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Abstract. This article is concerned with the existence of a weak asymptotic solution for a 5� 5 system of

nonstrictly hyperbolic conservation laws. We provide additional weak asymptotic expansions within the

framework of the weak asymptotic approach. Then, with the aid of these weak asymptotic expansions, we

establish sufficient conditions for the existence of a weak asymptotic solution for the 5� 5 system with initial

data of Riemann type. Combining the Riemann problems allow us to form a weak asymptotic solution for a more

general type of initial data.
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1. Introduction

In the recent years, extensive study have been done for the

solution to a system of conservation laws

Ut þ ðFðUÞÞx ¼ 0; x 2 R; t 2 ð0;1Þ;
Uðx; 0Þ ¼ U0ðxÞ;

specifically for Riemann type initial data

U0ðxÞ ¼
U�; x\0;

Uþ; x[ 0;

�

where U is the vector of conservative variables, F is the flux

function with U� and Uþ as constant states. Different

methods like weak asymptotic method [1–3], vanishing

viscosity method [4–6], flux approximation method [7–9],

vanishing pressure limit method [10, 11], distributional

product apporach [12, 13], etc. have been devised to study

the hyperbolic system of conservation laws which admits d-
shock waves.

Analysis of solution to the Riemann problem for the

system of hyperbolic conservation laws involving non-

classical waves have been an intriguing yet a challenging

journey for researchers so far. Many have been tried in the

context of physical phenomena. First noted work on non-

classical wave solution can be found in [14]. Later Tan and

Zhang [15] observed d-shock wave for two-dimensional

Euler equations. To date many mathematicians and physi-

cists have been focused on d-shock wave solution,

regarding these details we refer [16–19, 33] and the refer-

ences cited therein.

Here with the help of weak asymptotic method we study

the following system introduced by Joseph and Murthy [20]

ðuiÞt þ
Xi

j¼1

ujui�jþ1

2

� �
x
¼ 0; i ¼ 1; :::; n ð1:1Þ

for n ¼ 5. For n ¼ 1 the equation is the celebrated inviscid

Burgers equation for which detailed analysis has been done.

Hopf [21] and Cole [22] independently solved the initial

value problem for viscous Burgers equation and by letting

the viscosity term to zero they were able to find the weak

entropy solution to the inviscid Burgers equation which lies

in the space of BV functions when the initial data is con-

sidered to be of bounded measure. When n ¼ 2, the system

is a one-dimensional hyperbolic model for the large scale

structure formation of universe [23] and also it is the well-

known transport equations, where solution may contain

nonclassical waves such as delta shock wave for one state

variable. This 2� 2 system has been studied in the context

of vanishing viscosity method by Joseph [24]. With n ¼ 3,

the system is studied using weak asymptotic method in [2]

where they have introduced a definition of d0-shock wave

type solution for the system as one of the state variable may

contain higher order singularity than Dirac delta distribu-

tion for some initial data. Further, this 3� 3 system has

been discussed by Shelkovich in [25] by exploiting van-

ishing viscosity method where parabolic approximation is

considered and with the help of Hopf–Cole transformation

the parabolic system is reduced to the triple of linear heat

equations. Then the weak limit is established and d0-shock
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solution is constructed for some initial data. Also based on

the distribution multiplication theory it has been analyzed

in [26] where within an appropriate space of distributions

they defined a-solution to the system. With the help of

those they obtained all the a-independent exact solutions
and observed the occurrence of d0-wave in the solution. In

[4], for n ¼ 4, the system has been investigated in detail

using vanishing viscosity method and it was found out that

fourth component contains the measure d and its derivative

for specific Riemann data. In order to develop mathematical

theory for dðmÞ-shock (m ¼ 3 in our case) now we turn our

attention to the case n ¼ 5. To the best of our knowledge,

physical models which admit dðmÞ-shocks (m� 2) are not

reported yet in the literature. It is observed that the system

(1.1) is not strictly hyperbolic as it admits repeated eigen-

values u. So we can not apply the classical theory of Glimm

[27] and Lax [28] to the system (1.1). As for the case n ¼ 4

we have noticed that u3 and u4 admit d0 and d00-shock wave

type solutions and the system has been analyzed by using

weak asymptotic method in [29], so following the intuition

for n ¼ 5 we may expect u5 to have higher order singu-

larity. So measure solutions approach [6, 30] as well as

well-known nonconservative product method [31, 32] is not

applicable here. We consider the weak asymptotic method

to study the system (1.1) for n ¼ 5. With the transformation

ðu1; u2; u3; u4; u5Þ ! ð2u1; u2; u34 ;
u4
24
; u5
96
Þ we have the fol-

lowing reduced system

u1t þ ðu21Þx ¼ 0

u2t þ ð2u1u2Þx ¼ 0

u3t þ 2ðu22 þ u1u3Þx ¼ 0

u4t þ 2ð3u2u3 þ u1u4Þx ¼ 0

u5t þ ð2u1u5 þ 4u2u4 þ 3u23Þx ¼ 0:

ð1:2Þ

We consider the initial data in the following form

u1ðx; 0Þ ¼ u01ðxÞ; u2ðx; 0Þ ¼ u02ðxÞ; u3ðx; 0Þ ¼ u03ðxÞ;
u4ðx; 0Þ ¼ u04ðxÞ and u5ðx; 0Þ ¼ u05ðxÞ:

ð1:3Þ

The order of the paper is as follows: in section 2, we revisit

the preliminaries where the definition of weak asymptotic

solution is recalled. In section 3, we provide some new

weak asymptotic expansions and exploiting these we obtain

a weak asymptotic solution for the initial data (1.3). Finally,

concluding remarks are given in section 4.

2. Preliminaries

The framework of weak asymptotic method is to approxi-

mate the solution of the system of equations by smooth

functions which are also dependent on arbitrary parameter,

say, e[ 0 such that these approximate solutions converge

to the original solution in the sense of distributions and also

some product between these approximate solutions con-

verge to some quantity whenever e ! 0. With the help of

[2], we define weak asymptotic solution. But first let us

define the following:

L1½u1� ¼ u1t þ ðu21Þx;
L2½u1; u2� ¼ u2t þ ð2u1u2Þx;

L3½u1; u2; u3� ¼ u3t þ 2ðu22 þ u1u3Þx;
L4½u1; u2; u3; u4� ¼ u4t þ 2ð3u2u3 þ u1u4Þx;

L5½u1; u2; u3; u4; u5� ¼ u5t þ ð2u1u5 þ 4u2u4 þ 3u23Þx:

Definition 2.1 The functions

ðu1ðx; t; eÞ; u2ðx; t; eÞ; u3ðx; t; eÞ; u4ðx; t; eÞ; u5ðx; t; eÞÞ are

called weak asymptotic solution to the system (1.2) for

e[ 0 if

Z
L1½u1�wðxÞdx ¼ oð1Þ;

Z
L2½u1; u2�wðxÞdx ¼ oð1Þ;

Z
L3½u1; u2; u3�wðxÞdx ¼ oð1Þ;

Z
L4½u1; u2; u3; u4�wðxÞdx ¼ oð1Þ;

Z
L5½u1; u2; u3; u4; u5�wðxÞdx ¼ oð1Þ;

Z
ðu1ðx; 0; eÞ � u01ðxÞÞwðxÞdx ¼ oð1Þ;

Z
ðu2ðx; 0; eÞ � u02ðxÞÞwðxÞdx ¼ oð1Þ;

Z
ðu3ðx; 0; eÞ � u03ðxÞÞwðxÞdx ¼ oð1Þ;

Z
ðu4ðx; 0; eÞ � u04ðxÞÞwðxÞdx ¼ oð1Þ;

Z
ðu5ðx; 0; eÞ � u05ðxÞÞwðxÞdx ¼ oð1Þ;

e ! 0;

ð2:1Þ

for all wðxÞ 2 DðRÞ with initial data (1.3).

