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Determining large deflections in rectangular combined
loaded cantilever beams made of non-linear Ludwick type
material by means of different arc length assumptions
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Abstract. In this study, large deflection of cantilever beams of Ludwick type
material subjected to a combined loading consisting of a uniformly distributed load
and one vertical concentrated load at the free end was investigated. In calcula-
tions, both material and geometrical non-linearity have been considered. Horizon-
tal and vertical deflections magnitudes were calculated throughout Euler–Bernoulli
curvature-moment relationship assuming different arc lengths. Vertical deflections
were calculated by using Runge–Kutta method. More simple and easily under-
standable results have been obtained compared to the previous studies about the
issue and compatible values have been obtained for most of the compared values.

Keywords. Large deflections; material non-linearity; geometrical non-linearity.

1. Introduction

Large deflections under variable loads in bearer systems is a popular subject on which many
studies were conducted. Due to the importance of this subject, studies are being done on
the issue. In many cases encountered in different engineering issues, results are adequately
approximate. However, well known curvature is not linear in bending and thus, real mate-
rial does not have linear stress–strain relationship. When this fact is considered, deflections
can not be determined by analytical methods, instead numerical and approximate meth-
ods should be employed. Large deflection in uniform and non-uniform, concentrated and
combined loaded linear elastical cantilever beams have been investigated in earlier studies
(Bisshopp & Drucker 1945; Scott et al 1955; Lau 1982; Rao & Rao 1986; Baker 1993; Lee
et al 1993; Frisch-Fay 1962; Fertis 1999). Prathap and Varadan (1976) had calculated large
deflections in cantilever beams made of non-linear Ramberg–Osgood type material on which
concentrated load effected on the free end. Same problem had been solved for cantilever
beams on which moment effected on the free end by Varadan & Joseph (1987). Large deflec-
tions in Ludwick type non-linear cantilever beams on which concentrated load effected on
the free end, had been investigated by Lewis & Monasa (1981). Lewis and Monasa (1982)
had solved the same problem for cantilever beams on which moment effected on the free end.
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Figure 1. Cantilever beam subjected to combined load.

Lo and Gupta (1978) had calculated large deflections in rectangular beams by assuming log-
arithmical material stress–strain relationship beyond elastic limit. Lee (2002) had calculated
large deflections in cantilever beams made of Ludwick type non-linear material on which
uniformly distributed load and concentrated load effected on the free end.

2. Combined loaded cantilever beam

In this study, large deflections have been calculated in non-linear Ludwick type rectangular
combined loaded cantilever beams by means of different arc length assumptions, as shown
in figure 1. P is the concentrated load effecting on the free end, L is the length of cantilever
beam, w is the uniformly distributed load of intensity, xo, arc length, �, horizontal deflection
magnitude, δv, vertical deflection magnitude at the free end. Mathematica 5·2 software has
been employed for calculations.

3. Formulation and solution

Moment expression, depending on uniformly distributed load of intensity w, is given below
for figure 1.

M = wx

2
x0 + Px. (1)

Assumptions made by Fertis for arc length and horizontal deflection functions are given below:

x0 = x +�(x), Fertis (1999), (2)
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�(x) = �, Fertis (1999), (3)

�(x) = �x

(L−�)
, Fertis (1999). (4)

If (2) and (3) are written in the moment expression,

M = wx

2
(x +�)+ Px (5)

is obtained.

P = wL, Lee (2002) (6)

is an assumption.

σ = Bε
1
n , (Lewis & Monosa 1982). (7)

This expression is stress–strain relationship for Ludwick type material. Here, σ is stress, ε
is strain, B and n is constant depending on material properties.

Euler–Bernoulli curvature-moment relationship is shown below:

κ = y(x)

(1+ (y ′(x))2)
3
2

= Mn

Kn

, (Lewis & Monosa 1981). (8)

Here, κ is the curvature and Kn is a constant depending on material properties

Kn = nnbnh2n+1Bn

2n+1(1+ 2n)nP n
, (Lewis & Monosa 1981) (9)

b is the width and h is the height of the rectangular cross section. If moment expression found
for the first arc length assumption and previous equations are employed, curvature equation
can be stated as below:

κ = Ln+1

Kn

× 1

L

(
x

2L

(
x

L
+ �

L
+ 2

))n

, (10)

curvature equation is written according to Ln+1

Kn
dimensionless value.

