Sadhana (2022) 47:200
https://doi.org/10.1007/s12046-022-01948-6

© Indian Academy of Sciences

®

Check for
updates

Effect of torsional ground motion on seismic response of symmetric
multistorey buildings incorporating soil-structure interaction

JAVED AHMAD BHAT!"*® , G V RAMANA? and A K NAGPAL?

"'National Institute of Technology Srinagar, Srinagar, Kashmir 190006, India
*Department of Civil Engineering, Indian Institute of Technology Delhi, Hauz Khas,

New Delhi 110016, India

e-mail: bhat_javed @nitsri.ac.in; ramana@civil.iitd.ernet.in; aknagpal @civil.iitd.ernet.in

MS received 12 January 2022; revised 29 June 2022; accepted 30 June 2022

Abstract.

Effect of torsional ground motion is considered in the seismic codes indirectly by considering

1. Introduction

accidental eccentricity which also includes uncertainties in storey masses and stiffnesses of structural elements
of the buildings. However, there is no explicit mention of the effect of torsional ground motion on the response
for different types of buildings including soil—-structure interaction (SSI), as it is reported in the literature that
torsionally flexible low-rise buildings are susceptible to torsional ground motion. A systematic study has been
carried out on the effect of torsional ground motion including SSI on the response of torsionally flexible through
torsionally stiff multistorey buildings. The effect of torsional ground motion resulting from the propagation of
motion through different soil mediums: firm soil, medium-firm soil and soft soil is reported in the study. For
these soil mediums, two cases of ground motion: (i) translation ground motion only and (ii) combined translation
and torsional ground motion are considered. A set of multistorey buildings with fundamental period of vibration
T =0.3sand T = 0.8 s having frequency ratios Q = 0.65, 1.0 and 1.5 (Q = ratio of uncoupled fundamental
torsional frequency, ®y to uncoupled fundamental translational frequency, ®,) is considered. These chosen
buildings cover practically the entire spectrum of torsionally flexible and torsionally stiff low-rise buildings.
Frequency domain analysis has been carried out to incorporate SSI effects. The results obtained from the
frequency domain have been transformed into the time domain using Fast Fourier Transform (FFT) and the
storey shears obtained from ten earthquake time histories (translation and torsional) have been averaged. It is
found that the torsional ground motion effect is significant in the case of torsionally flexible buildings with low
periods of vibration and the effect of SSI is insignificant in all types of buildings. Further, the combined effect of
torsional ground motion and soil-structure interaction on the distribution of storey shears along the height varies
significantly for high period buildings (7" =0.8s).

Keywords. Torsional ground motion; multistorey buildings; seismic response; spatial variation; earthquake
time history; soil-structure interaction.

century, the torsional component of ground motion has
been considered only in a limited number of studies. The

Recorded translational ground motion histories are avail-
able but no actual records of the rotational ground motion
have been obtained till date. Kozak [1] reported that seis-
mic torsional motion effects might be responsible for the
distortion of an obelisk in the San Bruno monastery fol-
lowing the 1783 Calabria earthquake and many illustrations
and observations as evidence of the effect of rotational
ground motions were presented. Zerva et al [2] reported
that torsional ground motion may be the potential con-
tributing factor that may affect the seismic response of
structural systems. Even though the studies regarding the
torsional ground motions date back to the mid-nineteenth
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effect of spatial variation of ground motion (torsional
ground motion) on the response of structures has also been
considered by taking translational ground motions at indi-
vidual supports. Spatial variation of the ground motion that
produces torsion was considered by applying it to individ-
ual supports of symmetric, mono asymmetric and two-way
asymmetric buildings [3-6].

The effect of torsional ground motion on the response of
structures was studied and it was found that there is a
significant increase in the response for buildings with low
fundamental periods 7 and low frequency ratios Q (Q =
ratio of uncoupled fundamental torsional frequency, ®q to
uncoupled fundamental translational frequency, ®,) [7, 8].
Similarly, Hao [9] reported that effect of torsional ground
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motion is significant for lower values of T and lower values
of apparent wave velocity, Va, (function of shear wave
velocity, Vs and angle of incidence of propagating waves,
0). Very limited work on the effect of torsional ground
motion including soil-structure interaction (SSI) effects is
reported. Spatial variation of ground motion (wave passage
effect only) has been considered by taking different time
lags in translational ground motions at the supports of a
plane frame, incorporating SSI, [10]. However, the tor-
sional response reported in these studies is based on a
model of single storey building.

For multistorey buildings subjected to torsional ground
motion, some studies have been reported, [11-13]. These
studies have been carried out on highly torsionally stiff
symmetric multistorey frame buildings for different aspect
ratios (length to width ratio of the building). As expected
only a small effect had been found on such types of
buildings. Similarly, Basu et al and Loghman et al [14, 15]
investigated the seismic behaviour of seismically isolated
buildings subjected to rotational components of ground
motions. It is reported that the response of seismically
isolated buildings could be significantly amplified due to
torsional ground motion [14], whereas, Loghman et al [15]
reported 33.75% amplification in the base shear and 120%
amplification in roof acceleration due to the inclusion of
torsional ground motion in the buildings that have a square
plan and higher slenderness ratio. They also observed that
the effect of torsional ground motion on roof acceleration
increases for the buildings that have higher aspect ratios. In
another study, Basu et al [16] proposed an alternative
procedure that accounts for both accidental eccentricity
produced due to uncertainties in mass and stiffness distri-
bution as well as torsional ground motions. Recently,
Guidotti et al [17] have reported an increase of 15% in
inter-story drift in tall buildings due to the inclusion of near
field ground motions with their torsional components.
Further, it is reported that the effect of torsional ground
motion on the floor acceleration of structures with a rela-
tively short torsional period of vibration may be significant
[18]. Compilation of analytical studies and findings asso-
ciated with the response of structures due to torsional
ground motion have been reported by Anagnostopoulos
et al [19] in a review paper. In these studies it was con-
cluded that overall seismic response of structures with
varying dynamic properties and, with various geometric
irregularities could be adversely affected by the torsional
components of ground motions. In all these studies
[12, 13, 19] the effect of torsional ground motion on the
seismic response of multistorey buildings has been repor-
ted. Recently effect of torsional ground on the response of
multistorey buildings with fixed foundation is reported by
Bhat et al [20, 20]. In this study it is reported that there is a
significant increase in the response of flexible buildings
with low period of vibration. However, there is no study
available that has taken into account the effects of soil
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medium i.e. incorporating SSI effects and torsional ground
motion.