For the system (1.2), we look for a weak asymptotic

solution that takes the following form:

u1ðx; t; eÞ ¼u12ðx; tÞ þ ½u1�Hu1ð�xþ /ðtÞ; eÞ þRu1ðx; t; eÞ;
u2ðx; t; eÞ ¼u22ðx; tÞ þ ½u2�Hu2ð�xþ /ðtÞ; eÞ

þ eðtÞdeð�xþ /ðtÞ; eÞ þRu2ðx; t; eÞ;
u3ðx; t; eÞ ¼u32ðx; tÞ þ ½u3�Hu3ð�xþ /ðtÞ; eÞ

þ gðtÞdgð�xþ /ðtÞ; eÞ þ hðtÞd0hð�xþ /ðtÞ; eÞ
þRu3ðx; t; eÞ;

  253 Page 2 of 15 Sådhanå          (2024) 49:253 



u4ðx; t; eÞ ¼u42ðx; tÞ þ ½u4�Hu4ð�xþ /ðtÞ; eÞ
þ lðtÞdlð�xþ /ðtÞ; eÞ þ mðtÞd0mð�xþ /ðtÞ; eÞ
þ nðtÞd00nð�xþ /ðtÞ; eÞ þRu4ðx; t; eÞ;

u5ðx; t; eÞ ¼u52ðx; tÞ þ ½u5�Hu5ð�xþ /ðtÞ; eÞ
þ oðtÞdoð�xþ /ðtÞ; eÞ þ qðtÞd0qð�xþ /ðtÞ; eÞ
þ rðtÞd00r ð�xþ /ðtÞ; eÞ þ sðtÞd000s ð�xþ /ðtÞ; eÞ
þRu5ðx; t; eÞ:

It is obvious to consider the above ansatz with that specific

form as we can expect the components to have respective

order of singularities. We use the notation ½ui� ¼ ui1 � ui2,
where ui1 and ui2 respectively are the values on the left and

right of the discontinuity curve /ðtÞ of ui for i ¼ 1; :::; 5.
The functions

Hi0 ; dj0 ; d0k0 ; d00l0 ; d
000
m0 ;

for

i0 ¼ u1; u2; u3; u4; u5; j0 ¼ e; g; l; o; k0 ¼ h;m; q;

l0 ¼ n; r; m0 ¼ s;

are regularization of the Heaviside function H, distributions

d; d0; d00 and d000 respectively. We represent f ðx; eÞ as the

following regularization for a distribution f ðxÞ 2 D0ðRÞ.

f ðx; eÞ ¼ f ðxÞ � 1
e
x

x

e

� �
; e[ 0;

where the mollifier x has the property (a)–(c) of Lemma

3.1 and � denotes the convolution. Also Ri; for i ¼
u1; u2; u3; u4 and u5; are correction terms and these satisfy

Rjðx; t; eÞ ¼ oD0 ð1Þ; oRjðx; t; eÞ
ot

¼ oD0 ð1Þ;

for

i ¼ u1; u2; u3; u4; u5; e ! 0:

The weak asymptotic method considered in this manuscript

has been applied to only specific systems but for more

general system it would be difficult to construct singular

superpositions (products) of distributions due to the

dependence of the singular superpositions on the regular-

izations of the Heaviside function, delta function, its

derivatives, and the correction functions.

3. Weak asymptotic solution

Let us begin with a Lemma where some asymptotic

expansions, in the sense of distributions, are derived.

Lemma 3.1 Let fgkgk2I be mollifiers satisfying

(a) gkðxÞ ¼ gkð�xÞ
(b)

R
gk ¼ 1

(c) gkðxÞ� 0.

Define

• Hkðx; eÞ ¼ g0kðxeÞ ¼
R x

e
�1 gkðyÞdy

• dkðx; eÞ ¼ 1
e gkðxeÞ

• dnkðx; eÞ ¼ 1
enþ1 gnkðxeÞ

where Hk; dk and dnk are regularizations of Heaviside

function H(x) and the distributions dðxÞ; dkðxÞ respectively.
Now we have the following weak asymptotic expansions:

ðHkðx; eÞÞn ¼ HðxÞ þ OD0 ðeÞ;
ðHkðx; eÞHiðx; eÞÞ ¼ HðxÞ þ OD0 ðeÞ;

ðHkðx; eÞÞndiðx; eÞ ¼ dðxÞ
R
gn0kðnÞgiðnÞdn

þOD0 ðeÞ;

ðdkðx; eÞÞn ¼
1

e
dðxÞ

Z
g2kðnÞdn

þOD0 ðeÞ;

Hkðx; eÞd0iðx; eÞ ¼ � dðxÞ
e

Z
gkðnÞgiðnÞdn

þd0ðxÞ
R
g0kðnÞgiðnÞdnþ OD0 ðeÞ;

Hkðx; eÞe2d000i ðx; eÞ ¼
1

e
dðxÞ

Z
g0kðnÞg0iðnÞdn

þOD0 ðeÞ;

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

ð3:1Þ

dkðx; eÞdiðx; eÞ ¼
dðxÞ
e

Z
gkðnÞgiðnÞdn

þOD0 ðeÞ;

dkðx; eÞd0iðx; eÞ ¼ � d0ðxÞ
e

Z
ngkðnÞg0iðnÞdn

þOD0 ðeÞ;

dkðx; eÞe2d000i ðx; eÞ ¼ � d0ðxÞ
e

Z
ngkðnÞg000i ðnÞdn

þOD0 ðeÞ;

Hkðx; eÞe2d0000i ðx; eÞ ¼ � d0ðxÞ
e

Z
ng0kðnÞg0000i ðnÞdn

þOD0 ðeÞ;

Hkðx; eÞd00i ðx; eÞ ¼ � d0ðxÞ
e

Z
ng0kðnÞg00i ðnÞdn

þ d00ðxÞ
2

Z
n2g0kðnÞg00i ðnÞdnþ OD0 ðeÞ;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
ð3:2Þ
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Hkðx; eÞd000i ðx; eÞ ¼
dðxÞ
e3

Z
g0kðnÞg000i ðnÞdn

þ d00ðxÞ
2e

Z
n2g0kðnÞg000i ðnÞdn

þd000ðxÞ
R
g0kðnÞgiðnÞdnþ OD0 ðeÞ;

Hkðx; eÞe2dVi ðx; eÞ ¼
dðxÞ
e3

Z
g0kðnÞgVi ðnÞdn

þ d00ðxÞ
2e

Z
n2g0kðnÞg000i ðnÞdnþ OD0 ðeÞ;

dkðx; eÞd00i ðx; eÞ ¼
dðxÞ
e3

Z
gkðnÞg00i ðnÞdn

þ d00ðxÞ
2e

Z
n2gkðnÞg00i ðnÞdnþ OD0 ðeÞ;

dkðx; eÞe2d0000i ðx; eÞ ¼ dðxÞ
e3

Z
gkðnÞg0000i ðnÞdn

þ d00ðxÞ
2e

Z
n2gkðnÞg0000i ðnÞdnþ OD0 ðeÞ;

ðd0kðx; eÞÞ
2 ¼ dðxÞ

e3

Z
ðg0kðnÞÞ

2dn

þ d00ðxÞ
2e

Z
n2ðg0kðnÞÞ

2dnþ OD0 ðeÞ;

d0kðx; eÞe2d
000
i ðx; eÞ ¼

dðxÞ
e3

Z
g0kðnÞg000i ðnÞdn

þ d00ðxÞ
2e

Z
n2g0kðnÞg000i ðnÞdnþ OD0 ðeÞ;

ðe2d000k ðx; eÞÞ
2 ¼ dðxÞ

e3

Z
ðg000k ðnÞÞ

2dn

þ d00ðxÞ
2e

Z
n2ðg000k ðnÞÞ

2dnþ OD0 ðeÞ;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð3:3Þ

e ! 0þ, n ¼ 1; 2::::.

