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On the Radical Center of Four Spheres*

Blas Herrera and Quang Hung Tran

We provide two families of vector formulas that determine
the radical center of four spheres. As some applications, we
show formulas for points in similar situations to those of the
Monge point, provide new geometric results for radical cen-
ters, and we give a new proof of a conjecture by Victor Thébault
from 1953.

Introduction

In this article, we provide two families of vector formulas that de-
termine the radical center of four spheres. As some applications,
we show formulas for points in similar situations to those of the
Monge point, provide new geometric results for radical centers,
and we give a new proof of a conjecture by Victor Thébault from
1953 [1, 2].

Throughout this article, the authors use the following terms and
notations. The Euclidean vector connecting an initial point P
with a terminal point Q (in the three-dimensional Euclidean affine
space E?) is denoted by PQ = —P + Q. Zero vector in E? is de-
- - —
noted by 0. The notation AB - CD denotes the dot product of two
. — — L/ =
Euclidean vectors AB and CD. The notation ABx CD denotes the

. —> —
cross product of two Euclidean vectors AB and CD.

To avoid ambiguities, the following definitions are given: Let 7
be a tetrahedron in the Euclidean space E>. A sphere that touches
four faces of the tetrahedron 7 is called the insphere of 7. Every
tetrahedron has a special point known as the Monge point, which
is the intersection of the six planes that are perpendicular to a
given edge and pass through the midpoint of the opposite edge.
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The power of a point P with respect to a sphere w with center O
and radius R is the number Pow(w, P) = OP% — R?.

Let wy, w», w3, and w4 be spheres with non-coplanar centers in
E3. There exists a unique point that has the same power with
respect to each of these spheres. This point is called the radical
center of the spheres w1, wy, w3, and w4. Readers can consult the
references for these topics [3-8].

1. Results

Theorem 1. Let w,, wp, w., wy be four spheres with radii r,,
Ty, Te, Fq respectively, and whose four centers A, B, C, D form a
tetrahedron T~ = ABCD C B3, where B3 is the Euclidean affine
space. Let R be the radical center of these four spheres. Let O be
any point in space. Then

—\ — —
+ (/ICOC + ,udOD) -CD|(AB x BC)), (1)
where
7 |7 3]
-2+ |5 r-r2+|cD| r-r2+|cD|
He = —— 7 Ac= —H=p Md= —2
3] ez ez

— (> =
Note that 2AB - (BC X CD) = 12V, where V is the signed volume
of the tetrahedron 7 = ABCD.

Proof. Let o, be the radical plane of the pair of spheres {w,, wp}.
Similarly, let o be the radical plane of the pair of spheres of
spheres {wp, w,}, and let o be the radical plane of the pair of
spheres of spheres {w,, wg}. Let My, = 0 NAB, My = opcNBC
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and M.; = 0.4 N CD be the intersection points. Because of the
—> —

perpendicularity of the radical planes, we have: RMy;, - AB = 0,
— — — —
RMp. - BC =0,and RM.; - CD = 0.

. — — —_— — — — —
Since OR+RM ,, = OM;,, OR+RMy,. = OMy,. and OR+RM .; =

— —_—— = = —

— — —
OM,,4, then: OR - AB = OM, - AB, OR - BC = OM,,. - BC and
—_— = = —
OR-CD =0M. -CD.

=

Letus take S = {0;—6)1 ,—6)2,—6)3} an orthonormal reference system

on E?, and let us consider the components of the vectors AB =
— — —

(a'm Ay, a’z)’ BC = (ﬁmﬁy’ﬁz)a CD = ('}/x’ Yys ')/z), OR = (6):, 6ya 62)

in the base {—e),-}.Thus, we have the following linear system

@0y + a0y + @;0; = pup
B0y +ﬁy5y +B:0; = Pbe >
Yx0x + ¥y0y + ¥:0; = Pea

—_— — —_— —_— —_— —
where Pab = OMab . AB, Pbe = OMbC . BC, Ped = OMCd -CD.

Using Cramer’s rule, the system solution is

Pab @y Q@

Pbe ﬁy B
5, = Pcd Vy Yz _
@y @ a
Bx By B:
Yx Yy Yz
) a, «a a, «a
Pab B} BZ bc ‘ ’ ‘ + Pcd ¢ ¢
Yy Yz Yy Yz ﬁy B
—_— — — ’
dets, (AB, BC, CD)
Bx B @y Qag @y ag
—Pab +Pbe “Pcd
Yx Yz Yx Yz Bx B
6)7 - — — — s
det?i(AB,B ,CD)
a (04 a (04
Pab ﬁx ﬁy —Pbc . y +Pcd . Y
5 Yx Yy Yx Yy X ﬁy
.=

RESONANCE | August 2023

1265



GENERAL ARTICLE

Consequently, we have:
a)? _ pab(B—éXC—li)‘*'PbcE

J—y
AB-

— 2 =\ =0 o )\ —— > —
o a;,-AB(BCXCD)+0M},C-BC(CDXAB)+0MCd CD(ABXB )
— (= =
AB-(B XCD)

Now, if we take the coordinates of A = (ax, ay,az) and B =

(bx, b ,bz) in S, the equation of the radical plane o, of the pair
of spheres {w,, wp} is

a§+a§ +a§ - b’ —b§ —bg - 2xay - 2ya, — 2za,

+2xby + 2yby, + 2zb, — rﬁ + r}% =0.

