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Abstract. This paper presents a difference scheme by considering cubic B-spline quasi-interpolation for the

numerical solution of a fourth-order time-fractional integro-differential equation with a weakly singular kernel.

The fractional derivative of the mentioned equation has been described in the Caputo sense. Time fractional

derivative is approximated by a scheme of order Oðs2�aÞ and the Riemann–Liouville fractional integral term is

discretized by the fractional trapezoidal formula. The spatial second derivative has been approximated using the

second derivative of the cubic B-spline quasi-interpolation. The discrete scheme leads to the solution of a system

of linear equations. We show that the proposed scheme is stable and convergent. In addition, we have shown that

the order of convergence is Oðs2�a þ h2Þ. Finally, various numerical examples are presented to support the

fruitfulness and validity of the numerical scheme.

Keywords. Weakly singular kernel; fourth-order time fractional partial integro-differential equation; cubic

B-spline quasi-interpolation; finite difference; Riemann–Liouville integral; stability; convergence.

1. Introduction

Partial integro-differential equations with a weakly singular

kernel have many applications in various fields of science

and engineering, such as heat conduction in materials with

memory, viscoelasticity, reactor dynamics, biomechanics,

and pressure in porous media [1–4]. Several numerical

methods have been used for solving integro-differential

equations with a weakly singular kernel. For example,

Wang et al [5] proposed a high order compact alternating

direction implicit scheme for solving two-dimensional

time-fractional integro-differential equations with a weakly

singularity near the initial time. Qiu et al [6] introduced and

analyzed a Sinc–Galerkin method for solving the fourth-

order partial integro-differential equation with a weakly

singular kernel. In [7], the Sinc-collocation approach

combined with the double exponential transformation has

been employed for solving a class of variable-order frac-

tional integro-partial differential equations. Fakhar–Izadi

[8] derived a space-time Spectral–Galerkin method for the

solution of one and two-dimensional fourth order time-

fractional partial integro-differential equations with a

weakly singular kernel. Zhang et al [9] proposed the quintic

B-spline collocation method for solving fourth order partial

integro-differential equations with a weakly singular ker-

nel. Dehestani et al [10] applied Legender–Laguerre func-

tions and the collocation method for solving variable-order

time-fractional partial integro-differential equations.

Hashemizadeh et al [11] presented a spectral method for

solving nonlinear Volterra integral equations with a weakly

singular kernel based on Genocchi polynomials. Biazar and

Sadri [12] presented an operational approach based on

shifted Jacobi polynomials for solving a class of weakly

singular fractional integro-differential equations.

Fractional calculus has proved to be a valuable tool in

modeling of different materials and processes in many

applied sciences like biology, bio-mechanic, electrochem-

istry and etc, in accordance with their memory and hered-

itary properties [13–16]. Various numerical schemes are

presented for solving fractional partial differential equa-

tions, such as finite difference [17–22], spectral [23–25],

meshless [26, 27], and finite element [28, 29] methods.

In this paper, we consider the fourth-order time-frac-

tional integro-differential equation with a weakly singular

kernel as follows [30]:
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CD
a
0;tuðx; tÞ � uxxðx; tÞ � I ðbÞuxxðx; tÞ þ uxxxxðx; tÞ ¼ f ðx; tÞ;

ðx; tÞ 2 X;
uðx; 0Þ ¼ u0ðxÞ; 0� x� L;

uð0; tÞ ¼ uðL; tÞ ¼ uxxð0; tÞ ¼ uxxðL; tÞ ¼ 0; 0\t� T ;

8
>><

>>:

ð1Þ

where X ¼ ð0; LÞ � ð0; T�,0\a; b\1,f(x, t) is source term

and u0ðxÞ is given smooth function. In fact, problem (1) is

equivalent to

CD
a
0;tuðx; tÞ � vðx; tÞ � I ðbÞvðx; tÞ þ vxxðx; tÞ ¼ f ðx; tÞ;

ðx; tÞ 2 X;
vðx; tÞ ¼ uxxðx; tÞ; 0\x\L; 0\t� T ;

uðx; 0Þ ¼ u0ðxÞ; 0� x� L;
uð0; tÞ ¼ uðL; tÞ ¼ vð0; tÞ ¼ vðL; tÞ ¼ 0; 0\t� T :

8
>>>><

>>>>:

ð2Þ

In (2), CD
a
0;t is fractional derivative operator in caputo sense

and I ðbÞ is defined as follows

I ðbÞuxxðx; tÞ ¼
1

CðbÞ

Z t

0

ðt � sÞb�1uxxðx; sÞds; t[ 0; ð3Þ

where Cð:Þ is the Gamma function.

Equation (1), can be found in the modeling of floor

systems, window glasses, airplane wings, and bridge slabs

[31, 32]. In fact, fourth-order spatial derivative operators

are needed in the modeling of heat flow in materials with

memory, strain gradient elasticity, and phase separation in

binary mixtures [33–35].

The fourth-order fractional equations have recently

attracted the attention of researchers. For example, in [36],

the authors proposed a new study for weakly singular

kernel fractional fourth-order partial integro-differential

equations by means of optimum q-HAM. Tariq and

Akram developed a quintic spline technique for time

fractional fourth-order partial differential equations [32].

Heydari and Avazzadeh used the orthonormal Bernstein

polynomials to solve nonlinear variable-order time frac-

tional fourth-order diffusion-wave equations with nonsin-

gular fractional derivative [37]. Abdelkawy et al [38]

derived a highly accurate technique for solving dis-

tributed-order time-fractional-sub-diffusion equations of

the fourth order. Yang et al [39] introduced a quasi-

wavelet based numerical method for fourth-order partial

integro-differential equations with a weakly singular ker-

nel. Roul and Goura considered a high order numerical

method for time-fractional fourth order partial differential

equations [40].

Cubic B-spline quasi-interpolation has been applied in

some papers, see [41–47]. The fundamental benefit of

B-spline quasi-interpolation is that they may be built

directly without solving any systems of linear equations. It

also results in a better approximation of smooth functions.

Furthermore, they are local in the sense that the value of

B-spline quasi-interpolant at a given point is determined

solely by the values of the given function in the neigh-

borhood of that point. Sablonniere [48] found that the cubic

B-spline quasi-interpolation first derivative is more accu-

rate than the finite difference approximation. Among the

numerical methods so far proposed to solve time-fractional

integro-differential equations, B-spline quasi-interpolations

have rarely been used. This motivates us to construct a

numerical scheme by using cubic B-spline quasi-interpo-

lation to solve equation (1).

In this paper, we construct a difference method using

cubic B-spline quasi-interpolation for problem (1). We

approximate the temporal Caputo derivative with a L1-

discrete formula. Meanwhile, we apply a second-order

formula to approximate I ðbÞ operator. Then we proved the

stability and convergence of the difference method.

Numerical examples verify the accuracy of the proposed

method. Also, the convergence order of the scheme is ð2 �
aÞ for time and 2 for space. The advantages of the method

are flexibility and simplicity. The method is computation-

ally optimal and fast.

The remainder of the paper is organized as follows. In

section 2, we introduce some definitions and preliminaries

to fractional calculus and cubic B-spline quasi-interpola-

tion. The difference scheme for the fourth-order time-

fractional integro-differential equation with a weakly sin-

gular kernel is derived in section 3. The stability and con-

vergence of the method are investigated in Sections 4 and

5. In section 6, some numerical examples are provided to

demonstrate the theoretical results. A conclusion ends the

article.

2. Some definitions and preliminary

The domain is divided into a uniform grid of mesh points

ðxj; tkÞ with xj ¼ jh; h ¼ L
M ; 0� j�M and tk ¼ ks, s ¼ T

N,

0� k�N. The values of the function u at the grid points are

denoted uðxi; tkÞ and Uk
i is the approximate solution at the

point ðxi; tkÞ.

Definition 1 The left- and right-sided Riemann–Liouville

integrals of a suitably smooth function f(x) on (a, b) are

defined by [31, 49, 50]

RLI
a
a;xf ðxÞ ¼

1

CðaÞ

Z x

a

f ðtÞ
ðx� tÞn�a dt; a\x; n� 1\a� n;

ð4Þ

RLI
a
x;bf ðxÞ ¼

1

CðaÞ

Z b

x

f ðtÞ
ðt � xÞn�a dt; x\b; n� 1\a� n;

ð5Þ

respectively.