Proof We can find the proof of (3.1) in [2] and (3.2) in

[29] so we omit the details. Now we prove (3.3), consid-

ering w to be a test function which belongs to DðRÞ. In
order to get the first relation of (3.3) consider the asymp-

totics of the productHkðx; eÞd000i ðx; eÞ. From the definition of

Hk and d000i , using the change of variable x ¼ ey and Taylor

expansion, we have

hHkðx; eÞd000i ðx; eÞ; wðxÞi

¼
Z

g0k
x

e

� � 1

e4
g000i

x

e

� �
wðxÞdx

¼
Z

g0k yð Þ 1
e3
g000i yð ÞwðeyÞdy

¼
Z

g0kðyÞ
1

e3
g000i ðyÞðwð0Þ þ eyw0ð0Þ

þ e2y2

2
w00ð0Þ þ e3y3

6
w000ð0ÞÞdyþ OðeÞ

¼ wð0Þ
e3

Z
g0kðyÞg000i ðyÞdyþ

w0ð0Þ
e2

Z
yg0kðyÞg000i ðyÞdy

þ w00ð0Þ
2e

Z
y2g0kðyÞg000i ðyÞdyþ

w000ð0Þ
6

Z
y3g0kyÞg000i ðyÞdy

þ OðeÞ:
ð3:4Þ

Now from the property (a), we obtain

Z
gkðyÞg0iðyÞdy ¼ 0;

Z
ygkðyÞg00i ðyÞdy ¼ 0;

Z
y3gkðyÞg00i ðyÞdy ¼ 0;

Z
y2gkðyÞg0iðyÞdy ¼ 0;

Z
ygkðyÞgiðyÞdy ¼ 0:

Continuing from (3.4) and using the above relations we

have the first relation of (3.3) as

hHkðx; eÞd000i ðx; eÞ; wðxÞi

¼ 1

e3
dðxÞ

Z
g0kðyÞg000i ðyÞdyþ

d00ðxÞ
2e

Z
y2g0kðyÞg000i ðyÞdy

þ d000ðxÞ
Z

g0kðyÞgiðyÞdyþ OðeÞ:

To establish the second relation of (3.3), we need to eval-

uate the weak asymptotic product Hkðx; eÞe2dVi ðx; eÞ. By
using the definition of Hk and dVi , we have

hHkðx; eÞe2dVi ðx; eÞ; wðxÞi

¼
Z

g0k
x

e

� �
e2

1

e6
gVi

x

e

� �
wðxÞdx

¼
Z

g0kðyÞ
1

e3
gVi ðyÞwðeyÞdy

¼
Z

g0kðyÞ
1

e3
gVi ðyÞðwð0Þ þ eyw0ð0Þ þ e2y2

2
w00ð0Þ

þ e3y3

6
w000ð0ÞÞdyþ OðeÞ

¼ 1

e3

Z
g0kðyÞgVi ðyÞwð0Þdyþ

1

e2

Z
yg0kðyÞgVi ðyÞw

0ð0Þdy

þ 1

2e

Z
y2g0kðyÞgVi ðyÞw

00ð0Þdy

þ 1

6

Z
y3g0kðyÞgVi ðyÞw

000ð0Þdyþ OðeÞ:

Using property (a) we obtain

Z
yg0kðyÞgVi ðyÞdy ¼ 0;

Z
y3g0kðyÞgVi ðyÞdy ¼ 0:

So we can obtain the second relation of (3.3)
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hHkðx; eÞe2dVi ðx; eÞ; wðxÞi

¼ dðxÞ
e3

Z
g0kðyÞgVi ðyÞdyþ

d00ðxÞ
2e

Z
y2g0kðyÞgVi ðyÞdyþ OðeÞ:

Similar procedure can be applied to prove the rest of the

relations of (3.3) in the Lemma. Hence proved the Lemma.

h

We have seen in [29] that the ansatz they have taken

contains combination of d; d0 and d00 with correction for a

component. So here we assume that u5 contains combina-

tion of d; d0; d00 and d000. Hence in our ansatz we have taken
the combinations of these singular waves with correction

term. We use the Lemma 3.1 to obtain a weak asymptotic

solution to the system (1.2).

Theorem 3.2 The following ansatz :

u1ðx; t; eÞ ¼ u12ðx; tÞ þ ½u1�Hu1ð�xþ /ðtÞ; eÞ;
u2ðx; t; eÞ ¼ u22ðx; tÞ þ ½u2�Hu2ð�xþ /ðtÞ; eÞ

þeðtÞdeð�xþ /ðtÞ; eÞ;
u3ðx; t; eÞ ¼ u32ðx; tÞ þ ½u3�Hu3ð�xþ /ðtÞ; eÞ

þgðtÞdgð�xþ /ðtÞ; eÞ
þhðtÞd0hð�xþ /ðtÞ; eÞ
þRu3ð�xþ /ðtÞ; eÞ;

u4ðx; t; eÞ ¼ u42ðx; tÞ þ ½u4�Hu4ð�xþ /ðtÞ; eÞ
þlðtÞdlð�xþ /ðtÞ; eÞ
þmðtÞd0mð�xþ /ðtÞ; eÞ
þnðtÞd00nð�xþ /ðtÞ; eÞ
þRu4ð�xþ /ðtÞ; eÞ;

u5ðx; t; eÞ ¼ u52ðx; tÞ þ ½u5�Hu5ð�xþ /ðtÞ; eÞ
þoðtÞdoð�xþ /ðtÞ; eÞ
þqðtÞd0qð�xþ /ðtÞ; eÞ
þrðtÞd00r ð�xþ /ðtÞ; eÞ
þsðtÞd000s ð�xþ /ðtÞ; eÞ
þRu5ð�xþ /ðtÞ; eÞ;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð3:5Þ

where

Ru3ðx; t; eÞ ¼ e2PðtÞd000P ð�xþ /ðtÞ; eÞ;
Ru4ðx; t; eÞ ¼ e2ðQðtÞd000Qð�xþ /ðtÞ; eÞ

þRðtÞd0000R ð�xþ /ðtÞ; eÞÞ;
Ru5ðx; t; eÞ ¼ e2ðSðtÞd000S ð�xþ /ðtÞ; eÞ

þT ðtÞd0000T ð�xþ /ðtÞ; eÞ
þUðtÞdVUð�xþ /ðtÞ; eÞÞ;

ð3:6Þ

is a weak asymptotic solution to the following problem

u1t þ ðu21Þx ¼ 0

u2t þ ð2u1u2Þx ¼ 0

u3t þ 2ðu22 þ u1u3Þx ¼ 0

u4t þ 2ð3u2u3 þ u1u4Þx ¼ 0

u5t þ ð2u1u5 þ 4u2u4 þ 3u23Þx ¼ 0

9>>>>>>=
>>>>>>;

ð3:7Þ

provided the subsequent relations hold (with initial data):

L1½u1� ¼ 0; L1½u2� ¼ 0; �x[/ðtÞ;
L2½u1; v1� ¼ 0; L2½u2; v2� ¼ 0; �x[/ðtÞ;
L3½u1; v1;w1� ¼ 0; L3½u2; v2;w2� ¼ 0; �x[/ðtÞ;
_/ðtÞ ¼ ðu11 þ u12Þjx¼/ðtÞ; _eðtÞ ¼ ½u1�ðu21 þ u22Þjx¼/ðtÞ;

_gðtÞ ¼ ð2½u1�ðu21 þ u22Þ þ ½u1�ðu31 þ u32ÞÞjx¼/ðtÞ;

d

dt
ðhðtÞ½u1ð/ðtÞ; tÞ�Þ ¼

dðe2ðtÞÞ
dtZ

g0u1ðnÞgjðnÞdn

¼
Z

n2g0u2ðnÞgeðnÞdn ¼ 1

2
; j ¼ e; g; h;

Z
gu1ðnÞghðnÞdn ¼

Z
g2eðnÞdn; PðtÞ ¼ B

u2ð/ðtÞ; tÞ
;

B is a constant;

L4½u11; u21; u31; u41� ¼ 0; L4½u12; u22; u32; u42� ¼ 0;

� x[/ðtÞ;
_lðtÞ ¼ �½u4� _/ðtÞ þ 2½3u2u3 þ u1u4�;Z

g0u1ðnÞglðnÞdn ¼
Z

g0u1ðnÞgmðnÞdn

¼ 1

2

Z
n2g0u1ðnÞgnðnÞdn ¼ 1

2
;

_mðtÞ ¼ 2½3fðu22 þ ½u2�
Z

g0u2ðnÞggðnÞÞgðtÞ þ ðu32

þ ½u3�
Z

g0u3ðnÞgeðnÞdnÞeðtÞg

þ 3fðu22x þ ½u2x�
Z

g0u2ðnÞghðnÞdnÞhðtÞg

þ ðu12x þ ½u1x�
Z

g0u1ðnÞgmðnÞdnÞmðtÞ

þ ðu12xx þ
½u1xx�
2

Z
n2g0u1ðnÞgnðnÞdnÞnðtÞ�;

_nðtÞ ¼ 2½3fðu22 þ ½u1�
Z

g0u2ðnÞghðnÞdnÞhðtÞg

þ 2ðu22x þ ½u1x�ÞnðtÞ�;

RðtÞ ¼ �1

f½u1�
R
ng0u1ðnÞg0000R ðnÞg ½3eðtÞhðtÞ

Z
ngeðnÞg0hðnÞdn

þ 3eðtÞPðtÞ
Z

ngeðnÞg000P ðnÞdn
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þ nðtÞ½u1�
Z

ng0u1ðnÞg
00
nðnÞdn�;

