127118644 0.204296717 0.053908356
l =4 0.083333333 0.058788046 0.110169492 0.068098906 0.121293801
l =5 0.095238095 0.057411036 0.110169492 0.05837049 0.121293801
l =6 0.095238095 0.085522402 0.110169492 0.05837049 0.121293801
l =7 0.107142857 0.074752921 0.110169492 0.102148358 0.107816712
l =8 0.095238095 0.08286042 0.084745763 0.04539927 0.107816712
l =9 0.166666667 0.175865396 0.021186441 0.029185245 0.129380054
l =10 0.214285714 0.105113593 0.072033898 0.02553709 0.129380054

Table 6  The value of PCnlt

Parameter l = 1 l = 2 l = 3 l = 4 l = 5 l = 6 l = 7 l = 8 l = 9 l = 10

PC1−1 30000000 30000000 30000000 26000000 26000000 26000000 26000000 20000000 5000000 17000000
PC1−2 30000000 30000000 30000000 26000000 26000000 26000000 26000000 20000000 5000000 17000000
PC1−3 30000000 30000000 30000000 26000000 26000000 26000000 26000000 20000000 5000000 17000000
PC1−4 30000000 30000000 30000000 26000000 26000000 26000000 26000000 20000000 5000000 17000000
PC2−1 30000000 30000000 30000000 26000000 26000000 0 0 0 0 0
PC2−2 30000000 30000000 30000000 26000000 26000000 0 0 0 0 0
PC2−3 30000000 30000000 30000000 26000000 26000000 0 0 0 0 0
PC2−4 30000000 30000000 30000000 26000000 26000000 0 0 0 0 0
PC3−1 30000000 30000000 30000000 0 0 0 0 0 0 0
PC3−2 30000000 30000000 30000000 0 0 0 0 0 0 0
PC3−3 30000000 30000000 30000000 0 0 0 0 0 0 0
PC3−4 30000000 30000000 30000000 0 0 0 0 0 0 0
PC4−1 0 0 0 26000000 26000000 26000000 0 0 0 0
PC4−2 0 0 0 26000000 26000000 26000000 0 0 0 0
PC4−3 0 0 0 26000000 26000000 26000000 0 0 0 0
PC4−4 0 0 0 26000000 26000000 26000000 0 0 0 0
PC5−1 0 0 0 0 0 0 26000000 20000000 0 0
PC5−2 0 0 0 0 0 0 26000000 20000000 0 0
PC5−3 0 0 0 0 0 0 26000000 20000000 0 0
PC5−4 0 0 0 0 0 0 26000000 20000000 0 0

Table 7  The value of TPnl n = 1 n = 2 n = 3 n = 4 n = 5

l = 1 0.0000068333 0.0000068333 0.0000068333 0 0
l = 2 0.0000068333 0.0000068333 0.0000068333 0 0
l =3 0.0000068333 0.0000068333 0.0000068333 0 0
l =4 0.0000078846 0.0000078846 0 0.0000078846 0
l =5 0.0000078846 0.0000078846 0 0.0000078846 0
l =6 0.0000078846 0 0 0.0000078846 0
l =7 0.0000078846 0 0 0 0.0000078846
l =8 0.0000102499 0 0 0 0.0000078846
l =9 0.000041 0 0 0 0
l =10 0.000012 0 0 0 0
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Table 8  The value of Epsilon for each parameter

Epsilon Sol. 1 Sol. 2 Sol. 3 Sol. 4 Sol. 5 Sol. 6 Sol. 7 Sol. 8 Sol. 9
650847364.5 657752262.6 664657160.7 6.78E + 08 6.92E + 08 6.99E + 08 7.06E + 08 7.13E + 08 719896345.8

Table 9  The value of VC, CI , CB, CS

Parameter n = 1 n = 2 n = 3 n = 4 n = 5

VC 61 62 62 61 60
CI 9 18 10 7 8
CB 130 129 142 139 123
CS 95 108 99 95 94

Table 10  The Value of MClt MC t = 1 t = 2 t = 3 t = 4

l = 1 36000000 36000000 36000000 36000000
l = 2 36000000 36000000 36000000 36000000
l =3 36000000 36000000 36000000 36000000
l =4 31200000 31200000 31200000 31200000
l =5 31200000 31200000 31200000 31200000
l =6 31200000 31200000 31200000 31200000
l =7 31200000 31200000 31200000 31200000
l =8 24000000 24000000 24000000 24000000
l =9 6000000 6000000 6000000 6000000
l =10 20400000 20400000 20400000 20400000

Table 11  The value of DM DM t = 1 t = 2 t = 3 t = 4

n = 1 50777912 60722386 60809620 65805257
n = 2 38412000 40776000 45024184 42744000
n = 3 41326278 43848732 35397954 40471560
n = 4 43334185 43318374 49759476 47768658
n = 5 32061303 23368543 30050600 40399380