Practically no work is available in literature on the dis-
tribution of storey shears along the height of multistorey
buildings subjected to torsional ground motion and incor-
porating SSI. A comprehensive study for multistorey
buildings subjected to torsional ground motion incorporat-
ing SSI is required, to take into account the effect of gov-
erning parameters: Vs or Va (soil type), Q and T on the
distribution of storey shears along the height of stiffening
elements of these buildings. In this paper, studies are
reported in this direction.

Systematic studies have been carried out for the entire
range of governing parameters for the low-rise buildings for
which the effect of torsional ground motion is significant.
The values of structural properties of buildings for chosen
values of pairs of parameters 7 and Q are arrived at by an
iterative process.

2. Simulation of earthquake ground motions

Due to the absence of appropriate sensors, it is neither
possible nor feasible to measure torsional ground
motion directly and reliably [14, 21, 22]. Therefore,
many researchers have derived torsional ground motion
from their translational components using kinematic
source models or the elasto-dynamic theory of wave
propagation. Three analytical methods were proposed
by Basu er al [14] to extract rotational components of
ground motions from their translational components.
Torsional accelerograms compatible with artificial
translational accelerograms with a given proportion of
surface and body waves were also developed, [23]. But
none was tested against an estimated torsional ground
motion from field measurements. De La Llera and
Chopra [7, 8] estimated the torsional ground motion
numerically at the basement of 30 buildings during the
1994 earthquakes of California. Similarly, torsional
ground motions were also estimated numerically using
recorded spatially varying translational ground
motions, [21, 24-26]. But no explicit formula for
estimating torsional ground motion was presented. Hao
[9] estimated torsional ground motion numerically from
SMART-1 array and presented a power spectral density
function (psdf) of the torsional ground motion at a
point on the ground surface taking both phase shift and
coherency loss effect into consideration. This torsional
psdf was verified with psdf of estimated torsional
ground motion obtained from actual records of trans-
lation from SMART-1 array. The proposed power
spectral density function for torsional acceleration is of
the form given below and has been used for the sim-
ulation of torsional ground motions in the present
study.
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Siz(w) = Sg(w)w{al(w) T op(w) +2ﬂvz} )

where S, (w) = translational motion (acceleration) power
spectral density function, V, = apparent wave velocity of
the propagating wave and o4 (w)&on(w) frequency depen-
dent parameter functions that take into account the coher-
ency loss effect and are expressed in the form

aj rad .
— w>0314—,j=1,2 2
(@) 15 "2 =1 (2)

%j(w) =
in which g; and b; are determined by the regressive method
from the recorded motions of SMART-1 array. Three sets
of values for a; and b; for low, medium and high coherency
have been proposed in [9]: a; = 1.0 x 107, b;=1.16,j=1,2
for high coherency, a; = 5.0 x 10°°, b; =2.00,j=12 for
low coherency and a; = 1.1160 x 10°°, b; = 1.66726, a, =
1.1593 x 10'6, b, = 1.72263, for medium coherency. The
values of a; and b; (j = 1, 2) corresponding to medium
coherency have been used in the present study.

The apparent wave velocity V,, is a function of shear
wave velocity of the medium V; and angle of incidence
0 of the propagating wave with the vertical and is
expressed as

Vs Vs

V,= ~
“ 0.87

~ sin(0)

(3)

where ¢ (in radians) = principal direction of the ground
motion.

The values of ¢, V, and corresponding V, have been
reported by O’Rourke et al [27] for the San Fernando
earthquake in February 1971.

The translational motion power spectral density function
used by Hao [9] in the derivation of torsional psdf is a
filtered Tajimi—Kanai spectrum and has been used in the
present study.

1+ 4§§(ﬁ)2
[1- @] gy
(2)*

[1- @] +ag@y

Se(w) =

So 4)

where Sp= scale factor depending on the ground motion
intensity, wg and w; = central ground frequency and central
frequency of high pass filter in rad/s respectively and &, and
&, = damping at central ground frequency and damping at
central filter frequency respectively.

Hindy and Novak [28] proposed values of w;/w, and
&,/&s as 0.1 and 1.0, respectively. For different soil con-
ditions values of w, and &, have been reported, [9, 29]. The
values of w, for the three types of soils, firm soil, medium-
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firm soil and soft soil were respectively presented as: w, =
31.416 rad/s, 15.70 rad/s and 6.283 rad/s respectively [9].
The values of &, adopted in the study have been taken as ¢,
=0.35, 0.45 and 0.55 for firm soil, medium-firm soil and
soft soil respectively, [29].

The translational motion (acceleration) psdf for firm,
medium-firm and soft soils are shown in figure 1(a). The
corresponding torsional motion (acceleration) psdf are
shown in figure 1(b) for 8 = 10°. From the psdf of
translational ground motion it is seen that a large amount
of energy is present over a broader frequency band for
firm soil and medium-firm soil, whereas for soft soil the
energy is centered in a narrow band due to the filtering of
higher frequencies. From the torsional ground motion
psdf it is seen that the energy is distributed over a large
frequency range in comparison to the translational
motion psdf.

Earthquake ground motions (translation/torsion) have
been simulated assuming that any periodic function, i, (¢)
can be expanded into a series of sinusoidal waves having
random phase angles uniformly distributed between 0 and
2n and having amplitudes determined from the power
spectral density function, which can be expressed as

tig(1) = ZN:A/‘SiH(wjf + @) (5)

j=1

where A; = amplitude, w, = frequency in rad/s and ®; =
phase angle of jth sinusoidal wave distributed between 0
and 2m. The amplitudes of jth sinusoidal wave with fre-
quency interval Aw are given by: A; = \/(4SAw), where §
= power spectral density function of the ground motion (S,
for translational ground motion and Sy, for torsional ground
motion).

The transient character of an earthquake can be
accounted for by multiplying the periodic function i,(f) by
an envelope function. The envelope function used, is a
Bogdanoff type, and the final expression for the generation
of the simulated earthquake time histories (translation/tor-
sion) in the present study is

N
lig(t) = ate™ >~ Ajsin(ajt + ®)) (6)

J=1

where a =0.206 and b = 0.0078 are two constants. Tor-
sional ground motions are out of phase by — m/2 from
translational ground motions, [21, 30]. Thus, a phase
difference of — m/2 is introduced in Eq (6) for torsional
ground motion.