QðtÞ ¼ 1

f½u1�
R
g0uðnÞg0QðnÞdng

½3hðtÞ½u1�
Z

gu2ðnÞghðnÞdn

� 3gðtÞeðtÞ
Z

geðnÞggðnÞdn

� 3½u1�PðtÞ
Z

g0u2ðnÞg
0
PðnÞdyþ mðtÞ½u1�

Z
gu1ðnÞgmðnÞdn

þ nðtÞ½u1x�
Z

ng0u1ðnÞg
00
nðnÞdn

þ ½u1x�RðtÞ
Z

ng0u1ðnÞg
0000
R ðnÞdn�;

L5½u11; u21; u31; u41; u51� ¼ 0;

L5½u12; u22; u32; u42; u52� ¼ 0; �x[/ðtÞ;Z
g0u1ðnÞgoðnÞdn ¼ 1

2
;

Z
g0u1ðnÞgqðnÞdn ¼ 1

2
;

Z
n2g0u1ðnÞgrðnÞdn ¼ 1;

Z
n3g0u1ðnÞgsðnÞdy ¼ 3;

_oðtÞ ¼ ½2u1u5 þ 4u2u4 þ 3u23� � ½u5� _/ðtÞ;

_qðtÞ ¼ 4fðu22 þ ½u1�
Z

g0u2ðnÞglðnÞdnÞlðtÞ þ ðu42

þ ½u4�
Z

g0u4ðnÞgeðnÞdnÞeðtÞg

þ 3f2ðu32 þ ½u3�
Z

g0u3ðnÞggðnÞdnÞgðtÞg

þ 2ðu22x þ ½u1x�
Z

g0u1ðnÞgqðnÞdnÞqðtÞ

þ 4ðu22x þ ½u2x�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ

þ 3f2ðu32x þ ½u3x�
Z

g0u3ðnÞghðnÞdnÞhðtÞg

þ 2ðu12xx þ
½u1xx�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞ

þ 4ðu22xx þ
½u2xx�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ

þ 2ðu1xxx þ
½u1xxx�
6

Z
g0u1ðnÞgsðnÞdnÞsðtÞ;

_rðtÞ ¼ 4ðu22 þ ½u1�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ þ 3f2ðu22

þ ½u3�
Z

g0u3ðnÞghðnÞdnÞhðtÞg

þ 2f2ðu22x þ
½u1x�
2

Z
n2g0u1ðnÞgrðnÞdnÞrðtÞg

þ 4f2ðu22x þ
½u2x�
2

Z
n2g0u2ðnÞgnðnÞdnÞnðtÞg

þ 2f3ðu12xx þ
½u1xx�
6

Z
g0u1ðnÞgsðnÞdnÞsðtÞg;

_sðtÞ ¼ 4ðu22 þ
½u1�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ

þ2f3ðu22x þ
½u1x�
6

Z
g0u1ðnÞgsðnÞdnÞsðtÞg;UðtÞ

¼ � 1

2½u1�
R
g0u1ðnÞgVUdn

½2f½u1�sðtÞ
Z

g0u1ðnÞg
000
s ðnÞdng

þ 4eðtÞnðtÞ
Z

geðnÞg00nðnÞdn

þ eðtÞRðtÞ
Z

geðnÞg0000R ðnÞdnþ 3fh2
Z

ðg0hðnÞÞ
2dn

þ 2hðtÞPðtÞ
Z

g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

ðg000P ðnÞÞ
2dng�;

if we have

Z
g0u1ðnÞg

000
s ðnÞdn ¼ 1

2

Z
n2g0u1ðnÞg

000
s ðnÞdn;Z

g0u1ðnÞg
V
UðnÞdn ¼ 1

2

Z
n2g0u1ðnÞg

V
UðnÞdn;Z

geðnÞg00nðnÞdn ¼ 1

2

Z
n2geðnÞg00nðnÞdn;Z

geðnÞg000R ðnÞdn ¼ 1

2

Z
n2geðnÞg000R ðnÞdn;Z

ðg0hðnÞÞ
2dn ¼ 1

2

Z
n2ðg0hðnÞÞ

2dn;
Z

g0hðnÞg000P ðnÞdn ¼ 1

2

Z
n2g0hðnÞg000P ðnÞdn;Z

ðg000P ðnÞÞ
2dn ¼ 1

2

Z
n2ðg000P ðnÞÞ

2dn;

else UðtÞ ¼ 0,

T ðtÞ ¼ 1

2½u1�
R
ng0u1ðnÞg0000T ðnÞdn ½2f2ð

½u1x�sðtÞ
2Z

n2gu1ðnÞg
000
s ðnÞdnþ

½u1x�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞÞg

� 2f½u1�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdng

� 4fnðtÞ½u1�
Z

ng0u1ðnÞg
00
nðnÞdn

þ ½u1�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdn

þ eðtÞmðtÞ
Z

ngeðnÞg00mðnÞdn

þ eðtÞQðtÞ
Z

ngeðnÞg000QðnÞdng

� 3f2gðtÞhðtÞ
Z

yggðnÞg0hðnÞdn

þ 2gðtÞPðtÞ
Z

nggðnÞg000P ðnÞdng�;

  253 Page 6 of 15 Sådhanå          (2024) 49:253 



SðtÞ ¼ 1

2½u1�
R
g0uðnÞg0sðnÞdn

½2½u1�qðtÞ
Z

ng0u1ðnÞg
00
qðnÞdn

� 4fmðtÞ½u1�
Z

gu2ðnÞgmðnÞdn

þ ½u1�QðtÞ
Z

g0u2ðnÞg
0
QðnÞdn

þ eðtÞlðtÞ
Z

geðnÞglðnÞdng

� 3f2ð½u3�PðtÞ
Z

g0wðnÞg0PðnÞdn

� ½u3�hðtÞ
Z

gwðnÞghðnÞdn

þ g2ðtÞ
Z

g2gðnÞdnÞg

þ 2f½u1x�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

þ ½u1x�T ðtÞ
Z

ng0u1ðnÞg
0000
T ðnÞdng

þ 4fnðtÞ½u2x�
Z

ng0u2ðnÞg
00
nðnÞdn

þ ½u2x�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdng

� 2f½u1�xx
2

sðtÞ
Z

n2g0u1ðnÞg
000
s ðnÞdn

þ ½u1xxx�
2

UðtÞ
Z

n2g0u1ðnÞg
V
UðnÞdng�:

Proof In [29] it is proved that u1; u2; u3 and u4 is a weak

asymptotic solution of (1.1) for n ¼ 4 if first twenty one

relations hold. In order to prove

ðu1ðx; t; eÞ; u2ðx; t; eÞ; u3ðx; t; eÞ; u4ðx; t; eÞ; u5ðx; t; eÞÞ is a

weak asymptotic solution to the system (1.2) we have to

show that it satisfies (2.1). We only need to show that (2.1)e
holds provided all the assumptions in the Theorem (3.2) are

satisfied. So we need to consider the 5th equation of (1.2)

u5t þ ð2u1u5 þ 4u2u4 þ 3u23Þx ¼ 0:

For (2.1)e we need to compute the weak asymptotic product

u1u5; u2u4 and u23 and the partial derivative of u5 with

respect to t to obtain a weak asymptotic solution. First we

compute the asymptotic product u1u5. Using Lemma 3.1 we

have

u1ðx; t; eÞu5ðx; t; eÞ
¼u12u52 þ ½u1u5�Hð�xþ /ðtÞÞ þ ðu12

þ ½u1�
Z

g0u1ðnÞgoðnÞdnÞoðtÞdð�xþ /ðtÞÞ

þðu12 þ ½u1�
Z

g0u1ðnÞgqðnÞdnÞqðtÞd
0ð�xþ /ðtÞÞ þ ðu12

þ ½u1�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞd

00ð�xþ /ðtÞÞ þ ðu12

þ ½u1�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞd

000ð�xþ /ðtÞÞ

þ ð�½u1�qðtÞ
Z

ng0u1ðnÞg
00
qðnÞdn

þ ½u1�SðtÞ
Z

g0uðnÞg0SðnÞÞ
dð�xþ /ðtÞÞ

e

þ ð½u1�sðtÞ
Z

g0u1ðnÞg
000
s ðnÞdn

þ ½u1�UðtÞ
Z

g0u1ðnÞg
V
UðnÞdnÞ

dð�xþ /ðtÞÞ
e3

þ ð�½u1�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

� ½u1�T ðtÞ
Z

ng0u1ðnÞg
0000
T ðnÞdnÞ d

0ð�xþ /ðtÞÞ
e

þ ð½u1�
2

sðtÞ
Z

n2g0u1ðnÞg
000
s ðnÞdn

þ ½u1�
2

UðtÞ
Z

n2g0u1ðnÞg
V
UðnÞdnÞ

d00ð�xþ /ðtÞÞ
e

þ OD0 ðeÞ:
ð3:8Þ

Then we proceed to derive the asymptotic product u2u4.
Using Lemma 3.1 we obtain

u2ðx; t; eÞu4ðx; t; eÞ
¼ u22u42 þ ½u2u4�Hð�xþ /ðtÞÞ þ fðu22

þ ½u2�
Z

g0u2ðnÞglðnÞdnÞlðtÞ

þ ðu42 þ ½u4�
Z

g0u4ðnÞgeðnÞdyÞeðtÞgdð�xþ /ðtÞÞ

þ ðu22 þ ½u2�
Z

g0u2ðnÞgmðnÞdyÞmðtÞd
0ð�xþ /ðtÞÞ

þ ðu22 þ
½u2�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞd

00ð�xþ /ðtÞÞ

þf�mðtÞ½u2�
Z

gu2ðnÞgmðnÞdnþ½u1�QðtÞ
Z

g0u2ðnÞg
0
QðnÞdn

þ eðtÞlðtÞ
Z

geðnÞglðnÞdng
dð�xþ /ðtÞÞ

e

þ feðtÞnðtÞ
Z

geðnÞg00nðnÞdn

þ eðtÞRðtÞ
Z

geðnÞg0000R ðnÞdng dð�xþ /ðtÞÞ
e3

þ f�nðtÞ½u2�
Z

ng0u2ðnÞg
00
nðnÞdn
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� ½u1�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdn

� eðtÞmðtÞ
Z

ngeðnÞg00mðnÞdn

� eðtÞQðtÞ
Z

ngeðnÞg000QðnÞdng
d0ð�xþ /ðtÞÞ

e

feðtÞnðtÞ
2

Z
n2geðnÞg00nðnÞdn

þ eðtÞRðtÞ
2

Z
n2geðnÞg0000R ðnÞdng d

00ð�xþ /ðtÞÞ
e

þ OD0 ðeÞ:

ð3:9Þ

Lastly we estimate the asymptotic product for u23 using

Lemma 3.1. So we have the weak asymptotic expansion of

u23 as

u23ðx; t; eÞ
¼ u232 þ ½u23�Hð�xþ /ðtÞÞ þ 2ðu32

þ ½u3�
Z

g0u3ðnÞggðnÞdnÞgðtÞdð�xþ /ðtÞÞ

þ 2ðu32 þ ½u3�
Z

g0u3ðnÞghðnÞdnÞhðnÞd
0ð�xþ /ðtÞÞ

þ 2f½u3�PðtÞ
Z

g0wðnÞg0PðnÞdn� ½u3�hðtÞ
Z

gwðnÞghðnÞdn

þ g2ðtÞ
Z

g2gðnÞdng
dð�xþ /ðtÞÞ

e

þ fh2ðtÞ
Z

ðg0hðvÞÞ
2dnþ 2hðtÞPðtÞ

Z
g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

ðg000P ðnÞÞ
2dng dð�xþ /ðtÞÞ

e3

þ f�2gðtÞhðtÞ
Z

nggðnÞg0hðnÞdn

� 2gðtÞPðtÞ
Z

nggðnÞg000P ðnÞdng
d0ð�xþ /ðtÞÞ

e

þ fh2ðtÞ
Z

n2ðg0hðnÞÞ
2dnþ 2hðtÞPðtÞ

Z
n2g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

n2ðg000P ðnÞÞ
2dng d

00ð�xþ /ðtÞÞ
e

þ OD0 ðeÞ

ð3:10Þ

Collecting the expansions of u1u5; u2u4 and u23 from (3.8),

(3.9) and (3.10) respectively and using the following

identities

pðx; tÞd0ð�xþ /ðtÞÞ ¼ pð/ðtÞ; tÞd0ð�xþ /ðtÞÞ

þ pxð/ðtÞ; tÞdð�xþ /ðtÞÞ;

pðx; tÞd00ð�xþ /ðtÞÞ ¼ pð/ðtÞ; tÞd00ð�xþ /ðtÞÞ

þ 2pxð/ðtÞ; tÞd0ð�xþ /ðtÞÞ

þ pxxð/ðtÞ; tÞdð�xþ /ðtÞÞ;

pðx; tÞd000ð�xþ /ðtÞÞ ¼ pð/ðtÞ; tÞd000ð�xþ /ðtÞÞ

þ 3pxð/ðtÞ; tÞd00ð�xþ /ðtÞÞ

þ 3pxxð/ðtÞ; tÞd0ð�xþ /ðtÞÞ

þ pxxxð/ðtÞ; tÞd000ð�xþ /ðtÞÞ;
ð3:11Þ

where p 2 C3, we obtained the expansion of

2u1u5 þ 4u2u4 þ 3u23. After rearrangement of similar terms

we have

ð2u1ðx; t; eÞu5ðx; t; eÞ þ 4u2ðx; t; eÞu4ðx; t; eÞ þ 3w2ðx; t; eÞÞ
¼ ð2u12u52 þ 4u22u42 þ 3u232Þ þ ½2u1u5 þ 4u2u4

þ 3u23�Hð�xþ /ðtÞÞþ½2ðu12 þ ½u1�
Z

g0u1ðnÞgoðnÞdnÞoðtÞ

þ 4fðu22 þ ½u2�
Z

g0u2ðnÞglðnÞdnÞlðtÞ þ ðu42

þ ½u4�
Z

g0u4ðnÞgeðnÞdnÞeðtÞg þ 3f2ðu32

þ ½u3�
Z

g0u3ðnÞggðnÞdnÞgðtÞg þ 2ðu22x

þ ½u1x�
Z

g0u1ðnÞgqðnÞdnÞqðtÞ

þ 4ðu22x þ ½u2x�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ þ 3f2ðw2x

þ ½u3x�
Z

g0u3ðnÞghðnÞdnÞhðtÞg

þ 2ðu12xx þ
½u1xx�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞ

þ 4ðu22xx þ
½u2xx�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ

þ 2ðu2xxx

þ ½u1xxx�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞ�jx¼/ðtÞdð�xþ /ðtÞÞ

þ ½2ðu12 þ ½u1�
Z

g0u1ðnÞgqðnÞdnÞqðtÞ þ 4ðu22

þ ½u2�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ
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þ3f2ðu32 þ ½u3�
Z

g0u3ðnÞghðnÞdnÞhðtÞg2f2ðu1x

þ ½u1x�
2

Z
n2g0u1ðnÞgrðnÞdnÞrðtÞg þ 4f2ðu22x

þ ½u2x�
2

Z
n2g0u2ðnÞgnðnÞdyÞnðtÞg þ 2f3ðu12xx

þ ½u1xx�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞg�jx¼/ðtÞ d0ð�x

þ /ðtÞÞ þ ½2ðu12 þ
½u1�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞ

þ 4ðu22 þ
½u2�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ þ 2f3ðu22x

þ ½u1x�
6

Z
n3g0u1ðnÞgsðnÞdyÞsðtÞg�jx¼/ðtÞ d00ð�x

þ /ðtÞÞ þ ½2fðu12
þ ½u1�

6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞg�jx¼/ðtÞ d000ð�x

þ /ðtÞÞ þ ½2f�½u1�qðtÞ
Z

ng0u1ðnÞg
00
qðnÞdn

þ ½u1�SðtÞ
Z

g0uðnÞg0SðnÞdng

þ 4f�mðtÞ½u1�
Z

gu2ðnÞgmðnÞdn

þ ½u1�QðtÞ
Z

g0u2ðnÞg
0
QðnÞdnþ eðtÞlðtÞ

Z
geðnÞglðnÞdng

þ 3f2ð½u3�PðtÞ
Z

g0wðnÞg0PðnÞdn

� ½u3�hðtÞ
Z

gwðnÞghðnÞdnþ g2ðtÞ
Z

g2gðnÞdnÞg

þ 2f�½u1x�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

� ½u1x�T ðtÞ
Z

yg0u1ðnÞg
0000
T ðnÞdng

þ 4f�nðtÞ½u2x�
Z

ng0u2ðnÞg
00
nðnÞdn

� ½u2x�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdng

þ 2f½u1xx�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1xx�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdng�jx¼/ðtÞ