Definition 2 The left- and right-sided Riemann–Liouville

derivatives of order a are defined by [31, 49, 51]
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RLD
a
a;xf ðxÞ ¼

dn

dxn
�

RL
D�ðn�aÞ

a;x f ðxÞ
�

¼ 1

Cðn� aÞ
dn

dxn

Z x

a

f ðtÞ
ðx� tÞa�nþ1

dt; x[ a;

8
>><

>>:

ð6Þ

and

RLD
a
x;bf ðxÞ ¼ ð�1Þn dn

dxn
�

RL
D

�ðn�aÞ
x;b f ðxÞ

�

¼ ð�1Þn

Cðn� aÞ
dn

dxn

Z x

a

f ðtÞ
ðx� tÞa�nþ1

dt; x\b;

8
>><

>>:

ð7Þ

respectively, where n is a positive integer satisfying

n� 1\a� n.

Definition 3 The left- and right-sided Caputo derivatives

of order a are defined by [16, 31, 49]

CD
a
a;xf ðxÞ ¼

1

Cðn� aÞ

Z x

a

f nðtÞ
ðx� tÞa�nþ1

dt; a\x; ð8Þ

and

CD
a
x;bf ðxÞ ¼

ð�1Þn

Cðn� aÞ

Z x

a

f nðtÞ
ðt � xÞa�nþ1

dt; x\b; ð9Þ

respectively, where n is a positive integer satisfying

n� 1\a� n.

Lemma 1 (L1 approximation) Let a 2 ð0; 1Þ and uð:; tÞ 2
C2
t ð½0; T�Þ then the following approximation formula holds

[52, 53]

CD
a
0;tuðx; tkÞ

¼ s�a

Cð2 � aÞ

�

b0uðx; tkÞ �
Xk�1

j¼1

ðbk�j�1 � bk�jÞuðx; tjÞ

� bk�1uðx; t0Þ
�

þ R;

ð10Þ

in which

bj ¼
�
ðlþ 1Þ1�a � l1�a

�
; 0� l� k � 1; ð11Þ

jRj �Cs2�a ð12Þ

where C is a positive constant given by

C ¼ 1

Cð2 � aÞ
� 1 � a

12
þ 22�a

2 � a
� ð2�a þ 1Þ

�
max

t0 � t� tj
ju00ðx; tÞj:

Lemma 2 Let b 2 ð0; 1Þ and u(., t) is suitably smooth on

(0, T) then for the I ðbÞ there holds that [49]

I ðbÞuðx; tkÞ ¼
Xk

j¼0

aj;kuðx; tjÞ þ Oðs2Þ; ð13Þ

where

Now, we introduce B-spline and univariate B-spline

quasi-interpolants that we will use in the next section. In

order to define B-splines, we need the concept of knot

sequences.

Definition 4 A knot sequence n is a nondecreasing

sequence of real numbers,

n :¼ fnigmi¼1 ¼ fn1 � n2 � � � � � nmg;m 2 N:

The elements ni are called knots.

Provided that m� pþ 2 we can define B-splines of

degree p over the knot sequence n.

Definition 5 Suppose for a nonnegative integer p and

some integer j that nj�p�1 � nj�p � � � � � nj are pþ 2 real

numbers taken from a knot sequence n. The j-th B-spline

Bj;p;n : R ! R of degree p is identically zero if nj�p�1 ¼ nj
and otherwise defined recursively by [54]

Bj;p;nðxÞ ¼
x� nj�p�1

nj�1 � nj�p�1

Bj�1;p�1;nðxÞ þ
nj � x

nj � nj�p

Bj;p�1;nðxÞ;

ð14Þ

starting with

Bi;0;nðxÞ ¼
1; if x 2 ½ni�1; niÞ;
0; otherwise:

�

aj;k ¼
sb

Cðbþ 2Þ

ðk � 1Þbþ1 � ðk � 1 � bÞkb; j ¼ 0;

ðk � jþ 1Þbþ1 þ ðk � 1 � jÞbþ1 � 2ðk � jÞbþ1;

1� j� k � 1;

1; j ¼ k:

8
>>>><

>>>>:
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A B-spline of degree 3 is also called a cubic B-spline.

Using the relation (14), the cubic B-spline Bj;3;n are given

by

In accordance [54], suppose for integers n[ p� 0 that a

knot sequence

n :¼ fnignþp
i¼n�p�1 ¼ fnn�p�1 � nn�p � � � � � nnþpg;

n 2 N; p 2 N0;

is given. This knot sequence allows us to define a set of

nþ p B-splines of degree p, namely

fB1;p;n; � � � ;Bnþp;p;ng: ð16Þ

We consider the space of splines spanned by the B-splines

in (16) over the interval ½n0; nn�,

Sp;n :¼ fs : ½n0; nn� ! R : s ¼
Xnþp

j¼1

cjBj;p;n; cj 2 Rg: ð17Þ

We now introduce two definitions about knots which are

crucial for splines.

Definition 6 A knot sequence n is called ðPþ 1Þ-regular

if ni�p�1\ni for i ¼ 1; � � � ; nþ p. Such a knot sequence

ensures that all the B-splines in (16) are not identically zero

[54].

Definition 7 A knot sequence n is called ðPþ 1Þ-open on

an interval [a, b] if it is ðPþ 1Þ-regular and it has end knots

of multiplicity pþ 1,i.e., [54]

a :¼ n�p ¼ n�pþ1 ¼ � � � ¼ n�1 ¼ n0\n1 � n2 � � � �

� nn�1\nn

¼ nnþ1 ¼ � � � ¼ nnþp ¼: b:

ð18Þ

Suppose fBj;p;ngnþp
j¼1 form a basis for Sp;n. For each j ¼

1; � � � ; nþ p; let kj be a linear functional defined on

C[a, b] that can be computed from values of f at some set of

points in [a, b]. We have the following definition.

Definition 8 A formula of the form

Qpf ðxÞ :¼
Xnþp

j¼1

ðkjf ÞBj;p;nðxÞ; ð19Þ

is called a B-spline quasi-interpolation formula of degree

p [55].

According to [54, 56] the error of a quasi-interpolation

satisfies

Bj;3;nðxÞ ¼

ðx� nj�4Þ3

ðnj�3 � nj�4Þðnj�2 � nj�4Þðnj�1 � nj�4Þ
; ifnj�4 � x\nj�3

ðx� nj�4Þ2ðnj�2 � xÞ
ðnj�2 � nj�4Þðnj�2 � nj�3Þðnj�1 � nj�4Þ

þ
ðx� nj�4Þðnj�1 � xÞðx� nj�3Þ

ðnj�1 � nj�4Þðnj�1 � nj�3Þðnj�2 � nj�3Þ

þ ðnj � xÞðx� nj�3Þ2

ðnj � nj�3Þðnj�1 � nj�3Þðnj�2 � nj�3Þ
; ifnj�3 � x\nj�3

ðx� nj�4Þðnj�1 � xÞ2

ðnj�1 � nj�4Þðnj�1 � nj�3Þðnj�1 � nj�2Þ

þ
ðx� nj�3Þðnj�1 � xÞðx� njÞ

ðnj�1 � nj�3Þðnj�1 � nj�2Þðnj � nj�3Þ

þ ðnj � xÞ2ðx� nj�2Þ
ðnj � nj�3Þðnj � nj�2Þðnj�1 � nj�2Þ

; ifnj�2 � x\nj�1

ðnj � xÞ3

ðnj � nj�3Þðnj � nj�2Þðnj � nj�1Þ
; ifnj�1 � x\nj

0; otherwise:

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð15Þ
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jf ðxÞ � ðQpf ÞðxÞj �
kQpk

ðpþ 1Þ! kf
ðpþ1Þk1;Sx

DðxÞpþ1; x 2 Spn;

ð20Þ

where Spn ¼ ½n0; nn�, Sx is the union of the supports of all B-

splines Bi;p;n, i� x and kf ðpþ1Þk1;Sx
denotes the maximum

norm of f ðpþ1Þ on Sx and DðxÞ ¼ maxy2Sx jy� xj that � is

used to indicate proportionality. If the local mesh ratio is

bounded, i.e., if the quotients of the lengths of adjacent knot

intervals are � ry, then the error of the derivatives on the

knot intervals ðn0; nnÞ can be estimated by

jf ðjÞðxÞ � ðQpf ÞðjÞðxÞj � cðp; ryÞkQpkkf ðpþ1Þk1;Sx
DðxÞpþ1�j;

ð21Þ

for j� p.