Velocity response spectra are developed here to validate
the ground motion time histories generated, based on Eq
(6), for Q = 1.0 and peak ground acceleration, pga = 1g.
These spectra are in good agreement when compared with
those reported by Hao [9] (figure 2).
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Figure 1. Power spectral density function: (a) translational motion psdf, (b) torsional motion psdf.
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Figure 2. Comparison of velocity response spectra for transla-
tion and torsion: (Va=1000 m/s; m,=2.5 Hz.; £,=0.6; pga=1.0 g).

3. Modeling and equations of motion

Multistorey buildings comprising of frames as stiffening
elements are considered. Floor slabs of these buildings are
assumed to have infinite in-plane rigidity and no bending
stiffness. Mass of each storey is lumped at the corre-
sponding floor level. Figure 3 shows the superstructure-
foundation system (interaction system) consisting of the
superstructure and the raft as foundation system. As shown
in figure 3b each floor is assumed to have 3 degrees of
freedom (d.o.f.); a translation along each of the two
orthogonal axes in the plane of the floor and a rotation
about a vertical axis through the c.g. (centre of gravity) of
the raft. The raft is assumed to have 5 d.o.f. (figure 3c), a
translation along each of the two orthogonal axes in the
horizontal plane, a rotation about each of the two axes and a
rotation about the vertical axis again through the c.g. of the
raft. The interaction system is subjected to horizontal free
field motion in x or y directions and torsional ground
motion about the z-axis.

The superstructure-foundation system is treated as two
substructures:  superstructure and foundation. The
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Figure 3. Interaction system of building model: (a) schematic
presentation of building, (b) degrees of freedom in global
coordinates and (c) degrees of freedom of the raft.

governing equations of motion are written separately for
each substructure.

3.1 Equations of motion for the superstructure

Displacements at any floor level result from the movement
of the raft and the structural displacements of the floor with
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respect to the raft. The contribution to the floor displace-
ments, {¢"} from the movement of the raft is given by

{q"} = [A1{q,} + [Bl{q,} (7)

in which, {qg}T ={4 44 9o}, Where g, and g, are
free field translational ground motions in x and y directions
respectively and ¢, is the torsional ground motion about
the z-axis, {go}" = { qox qoy 0y 00.}, in which g, and
qoy are translations of the raft in x and y directions
respectively and

0, 0, and 0, are rotations of the raft about x, y and z axes
respectively and matrices A (3N x 3) and B (3N x 5) are of
the form

111..1: 000..0: 000...0
[A]" = ]000..0: 111..1: 000...0
000..0: 000..0: 111...1

1.1 : 000...0 : 000...0

000...0 : 111...1 : 000...0

BT = | 000..0: 000...0 : 111...1

hihyhs..hy : 000..0 : 000...0

000...0:  hyhyhs..hy :  000...0

000...0 : 000..0:  hihyhs..hy

where h; = (1 to N)
the raft, figure 3.

As stated earlier in addition to the above displace-
ments, floors undergo structural displacements relative
to the raft; let {g} be the vector of structural dis-
placements. Equations of motion of the superstructure
now are

= height of ith floor from the c.g. of

(M{q'} + [C{q} + [KI{q} =0 (8)

where [M], [K] and [C] are mass, stiffness and damping
matrices in global co-ordinates respectively. The total dis-
placement vector, {¢'} can be expressed as

{4} =14}y +{a} )

Substituting {¢"} and {g¢'} from Eq. 7 and Eq. 9, Eq. 8
becomes

(M){g} + M][Bl{do} + [CI{4} + [Kl{q} = —[M][A}{g}

(10)

3.2 Equations of motion for the raft

The raft is acted upon by the forces from the superstructure
as well as the reactive forces from the soil. The equations of
equilibrium of the raft can be expressed as

Translation along x-direction:
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Zmz% +Z

1yu q2N+l + mo(qu + q()x) + fo =0

(11a)

Rotation about y-axis:

lyCl ’q2N+l+9 Zlyz+Mﬁ =0
i=0

(11b)

Translation along y-direction:

N N
Zmi‘ﬁwi + Z (mxei) oy + mo(Ggy + Goy) + Vi =0
i=1 i=1

(11c¢)
Rotation about x-axis:

N N N
D midiy i+ (mxe)higoy g+ 00 Li+Mp =0

i—1 i=1 i=0
(114d)
Rotation about z-axis:

N

N
Z m; (_yuLIf + xCiéj;V+l + Z
i=1

i=1

ycz + xu + Izl]qZN-H

+ (qﬁz+éz)1z0+Mfz =0 (lle)

where ¢ = total acceleration at the i floor, mg = raft mass,
L, 1,;,andl; = mass moment of inertia of the raft (i = 0)
and of floors (i = 1 to N) about x, y and z axis respectively.
xciandy,; are the coordinates of center of mass at the ith
floor, VxandVy, = reactive forces in horizontal x and y
directions respectively and My, MyandMy, = reactive
moments about the x-axis, y-axis and z-axis respectively
from the soil medium.

On substitution of {4!} from Eq. (9), Eq. (11) becomes

B M4} + [Ko|{do} + {P/} = =[K\|{a.}  (12)

where {P;} ={ Vs Vi MpMg
reactive forces from the soil medium and [Ki)] and [K/l]
involve the terms SN mi, SN mhi, SN (—miy.),

N N N N
Do dyi + 20 mih?, i1 (=miye)hi, > iy MiXeis
Z?I:l miXcihi, Z?I:O L + va:l m;(yg; +x;;) and Z?I:O L+
Zf\]: I m,hl2 Details of these matrices are reported in Bhat
(2004) and Appendix A.

pp

In order to incorporate the compliance effect, use of
frequency-dependent impedance functions is made. Fre-
quency domain analysis, therefore, has been carried out first
and response quantities then are transformed into the time
domain using the Inverse Fast Fourier Transform IFFT
technique.

My }" is a vector of
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3.3 Equations of motion in frequency domain

Equation (10) for the superstructure and Eq. (12) for the raft
are converted into frequency domain by letting {qg(t)} =
{G (@)} and any response quantity as X = x(w)e'" in
which X(w) is the response quantity in frequency domain.
The equations of motion in frequency domain are

(—o?[M] + io[C] + [K]){g(w)} — o*[M][B{go(e)}

= —[M)[A){G,()}
(13)
WP B] M){g()} — o2 Ky {@y(@)} + {Pr(e)}
= K [{G ()} (14)

When any of the quantities of {g,} =1 and the other
terms are equal to zero, the response quantity {X} is termed
as the transfer function of the quantity.