dð�xþ /ðtÞÞ
e

þ ½2f½u1�sðtÞ
Z

g0u1ðnÞg
000
s ðnÞdn

þ ½u1�UðtÞ
Z

g0u1ðnÞg
V
UðnÞdng

þ 4feðtÞnðtÞ
Z

geðnÞg00nðnÞdn

þ eðtÞRðtÞ
Z

geðnÞg0000R ðnÞdng þ 3fh2ðtÞ
Z

ðg0hðnÞÞ
2dn

þ 2hðtÞPðtÞ
Z

g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

ðg000P ðnÞÞ
2dng�jx¼/ðtÞ

dð�xþ /ðtÞÞ
e3

þ ½2f�½u1�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

� ½u1�T ðtÞ
Z

ng0u1ðnÞg
0000
T ðnÞdng

þ 4f�nðtÞ½u1�
Z

ng0u2ðnÞg
00
nðnÞdn

� ½u1�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdn

� eðtÞmðtÞ
Z

ngeðnÞg00mðnÞdn

� eðtÞQðtÞ
Z

ngeðnÞg000QðnÞdng

þ 3f�2gðtÞhðtÞ
Z

nggðnÞg0hðnÞdn

� 2gðtÞPðtÞ
Z

nggðnÞg000P ðnÞdng

þ 2f2ð½u1x�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1x�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdnÞg�jx¼/ðtÞ

d0ð�xþ /ðtÞÞ
e

þ ½2f½u1�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdng

þ 4feðtÞnðtÞ
2

Z
n2geðnÞg00nðnÞdn

þ eðtÞRðtÞ
2

Z
n2geðnÞg0000R ðnÞdng

þ 3f1
2
h2ðtÞ

Z
n2ðg0hðnÞÞ

2dn

þ 2hðtÞPðtÞ
Z

n2g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

n2ðg000P ðnÞÞ
2dng�jx¼/ðtÞ

d00ð�xþ /ðtÞÞ
e

þ OD0 ðeÞ:

ð3:12Þ

Then we need to calculate the expansion of the term u5t. So
after the differentiation of u5ðx; t; eÞ with respect to t we are
left with the following expansion

u5tðx; t; eÞ ¼ u52t þ ½u5t�Hð�xþ /ðtÞÞ þ ð _oðtÞ
þ ½u5� _/ðtÞÞdð�xþ /ðtÞÞ þ ðoðtÞ _/ðtÞ
þ _qðtÞÞd0ð�xþ /ðtÞÞ
þ ðqðtÞ _/ðtÞ þ _rðtÞÞd00ð�xþ /ðtÞÞ þ ðrðtÞ _/ðtÞ
þ _sðtÞÞd000ð�xþ /ðtÞÞ þ sðtÞ _/ðtÞd0000ð�xþ /ðtÞÞ
þ OD0 ðeÞ:

ð3:13Þ

By exploiting (3.12) and (3.13) we obtain
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u5t þ ð2u1ðx; t; eÞu5ðx; t; eÞ
þ 4u2ðx; t; eÞu4ðx; t; eÞ þ 3u23ðx; t; eÞÞx
¼ u52t þ ð2u12u52 þ 4u22u42 þ 3u232Þx
þ ½pt þ ð2u1u5 þ 4u2u4 þ 3u23Þx�Hð�xþ /ðtÞÞ
þ ½ _oðtÞ þ ½u5� _/ðtÞ � ½2u1u5 þ 4u2u4 þ 3u23��dð�xþ /ðtÞÞ

þ ½oðtÞ _/ðtÞ þ _qðtÞ � ½2ðu12 þ ½u1�
Z

g0u1ðnÞgoðnÞdnÞoðtÞ

þ 4fðu22 þ ½u2�
Z

g0u2ðnÞglðnÞdnÞlðtÞ

þ ðu42 þ ½u4�
Z

g0u4ðnÞgeðnÞdnÞeðtÞg

þ 3f2ðu32 þ ½u3�
Z

g0u3ðnÞggðnÞdnÞgðtÞg

þ 2ðu22x þ ½u1x�
Z

g0u1ðnÞgqðnÞdnÞqðtÞ þ 4ðu22x

þ ½u2x�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ

þ 3f2ðw2x þ ½u3x�
Z

g0u3ðnÞghðnÞdnÞhðtÞg þ 2ðu12xx

þ ½u1xx�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞ

þ 4ðu22xx þ
½u2xx�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ þ 2ðu2xxx

þ ½u1xxx�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞ��jx¼/ðtÞd

0ð�xþ /ðtÞÞ

þ ½qðtÞ _/ðtÞ þ _rðtÞ � ½2ðu12 þ ½u1�
Z

g0u1ðnÞgqðnÞdyÞqðtÞ

þ 4ðu22 þ ½u2�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ

þ 3f2ðu32 þ ½u3�
Z

g0u3ðnÞghðnÞdnÞhðtÞg þ 2f2ðu1x

þ ½u1x�
2

Z
n2g0u1ðnÞgrðnÞdnÞrðtÞg

þ 4f2ðu22x þ
½u2x�
2

Z
n2g0u2ðnÞgnðnÞdnÞnðtÞg þ 2f3ðu12xx

þ ½u1xx�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞg��jx¼/ðtÞd

00ð�xþ /ðtÞÞ

þ ½rðtÞ _/ðtÞ þ _sðtÞ � ½2ðu12 þ
½u1�
2

Z
n2g0u1ðnÞg

00
r ðnÞdnÞrðtÞ

þ 4ðu22 þ
½u2�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ

þ 2f3ðu22x þ
½u1x�
6Z

n3g0u1ðnÞgsðnÞdnÞsðtÞg��jx¼/ðtÞd
000ð�xþ /ðtÞÞ

þ ½sðtÞ _/ðtÞ � ½2fðu12

þ ½u1�
6

Z
n3g0u1ðnÞgsðnÞdnÞsðtÞg��jx¼/ðtÞd

0000ð�xþ /ðtÞÞ

� ½2f�½u1�qðtÞ
Z

ng0u1ðnÞg
00
qðnÞdn

þ ½u1�SðtÞ
Z

g0uðnÞg0SðnÞdng

þ 4f�mðtÞ½u1�
Z

gu2ðnÞgmðnÞdn

þ ½u1�QðtÞ
Z

g0u2ðnÞg
0
QðnÞdnþ eðtÞlðtÞ

Z
geðnÞglðnÞdng

þ 3f2ð½u3�PðtÞ
Z

g0wðnÞg0PðnÞdn

� ½u3�hðtÞ
Z

gwðnÞghðnÞdnþ g2ðtÞ
Z

g2gðnÞdnÞg

þ 2f�½u1x�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

� ½u1x�T ðtÞ
Z

ng0u1ðnÞg
0000
T ðnÞdng

þ 4f�nðtÞ½u2x�
Z

ng0u2ðnÞg
00
nðnÞdn

� ½u2x�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdng

þ 2f½u1xx�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1xx�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdng�jx¼/ðtÞ

d0ð�xþ /ðtÞÞ
e

� ½2f½u1�sðtÞ
Z

g0u1ðnÞg
000
s ðnÞdn

þ ½u1�UðtÞ
Z

g0u1ðnÞg
V
UðnÞdng þ 4feðtÞnðtÞ

Z
geðnÞg00nðnÞdn

þ eðtÞRðtÞ
Z

geðnÞg0000R ðnÞdng þ 3fh2ðtÞ
Z

ðg0hðnÞÞ
2dn

þ 2hðtÞPðtÞ
Z

g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

ðg000P ðnÞÞ
2dng�jx¼/ðtÞ

d0ð�xþ /ðtÞÞ
e3

� ½2f�½u1�rðtÞ
Z

ng0u1ðnÞg
00
r ðnÞdn

  253 Page 10 of 15 Sådhanå          (2024) 49:253 



�½u1�T ðtÞ
Z

ng0u1ðnÞg
0000
T ðnÞdng

þ 4f�nðtÞ½u1�
Z

ng0u2ðnÞg
00
nðnÞdn

� ½u1�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdn

� eðtÞmðtÞ
Z

ngeðnÞg00mðnÞdn

� eðtÞQðtÞ
Z

ngeðnÞg000QðnÞdng

þ 3f�2gðtÞhðtÞ
Z

nggðnÞg0hðnÞdn

� 2gðtÞPðtÞ
Z

nggðnÞg000P ðnÞdng

þ 2f2ð½u1x�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1x�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdnÞg�jx¼/ðtÞ

d00ð�xþ /ðtÞÞ
e

� ½2f½u1�sðtÞ
2

Z
n2g0u1ðnÞg

000
s ðnÞdn

þ ½u1�UðtÞ
2

Z
n2g0u1ðnÞg

V
UðnÞdng

þ 4feðtÞnðtÞ
2

Z
n2geðnÞg00nðnÞdn

þ eðtÞRðtÞ
2

Z
n2geðnÞg0000R ðnÞdng

þ 3f1
2
h2ðtÞ

Z
n2ðg0hðnÞÞ

2dn

þ 2hðtÞPðtÞ
Z

n2g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

n2ðg000P ðnÞÞ
2dng�jx¼/ðtÞ

d000ð�xþ /ðtÞÞ
e

þ OD0 ðeÞ:
ð3:14Þ

We can obtain all the coefficient in (3.14) as zero except the

error term by applying the conditions in the Theorem 3.2.