Also, My, = A(ay, ay,a;) + p(by, by, be) with A+ = 1. Since
My € O gp, if we solve the system

al +aj +al — b3 — b} — b2 —2(ay + pby) a,
-2 (/lay + ﬂby) ay —2(da; + ub;) a,

+2(Aay + piby) by + 2 (Aay + pby) by

+2(da; + ub) b, —r2 +r; =0

A+u=1

we obtain:

22 22 p2 2 2.,2
aytay+a;+by+by+bi—2acby—2ayby—2a;b.—r;+r,

=3 A+ @D DR+ 2a,by—2ayby—2ab, "=
P N

2

oAl Jo] oros
| BA@ A ADADI R0, by~ 2ayby~azb Ar3-17
H=3 ai+ad+a? +b2+b2+b2-2a,b—2ayby—2ab, -
P I IOt

R R T

Therefore

— — —

OM,, = A0A + uOB =

il o3, el
>
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If we repeat the calculation twice cyclically (i.e., changing A, B
by B, C and A, B by C, D), we get

2

oy T S i I, P S i
be = 312 e ’
2 e 2 e
ot < L g 1o o
OMeg = 5—— 5 T =E
2 HCDH2 2 HCDH2
This completes the proof. o

We show the following numerical example to illustrate the theo-
rem.

Example 1. Let w,, wp, ., wg be four spheres with radii r, = 1,
rp, = 2, ro = 3, rg = 3 respectively, and whose four centers
A =(0,0,0), B=(@3,3,3), C=(1,2,3), D =(-3,5,1). We want
to calculate the radical center using the formulas of Theorem 1:

Classically (without using the new result of Theorem 1, which we
consider to be useful in modern geometric computational prob-
lems) to find the radical center requires solving the following sys-
tem:

(x2+y2+22—12
(=32 + (-3 +(-3?*-22)=0
(x2+y2+z2—12)

(=D + (-2 +(@-3?-3%)=0 "
(x2+y2+z2—12
~(x+32+ -5+ -11?-3%)=0

The solution of this system gives the coordinates of the radical
53 55 67)

center R = (ﬂ, 50
On the other hand, with Theorem 1 it is not required to solve the
system; in a systematic way with dot products and cross products,

the calculation is as follows.

We take O = (0,0, 0):

g, = EHIGIIE 10 1GNP 8
N TEE RS 9 IG33F  ~ 9
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A = 9-4+[1(1,2,3)-G 33 _ _ 4-9+10.2.3)-G 3P _

T TI23)-Gasp | o He (1,23)-@G331°F
_9-9+[[(=3,5.D)-(1,23)|> _ 1

CT=3sD-123)F T
_ 9-9+[(=3,5,D-(1L2.3)|> _

Hd (=3,5,H)-(1,2,3)|

DAL - (B_é x c_z’J) = 2(3.3.3) - (((1,2.3) = (3.3.3))

X ((=3.5.1) = (1.2.3))) = 72,

(a@i +llb0_)B) -AB = (2(0,0,0) + §(3,3,3))

(3.3.3) = 24,

(abo—B’ + ﬂc&’:) BC=(23,3,3) + 0(1,2,3)) - ((1,2,3)
~(3.3.3)) = —18,

(aca’: +ﬂd0—D>) .CD = (1(1,2,3) + 1(=3,5, 1)) - (=3,5, 1)
~(1,2.3)) = 21.

— =
(Bc X CD) = ((1,2.3) = (3.3.3)) X (=3.5.1)
~(1,2.3))) = (2.4, —10),

— —
(CD X AB) = ((=3.5.1) = (1,2.3)) X (3.3.3)) =
(15.6,-21),

- =
(AB x BC) = (3.3.3) % ((1.2.3) = (3.3.3))) =
(3.-6.3).

—_ _A_ _ _ _
Finally OR = 24(2,-4,-10) 18(15,26, 21)+21(3,-6,3) —

(2 35 67)
24> 12>~ 24)

Next, the authors provide yet another formula to obtain the radical
center.

Theorem 2. Using the same hypothesis as for Theorem 1, it is
also true that
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— 1 — —)\ = ==
OR= — 1 ((/ICOC ; ,udOD) AB (Bc x CD)
2AB~(BC><CD)
— —\ == —
; (/ldOD 4 uaOA) .BC (CD x AB)
— —\ == —
+ (/laOA + ﬂbOB) -CD (AB X BC)), 2)
where
r2-r2+|0A| “03“ +20B-0D-204-0D
/lc = — = — — )
OA-OC—-0A-OD+0B-OD-0B-0C
_ r2-r-|od| HOB“ ~20B-0C+204-0C
Hd = o 5¢-0A-0D+0B-0D-0B-0C
2 o —
Lo o8| -|joc| +20¢-04-208-04
4 T OB-0D-0B-0A+0C-0A-0C-0D
_nn —HOBH HOC“ ~20C-0D+20B-0D
Ha = 53 6D-0b 0A+0C-04-0C-0D
e 2—r2 +Hoc“ UODH +20D-0B-20C-0B
4" 0C-0A-0C-0B+0D-OB-OD-OA
and ,
2-r-|oc| +“01)H ~20D-04+20C-04