The {P;} can be
{P;} = [Ky]{q0}, where [K;] = the matrix of impedance
functions.

In the present study frequency dependent impedance
functions for rectangular footings resting on elastic half-
space given by Wong and Luco [31] have been used.

vector obtained from

3.4 Equations of motions in generalized co-
ordinates

Let {®} be the normalized eigenvector of the superstruc-
ture fixed at base and the orthogonality conditions:
{0} [M){®} = 1, {®} [CH{D} = 2¢,, and
{®}'[K]{®} = w? where, w,= a natural frequency of the
fixed base structure and &,= damping ratio in the nth mode
of vibration.

Let {g(t)} = 3/, ®,y,, in which, y, = generalized co-
ordinate in the nth mode and j = the number of mode shapes
to be considered.

In the frequency domain this relation can be expressed as

J
{g()} =) @3, (15)
n=1
On substitution of g(w) in Eq. (13) (for the superstruc-

ture) and making use of orthogonality conditions of mode
shapes the Eq. (13) becomes

Y (0) Y — 0 {®,} [M][B]{go ()}

= {0,)7 [M][A] {7 (o)} (16)
where Y, = —w? + 2ié, 0w, + a),%
() = - 0210 M][B1{70(0)
0,y MA) (G, ()} (17)
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Similarly, using equations of motion for the foundation
Eq. (14) and on substituting {g(w)} from Eq. (15), Eq. (17)
become

J

2 [ ! " 4 rl
l‘w o] + [15] ot

n=1

{qo(w)}

J

= l[K&} + o SDJES - (@)} (8)

n=1 n

in which [E,] = [A]"[M]{¢,}, and [K;] = the matrix of
impedance functions and [D,] = [B]' [M]{¢,}.
The quantity {g,(w)} can be obtained from Eq. 18 for

each value of w. y,(w) is then obtained from Eq. (16) and
g(w) from Eq. (15).

4. Numerical study

Various parameters influencing the response of symmetric
multistorey buildings on compliant foundations due to
torsional ground motion have been considered. These are:
shear wave velocity Vs and angle of incidence 6, frequency
ratio Q = og/®, (Q = ratio of uncoupled fundamental tor-
sional frequency, ®g to uncoupled fundamental transla-
tional frequency, ®,) and uncoupled fundamental period of
the building T in the direction of applied ground motion.
O’Rourke et al [27] reported sites for which Vs is as low as
510 ft/s (155 m/s) and 590 ft/s (180 m/s) with the corre-
sponding values of ¢ = 19.47° and 13.93° (i.e. 6 = 17.20°
and 12.21°) respectively. These values are based on the
recorded earthquakes and shear wave velocity of the
medium Vs obtained from the seventeen sites of the San
Fernando Earthquake 1971. Higher angles of incidence are
produced at hard soils with larger epicentral distances or
shallow earthquakes [21]. In the present study shear wave
velocity has been taken equal to 350 m/s, 250 m/s and
100m/s for the soils designated as firm soil, medium-firm
soils and soft soil respectively. The values of 0 adopted in
the present study are 6 = 5°, 10° and 20°. As higher angles
of incidence have been reported for firm soils only therefore
6 = 20° has not been considered for soft soils cases. Sim-
ilarly, the effect of lower values of 6, 8 = 5° for firm and
medium-firm soil is very small [32], therefore 6 = 10° and
20° has only been considered in this study for these soils.

The methodology adopted in this study is presented in a
flow chart as shown in figure 4. A symmetrical building
plan comprising of frames as stiffening elements, shown in
figure 5 is chosen for numerical study. Corresponding to
this example building plan (EB) a set of six buildings are
identified: EB[(T); (Q)], in which T and € are the uncou-
pled fundamental period and frequency ratio of a building
respectively. The buildings are supported on the raft with
an aspect ratio L/B=2.63 (where L and B are the half lengths
and breadths of the raft). The properties of the stiffening
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Generation of translation and torsional ground
motion time histories.

Modelling of superstructure and sub-structure by lumped
masses and formulation of equations of motion presented
in Section 3

Carrying out frequency domain analysis of 3-D
buildings with surface level ground motions.

|

Converting the results obtained from frequency domain analysis
to time domain and applying earthquake time histories

|
v v

Determination of storey shear Determination of storey shear
time histories for all the time histories for all the
structural elements due to structural elements due to
translational ground motion and translational ground motion and
choosing the maximum response choosing the maximum response
from these time histories. from these time histories.

[ |
¥

Averaging response quantity (storey shear) obtained
from 10 ground motions and results are presented for
the severely affected structural element.

Figure 4. Flow chart showing methodology adopted in the study.
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E
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Extreme stiffening
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Interior frames

Figure 5. Example building plan (EB).

elements are assumed to be uniform along the height and
the mass of each floor is assumed to be the same except at
the top floor where it is assumed to be the 50% of the floor
mass at other floors.

Framed buildings comprising of frames only as stiffening
elements are considered in the present study. Floor slabs of
these buildings are assumed to have infinite in-plane
rigidity and no bending stiffness. Mass of each storey is
lumped at the corresponding floor level. The properties of
the structural elements are chosen to achieve the specific
values of Q and T. The frequency ratio Q is chosen to be
0.65, 1.00 and 1.5 and the period of vibration T is chosen to
be 0.3 s and 0.8 s. The chosen values of Q cover practically
the entire spectrum of torsionally flexible and torsionally
stiff buildings. Similarly chosen values of T cover the low-
rise frame buildings say up to 10 storeys. The values of T =
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0.3 s and 0.8 s have been achieved by considering 3 and
10-storeyed buildings. The values of Q are arrived at by an
iterative process without changing the fundamental period
T of the building in the direction of applied ground motion.
For four buildings (Example Building plans) EB[(0.3, 0.8);
(1.0, 1.5)] corresponding to 7= 0.3 s and 0.8 s with Q = 1.0
and 1.5. For example, EB[(0.3); (1.0)], and EB[(0.3); (1.5)]
represent the example buildings having period of vibration
of 0.3s and frequency ratios Q = 1.0 and 1.5 respectively.
The specified values of pairs of Q = (1.0, 1.5) and T = (0.3,
0.8) are arrived at by changing the properties of columns in
an iterative manner. Similarly, for the remaining two
buildings EB[(0.3, 0.8); (0.65)], the specified values of
pairs of Q = 0.65 and T = (0.3, 0.8) are arrived at by
changing the properties of the columns and also by
changing the polar mass moment of inertia of floors.