So we have

L5½u1; u2; u3; u4; u5� ¼ oD0 ð1Þ; e ! 0þ:

If the initial data also satisfy weak asymptotic relations then

the ansatz that we have taken in the Theorem 3.2 is a weak

asymptotic solution to the system (1.2). Hence proved. h

In the previous Theorem we have obtained a weak

asymptotic solution where the initial data may not be

constant. For that reason our conditions are more compli-

cated compared to the constant initial data. But for the

constant initial data case we have a simpler version of

Theorem 3.2, which we have captured in the following

Corollary. The following Corollary is very useful to con-

struct weak asymptotic solution for more general initial

data.

Corollary 3.3 When u1i; u2i; u3i; u4i and u5i, for i ¼ 1; 2;
are constants then the ansatz in the Theorem 3.2 is a weak
asymptotic solution to (1.2) if the following relations hold.

_/ðtÞ ¼ ðu11 þ u12Þjx¼/ðtÞ; _eðtÞ ¼ ½u1�ðu21 þ u22Þjx¼/ðtÞ;

_gðtÞ ¼ ð2½u1�ðu21 þ v22Þ þ ½u1�ðu31 þ u32ÞÞjx¼/ðtÞ;

d

dt
ðhðtÞ½uð/ðtÞ; tÞ�Þ ¼ dðe2ðtÞÞ

dtZ
g0u1ðnÞgjðnÞdn¼

Z
n2g0u2ðnÞgeðnÞdn¼

1

2
; j¼e; g; h;

Z
gu1ðnÞghðnÞdn

¼
Z

g2eðnÞ; PðtÞ ¼ B

u2ð/ðtÞ; tÞ
; B is a constant;

_lðtÞ ¼ �½u4� _/ðtÞ þ 2½3u2u3 þ u1u4�;Z
g0u1ðnÞglðnÞdn

¼
Z

g0u1ðnÞgmðnÞdn ¼ 1

2

Z
n2g0u1ðnÞgnðnÞdn ¼ 1

2
;

_mðtÞ ¼ 2½3fðu22 þ ½u1�
Z

g0u2ðnÞggðnÞÞgðtÞ

þ ðu32 þ ½u3�
Z

g0u3ðnÞgeðnÞdnÞeðtÞg�;

_nðtÞ ¼ 2½3fðu22 þ ½u2�
Z

g0u2ðnÞghðnÞdnÞhðtÞg�;

RðtÞ ¼ �1

f½u1�
R
ng0u1ðnÞg0000R ðnÞg ½3eðtÞhðtÞ

Z
ngeðnÞg0hðnÞdn

þ 3eðtÞPðtÞ
Z

ngeðnÞg000P ðnÞdn

þ nðtÞ½u1�
Z

ng0u1ðnÞg
00
nðnÞdn�;

QðtÞ ¼ 1

f½u1�
R
g0uðnÞg0QðnÞdng

½3hðtÞ½u1�
Z

gu2ðnÞghðnÞdn

� 3gðtÞeðtÞ
Z

geðnÞggðnÞdn

� 3½u1�PðtÞ
Z

g0u2ðnÞg
0
PðnÞdn

þ mðtÞ½u1�
Z

gu1ðnÞgmðnÞdn�Z
g0u1ðnÞgoðnÞdn ¼ 1

2
;

Z
g0u1ðnÞgqðnÞdn ¼ 1

2
;
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Z
n2g0u1ðnÞgrðnÞdn ¼ 1;

Z
n3g0u1ðnÞgsðnÞdn ¼ 3;

_oðtÞ ¼ ½2u1u5 þ 4u2u4 þ 3u23� � ½u5� _/ðtÞ;

_qðtÞ ¼ 4fðu22 þ ½u2�
Z

g0u2ðnÞglðnÞdnÞlðtÞ þ ðu42

þ ½u4�
Z

g0u4ðnÞgeðnÞdnÞeðtÞg

þ 3f2ðu32 þ ½u3�
Z

g0u3ðnÞggðnÞdnÞgðtÞg

_rðtÞ ¼ 4ðu22 þ ½u2�
Z

g0u2ðnÞgmðnÞdnÞmðtÞ

þ 3f2ðu32 þ ½u3�
Z

g0u3ðnÞghðnÞdnÞhðtÞg;

_sðtÞ ¼ 4ðu22 þ
½u2�
2

Z
n2g0u2ðnÞg

00
nðnÞdnÞnðtÞ

UðtÞ ¼ � 1

2½u1�
R
g0u1ðnÞgVUdn

½2f½u1�sðtÞ
Z

g0u1ðnÞg
000
s ðnÞdng þ 4eðtÞnðtÞ

Z
geðnÞg00nðnÞdn

þ eðtÞRðtÞ
Z

geðnÞg0000R ðnÞdnþ 3fh2
Z

ðg0hðnÞÞ
2dn

þ 2hðtÞPðtÞ
Z

g0hðnÞg000P ðnÞdn

þ P2ðtÞ
Z

ðg000P ðnÞÞ
2dng�;

T ðtÞ ¼ 1

2½u1�
R
yg0u1ðnÞg0000T ðnÞdn

½�2f½u1�rðtÞZ
ng0u1ðnÞg

00
r ðnÞdng � 4fnðtÞ½u1�

Z
ng0u1ðnÞg

00
nðnÞdn

þ ½u1�RðtÞ
Z

ng0u2ðnÞg
0000
R ðnÞdn

þ eðtÞmðtÞ
Z

ngeðnÞg00mðnÞdn

þ eðtÞQðtÞ
Z

ngeðnÞg000QðnÞdng

� 3f2gðtÞhðtÞ
Z

nggðnÞg0hðnÞdn

þ 2gðtÞPðtÞ
Z

nggðnÞg000P ðnÞdng�;

SðtÞ ¼ 1

2½u1�
R
g0uðnÞg0sðnÞdn

½2½u1�qðtÞ
Z

ng0u1ðnÞg
00
qðnÞdn

� 4fmðtÞ½u1�
Z

gu2ðnÞgmðnÞdn

þ ½u1�QðtÞ
Z

g0u2ðnÞg
0
QðnÞdnþ eðtÞlðtÞ

Z
geðnÞglðnÞdng

� 3f2ð½u3�PðtÞ
Z

g0wðnÞg0PðnÞdn

� ½u3�hðtÞ
Z

gwðnÞghðnÞdnþ g2ðtÞ
Z

g2gðnÞdnÞg�:

ð3:15Þ

We know that piecewise constant functions can be used

to approximate wide range of functions which are not

necessarily constant. Now using the Corollary 3.3 we

construct a weak asymptotic solution for the Riemann

problem for certain initial data.

Theorem 3.4 If u01; u02; u03; u04 and u05 2 LbðRÞ for b 2
½1;1Þ then there exists a T [ 0 such that (1.2) and (1.3)
has a weak asymptotic solution for t 2 ½0; T �.