Suppose a ¼ x0\. . .\xn ¼ b are equally spaced points

in the interval [a, b]. We have the following theorem.

Theorem 1 Given a function f defined on [a, b], let

Then (19) defines a linear operator mapping C[a, b] into
Sp;n with Qps ¼ s for all cubic polynomials s [55].

For approximate derivatives of f by derivatives of Q3f up

to the order h3, we can evaluate the value of f 0 and f 00 at xj

by ðQ3f Þ0ðxÞ ¼
Pnþ3

j¼1 ðkjf ÞB
0

j;p;nðxÞ and

ðQ3f Þ00ðxÞ ¼
Pnþ3

j¼1 ðkjf ÞB
00

j;p;nðxÞ. We set

Y ¼ ðf0; f1; . . .; fnÞT , Y 0 ¼ ðf 00; f 01; . . .; f 0nÞ
T

and Y 00 ¼
ðf 000 ; f

00
1 ; . . .; f

00
n Þ

T
where f

0
j ¼ ðQ3f Þ0ðxjÞ, j ¼ 1; . . .; n and

f
00
j ¼ ðQ3f Þ00ðxjÞ, j ¼ 1; . . .; n. The first and the second

derivatives of Q3ðf Þ are calculated as

f
0

j ¼
Xnþ3

j¼1

ðkjf ÞB
0

j;p;nðxÞ; j ¼ 0; 1; . . .; n; ð23Þ

f
00

j ¼
Xnþ3

j¼1

ðkjf ÞB
00

j;p;nðxÞ; j ¼ 0; 1; . . .; n; ð24Þ

where B
0

i;p;nðxÞ and B
00

i;p;nðxÞ are obtained from (15) such that

nj ¼ xj for j ¼ 0; 1; . . .; n. Now according to (23) and (24)

we have

ðQ3f Þ0ðx0Þ ¼
1

h

	

� 11

6
f ðx0Þ þ 3f ðx1Þ �

3

2
f ðx2Þ þ

1

3
f ðx3Þ




ðQ3f Þ0ðx1Þ ¼
1

h

	

� 1

3
f ðx0Þ �

1

2
f ðx1Þ þ f ðx2Þ �

1

6
f ðx3Þ




ðQ3f Þ0ðxn�1Þ

¼ 1

h

	
1

6
f ðxn�3Þ � f ðxn�2Þ þ

1

2
f ðxn�1Þ þ

1

3
f ðxnÞ




ðQ3f Þ0ðxnÞ

¼ 1

h

	

� 1

3
f ðxn�3Þ þ

3

2
f ðxn�2Þ � 3f ðxn�1Þ þ

11

6
f ðxnÞ




ðQ3f Þ0ðxjÞ

¼ 1

h

	
1

12
f ðxj�2Þ �

2

3
f ðxj�1Þ þ

2

3
f ðxjþ1Þ �

1

12
f ðxjþ2Þ




;

2� j�ðn� 2Þ;

and

ðQ3f Þ00ðx0Þ ¼
1

h2

	

2f ðx0Þ � 5f ðx1Þ þ 4f ðx2Þ � f ðx3Þ



ðQ3f Þ00ðx1Þ ¼
1

h2

	

f ðx0Þ � 2f ðx1Þ þ f ðx2Þ



ðQ3f Þ00ðxn�1Þ ¼
1

h2

	

f ðxn�2Þ � 2f ðxn�1Þ þ f ðxnÞ



ðQ3f Þ00ðxnÞ

¼ 1

h2

	

� f ðxn�3Þ þ 4f ðxn�2Þ � 5f ðxn�1Þ þ 2f ðxnÞ



ðQ3f Þ00ðxjÞ ¼
1

h2

	

� 1

6
f ðxj�2Þ þ

5

3
f ðxj�1Þ � 3f ðxjÞ

þ 5

3
f ðxjþ1Þ �

1

6
f ðxjþ2Þ




; 2� j�ðn� 2Þ:

Therefore, we can display the approximation of f 0 and f 00 in

the following matrix form

kjf :¼

f ðx0Þ; j ¼ 1;

1

18
ð7f ðx0Þ þ 18f ðx1Þ � 9f ðx2Þ þ 2f ðx3ÞÞ; j ¼ 2;

1

6
ð�f ðxj�3Þ þ 8f ðxj�2Þ � f ðxj�1ÞÞ; 3� j� nþ 1;

1

18
ð2f ðxn�3Þ � 9f ðxn�2Þ þ 18f ðxn�1Þ þ 7f ðxnÞÞ; j ¼ nþ 2;

f ðxnÞ; j ¼ nþ 3:

8
>>>>>>>>>><

>>>>>>>>>>:

ð22Þ
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Y
0 ¼ 1

h
D1Y ; Y

00 ¼ 1

h2
D2Y ; ð25Þ

where D1;D2 2 Rðnþ1Þ�ðnþ1Þ are obtained as follows:

3. Description of the difference scheme

In the present section we construct a difference scheme for

solving (1).

Considering (2) at the point ðxi; tkÞ, one has

Da
0;tuðxi; tkÞ � vðxi; tkÞ � I ðbÞvðxi; tkÞ þ vxxðxi; tkÞ ¼ f ðxi; tkÞ;

vðxi; tkÞ ¼ uxxðxi; tkÞ; 1� i�M � 1; 1� k�N:

ð26Þ

Using (10), (13), (23) and (24) equation (26) can be

approximated by

s�a

Cð2 � aÞ

�

b0u
k
i �

Xk�1

j¼1

ðbk�j�1 � bk�jÞuji � bk�1u
0
i

�

� vki �
Xk

j¼0

aj;kv
j
i þ

XM

j¼0

d2
ij

h2
vkj ¼ f ki þ ðR1Þki ;

ð27Þ

D1 ¼

� 11

6
3 � 3

2

1

3
0 0 . . . 0 0

� 1

3
� 1

2
1 � 1

6
0 0 . . . 0 0

1

12
� 2

3
0

2

3
� 1

12
0 . . . 0 0

0
1

12
� 2

3
0

2

3
� 1

12
. . . 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 . . .
1

12
� 2

3
0

2

3
� 1

12
0

0 0 . . . 0
1

12
� 2

3
0

2

3
� 1

12

0 0 . . . 0 0
1

6
� 1

1

2

1

3

0 0 . . . 0 0 � 1

3

3

2
� 3

11

6

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

D2 ¼

2 � 5 4 � 1 0 0 . . . 0 0

1 � 2 1 0 0 0 . . . 0 0

� 1

6

5

3
� 3

5

3
� 1

6
0 . . . 0 0

0 � 1

6

5

3
� 3

5

3
� 1

6
. . . 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 . . . � 1

6

5

3
� 3

5

3
� 1

6
0

0 0 . . . 0 � 1

6

5

3
� 3

5

3
� 1

6
0 0 . . . 0 0 0 1 � 2 1

0 0 . . . 0 0 � 1 4 � 5 2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:
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vki ¼
XM

j¼0

d2
ij

h2
ukj þ ðR2Þki ; 1� i�M � 1; 1� k�N; ð28Þ

where jðR1Þki j �Cðs2�a þ h2Þ and jðR2Þki j �Ch2.