If both sides of the curvature equation in (8) are integrated;∫
κdx + C1 = y ′(x)

(1+ (y ′(x))2)
1
2

(11)

is obtained. ∫
κdx + C1 = G, Fertis (1999) (12)

y ′(x) = G

(1− (G)2)
1
2

, Fertis (1999) (13)

x

L
= x̄,

�

L
= δh (14)
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If these equations are converted to dimensionless units and thus,

G =
2−n Ln+1

Kn
x̄(x̄(x̄ + (2+ δh)))

n
(

1+ x̄
2+δh

)−n

2
F1

[
1+ n,−n; 2+ n;− x̄

2+δh

]
(1+ n)

+ C1 (15)

is obtained.

x̄ = 1− δh;
y ′(1− δh) value is taken as zero as a boundary condition, C1 integration constant is obtained
as shown below:

C1 = −
(

3
2

)n Ln+1

Kn
(1− δh)

n+1
(

1+ 1−δh

2+δh

)−n

2
F1

[
1+ n,−n; 2+ n;− 1−δh

2+δh

]
(1+ n)

(16)

Finally,

G =
2−n Ln+1

Kn
x̄(x̄(x̄ + (2+ δh)))

n
(

1+ x̄
2+δh

)−n

2
F1

[
1+ n,−n; 2+ n;− x̄

2+δh

]
(1+ n)

±
(

3
2

)n Ln+1

Kn
(1− δh)

n+1
(

1+ 1−δh

2+δh

)−n

2
F1

[
1+ n,−n; 2+ n;− 1−δh

2+δh

]
(1+ n)

(17)

is obtained.
Arc length equation is,∫ (L−�)

0

√
(1+ (y ′(x))2) = L, (Lewis & Monosa 1982) (18)

∫ (L−�)

0

√√√√(
1+

(
G

(1− (G)2)
1
2

)2
)
= L (19)

If G expression is written in the arc length equation and 3 to 1 rule of Simpson is integrated,
then δh horizontal deflection could be calculated by finding root of the equation obtained with
Newton method. This process is repeated depending on different values of n and dimensionless
Ln+1/Kn ratio.

If, y(1 − δh) = 0 boundary condition that can be written from (13) and (17) considered,
y(x̄) interpolation function is obtained by the help of Runge–Kutta method. In this function,
y(0) value for x̄ = 0 gives the vertical deflection at the free end of the beam as a dimensionless
δv/L value.

New curvature expression is written as below if the previous problem is solved by employing
x0 arc length assumption which is selected using different horizontal deflection functions
stated in (2) and (4).

κ = Ln+1

Kn

× 1

L

(
x

2L

(
x

L
+ x

L

�
L(

1− �
L

) + 2

))n

(20)
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G is found as below when dimensionless conversion made, previous curvature and appropriate
equations are employed:

G =
2−n Ln+1

Kn
x̄
(
− x̄(x̄−2(−1+δh))

(−1+δh)

)n (
1+ x̄

2−2δh

)−n

(1+ n)

× 2F1

[
1+ n,−n; 2+ n;− x̄

2− 2δh

]
+ C1 (21)

When y ′(1− δh) = 0 boundary condition is employed in x̄ = 1− δh, C1 integration constant
becomes,

C1 = −
2−n Ln+1

Kn

(
1+ 1−δh

2−2δh

)−n

(1− δh)
(
− (1−δh)(1−2(−1+δh)−δh)

(−1+δh)

)n

(1+ n)

× 2F1

[
1+ n,−n; 2+ n;− (1− δh)

(2− 2δh)

]
(22)

thus,

G =
2−n Ln+1

Kn
x̄
(
− x̄(x̄−2(−1+δh))

(−1+δh)

)n (
1+ x̄

2−2δh

)−n

(1+ n)
× 2F1

[
1+ n,−n; 2+ n;− x̄

2− 2δh

]

±
2−n Ln+1

Kn

(
1+ 1−δh

2−2δh

)−n

(1− δh)
(
− (1−δh)(1−2(−1+δh)−δh)

(−1+δh)

)n

(1+ n)

× 2F1

[
1+ n,−n, 2+ n,− (1− δh)

(2− 2δh)

]
(23)

is obtained.
δh horizontal deflection values are calculated by finding root of the arc length equation,

which is written according to G expression. This calculation is made by utilising Simpson
rule and Newton method. This process is repeated depending on different values of n and
dimensionless Ln+1/Kn ratio.

If, y(1 − δh) = 0 boundary condition that can be written from (13) and (17) considered,
y(x̄) interpolation function is obtained by the help of Runge–Kutta method. In this function,
y(0) value for x̄ = 0 gives the vertical deflection at the free end of the beam as a dimensionless
δv/L value.