In order to incorporate SSI effects, frequency-dependent
impedance functions for rectangular footings resting on
elastic half-space have been obtained from the charts and
tables of [33]. These impedance functions have been
modified to incorporate the soil hysteretic damping (f3) by
adding material dashpot constant (2Kf/®, K is dynamic
stiffness of footing) to the radiation damping constant
C [34]. The value of soil hysteretic damping has been taken
as 7.5%. The impedance functions for the aspect ratio L/
B=2.63 have been interpolated from L/B = 2.0 and L/B =
3.0 for different soil conditions (firm soil, medium-firm soil
and soft soil).

Ten translational ground motion histories and corre-
sponding ten torsional ground motion histories have been
generated based on the equations presented in section 2.
The analysis has been carried out using softwares prepared
at IIT Delhi.

In the present study, translational ground motion histo-
ries are generated with pga = 0.1g, earthquake duration =
20.48 s and time interval = 0.02 s. The translational ground
motion histories have been generated by assigning phase
angle ®; random values in Eq. (6). Corresponding to these
translational ground motion histories, torsional ground
motion histories for each shear wave velocity Vs (Vs = 250
m/s, 350 m/s and 100m/s) and angle of incidence 8 (8 = 5°,
10° and 20°) are further generated. A typical set of ground
motion histories is shown in figure 6. The translational
ground motion is assumed to act in y-direction only.

5. Results and discussions

Analysis has been carried out for all the buildings reported
in the previous section subjected to translational ground
motion and simultaneously acting translational and tor-
sional ground motions. Storey shear time histories V()
produced due to translational ground motion and simulta-
neously acting translational and torsional ground motion
are obtained. Typical plots of base shear time histories
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Figure 6. Ground motion time histories for firm soil case:
(a) translational ground motion, (b) torsional ground motion, 6 =
20° and (c) torsional ground motion, 6 = 10°.

Vis(t), Vis(t) and V.(r) for the extreme stiffening ele-
ment (stiffening element at the extreme edge) of one of the
buildings EB[(0.3); (1.0)] with the fixed base foundation on
firm soil are shown in figure 7, (the subscripts ¢, r and ¢ for
V(t) or any other quantity stand for translational ground
motion, torsional ground motion and combined transla-
tional and torsional ground motions respectively and sub-
script f stands for fixes base foundation). Similarly, base
shear time histories V,;(¢), V,;(¢) and V;(¢) (subscript i
refers to the soil-structure interaction (SSI) effects) for the
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Figure 7. Base shear time history for the stiffening element at
the extreme edge of EB[(0.3); (1.0)] on firm soil due to:
(a) translation, (b) torsion and (c¢) translation and torsion (6 =
20°, fixed foundation).

stiffening element at the extreme edge of the same building
and on the same soil incorporating SSI effects are shown in
figure 8. These base shear time histories are due to a sample
ground motion on firm soil and 6 = 20°. From these figures,
it may be noted that the peak base shears due to transla-
tional and torsional ground motions do not occur at the
same time instants. In the present case, the peak shear due
to simultaneously acting translational and torsional ground
motion occurs at a time instant when peak shear due to
translational ground motion occurs. The absolute peak
storey shears ‘V,f|, |ch , V,_,<| and ‘VCJ , are of design
interest and are obtained from such plots of V(¢). These
absolute values of shears have been evaluated for ten
ground motion histories and average values of these shears
are used in the present study. The results for the extreme
stiffening element for which the effect of torsional ground
motion would be the maximum are presented.
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Figure 8. Base shear time history for the stiffening element at
the extreme edge of EB[(0.3); (1.0)] on firm soil due to:
(a) translation (b) torsion and (c¢) translation and torsion (6 =
20°, compliant foundation).

. Vii . .
In the present study, the ratio H = Ry indicates the
o

compliance effects on the storey shears when subjected to
translation ground motion only, the ratio % =Ry
indicates the effect of torsional ground motion and the ratio
o _

.
ground motion. These ratios are of design interest. A value
of these ratios (R, , R , and R ,) greater than one
indicates an increase in storey shears and a value lesser than
one indicates a decrease in storey shears.

The effect of soil-structure interaction on base shear due
to translational ground motion, R;; . for extreme stiffening
element is shown in table 1. It is observed that the SSI
effects are generally small for the buildings considered i.e.,
in the period range of 0.3s to 0.8s. For low period buildings,
EB[(0.3); (0.65, 1.0, 1.5)] on soft soil the ratio R, , in
storey 1 (base shear) is 0.90 i.e. 10% reduction in base

R.i ;s indicates the effect of both SSI and torsional
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shear. However, for high period buildings, EB[(0.8); (0.65,
1.0, 1.5)] on medium-firm soil, there is an increase in base
shear up to 6% owing to particular characteristics of the
transfer function of base shear for this building and psdf of
ground motion [32].

Now consider the effect of torsional ground motion on
base shear, R, ,; for extreme stiffening element (table 2).
From this table, it is observed that for torsionally stiff
buildings with T =0.3s, EB[(0.3); (1.5)] the effect of tor-
sional ground motion is small and for buildings with
T =0.8s, EB[(0.8); (1.5)] this effect is negligible, for all soil
types with all 0. For torsionally flexible buildings with
T=0.3s, EB[(0.3); (0.65)], the increase in base shear due to
torsional ground motion for the extreme stiffening element
is about 18% (R, , =1.18) for medium-firm soil with 0
=20°, and about 36% (R, ,,=1.36) for soft soil with 0 =10°.
However, for these buildings with 7 =0.8s, EB[(0.8);
(0.65)], this increase is about 8% for medium-firm soils and
about 10% for soft soil with 8 =10°. Similarly for tor-
sionally medium stiff buildings with 7' =0.3s, EB[(0.3);
(1.0)], the increase in base shear is up to 15% for medium-

Table 1. Effect of SSI on base shear due to translational ground
motion (R, ,) for buildings EB[(0.3), (0.8); (0.65), (1.0), (1.5)]

Frequency ratio ()

Period (s) Soil type 1.5 1.0 0.65
0.3 Firm soil 0.96 0.96 0.96
Medium-firm soil 0.98 0.98 0.98
Soft soil 0.90 0.90 0.90
0.8 Firm soil 1.00 1.00 1.00
Medium-firm soil 1.06 1.06 1.06
Soft soil 0.93 0.93 0.93

Table 2. Effect of torsional ground motion on base shear (R )
for buildings EB[(0.3), (0.8); (0.65), (1.0), (1.5)]