Table 12  Results of WFOt and Lt for the nine solutions

Variable Sol. 1 Sol. 2 Sol. 3 Sol. 4 Sol. 5 Sol. 6 Sol. 7 Sol. 8 Sol. 9

WFR1
11 11 11 11 11 11 11 11 11

WFR2
11 11 11 11 11 11 11 11 11

WFR3
11 11 11 11 11 11 11 11 11

WFR4
11 10 11 11 11 11 11 11 11

WFO1
1 0 0 0 0 0 0 0 0

WFO2
0 0 0 0 0 2 0 4 5

WFO3
0 1 0 0 0 3 5 5 8

WFO4
0 2 1 3 5 5 5 5 10

L4
0 1 0 0 0 0 0 0 0
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Table 13  Results of Qnlt for the nine solutions

Variable Sol. 1 Sol. 2 Sol. 3 Sol. 4 Sol. 5 Sol. 6 Sol. 7 Sol. 8 Sol. 9

Q1−1−1 30.000.000 24673722 30000000 24673722 6000000 0 24673722 24673722 6000000
Q1−1−2 0 21224000 0 22151268 22151268 6000000 22151268 22151268 21224000
Q1−1−3 30.000.000 20130487 30000000 6602046 22151268 6602046 16975816 16975816 16975816
Q1−1−4 0 30000000 6000000 6000000 6000000 6000000 25528440 19256000 6000000
Q1−2−1 0 6000000 0 11453815 24673722 30000000 11453815 6000000 6000000
Q1−2−2 9105625 6000000 6000000 21224000 21224000 22151268 6000000 21224000 22151268
Q1−2−3 0 6000000 6602046 16975816 30000000 30000000 6602046 6602046 6602046
Q1−2−4 25528440 6000000 25528440 19256000 25528440 25528440 6000000 6000000 19256000
Q1−3−1 0 20104190 6127537 6000000 11453815 6000000 6000000 6000000 24673722
Q1−3−2 20416761 22151268 22151268 6000000 6000000 6000000 6000000 6000000 6000000
Q1−3−3 17151299 0 16975816 30000000 6602046 16975816 30000000 30000000 30000000
Q1−3−4 17151299 5999999 6000000 25528440 6000000 19256000 19256000 25528440 25528440
Q1−4−1 0 0 0 0 0 14777912 5200000 10653815 10653815
Q1−4−2 5200000 0 8305626 25528440 5200000 0 5200000 5200000 5200000
Q1−4−3 0 16175816 5200000 5200000 5200000 5200000 5200000 5200000 5200000
Q1−4−4 18456000 18456000 18456000 5200000 18456000 5200000 5200000 5200000 5200000
Q1−5−1 18456000 0 0 5200000 5200000 0 0 0 0
Q1−5−2 0 11347119 0 5200000 5200000 0 20424000 5200000 5200000
Q1−5−3 0 0 5200000 0 5200000 0 5200000 5200000 5200000
Q1−5−4 0 5349258 6652575 5200000 5200000 5200000 5200000 5200000 5200000
Q1−6−1 0 0 14650375 0 3450375 0 3450375 3450375 3450375
Q1−6−2 26000000 0 24265492 0 5200000 26000000 5200000 5200000 5200000
Q1−6−3 0 0 0 0 5200000 5200000 5200000 5200000 5200000
Q1−6−4 9431342 0 0 5200000 5200000 5200000 5200000 5200000 5200000
Q1−7−1 0 0 0 3450375 0 0 0 0 0
Q1−7−2 0 0 0 0 0 5200000 5200000 5200000 5200000
Q1−7−3 0 0 0 5200000 5200000 5200000 5200001 5200000 5200000
Q1−7−4 0 0 0 5200000 5200000 5200000 5200000 5200000 5200000
Q1−8−1 0 0 0 0 0 0 0 0 0
Q1−8−2 0 0 0 0 0 0 0 0 4000000
Q1−8−3 9431342 18503316 0 0 0 0 4000000 4000000 4000000
Q1−8−4 6389475 0 0 0 2253512 4000000 4000000 4000000 4000000
Q1−10−3 0 0 0 0 0 0 0 0 10350804
Q1−10−4 0 0 0 0 0 0 0 0 17000000
Q2−1−1 0 0 0 0 0 24673722 0 0 30000000
Q2−1−2 0 14776000 30000000 0 0 0 0 0 14776000
Q2−1−3 0 0 0 0 19024184 0 19024184 19024184 19024184
Q2−1−4 30000000 0 0 0 30000000 0 0 16744000 0
Q2−2−1 0 0 24546185 24546185 0 0 24546185 30000000 0
Q2−2−2 26894374 0 0 14776000 14776000 0 30000000 14776000 0
Q2−2−3 19024184 0 0 19024184 0 0 0 0 0
Q2−2−4 0 30000000 0 16744000 0 0 0 0 16744000
Q2−3−1 24673722 15895810 0 0 24546185 0 0 0 0
Q2−3−2 0 0 0 0 0 30000000 0 0 0
Q2−3−3 0 30000000 19024184 0 0 19024184 0 0 0
Q2−3−4 0 0 30000000 0 0 16744000 16744000 0 0
Q2−4−1 13738278 22516190 0 13865815 13865815 13738278 0 0 0
Q2−4−2 0 26000000 0 0 0 10776000 0 26000000 26000000
Q2−4−3 0 15024184 0 0 26000000 0 0 0 26000000
Q2−4−4 12744000 12744000 12744000 0 12744000 26000000 26000000 26000000 26000000
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Table 13  (continued)