After simplification we obtain

uki � ðlþ lak;kÞvki þ l
XM

j¼0

d2
ij

h2
vkj ¼ lf ki þ l

Xk�1

j¼0

aj;kv
j
iþ

Xk�1

j¼1

ðbk�j�1 � bk�jÞuji þ bk�1u
0
i þ lðR1Þki ;

vki ¼
XM

j¼0

d2
ij

h2
ukj þ ðR2Þki ; 1� i�M � 1; 1� k�N;

ð29Þ

where l ¼ saCð2 � aÞ.
Ignoring ðR1Þki ; ðR2Þki and replacing the functions uki and

vki with its numerical approximations Uk
i and Vk

i in (29), we

obtain the following difference scheme

Uk
i � ðlþ lak;kÞVk

i þ l
XM

j¼0

d2
ij

h2
Vk
j ¼ lf ki þ l

Xk�1

j¼0

aj;kV
j
i

ð30Þ

þ
Xk�1

j¼1

ðbk�j�1 � bk�jÞUj
i þ bk�1U

0
i ð31Þ

1� i�M � 1; 1� k�N; ð32Þ

Vk
i ¼

XM

j¼0

d2
ij

h2
Uk

j ; 1� i�M � 1; 1� k�N; ð33Þ

Uk
0 ¼ Uk

M ¼ 0;Vk
0 ¼ Vk

M ¼ 0; 1� k�N; ð34Þ

U0
i ¼ U0ðxiÞ; 1� i�M: ð35Þ

We set l1 ¼ lþ lak;k and l2 ¼ l
h2. So that in each time step

we encounter the following system of linear equations

AUk ¼ Fk; ð36Þ

where

A ¼
I B

C I

	 


;Uk ¼

Uk
1

Uk
2

..

.

Uk
M�2

Uk
M�1

Vk
1

Vk
2

..

.

Vk
M�2

Vk
M�1

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;Fk ¼ F1

F2

	 


;

such that B and C are pentadiagonal matrices and I is

identity matrix

B ¼

�l1 � 2l2 l2 0 0 0 0 . . . 0 0

5

3
l2 � l1 � 3l2

5

3
l2 � 1

6
l2 0 0 . . . 0 0

� 1

6
l2

5

3
l2 � l1 � 3l2

5

3
l2 � 1

6
l2 0 . . . 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 . . . 0 � 1

6
l2

5

3
l2 � l1 � 3l2

5

3
l2 � 1

6
l2

0 0 . . . 0 0 � 1

6
l2

5

3
l2 � l1 � 3l2

5

3
l2

0 0 . . . 0 0 0 0 l2 � l1 � 2l2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;
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4. Stability analysis

In the current section, the stability of the scheme (31)–(33)

can be analyzed by using the Fourier method [57]. We

assume that the exact solution u is continuous and the

derivative of u is square integrable. Let ~Uk
j be the

approximate solution of the scheme, and define

fkj ¼ Uk
j � ~Uk

j ; 1� j�M � 1; 1� k�N;

with corresponding vector

fk ¼ ðfk1; f
k
2; . . .; f

k
M�1Þ

T :

Thanks to (31)–(33) we have

Uk
i � s � 1

6
Uk

i�2 þ
5

3
Uk

i�1 � 3Uk
i þ

5

3
Uk

iþ1 �
1

6
Uk

iþ2

	 


þ r � 1

6
Vk
i�2 þ

5

3
Vk
i�1 � 3Vk

i þ
5

3
Vk
iþ1 �

1

6
Vk
iþ2

	 


¼ lf ki þ l
Xk�1

j¼0

aj;kV
j
i þ

Xk�1

j¼1

ðbk�j�1 � bk�jÞUj
i þ bk�1U

0
i ;

s ¼ lþ lak;k
h2

; r ¼ l
h2

:

So that

Uk
i � s � 1

6
Uk

i�2 þ
5

3
Uk

i�1 � 3Uk
i þ

5

3
Uk

iþ1 �
1

6
Uk

iþ2

	 


� r

6h2
� 1

6
Uk

i�4 þ
5

3
Uk

i�3 � 3Uk
i�2 þ

5

3
Uk

i�1 �
1

6
Uk

i

	 


5r

3h2
� 1

6
Uk

i�3 þ
5

3
Uk

i�2 � 3Uk
i�1 þ

5

3
Uk

i �
1

6
Uk

iþ1

	 


� 3r

h2
� 1

6
Uk

i�2 þ
5

3
Uk

i�1 � 3Uk
i þ

5

3
Uk

iþ1 �
1

6
Uk

iþ2

	 


þ 5r

3h2
� 1

6
Uk

i�1 þ
5

3
Uk

i � 3Uk
iþ1 þ

5

3
Uk

iþ2 �
1

6
Uk

iþ3

	 


� r

6h2
� 1

6
Uk

i þ
5

3
Uk

iþ1 � 3Uk
iþ2 þ

5

3
Uk

iþ3 �
1

6
Uk

iþ4

	 


¼ lf ki þ l
Xk�1

j¼0

aj;k
h2

� 1

6
Uk

i�2 þ
5

3
Uk

i�1 � 3Uk
i

	

þ 5

3
Uk

iþ1 �
1

6
Uk

iþ2




þ
Xk�1

j¼1

ðbk�j�1 � bk�jÞUj
i þ bk�1U

0
i :

Set

C ¼

2

h2
� 1

h2
0 0 0 0 . . . 0 0

� 5

3h2

3

h2
� 5

3h2

1

6h2
0 0 . . . 0 0

1

6h2
� 5

3h2

3

h2
� 5

3h2

1

6h2
0 . . . 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 . . . 0
1

6h2
� 5

3h2

3

h2
� 5

3h2

1

6h2

0 0 . . . 0 0
1

6h2
� 5

3h2

3

h2
� 5

3h2

0 0 . . . 0 0 0 0
2

h2

1

h2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;F1

¼

lf k1 þ l
Pk�1

j¼0 aj;kV
k
1 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞUk

1 þ bk�1U
0
1 � l2V

k
0

lf k2 þ l
Pk�1

j¼0 aj;kV
k
2 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞUk

2 þ bk�1U
0
2 þ l2

6
Vk

0

lf k3 þ l
Pk�1

j¼0 aj;kV
k
3 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞUk

3 þ bk�1U
0
3

..

.

lf kM�2 þ l
Pk�1

j¼0 aj;kV
k
M�2 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞUk

M�2 þ bk�1U
0
M�2 þ

l2
6
Vk
M

lf kM�1 þ l
Pk�1

j¼0 aj;kV
k
M�1 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞUk

M�1 þ bk�1U
0
M�1 � l2V

k
M

0

B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
A

;F2 ¼

Uk
0

h2

� Uk
0

6h2

0

0

..

.

0

0
Uk

M

6h2

Uk
M

h2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:
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k1 ¼ r

36h2
; k2 ¼ � 10r

18h2
; k3 ¼ s

6
þ r

h2
þ 25r

9h2
;

k4 ¼ � 5s

3
� 10r

18h2
� 10r

h2
; k5 ¼ 1 þ 3sþ r

18h2
þ 50r

9h2
þ 9r

h2

then we have

k1U
k
i�4 þ k2U

k
i�3 þ k3U

k
i�2 þ k4U

k
i�1

þ k5U
k
i þ k4U

k
iþ1 þ k3U

k
iþ2 þ k2U

k
iþ3 þ k1U

k
iþ4

¼ lf ki þ l
Xk�1

j¼0

aj;k
h2

� 1

6
Uk

i�2 þ
5

3
Uk

i�1 � 3Uk
i

	

þ 5

3
Uk

iþ1 �
1

6
Uk

iþ2




þ
Xk�1

j¼1

ðbk�j�1 � bk�jÞUj
i þ bk�1U

0
i :

ð37Þ

Next, we define the grid functions as follows:

fkðxÞ ¼
fkj ; xj �

h

2
\x� xj þ

h

2
;

0; 0� x� h

2
orL� h

2
\x� L:

8
><

>:
ð38Þ

We can expand fkðxÞ into a Fourier series

fkðxÞ ¼
X1

l¼�1
dkðlÞei2plx=L; ð39Þ

where

dkðlÞ ¼
1

L

Z L

0

fkðxÞe�i2plx=L dx: ð40Þ

Denoting

kfkk2 ¼
	Z L

0

kfkðxÞk2
dx


1
2

; ð41Þ

and using the Parseval equality

Z L

0

kfkðxÞk2
dx ¼

X1

l¼�1
kdkðlÞk2; ð42Þ

one has

kfkk2 ¼
X1

l¼�1
kdkðlÞk2: ð43Þ

We can expand fkj into Fourier series, and Because the

difference equations are linear, we can analyze the behavior

of the total error by tracking the behavior of an arbitrary nth

component [58]. So we can assume that the solution of (37)

has the following form

fkj ¼ dke
irxjh;

where rx ¼ 2pl=L. Substituting the above expression into

(37) we obtain

dk ¼
bk�1

z
d0 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞdj

z
þ
rs0

Pk�1
j¼0 aj;kdj

z
;

ð44Þ

where

s0 ¼ � 1

3
cosð2rxhÞ þ

10

3
cosðrxhÞ � 3� 0;

z ¼ 2k1 cosð4bhÞ þ 2k2 cosð3bhÞ
þ 2k3 cosð2bhÞ þ 2k4 cosðbhÞ þ k5:

Theorem 2 Suppose that dk, ð1� k�N � 1Þ are
defined by (44), then we obtain

jdkj �Ckjd0j; k ¼ 1; 2; � � � ;N � 1:

Proof We will prove this claim by mathematical induc-

tion. For k ¼ 1 we prove that there exist a constant C1 such

that

�
�d1

�
� ¼

�
�d0

�
�

�
�1 þ rs0a0;1

�
�

�
�z
�
�

�C1

�
�d0

�
�:

For this purpose, we have

1 þ rs0a0;1 ¼ 1 þ l
h2

a0;1

	

� 1

3

	

1 � 2r2
xh

2 þ Oðh4Þ



þ 10

3

	

1 � r2
xh

2

2
þ Oðh4Þ




� 3




¼ 1 þ l
h2

a0;1

	
2r2

xh
2

3
� 5r2

xh
2

3
þ Oðh4Þ




¼ 1 � la0;1r
2
x þ la0;1Oðh2Þ;

and

z ¼ l
18h4

	

1 � 8b2h2 þ Oðh4Þ



� 10l
9h4

	

1 � 9b2h2

2
þ Oðh4Þ




þ
	
lþ la1;1

3h2
þ 2l

h4
þ 50l

9h4


	

1 � 2b2h2 þ Oðh4Þ



þ
	
�10l� 10la1;1

3h2
� 10l

9h4
� 20l

h4




�
	

1 � b2h2

2
þ Oðh4Þ




þ 1

þ 3lþ 3la1;1

h2
þ l

18h4
þ 50l

9h4
þ 9l

h4
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¼ l
18h4

� 10l
18h4

þ 2l
h4

þ 50l
9h4

� 10l
9h4

� 20l
h4

þ l
18h4

þ 50l
9h4

þ 9l
h4

� 8lb2

18h2
þ 5lb2

h2
�
	

2lþ 2la1;1

3




b2

þ
	

5lþ 5la1;1

3




b2 þ 3lþ 3la1;1

h2
þ lþ la1;1

3h2

�
	

10lþ 10la1;1

3h2




þ l
18

Oð1Þ � 10l
9

Oð1Þ þ 68l
9

Oð1Þ � 190l
9

Oð1Þ

þ
	
lþ la1;1

3




Oðh2Þ

�
	

10lþ 10la1;1

3




Oðh2Þ þ 1

¼ � 8lb2

18h2
þ 5lb2

h2
þ ðlþ la1;1Þb2 � 263l

18
Oð1Þ

� ð3lþ 3la1;1ÞOðh2Þ þ 1:

We take the limit from
1þrs0a0;1

z as s ! 0 and h ! 0 in such a

way that we maintain the ratio l
h2 ¼ saCð2�aÞ

h2 equal to a fixed

constant H. So that

1 þ rs0a0;1

z
! 1

41
9
b2H þ 1

¼ H1:

As a result, there is a positive constant C1 independent of

N, M that says

�
�
�
�
1 þ rs0a0;1

z

�
�
�
��C1:

Assume that
�
�dn

�
��Cn

�
�d0

�
�; 1� n� k � 1:

We have

�
�dk

�
��

bk�1jd0j þ
Pk�1

j¼1 ðbk�j�1 � bk�jÞjdjj þ jrs0jj
Pk�1

j¼0 aj;kjjdjj
jzj :

Now assume that

C0 ¼ maxfC1;C2; . . .;Ck�1g;C00 [C0;C00 � 1; ð45Þ

so similar to initial case k ¼ 1, we obtain

�
�dk

�
��

bk�1C
00jd0j þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞC00jd0j þ jrs0jC00j

Pk
j¼0 aj;kjjd0j

jzj

¼
bk�1 þ

Pk�1
j¼1 ðbk�j�1 � bk�jÞ

� 
C00jd0j þ jrs0jC00j

Pk
j¼0 aj;kjjd0j

jzj

¼
C00 þ jrs0jC00j

Pk
j¼0 aj;kj

� 
jd0j

jzj �Ckjd0j;

This completes the proof. h

Theorem 3 The finite difference scheme (31)–(35) is
unconditionally stable for a 2 ð0; 1Þ:

Proof Thanks to theorem (2) and Parseval’s equality, we

obtain

kUk � ~Ukk2

l2 ¼ kfkk2

l2 �C2
kkf

0k2
l2 ;

so that

kUk � ~Ukkl2 �CkU0 � ~U0kl2 ;

which indicates that the numerical scheme is stable. h

5. Convergence

In this section, we prove that convergence of the difference

scheme (31)–(35). Similar to the previous section let ekj ¼
ukj � Uk

j ; 1� j�M � 1; 0� k�N � 1 and and denote, ek ¼
ðek1; ek2; . . .; ekM�1Þ

T ;Rk ¼ ðRk
1;R

k
2; . . .;R

k
M�1Þ

T ;
0� k�N � 1:

From Equations (31)–(35) and Rkþ1
j ¼ Oðs2�a þ h2Þ and

noticing that e0
j ¼ 0, similar to (37) one has

k1e
k
i�4 þ k2e

k
i�3 þ k3e

k
i�2 þ k4e

k
i�1 þ k5e

k
i þ k4e

k
iþ1 þ k3e

k
iþ2

þ k2e
k
iþ3 þ k1e

k
iþ4

¼ lf ki þ l
Xk�1

j¼0

aj;k
h2

ð� 1

6
eki�2 þ

5

3
eki�1 � 3eki þ

5

3
ekiþ1 �

1

6
ekiþ2Þ

þ
Xk�1

j¼1

ðbk�j�1 � bk�jÞeji þ lRk
i :

ð46Þ

Using the similar idea of stability analysis, we define the

following functions

ekðxÞ ¼
ekj ; xj �

h

2
\x� xj þ

h

2
; 1� j�M � 1;

0; 0� x� h

2
orL� h

2
\x� L:

8
><

>:
ð47Þ

and

RkðxÞ ¼
Rk
j ; xj �

h

2
\x� xj þ

h

2
; 1� j�M � 1;

0; 0� x� h

2
orL� h

2
\x� L:

8
><

>:

ð48Þ

We expand the ekðxÞ and RkðxÞ into the following Fourier

series expansions
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ekðxÞ ¼
X1

l¼�1
gkðlÞei2plx=L;RkðxÞ ¼

X1

l¼�1
nkðlÞei2plx=L;

ð49Þ

where

gkðlÞ¼
1

L

Z L

0

ekðxÞe�i2plx=L dx; nkðlÞ¼
1

L

Z L

0

RkðxÞe�i2plx=L dx:

ð50Þ

Applying the Parseval equality

Z L

0

kekðxÞk2
dx ¼

X1

l¼�1
kgkðlÞk2;

Z L

0

kRkðxÞk2
dx ¼

X1

l¼�1
knkðlÞk2;

ð51Þ

and

Z L

0

kekðxÞk2
dx ¼

XM�1

j¼1

hkekj k
2;

Z L

0

kRkðxÞk2
dx ¼

XM�1

j¼1

hkRk
j k

2;

ð52Þ

we have

kekk2
2 ¼

X1

l¼�1
kgkðlÞk2; kRkk2

2 ¼
X1

l¼�1
knkðlÞk2: ð53Þ

Now, we suppose that

ekj ¼ gke
irxjh;