Frequency ratio ()

Period (s) Soil type 0 1.5 1.0 0.65

0.3 Firm soil 20° 1.06 1.12 1.14
Medium-firm soil 1.04 1.15 1.18
Soft soil - - -
Firm soil 10° 1.06 1.06 1.08
Medium-firm soil 1.02 1.07 1.06
Soft soil 1.09 1.18 1.36
Soft soil 5° 1.04 1.08 1.15

0.8 Firm soil 20° 1.05 1.05 1.06
Medium-firm soil 1.06 1.06 1.09
Soft soil - - -
Firm soil 10° 1.02 1.03 1.04
Medium-firm soil 1.02 1.03 1.05
Soft soil 1.04 1.06 1.10
Soft soil 5° 1.02 1.03 1.05
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firm soil with 6 = 20°. For these buildings with 7'=0.8s, this
increase in base shear is small (R.; ,=1.05) for all build-
ings for all soil cases with all 6.

Similarly, now consider the effect of torsional ground
motion with SSI on base shear, R, , (table 3). Two
mutually opposing phenomena may be identified: (i) due to
the SSI effect the base shear is generally reduced as
observed in R;; , (table 1), and (ii) due to the incorporation
of torsional ground motion there is an increase in these
shears as observed in R , (table 2). For torsionally stiff
buildings, EB[(0.3), (0.8); (1.5)] net effect of both torsional
ground motion and soil-structure interaction is negligible

Table 3. Effect of SSI and torsional ground motion on base shear
(R.;, ) for buildings EB[(0.3), (0.8); (0.65), (1.0), (1.5)]

Frequency ratio (2)

Period (s) Soil type 0 1.5 1.0 0.65

0.3 Firm soil 20° 1.06 1.12 1.12
Medium-firm soil 1.01 1.14 1.22
Soft soil - - -
Firm soil 10° 1.01 1.05 1.07
Medium-firm soil 0.99 1.05 1.07
Soft soil 0.96 0.99 1.34
Soft soil 5° 0.93 0.94 1.12

0.8 Firm soil 20° 1.05 1.06 1.07
Medium-firm soil 1.07 1.12 1.15
Soft soil - - -
Firm soil 10° 1.02 1.03 1.04
Medium-firm soil 1.06 1.09 1.11
Soft soil 0.93 0.98 1.05
Soft soil 5° 0.93 0.96 1.05
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for all soil types with all 8. However, for torsionally flexible
buildings with T =0.3s, EB[(0.3); (0.65)], increase in base
shear for the extreme stiffening element is about 22% (R,; ,
=1.22) as compared to R =1.18 (18%) for medium-firm
soil with 6 =20°. This value is about 34% (R,; ¢ =1.34) as
compared to R ,=1.36 (36%) for soft soil with 0 =10°.
However, for these buildings with 7 =0.8s, EB[(0.8);
(0.65)], the increase in base shear is 14% as compared to
R =108 (8%) for medium-firm soil with 6 =20° and
about 6% (R.; =1.06) as compared to R, ,=1.10 (10%)
for soft soil with 6 =10° (tables 2 and 3). For torsionally
medium stiff buildings with 7' =0.3s, EB[(0.3); (1.0)], the
increase in base shear is up to 14% (R; ,=1.14) as com-
pared to R, ,=1.15 (15%) for medium-firm soil with 0 =
20° and for these medium range torsionally stiff buildings
with T =0.8s, EB[(0.8); (1.0)] the increase in base shear is
about 10% (R.; ,,=1.10) as compared to R.; ,,=1.05 (5%),
(tables 2 and 3).

The reason for increase in the base shears of these
buildings is dependent on the characteristics of the funda-
mental frequency of the buildings and the spectral power of
the earthquake corresponding to that frequency, as funda-
mental frequency of the building is mainly responsible for
the overall response. Tables 4 and 5 show the fundamental
frequencies of the spectrum buildings considered. From
these tables it is seen that for buildings EB[(0.3); (0.65, 1.0,
1.5)], and EB[(0.8); (0.65, 1.0, 1.5)] the torsional frequen-
cies (wg) are in the range of 12-30 rad/s and 5-11 rad/s
respectively. Corresponding to these frequencies the max-
imum spectral power of torsional ground motion (psdf of
torsional ground motion) is for soft soil (figure 1b) followed
by medium-firm soil and firm soil. The maximum spectral
power of ground motion in soft soil corresponding to the

Table 4. Fundamental frequencies for EB[(0.3); (0.65, 1.0, 1.5)] with soil type

Compliant case

Fixed case Firm soil Medium firm soil Soft soil
Q Of Wer (O Wpi O Wgi (O Wpi
0.65 20.95 13.86 20.25 13.81 19.94 13.5 15.95 12.27
1 20.95 22.3 20.25 22.09 19.94 21.78 15.95 19.94
1.5 20.95 30.1 20.25 29.45 19.94 28.84 15.95 25.5
Table 5. Variation of fundamental frequencies for EB[(0.8); (0.65, 1.0, 1.5)] with soil type

Compliant case

Fixed case Firm soil Medium firm soil Soft soil
Q O Opf Oy (o] Oy Wi Oy Wi
0.65 7.98 5.22 7.06 5.22 6.75 5.22 4.29 491
1 7.98 8.28 7.06 8.28 6.75 8.28 4.29 7.67
1.5 7.98 11.35 7.06 11.35 6.75 11.35 4.29 9.82
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fundamental torsional frequencies of the buildings is
responsible for higher response. However, for EB[(0.8)],
the response due to translational ground motion (figure 1a)
is high corresponding to ®, = 4-8 rad/s, for soft soil case
which leads to a lower relative response due to torsional
ground motion as compared to EB[(0.3)] buildings.

From the above results, it is observed that the effect of
torsional ground motion on base shear is significant for
torsionally flexible buildings with low period (7' =0.3s) for
medium-firm soil and soft soil with high values of 6. Fur-
ther, it is observed that the SSI effect on base shear is small
for all the buildings for all soil cases and all 0.