Proof We know that when u01; u02; u03; u04 and u
0
5 2 LbðRÞ

for b 2 ½1;1Þ, we can approximate these using simple

functions. So for every e[ 0 we can find simple functions

u01e; u02e; u03e; u04e and u05e such that

jju01 � u01ejjLb\e;

jju02 � u02ejjLb\e;

jju03 � u03ejjLb\e;

jju04 � u04ejjLb\e;

jju05 � u05ejjLb\e:

9>>>>>>>>=
>>>>>>>>;

ð3:16Þ

Now let w be a test function having support in X such that

these simple functions can be written as

u01e ¼
Pm

i¼1 u0iðHð�xþ aiÞ � Hð�xþ ai�1ÞÞ;
u02e ¼

Pm
i¼1 v0iðHð�xþ aiÞ � Hð�xþ ai�1ÞÞ;

u03e ¼
Pm

i¼1 w0iðHð�xþ aiÞ � Hð�xþ ai�1ÞÞ;
u04e ¼

Pm
i¼1 z0iðHð�xþ aiÞ � Hð�xþ ai�1ÞÞ;

u05e ¼
Pm

i¼1 p0iðHð�xþ aiÞ � Hð�xþ ai�1ÞÞ:

9>>>>>>=
>>>>>>;

ð3:17Þ

Now the following ansatz
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u1ðx; t; eÞ ¼
Xm�1

i¼1

ðu01i � u01iþ1ÞHu1ð�xþ ai þ /iðtÞ; eÞ þ u01m

u2ðx; t; eÞ ¼
Xm�1

i¼1

ððu02i � u02iþ1ÞHu2ð�xþ ai þ /iðtÞ; eÞ þ u02m

þ
Xm�1

i¼1

eiðtÞdeð�xþ ai þ /iðtÞ; eÞ

u3ðx; t; eÞ ¼
Xm�1

i¼1

ððu03i � u03iþ1ÞHu3ð�xþ ai þ /iðtÞ; eÞ þ u03m

þ
Xn�1

i¼1

giðtÞdgð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

hid
0
hð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

Ru3ið�xþ ai þ /iðtÞ; eÞ

u4ðx; t; eÞ ¼
Xm�1

i¼1

ððu04i � u04iþ1ÞHu4ð�xþ ai þ /iðtÞ; eÞ þ u04m

þ
Xm�1

i¼1

liðtÞdlð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

~mid
0
mð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

nid
00
~nð�xþ ai þ /iðtÞ; eÞ

þ
Xn�1

i¼1

Ru4ið�xþ ai þ /iðtÞ; eÞ

u5ðx; t; eÞ ¼
Xm�1

i¼1

ððu05i � u05iþ1ÞHu5ð�xþ ai þ /iðtÞ; eÞ þ u05m

þ
Xm�1

i¼1

oiðtÞdoð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

qid
0
qð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

rid
00
r ð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

sid
000
s ð�xþ ai þ /iðtÞ; eÞ

þ
Xm�1

i¼1

Ru5ið�xþ ai þ /iðtÞ; eÞ;

is a weak asymptotic solution to (1.2) with initial data (1.3)

for t\T where T is the minimum of interaction time of the

all different Riemann problems with

/ið0Þ ¼ eið0Þ¼ gið0Þ ¼hið0Þ ¼ lið0Þ ¼ ~mið0Þ ¼ nið0Þ ¼ 0;

oið0Þ ¼ qið0Þ ¼ rið0Þ ¼ sið0Þ ¼ 0; i ¼ 1; :::;m� 1

where ei; gi; hi; li; ~mi; ni; oi; qi; ri; si; Ru3i; Ru4i and

Ru5i satisfy (3.15) with u11; u12; u21; u22; u31; u32,
u41; u42; u51 and u52 replaced by

u01i�1; u01i; u02i�1; u02i; u03i�1; u03i; u04i�1; u04i; u05i�1 and u05i
respectively and e; g; h; l; m; n; o; q; r and s are

replaced by ei; gi; hi; li; mi; ~ni; oi; qi; ri and si respec-
tively. So for every wðxÞ 2 DðRÞ and e[ 0, we have

Z
L1½u1�wðxÞdx ¼ OðeÞ

Z
L2½u1; u2�wðxÞdx ¼ OðeÞ

Z
L3½u1; u2; u3�wðxÞdx ¼ OðeÞ

Z
L4½u1; u2; u3; u4�wðxÞdx ¼ OðeÞ

Z
L5½u1; u2; u3; u4; u5�wðxÞdx ¼ OðeÞ

and for initial conditions we have

Z
ju1ðx; 0; eÞ � u01ðxÞjwðxÞdx

�
Z

ju1ðx; 0; eÞ � u01eðxÞjwðxÞdx

þ
Z

ju01eðxÞ � u01ðxÞjwðxÞdx

\OðeÞ þ Ce where C is max of w

and similar procedure can be applied for other initial

functions. So we have weak asymptotic solution ðu1ðx; t; eÞ,
u2ðx; t; eÞ, u3ðx; t; eÞ,u4ðx; t; eÞ,u5ðx; t; eÞÞ for (2.1) with ini-

tial data u01; u02; u03, u
0
4 and u05 2 LbðRÞ for b 2 ½1;1Þ. h

4. Conclusions

In this article, we considered a nonstrictly hyperbolic sys-

tem of conservation laws and it is observed that one of the

components of its solution contained a linear combination

of Dirac measure and its first, second and third derivatives.

Sufficient conditions are established in order to obtain a

weak asymptotic solution. Then by exploiting Riemann

type initial data, we constructed weak asymptotic solution

for more general type initial data. In future, we would like

to extend these type of solutions to different physical sys-

tems for more general initial data and also to work on the

interaction of nonlinear waves using weak asymtotic

method.

Sådhanå          (2024) 49:253 Page 13 of 15   253 



Acknowledgements

The authors would like to thank the anonymous referee for

his/her invaluable suggestions and comments to improve

the manuscript. Research support from CSIR, (Sanction

Letter No. 09/081(1390)/2020-EMR-I), Government of

India and SERB, DST, Government of India (Ref. No.

CRG/2022/006297) are greatly acknowledged by the first

and second authors, respectively.

References

[1] Danilov V G and Shelkovich V M 2005 Dynamics of

propagation and interaction of d-shock waves in conserva-

tion law systems. J. Differ. Equ. 211(2): 333–381

[2] Panov E Y and Shelkovich V M 2006 d0-Shock waves as a

new type of solutions to systems of conservation laws. J.
Differ. Equ. 228(1): 49–86

[3] Danilov V G and Mitrovic D 2008 Delta shock wave

formation in the case of triangular hyperbolic system of

conservation laws. J. Differ. Equ. 245(12): 3704–3734
[4] Joseph K T and Sahoo M R 2013 Vanishing viscosity

approach to a system of conservation laws admitting d00

waves. Commun. Pure Appl. Anal. 12(5): 2091–2118
[5] Chhatria B, Sen A and Raja Sekhar T 2023 Self-similar

viscosity approach to the Riemann problem for a strictly

hyperbolic system of conservation laws. Math. Methods
Appl. Sci. 46(6): 7265–7284

[6] Tan D C, Zhang T, Chang T and Zheng Y X 1994 Delta-

shock waves as limits of vanishing viscosity for hyperbolic

systems of conservation laws. J. Differ. Equ. 112(1): 1–32
[7] Sen A and Raja Sekhar T 2019 Structural stability of the

Riemann solution for a strictly hyperbolic system of

conservation laws with flux approximation. Commun. Pure
Appl. Anal. 18(2): 931–942

[8] Chhatria B, Sekhar T R and Zeidan D 2024 Limiting

behaviour of the Riemann solution to a macroscopic

production model with van der Waals equation of state.

Appl. Math. Comput. 465: 128404
[9] Yang H and Liu J 2015 Concentration and cavitation in the

Euler equations for nonisentropic fluids with the flux

approximation. Nonlinear Anal. Theory Methods Appl. 123:
158–177

[10] Shen C and Sun M 2010 Formation of delta shocks and

vacuum states in the vanishing pressure limit of Riemann

solutions to the perturbed Aw-Rascle model. J. Differ. Equ.
249(12): 3024–3051

[11] Chen G Q and Liu H 2003 Formation of d�shocks and

vacuum states in the vanishing pressure limit of solutions to

the Euler equations for isentropic fluids. SIAM J. Math. Anal.
34(4): 925–938

[12] Sarrico C O R 2024 Delta shocks as solutions of conserva-

tion laws with discontinuous moving source. J. Dyn. Differ.
Equ., pp. 1–14

[13] Sen A and Raja Sekhar T 2023 The multiplication of

distributions in the study of delta shock waves for zero-

pressure gasdynamics system with energy conservation laws.

Ricerche Mat. 72(2): 653–678
[14] Korchinski D J 1977 Solution of a Riemann problem for a

2� 2 system of conservation laws possessing no classical

weak solution. Ph.D. Thesis. Adelphi University

[15] Tan D C and Zhang T 1994 Two-dimensional Riemann

problem for a hyperbolic system of nonlinear conservation

laws: I. Four-J Cases. J. Differ. Equ. 111(2): 203–254
[16] Sen A, Raja Sekhar T and Zeidan D 2019 Stability of the

Riemann solution for a 2�2 strictly hyperbolic system of

conservation laws. Sādhanā 44: 1–8
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