Variable Sol. 1 Sol. 2 Sol. 3 Sol. 4 Sol. 5 Sol. 6 Sol. 7 Sol. 8 Sol. 9

Q2−5−1 0 0 13865815 0 0 0 13865815 8412000 8412000
Q2−5−2 13,881,626 0 10776000 26000000 26000000 0 13865815 0 0
Q2−5−3 26000000 0 26000000 26000000 0 26000000 26000000 26000000 0
Q2−5−4 0 0 0 26000000 0 0 0 0 0
Q3−1−1 0 11326278 0 11326278 30000000 11326278 11326278 11326278 0
Q3−1−2 30000000 0 0 13848732 13848732 30000000 13848732 13848732 0
Q3−1−3 0 15869513 6000000 29397954 0 29397954 0 0 0
Q3−1−4 0 0 6000000 30000000 0 30000000 10471560 0 30000000
Q3−2−1 30000000 30000000 11453815 0 11326278 0 0 0 30000000
Q3−2−2 0 30000000 30000000 0 0 13848732 0 0 13848732
Q3−2−3 16975816 30000000 29397954 0 6000000 6000000 29397954 29397954 29397954
Q3−2−4 10471560 0 10471560 0 10471560 10471560 30000000 30000000 0
Q3−3−1 11326278 0 29872463 30000000 0 30000000 30000000 30000000 11326278
Q3−3−2 13848732 13848732 13848732 30000000 30000000 0 30000000 30000000 30000000
Q3−3−3 18422138 0 0 6000000 29397954 0 30000000 6000000 6000000
Q3−3−4 30000000 30000000 0 10471560 30000000 0 0 10471560 10471560
Q4−4−1 17461722 0 26000000 17334185 17334185 0 26000000 10471560 20546185
Q4−4−2 26000000 0 22894374 25052882 26000000 20424000 26000000 0 0
Q4−4−3 26000000 0 26000000 26000000 0 26000000 26000000 26000000 0
Q4−4−4 0 0 0 26000000 0 0 0 0 0
Q4−5−1 0 26000000 17334185 26000000 26000000 26000000 17334185 22788000 22788000
Q4−5−2 17318374 19852881 20424000 0 0 26000000 0 26000000 26000000
Q4−5−3 0 26000000 0 0 26000000 0 0 0 26000000
Q4−5−4 26000000 25850742 24547425 0 26000000 26000000 26000000 26000000 26000000
Q4−6−1 25872463 17334185 0 0 0 17334185 0 0 0
Q4−6−2 0 23465493 0 22206830 26000000 0 26000000 26000000 26000000
Q4−6−3 23759476 23959768 25146850 26000000 26000000 26000000 26000000 26000000 26000000
Q4−6−4 21768658 21717624 26000000 26000000 26000000 26000000 26000000 26000000 26000000
Q5−7−1 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000
Q5−7−2 23368543 23368543 26000000 26000000 26000000 26000000 26000000 26000000 26000000
Q5−7−3 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000
Q5−7−4 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000 26000000
Q5−8−1 6061303 6061303 6061303 6061303 6061303 6061303 6061303 6061303 6061303
Q5−8−2 0 0 0 1419143 0 18855040 2443401 19049698 20000000
Q5−8−3 6061303 5496684 0 0 1419143 20000000 20000000 20000000 20000000
Q5−8−4 14399380 12953296 14399380 14399382 20000000 20000000 20000000 20000000 20000000

Table 14  Results of  Snt for the 
nine solutions

Variable Sol. 1 Sol. 2 Sol. 3 Sol. 4 Sol. 5 Sol. 6 Sol. 7 Sol. 8 Sol. 9

S5−3 0 0 1419143 0 0 0 0 0 0
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