4. Results and discussion

In tables 1 and 2, dimensionless horizontal and vertical deflection values, which were calcu-
lated for two different xo arc length assumptions, are tabulated depending on Ln+1/Kn ve n

values. Besides, for n = 2·16 as given in (Lewis & Monosa 1982) (7) equation, deflection
in cantilever beams made of Ludwick type non-linear annealed copper material which were
loaded as shown in figure 1, has been given in comparison with the result of Lee (2002).
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When table 3 is analysed, deviation between horizontal deflections is in the 0 % and 2.49 %
range depending on Ln+1

Kn
dimensionless value. This range is calculated for Ludwick type

annealed copper material if x0 = x+� assumption is made for horizontal deflection. n = 2.16
for this condition as stated in reference Lee (2002). If we analyse the vertical deflection at the
free end deviation from the reference Lee (2002) is in the 0.52–1.52 % range. If we assume
that x0 = x+�

(
x

L−�

)
then, horizontal deflection deviation is between 0 and 5% and vertical

deflection deviation is between 0.81 and 2.03% compared to the reference Lee (2002) values.
In table 4, deflection values for different n and xo values and deviations from deflection

values for n = 1 (linear) are shown. Here, deviation is not a mistake instead, a statement
showing the change in percentage. In table 4, for Ln+1

Kn
values where deviation is positive,

vertical and horizontal deflections increase with increasing n and if deviation is negative
vertical and horizontal deflections decrease with increasing n.

5. Conclusion

It should be seen that, deviation (%) for horizontal deflection values is greater than vertical
deflection values for both xo assumption. It can be concluded that x0 = x +� assumption is
more applicable for these calculations because this assumption gives smaller deviations than
xo assumption for vertical and horizontal deflection values and also it gives smaller values
than the values obtained by Lee (2002).

If x0 arc length is employed with close assumptions as shown previously, deflection calcula-
tion is simplified. In such cases, y ′(x) expression could be obtained by making x0 assumption
and employing curvature. Thus, deflection calculations become possible for different loading
and joint structures by employing the mentioned solution method which is also employed for
solving many other problems.

Bottom line, method employed by Fertis (1999) which is based on 2 different x0 arc length
gives much more simplified, easier and understandable solution than the method employed
by Lee (2002) for calculation of large deflections in combined loaded, cantilever beams that
has Ludwick type stress–strain relationship.

List of symbols

b width of the rectangular cross section
B Constant depending on Ludwick type material properties
h height of the rectangular cross section
Kn Constant depending on Ludwick type material properties
L Length of cantilever beam
M Bending moment
n Constant depending on Ludwick type material properties
P Concentrated load
w Uniformly distributed load of intensity
xo Arc length
� Horizontal deflection magnitude
�(x) Horizontal deflection function
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δv Vertical deflection magnitude at the free end
σ Stress
ε Strain
κ Curvature

References

Baker G 1993 On the large deflections of non-prismatic cantilevers with a finite depth. Comput. Struct.
46: 365–370

Bisshopp K E, Drucker D C 1945 Large deflections of cantilever beams. Q. Appl. Math. 3: 272–275
Eren I, 2006 Some new solutions on large deflections of beams (in Turkish). PhD Dissertation, Institute

of Science, Yildiz Technical University, Istanbul
Fertis D G 1999 Nonlinear Mechanics, (New York: CRC Pres)
Frisch-Fay R 1962 Flexible Bars, (London: Butter Worths)
Lau J H 1982 Large deflections of beams with combined loads. J. Eng. Mech. 108: 180–185
Lee B K, Wilson J F, Oh S J 1993 Elastica of cantilevered beams with variable cross sections. Int.

J. Non-Linear Mech. 28: 579–589
Lee K 2002 Large deflections of cantilever beams of non-linear elastic material under a combined

loading. Int. J. Non-Linear Mech. 37: 439–443
Lewis G, Monosa F 1981 Large deflections of cantilever beams of non-linear materials. Comput. Strct.

14: 357–360
Lewis G, Monosa, F 1982 Large deflections of cantilever beams of non-linear materials of the Ludwick

type subjected to an end moment. Int. J. Non-Linear Mech. 17: 1–6
Lo C C, Gupta, S D 1978 Bending of a non-linear rectangular beam in large deflection. J. Appl. Mech.

45: 213–215
Prathap G, Varadan T K 1976 The inelastic large deformation of beams, J. Appl. Mech. 43: 689–690
Rao B N, Rao G V 1986 On the large deflection of cantilever beams with end rotational load. Z. Angew-

Math. Mech. 66: 507–509
Scott E J, Carver D R, Kan M 1955 On the linear differential equation for beam deflection. J. Appl.

Mech. 22: 245–248
Varadan T L, Joseph D 1987 Inelastic finite deflections of cantilever beams. J. Aeronaut. Soc. India

39: 39–41



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