Now consider the variation of ratios (R, + R.s + and
R.; ) along the height. The variation of these ratios R,;
Ry sand R,; s along the height with storey number for the
extreme stiffening element for all the buildings are shown
in figures 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21 and
22. The quantities of absolute shear are constant in a storey;
therefore, these ratios are also constant in a storey. A

parameter, G similar to standard deviation is identified, ¢ =

Z;V:l (RJ'*R”)Z

N which is a measure of the deviation of

storey shears along the height from the base shear, where
R indicates the values of ratios R, ;5 R s and R
identified above and the subscript j and b indicate jth storey
and ground storey respectively. The deviation, ¢ of R,;
Ry sand R.; ,are shown in tables: 6, 7 and 8. In general,
variations in the ranges: 0 < ¢ < 0.025; 0.025< ¢ < 0.05
and ¢ > 0.05 are taken to be very small, small and sig-
nificant respectively.

The variation of R, , along the height for extreme
stiffening element of all the buildings EB[(0.3, 0.8); (0.65,
1.0, 1.5)] for all soil cases, is small or very small except for
the buildings EB[(0.8); (0.65, 1.0, 1.5)] where the variation
is significant for the soft soil case (figures 9 and 10 and
table 6). R,; , varies from 0.93 at the base to 1.11 at the top
(i.e., storey shear is reduced by 7% in the bottommost
storey; however, there is an increase of 11% in the top
storey when SSI is also incorporated).

Similarly, the variation of R , along the height for
extreme stiffening element of all the buildings EB[(0.3,
0.8); (0.65, 1.0, 1.5)] for all soil cases is also small or very
small except for the building EB[(0.8); (0.65)] for the
medium-firm soil case with 8 = 20° where the variation is
significant (figures 11, 12, 13, 14, 15, 16 and table 7). R.;
varies from 1.09 at the base to 1.20 at top (i.e., storey shear
is increased by 9% in the bottommost storey and by 20% in
the top storey when torsional ground motion is also
considered).

From the above results, it is observed that the effect of
SSI (translation case only) and torsional ground motion
(without SSI) on storey shear along the height generally
nearly remains the same, however, in some cases, the effect
on storey shears vary significantly.
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The variation of R.; , (i.e. when the combined effect of
torsional ground motion and SSI is considered) along the
height for extreme stiffening element is small for buildings
with 7= 0.3s, EB[(0.3); (0.65), (1.0), (1.5)] for all soil cases
with all 0, except for building EB[(0.3); (1.5)] for firm and
medium-firm soil cases, where the variation is very small
(figures 17, 18, 19 and table 8). However, for buildings with
T =0.8s, the variation of R.; ,along the height for extreme
stiffening element is significant for almost all buildings,
EB[(0.8); (0.65), (1.0), (1.5)] for all soil cases with all 6,
(figures 20, 21, 22 and table 8). R.; , varies from 1.08 at the
base to 1.21 at the top (i.e., storey shear is increased by 8%
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Figure 9. Variation of R,; , along height for extreme stiffening
element of EB[(0.3); (0.65, 1.0, 1.5)] on: firm soil, medium-firm
soil and soft soil.
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Figure 11. Variation of R, ,» with different soil types for 0 = 20°
for the stiffening element at the extreme edge of EB[(0.3)].
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Figure 12. Variation of R, ,» with different soil types for 0 = 10°
for the stiffening element at the extreme edge of EB[(0.3)].

and 21% in the bottommost storey and in the top storey,
respectively) for building EB[(0.8); (0.65)] for medium-
firm soil with 6 = 20°. Similarly R.; , varies from 0.98 at
the base to 1.17 at the top (i.e., storey shear is reduced by
2% in the bottommost storey, however, there is an increase
of 17% in the top storey). Also, R,; , varies from 0.93 at the
base to 1.11 at the top (i.e. storey shear is reduced by 7% in
the bottommost storey, however, there is an increase of
11% in the top storey). The increase in top storey shear is
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Figure 13. Variation of R, ,, with Q for soft soil and 0 = 5° for
the stiffening element at the extreme edge of EB[(0.3)].
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Figure 14. Variation of R, ,, with different soil types for 0 = 20°
for the stiffening element at the extreme edge of EB[(0.8)].

18% for EB[(0.8); (1.0)] and EB[(0.8); (1.5)], respectively,
for soft soil with 6 =10°.

Thus, from the results in the above paragraph, it is observed
that the combined effect of torsional ground motion and SSTon
the distribution of storey shears along the height nearly
remains the same for buildings with low period (T=0.3s) but
varies significantly for high period buildings (7 =0.8s). This
variation in the distribution of storey shears along the height in
the case of EB[(0.8)] buildings is attributed to the contribution
of higher modes in the response quantity.
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Figure 15. Variation of R, ,» with different soil types for 0 = 10°
for the stiffening element at the extreme edge of EB[(0.8)].
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Figure 17. Variation of R.; ,» with different soil types for 0 =20°,
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for the stiffening element at the extreme edge of EB[(0.3)].
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Figure 16. Variation of R, ,, with Q for soft soil and 6 = 5° for

the stiffening element at the extreme edge of EB[(0.3)]. Figure 18. Variation of R.; ,» with different soil types for 0 =10°,

for the stiffening element at the extreme edge of EB[(0.3)].
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Figure 21. Variation of R.; ,» with different soil types for 0 =10°,
the stiffening element at the extreme edge of EB[(0.3)].

for the stiffening element at the extreme edge of EB[(0.8)].
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Table 6. Deviation, ¢ of Ry;_ ¢ for buildings EB[(0.3), (0.8); (0.65, 1.0, 1.5)]

Soil type
Building Firm soil Medium-firm soil Soft soil
EB[(0.3); (0.65, 1.0, 1.5)] 0.032 0.012 0.022
EBI[(0.8); (0.65, 1.0, 1.5)] 0.039 0.035 0.092

Table 7. Deviation, ¢ of R , for buildings EB[(0.3), (0.8); (0.65, 1.0, 1.5)]

Buildings EB[(0.3); (0.65, 1.0, 1.5)]

Buildings EB[(0.8); (0.65, 1.0, 1.5)]

Soil Type 0 Q= 0.65 Q=10 Q=15 Q=0.65 Q=10 Q=15
Firm soil 20° 0.017 0.009 0.019 0.028 0.028 0.029
Medium-firm soil 20° 0.032 0.009 0.020 0.060 0.023 0.034
Firm soil 10° 0.015 0.006 0.009 0.012 0.009 0.015
Medium-firm soil 10° 0.028 0.007 0.014 0.026 0.009 0.022
Soft soil 10° 0.024 0.009 0.028 0.018 0.009 0.023
Soft soil 5° 0.008 0.004 0.012 0.008 0.005 0.011

Table 8. Deviation, ¢ of R.; , for buildings EB[(0.3), (0.8); (0.65, 1.0, 1.5)]