Rk
j ¼ nke

irxjh;

where rx ¼ 2lp
L . By replacing the above relations into (46)

leads to

gk ¼
Pk�1

j¼1 ðbk�j�1 � bk�jÞgj
z

þ
rs0

Pk�1
j¼0 aj;kgj
z

þ lnk
z

:

ð54Þ

Lemma 3 (Discrete Gronwall inequality) Let yn and gn
be nonnegative sequences and b be a nonnegative constant.
If [59]

yn � bþ
X

0� k\n

gkyk; n� 0;

then

yn �
Y

0� j\n

ð1 þ gjÞ� b exp

	
X

0� j\n

gj




:

Theorem 4 If gk be the solution of Equation (54), then
there is positive constant C such that

jgkj �Cjn1j: ð55Þ

Proof In view of the convergence of the series on the

right-hand side of Equation (53), we know that there exists

a positive constant C2, such that

jnkj �C2jn1j; k ¼ 1; 2; . . .;N � 1: ð56Þ

According to Equations (54), (56) and theorem (2), we have

jgkj �
Xk�1

j¼1

ðbk�j�1 � bk�jÞ �
jgjj
jzj þ

Xk�1

j¼0

aj;k
jgjjjrs0j
jzj þ ljnjj

jzj

�
	

C1

Xk�1

j¼0

ðbk�j�1 � bk�jÞ þ C2

Xk�1

j¼0

aj;k




jgjj þ C3jn1j

�C3jn1j expðC1ð1 � bkÞ þ C2C4Þ
�C3jn1j expðC1 þ C2C4Þ ¼ Cjn1j:

This completes the proof. h

Theorem 5 The difference scheme (31)–(35) is conver-

gent, and the order of convergence is Oðs2�a þ h2Þ.

Proof By theorem (4) and Equation (56), we can obtain

kekk2
l2 ¼

X1

l¼�1
kgkðlÞk2 �

X1

l¼�1
C2kn1ðlÞk2

¼ C2
X1

l¼�1
kn1ðlÞk2 ¼ C2kR1k2

l2 ;

furthermore, there exists a positive constant C1, such that

Rk
i �C1ðs2�a þ h2Þ ) jjRkjj �C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM � 1Þh

p
ðs2�a þ h2Þ

�C1

ffiffiffi
L

p
ðs2�a þ h2Þ

So that

kekkl2 �CkR1kl2 �C0ðs2�a þ h2Þ;

where C0 ¼ C
ffiffiffi
L

p
. This completes the proof. h

6. Numerical experiments

In this section, five test problems are presented to check the

effectiveness, validity, stability, and convergence orders of the

present method. The domain in all examples is X ¼ ½0; 1��
½0; 1�. All computations are implemented with MATLAB

R2020b. The error norms used in this section are as follows:

jjejj1 ¼ max
0� i�N;0� j�M

juðxi; tjÞ � Uðxi; tjÞj;

keðs; hÞk ¼ keNk ¼
	

Dx
XM

j¼1

ðeNj Þ
2


1
2

;

where ekj ¼ uðxj; tkÞ � Uk
j . In all examples we have used the

following formulas to calculate the convergence rate:
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r1ðs; hÞ¼ log2

	
keðs; 2hÞk
keðs; hÞk




; r2ðs; hÞ¼ log2

	
keð2s; hÞk
keðs; hÞk




:

Example 1 For the first example, consider the fol-

lowing problem:

CD
a
0;tuðx; tÞ � uxxðx; tÞ � I ðbÞuxxðx; tÞ þ uxxxxðx; tÞ ¼ f ðx; tÞ;

with the initial condition u0ðxÞ ¼ 0. The source term is

f ðx; tÞ ¼
	
Cðaþ bþ 1Þ
Cðbþ 1Þ t�a þ p2Cðaþ bþ 1Þ

Cð2bþ 1Þ tb

þ p2 þ p4




taþb sinðpxÞ:

The exact solution is

uðx; tÞ ¼ taþb sinðpxÞ:

In tables 1 and 3, we record the norm of errors and

convergence orders in spatial direction for different values

of a and b . In table 2, the orders of convergence with

respect to time for different values of a and b are reported.

For each value of a and b, we chose different spatial step

sizes h ¼ 1=10; 1=20; . . .; 1=320 and a fixed temporal step

length of s to obtain the numerical convergence rates in

Table 4. L1-norm errors with h ¼ 1=512 for example 1.

s

a ¼ 0:15 b ¼ 0:95 a ¼ 0:95 b ¼ 0:85

kek1 CPU kek½30�
1 kek1 CPU kek½30�

1

1
16

1.8425e-05 0.5749s 9.444e-05 5.7083e-04 0.5517s 5.632e-04
1

32
9.2283e-06 1.2213s 2.410e-05 2.9111e-04 1.1902s 2.882e-04

1
64

6.7322e-06 3.1247s 6.012e-06 1.5331e-04 3.0141s 1.529e-04
1

128
6.0623e-06 9.1477s 1.732e-06 7.7794e-05 8.9472s 7.770e-05

Table 1. L2-norm errors and order of convergence for a ¼ 0:1; 0:3; 0:5 and b ¼ 0:1; 0:15; 0:45 for example 1.

h

s a ¼ 0:1 b ¼ 0:1 s a ¼ 0:3 b ¼ 0:15 s a ¼ 0:5 b ¼ 0:45
1

55
keNk r1ðs; hÞ 1

135
keNk r1ðs; hÞ 1

15
keNk r1ðs; hÞ

1
10

9.6233e-03 9.9334e-03 1.0321e-02
1

20
2.6307e-03 1.8711 2.6851e-03 1.8873 2.7430e-03 1.9116

1
40

6.4975e-04 2.0175 6.6955e-04 2.0037 6.7759e-04 2.0173
1

80
1.5008e-04 2.1141 1.6518e-04 2.0191 1.6533e-04 2.0350

1
160

2.5577e-05 2.5528 4.0002e-05 2.0459 3.8777e-05 2.0921
1

320
5.4572e-06 2.2286 8.8637e-06 2.1741 7.3685e-06 2.3958

Table 2. L2-norm errors and order of convergence for a ¼ 0:1; 0:3; 0:95 and b ¼ 0:65; 0:45; 0:15 for example 1.

s h a ¼ 0:1 b ¼ 0:65 h a ¼ 0:3 b ¼ 0:45 h a ¼ 0:95 b ¼ 0:15
1

1000
keNk r2ðs; hÞ 1

1000
keNk r2ðs; hÞ 1

1000
keNk r2ðs; hÞ

1
4

3.6258e-04 2.5677e-04 4.0930e-05
1
8

1.1178e-04 1.6976 7.7851e-05 1.7217 2.4556e-05 0.7370
1

16
3.3758e-05 1.7273 2.3047e-05 1.7561 1.2870e-05 0.9321

1
32

9.6178e-06 1.8115 6.2854e-06 1.8745 6.0982e-06 1.0775

Table 3. L2-norm errors and orders for s ¼ 1=109 and a ¼
0:9; b ¼ 0:75 for example 1.

h

a ¼ 0:9 b ¼ 0:75

keNk r1ðs; hÞ
1

10
1.0717e-02

1
20

2.7944e-03 1.9393
1

40
6.7617e-04 2.0471

1
80

1.5544e-04 2.1210
1

160
2.7379e-05 2.5052

1
320

4.3300e-06 2.6606
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Table 5. Error for different T ; a and fixed h; s; b for example 1.

T h s
a ¼ 0:4; b ¼ 0:5 a ¼ 0:7; b ¼ 0:5

keNk keNk

2 1
500

1
10

5:6081e�06 2:2204e�05

4 1
500

1
10

4:7115e�06 3:5576e�05

8 1
500

1
10

1:2735e�05 4:8432e�05

10 1
500

1
10

2:6216e�05 7:5994e�05

Figure 1. The graph of exact (left) and numerical (right) solutions at s ¼ 1=55 and h ¼ 1=320 with a ¼ b ¼ 0:1 for Example 1.