Buildings EB[(0.3); (0.65, 1.0, 1.5)]

Buildings EB[(0.8); (0.65, 1.0, 1.5)]

Soil Type 0 Q =0.65 Q=10 Q=15 Q=0.65 Q=1.0 Q=15
Firm soil 20° 0.024 0.028 0.005 0.063 0.083 0.050
Medium-firm soil 20° 0.037 0.031 0.004 0.107 0.062 0.053
Firm soil 10° 0.024 0.028 0.012 0.047 0.056 0.044
Medium-firm soil 10° 0.031 0.020 0.002 0.068 0.047 0.044
Soft soil 10° 0.012 0.040 0.041 0.075 0.093 0.097
Soft soil 5° 0.012 0.041 0.034 0.079 0.093 0.097

6. Conclusions

From the results obtained by analyzing three types of
buildings (torsionally flexible, torsionally medium stiff and
torsionally stiff) of periods of vibration 0.3 s and 0.8 s (low
period and high period) on three types of soil medium (firm,
medium firm and soft), the following conclusions are
drawn.

a. Effect of torsional ground motion on storey shears is
significant in the case of torsionally flexible buildings
with low periods of vibration on soft soils and medium-
firm soil. The increase in base shear for the extreme
stiffening element for buildings considered is up to 35%
and about 20% for low period buildings on soft soil and
medium-firm soil, respectively. The provision for incor-
poration of torsional ground motion in seismic codes in
the form of accidental eccentricity needs to be looked
into for such types of buildings.

b. The distribution of storey shears along the height
varies significantly for high period buildings (T =0.8
s), when torsional ground motion and SSI effects are
considered.

c. Effect of SSI including torsional ground motion on base
shear is small for all the buildings for all soil types.
Similar effect is generally observed in the case of
translational ground motion also.

Appendix A

Equation of motion for the raft

The equations of equilibrium of the raft are provided in
equations 11(a) to 11(e). On substitution of ¢! from Eq. 8,
Egs. 11(a) to 11(e) become:

Translation along x-direction:

N N N N
Goe D M0+ Gy D mit D mi i 4G, (= miyer)
i=1 i=0 i=1 i=1
.. N .. N
0, himi + 0. (= mjye)
i=1 i=1

N
+ Z (=mi Yei Gonyi) + Ve =0

i=1

(Ala)
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Rotation about y-axis:

N N N N
qngxzmihi + c']'ngm,-h,-Jr Zmi hiqi + H}Zh?m,
i=1 i=0 i=1 i=1
N

+4o. Z (= miyei)hi

i=1

N

+0: Z (= miyei)hi
i1

N

N
+ Z (=mi Yo hi)Goni + 0y Zlyi"‘Mfy =0
Py i=0

(Alb)

Translation along y-direction:
N N N N

q.oy Z mi + qu Z m; + Z m; q..NJri + q.()z Z m; Xej
i=1 i=0 i=1 =1

N N N
+ éx Z mih; + éz Zmi-xci + Zm,-xc,- 6'1'2N+i -+ va
i=1 i=1 i=1

=0

(Alc)
Rotation about x-axis:
N N N
Goy Z mih; + g, Z mi h; + Z mi Gy i hi
i=1 i=0 i=1
N N
+0x Z hlz m; + q“gz Z m; Xci hi
i=1 i=1 (Ald)

N N
+0, Z m; X¢i hi + Z (m; Xci Gy i) hi
i—1 i=1

i i
.. N

+6x lei+fo =0
i=0

Rotation about z-axis:

N N
Z m; (—Vei Gox + Xei q..Oy) + Zmi hi (—yeiOy + xci0x)
i=1 i=1

N
+ Z M (=Yei Gor + Xei Ggy)

i=1

N
+ Zmi (=Yei G; + Xei Gni)

i=1

N N
+ o Y mi (Vi ) + o L
i=1 i=0
+ 0. Z mi (g + ;) + 0, lei
i=1 i=0

mi (yo + x5 + Li) Gy i+ M= 0
1

N
+

12

(Ale)

Equations (Al a) to (Al e) can be expressed in a sim-
plified form by the substitution of following terms:
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N
m = a (A2a)
i=0
N
> mihi= b (A2b)
i=1
N
(—m,'ya') = dy (A2C)
i=1
N N
Z Iy,‘ + Z m; hlz = Gy (A2d)
i=0 i=1
N
> (=miyei)hi = ey (A2e)
i=1
N
Z mixe = dy (AZf)
i=1
N
Z m; Xei hi = e (A2g)
i=1
N N
lei"‘ Zmi(yf,- +oag)=f (A2h)
i=0 i=1
N N
le[ + Zm,’ hlz = Cy (A21)
i=0 i=1
and can be expressed as:
N
ado, + Y _mi G; +0+0
i=1
.. .. N i (A3a)
+ bey + dygz + Z (_mi Yei CIZNH) + Vi
i=1
= - aéjgx - dyqf)z
N .
b Gy + Y mi Gihi + eyl
i1
i N . (A3b)
+e,0; + Z (=mi Yei Gonyi)hi + My,
i—1
= - bq“gx - eyq“@z
N . ..
8 G+ midys + b +d.0,
= (A3c)

N
+ > miXedoyei + Vi = - ady, - dedi
i=1

N N
b g,y + Zmi Gnsihi + c:0x +ei0; + Z (mi Xei Gon )i
1 =1

= 1=

+ fo = -b qu — ean()z (A3d)
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dy qu + dJC q"Oy + e,\’é}’ + exex

N
+ Z mi (yo + x5 + Li ) Gon i
Py
N v ) (A3e)
+ ) —miye Gt Y mixeiGyy; + 0.+
i=1 i=1

+ Mg = —dygex —diqgy — f gp.

Equations (A3a) to (A3e) may now be written in the
matrix form as:

B" M} + [Ko|{ao} + (P} = = K [} (12)

in which

[e>REN
oS SO
ESES

e
Cy ey

dyd;eye, f |

<

0
a
0
b

L
.
o
L
|
[= IS I
on

where [K;)] is a matrix, which when multiplied by {éjg}
gives the inertia forces produced by all masses of the
structure and {Pf} is a vector of reactive forces from the
soil and can be expressed as:

Vi
Vs
Mp,
M,
My,

where the non-zero terms K(;(i, J) are impedance functions
in complex form defined as:

= er;K(;(S’S) =k,

The values of ky, ky, k., ks, and k,; have been obtained
from curves given by Wang and Luco [31].
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