Figure 2. The surface of absolute pointwise errors when s ¼ 1=55 , h ¼ 1
320

and contour plot of numerical solution for Example 1.
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Numerical solution
Exact solution

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2
10-6 |e(x,t=1)|

Figure 3. The comparison between numerical solution and exact solution (left) and pointwise absolute error (right) with s ¼ 1=55 and

h ¼ 1
320

at t ¼ 1 for example 1.

Table 6. L2-norm errors and order of convergence for a ¼ 0:1; 0:4; 0:8 and b ¼ 0:3; 0:5; 0:6 when s ¼ 1=277 for example 2.

h

a ¼ 0:1
b ¼ 0:3

a ¼ 0:4
b ¼ 0:5

a ¼ 0:8
b ¼ 0:6

keNk r1ðs; hÞ CPU keNk r1ðs; hÞ CPU keNk r1ðs; hÞ CPU

1
10

1.0339e-02 0.7798s 1.0563e-02 0.7663s 1.0646e-02 0.7657s
1

20
2.7348e-03 1.9186 1.4044s 2.7753e-03 1.9283 1.3889s 2.7890e-03 1.8867 1.3777s

1
40

6.7373e-04 2.0212 2.5325s 6.8187e-04 2.0251 2.3544s 6.8486e-04 2.0717 2.5309s
1

80
1.6383e-04 2.0400 4.8787s 1.6701e-04 2.0296 4.6083s 1.6718e-04 2.0344 4.8575s

1
160

3.8025e-05 2.1072 9.6636s 4.0284e-05 2.0516 9.0576s 3.9813e-05 2.0701 9.6751s
1

320
6.8213e-06 2.4788 20.1019s 8.8901e-06 2.1799 19.0211s 8.2699e-06 2.2673 20.320s

Table 7. L1-norm errors with h ¼ 1=512 for example 2.

s

a ¼ 0:50
b ¼ 0:35

a ¼ 0:55
b ¼ 0:15

a ¼ 0:15
b ¼ 0:60

kek1 CPU kek½30�
1 kek1 CPU kek½30�

1 kek1 CPU kek½30�
1

1
16

1.3292e-04 0.5127s 1.400e-04 1.2294e-04 0.5598s 1.268e-04 6.9553e-05 0.5420s 6.930e-05
1

32
5.0593e-05 1.0761s 5.562e-05 5.4439e-05 1.2022s 5.829e-05 2.0456e-05 1.1891s 2.340e-05

1
64

1.8086e-05 2.6267s 2.237e-05 2.3390e-05 3.0994s 2.763e-05 4.0925e-06 3.1243s 7.567e-06
1

128
5.0688e-06 7.4859s 9.078e-06 9.0937e-06 9.1954s 1.329e-05 1.3550e-06 9.1544s 72.492e-06

Table 8. Error for different T ; a and fixed h; s; b for example 2.

T h s
a ¼ 0:4; b ¼ 0:5 a ¼ 0:7; b ¼ 0:5

keNk keNk

2 1
500

1
10

1:3528e�06 5:0532e�07

4 1
500

1
10

5:2240e�06 3:9042e�06

8 1
500

1
10

9:4774e�06 8:6232e�06

10 1
500

1
10

1:0983e�05 1:0252e�05
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spatial, which is in excellent agreement with our theoretical

results. In table 4, we compared our results with the

reference [30]. In table 5, we presented the results for large

time instant t.
Figure 1 compares the plots of the exact and numer-

ical sulotions computed by difference scheme using s ¼ 1
55

and h ¼ 1
320

. The plot of pointwise errors and the contour

plot of numerical solution at t ¼ 1 with s ¼ 1
55

and h ¼ 1
320

is illustrated in figure 2. In figure 3, a comparison between

the numerical and exact solutions at t ¼ 1 with s ¼ 1
55

and

h ¼ 1
320

is demonstrated. It can be seen from tables 1 and 3

that, when spatial step sizes decrease, we obtain better

results. In tables 1, 2, and 3 the CPU time is almost 2

seconds. All the figures show that the numerical scheme is

efficient and effective.

Example 2 Consider the problem (1) with exact solu-

tion uðx; tÞ ¼ tb sinðpxÞ; ðx; tÞ 2 X. The source term is

taken as

f ðx; tÞ ¼
	

Cðbþ 1Þ
Cðbþ 1 � aÞ t

�a þ p2Cðbþ 1Þ
Cð2bþ 1Þ tb þ p2 þ p4




tb sinðpxÞ:

Figure 4. The exact (left) and numerical (right) solutions at s ¼ 1=277 and h ¼ 1=640 with a ¼ 0:8; b ¼ 0:6 for example 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Numerical solution
Exact solution

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6
10-5 |e(x,t=1)|

Figure 5. The comparison between numerical solution and exact solution (left) and pointwise absolute error (right) with s ¼ 1=277 and

h ¼ 1
640

at t ¼ 1 for example 2.
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Figure 6. Poinwise errors for Example 2: top left ða ¼ 0:8; b ¼ 0:6; s ¼ 1=10; h ¼ 1=640Þ, top right

ða ¼ 0:1; b ¼ 0:3; s ¼ 1=277; h ¼ 1=640Þ, bottom left ða ¼ 0:4; b ¼ 0:5; s ¼ 1=10; h ¼ 1=640Þ, bottom right

ða ¼ 0:6; b ¼ 0:9; s ¼ 1=5; h ¼ 1=640Þ.

Table 9. L2-norm errors and order of convergence for a ¼ 0:1; 0:5; 0:7 and b ¼ 0:1; 0:5; 0:7 for example 3.

h

s a ¼ 0:1 b ¼ 0:1 s a ¼ 0:5 b ¼ 0:5 s a ¼ 0:7 b ¼ 0:7
1
40

keNk r1ðs; hÞ 1
40

keNk r1ðs; hÞ 1
95

keNk r1ðs; hÞ
1

10
4.0189e-03 4.0180e-03 4.0259e-02

1
20

1.1401e-03 1.8176 1.1517e-03 1.8276 1.1566e-03 1.7994
1

40
2.9085e-04 1.9708 2.9551e-04 1.9625 2.9706e-04 1.9611

1
80

7.3102e-05 1.9923 7.4336e-05 1.9913 7.4659e-05 1.9924
1

160
1.8346e-05 1.9932 1.8479e-05 2.0080 1.8460e-05 2.0159

1
320

4.6520e-06 1.9808 4.4587e-06 2.0512 4.3457e-06 2.0867
1

640
1.2216e-06 1.9291 9.4657e-07 2.2358 8.0916e-07 2.4251
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In table 6, we list

L2-norm errors and experiment order of convergence

for the difference scheme. Herein, we take s ¼ 1
277

and

choose different spatial step sizes for different values of a
and b . Also, the convergence rate in space is seen to be

about 2. The CPU time is less than 30 seconds. In table 7,

we compared our results with those of the reference [30]. In

table 8, we presented the results for large time instant t.
Figure 4 shows the exact and numerical solutions. Figure 5

presents the exact and numerical solutions and absolute

error at t ¼ 1. In figure 6, we depicted graph of pointwise

errors for different values of a; b; s; h. It is apparent from

tables and figures that the numerical scheme works well.

Table 10. L2-norm errors and order of convergence for a ¼ 0:1; 0:2; 0:95 and b ¼ 0:71; 0:85; 0:15 for Example 3.

s

h a ¼ 0:1 b ¼ 0:71 h a ¼ 0:2 b ¼ 0:85 h a ¼ 0:95 b ¼ 0:15
1

2000
keNk r2ðs; hÞ 1

2000
keNk r2ðs; hÞ 1

1000
keNk r2ðs; hÞ

1
3

2.3836e-05 2.0196e-05 4.4053e-05
1
6

6.1586e-06 1.9525 4.9076e-06 2.0409 2.5523e-05 0.7874
1

12
1.6320e-06 1.9159 1.2385e-06 1.9864 1.3373e-05 0.9325

1
24

4.9616e-07 1.7178 3.7713e-07 1.7155 6.5759e-06 1.0241

Table 11. Error for different T ; a and fixed h; s; b for Example 3.

T h s
a ¼ 0:4; b ¼ 0:5 a ¼ 0:7; b ¼ 0:5

keNk keNk

2 1
200

1
10

9:8215e�05 8:7838e�05

4 1
200

1
10

7:5296e�04 7:3353e�04

8 1
200

1
10

5:7694e�03 5:7400e�03

10 1
200

1
10

1:1099e�02 1:1070e�02

Figure 7. The exact (left) and numerical (right) solutions curves at s ¼ 1=95 and h ¼ 1=1280 with a ¼ 0:7; b ¼ 0:7 for example 3.
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Example 3 In this example the exact solution of the

problem (1) is given by uðx; tÞ ¼ t3x3ð1 � xÞ3
and the

inhomogeneous term is

f ðx; tÞ ¼ 6x3ð1 � xÞ3t3�a

Cð4 � aÞ � 6t3xð�5x3 þ 10x2 � 6xþ 1Þ

� 36xð�5x3 þ 10x2 � 6xþ 1Þtbþ3

Cðbþ 4Þ � 72ð5x2 � 5xþ 1Þt3:

Tables 9 and 10 give the L2-norm errors and

convergence orders using the present numerical method.

It is observed that the numerical solutions of the numerical

scheme are seen to be in good agreement with the exact

ones. In table 11, we presented the results for large time

instant t. The CPU time is less than 12 seconds. In figure 8,

surfaces of pointwise error are portrayed at different

a; b; s; h; T . In figure 7, the numerical solution and exact

solution curves have been demonstrated. In figure 9, the

comparison between uðxj; tkÞ and Uk
j at t ¼ 1 is created to

show the efficiency of the presented method. Also, the CPU

time illustrates that the proposed scheme is fast.

Example 4 Consider fourth-order time-fractional inte-

gro-differential equation with a weakly singular kernel (1)

with exact solution uðx; tÞ ¼ t2exx3ð1 � xÞ3; ðx; tÞ 2 X. The

source term is taken as

f ðx; tÞ ¼ 2t2�aexx3ð1 � xÞ3

Cð3 � aÞ
þ t2exxðx5 þ 9x4 þ 3x3 � 37x2 þ 30x� 6Þ

þ 2exxðx5 þ 9x4 þ 3x3 � 37x2 þ 30x� 6Þ
Cðbþ 3Þ tbþ2

� txexðx6 þ 21x5 þ 123x4 þ 167x3

� 156x2 � 108xþ 48Þ:

Figure 8. Poinwise errors for Example 3: top left ða ¼ 0:7; b ¼ 0:7; s ¼ 1=95; h ¼ 1=1280; T ¼ 1Þ, top right

ða ¼ 0:9; b ¼ 0:1; s ¼ 0:02; h ¼ 1=640; T ¼ 2Þ, bottom left ða ¼ 0:9; b ¼ 0:1; s ¼ 0:04; h ¼ 1=640; T ¼ 4Þ, bottom right

ða ¼ 0:8; b ¼ 0:4; s ¼ 0:08; h ¼ 1=640; T ¼ 8Þ.
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From table 12, we can see that by decreasing h, more

accurate results can be achieved. In table 13, L-2 norm

errors are demonstrated for a ¼ 0:3; 0:8. It is clear from

table 12 that the presented method is accurate with a good

order of convergence. The CPU time is less than 12

seconds. Figure 10 shows that the exact and numerical

solutions are the same. The plot of pointwise error and

comparison between numerical and exact solutions at t ¼ 1

are illustrated in figure 11. All the tables and figures clearly

show that the present difference scheme is impressive in

term of accuracy.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

Numerical solution
Exact solution

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
10-7 |e(x,t=1)|

Figure 9. The comparison between numerical solution and exact solution (left) and absolute error (right) with s ¼ 1=277; h ¼ 1
1280

and

a ¼ 0:7; b ¼ 0:7 at t ¼ 1 for example 3.

Table 12. L2-norm errors and order of convergence for a ¼ 0:1; 0:6; 0:8 and b ¼ 0:1; 0:3; 0:5 when s ¼ 1=40 for Example 4.

h

a ¼ 0:1 b ¼ 0:1 a ¼ 0:6 b ¼ 0:3 a ¼ 0:8 b ¼ 0:5

keNk r1ðs; hÞ keNk r1ðs; hÞ keNk r1ðs; hÞ
1

10
5.8631e-03 5.7861e-03 5.7812e-02

1
20

2.1882e-03 1.4219 2.1813e-03 1.4074 2.1907e-03 1.3999
1

40
6.0335e-04 1.8587 6.0458e-04 1.8512 6.0829e-04 1.8486

1
80

1.5495e-04 1.9612 1.5552e-04 1.9588 1.5617e-04 1.9616
1

160
3.9074e-05 1.9875 3.9049e-05 1.9937 3.8712e-05 2.0122

1
320

9.8318e-06 1.9907 9.5980e-06 2.0245 8.9835e-06 2.1074
1

640
2.5002e-06 1.9754 2.2062e-06 2.1212 1.5212e-06 2.5621

1
1280

6.6552e-07 1.9095 3.5654e-07 2.6694 3.6583e-07 2.0560

Table 13. Error for different s; T; a and fixed h; b for Example 4.

T h s
a ¼ 0:3 a ¼ 0:8

keNk keNk

0.5 1
640

1
20

8.2658e-07 1.6247e-06

1 1
640

1
10

4.0473e-06 1.2768e-06

2 1
640

1
40

9.9581e-06 8.9517e-06

4 1
640

1
40

3.8448e-05 3.7578e-05

8 1
640

1
10

1.5223e-04 1.4828e-04

Sådhanå          (2022) 47:253 Page 19 of 22   253 



Example 5 In the last example, we consider

uðx; tÞ ¼ ðx2 � xÞ4
sinðpxÞta.

In table 14, L-2 norm errors are reported for

a ¼ b ¼ 0:1; 0:3; 0:7. In table 15, numerical results are

presented with large time instant t; ðT ¼ 2; 4; 6; 10Þ.
Tables 14 and 15 verify the efficiency of the proposed

method.

Figure 10. The exact (left) and numerical (right) solutions plots at s ¼ 1=40 and h ¼ 1=1280 with a ¼ 0:8; b ¼ 0:5 for example 4.

Figure 11. The poinwise error (left) and comparison between numerical and exact solutions (right) for example 4.

Table 14. L2-norm errors for a ¼ b ¼ 0:1; 0:3; 0:7 for Example

5.

h s
a ¼ b ¼ 0:1 a ¼ b ¼ 0:3 a ¼ b ¼ 0:7

keNk keNk keNk
1

10
1

10
2:0264e�03 2:0339e�03 2:0805e�03

1
20

1
20

4:2266e�04 4:2396e�04 4:3339e�04
1

40
1

40
3:7887e�05 3:8003e�05 3:8765e�05

1
80

1
80

3:1906e�06 3:1950e�06 3:2162e�06

Table 15. Error for different T ; a and fixed h; s; b for Example 5.

T h s
a ¼ 0:4; b ¼ 0:5 a ¼ 0:7; b ¼ 0:5

keNk keNk

2 1
100

1
100

2.1160e-06 2.6063e-06

4 1
100

1
100

2.7389e-06 4.1694e-06

6 1
100

1
100

3.1801e-06 5.4769e-06

10 1
100

1
100

3.8303e-06 7.7039e-06
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7. Conclusions

In this paper, we presented a difference scheme using cubic

B-spline quasi-interpolation for the numerical solution of a

fourth-order time-fractional integro-differential equation

with a weakly singular kernel. The time fractional deriva-

tive of the mentioned equation is approximated by a

scheme of order Oðs2�aÞ and the spatial derivative is

replaced with a second order approximation. The fractional

integral is approximated by polynomial interpolation. In

terms of the implementation and speed of the method, it is

easy to apply and almost fast. We have proved the stability

and convergence of the numerical method with the order of

convergence Oðs2�a þ h2Þ. Five test problems have been

performed to show the convergence orders, applicability,

and capability of the method. All numerical computations

are obtained by using MATLAB R2020b.

List of symbols

RLI
a
a;x Riemann–Liouville integral

CD
a
a;x Caputo fractional derivative
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