Kb = 58 53-0¢-0b+0D-0B-0D-0A

Proof. Let o, be the radical plane of the pair of spheres {w,, wp}.
Similarly, let o, be the radical plane of the pair of spheres of
spheres {wp, w.}, and let o4 be the radical plane of the pair of
spheres of spheres {w., wgq}. Let My = 0pNCD, My, = 0pcNDA
and M.y = 0.4 N AB be the intersection points. Because of the
perpendicularity of the radical planes, we have

— — — =
RM,, - AB =0, RMy. - BC =0,

and
— —
RM.-CD = 0.
Since
—_— = —_— = = —
OR + RM,, = OM;,, OR + RM},. = OM,.
and

—_— = —_—>
OR+RM_.; = OM .,
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then —_ = = —_ = = — —
OR-AB=0M,, -AB, OR - BC = OM,, - BC
and
—_ = = —
OR-CD=0M_;-CD.

Letus take S = {O;_e)l ,72,73} an orthonormal reference system

on E3, and let us consider the components of the vectors AB =
— — —

(> @y, 2), BC = (Bro By B:). CD = (¥, %y, ¥2): OR = (61, 8y, )

in the base {_e)[}. Thus, we have the following linear system

@0y + ay0y + @0, = pap
B0y +ﬁy§y +B:0; = Poe >
YxOx + YyOy + V207 = Ped

— — —_— — —_— —
where Pab = OMab -AB, Pbc = OMbC . BC, Pecd = OMCd -CD.

Using the same reasoning as in the proof of the previous Theorem
—
1 we have OR equal to

OM up- AB(BCXCD)+0M1,C B

i)

R
CDXAB)+0MCd-CD(AB><B

Now, if we take the coordinates of C = (cx, cy,cz) and D =

(dx, dy, dz) in S, the equation of the radical plane o of the pair
of spheres {w,, wp} is

a + a§ + a? b’ - b§ - bg - 2xay - 2ya, — 2za,
+2xby + 2yby + 2zb, — rﬁ + r}% =0.

Also My, = A(cy.cy.c;) + pt(dy.dy.d;) with A+ p = 1. Since
My € O gp, if we solve the system

al+a; +al — bl — b} — b2 —2(Acy + pdy) ay

~2(Acy + pdy) ay — 2 (Ae; + pdz) az + 2 (Acy + pdy) by
+2(Acy + pdy) by + 2 (e, + pd:) by = 2 + 17 = 0 ’
A+u=1
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we obtain

A =dby - cib, +d,b, — cyby — dya, + c,a,
—d,a, + c,a, + d;b, — c,b, — a,dy + a,cy,

<I>:rl2) r2+a2+a2+a - b - bf—bg

+2bdy + 2bydy + ZbZdZ ~2a,d, - 2a,d, - 2a.d.,

__2 20 20 2 12 12 _p2
lI’——ra+r§+ax+ay+aZ — by — by — b;
+2cby + 2¢yby + 2¢,b; — 2a,cy — 2aycy — 2ac,,

—_—— = —

'E{"Z—HE;’H2+2OB-0D—20A-0D

2_2
1rh—r+

A= % T 27T Gioc- 0AOD+030_L’) 0B-0C

i “OA“ “OBH ~20B-0C+204-0C

20T 2 5A.0C-0A-0D+0B-0D-0B-0C
Therefore

—_—> — —

OM,, = A0C + uOD =

1 ri—r},+“074“2—“&?“2+2E§-OD 204-0D —,

" — D o — — = 3 —, ocC

2 0A-OC-0A-OD+0OB-OD-0B-OC
1 272 |GA +[oB 208 5¢-+254.5¢ —s
-~ — = = OD

—— — = —
2  0A-0OC-0A-O0D+0B-OD-0OB-OC

If we repeat the calculation twice cyclically (i.e., changing A, B
by B, C and A, B by C, D), we get

-2 =2 —_— — =
— 1212+ “OBH —HOC“ +20C-0A-20B-04 —
OMbC =3 — — oD
2 OB-OD-OB-OA+OC-OA-0C-0D

—_—— = —

‘OBH +Hoc“ ~20C-0D+20B-0D —>

2.2
1 r-ri-

— — = — — = = — OA,
2 OB-OD-0B-OA+0C-OA-OC-0D
—_—y ) = —>
— 1 -2 +“0c“ UODH +20D-0B-20C-08 —
OM4 = ———O0A
2 0C-OA-0C-OB+0D-0B-OD-0A
Ll 212 Hoc“ UODH ~20D-04+20C-04 —
——OB.
2 0C-0A-0C-0B+0D-0B-0D-0A
This completes the proof. ]

To illustrate Theorem 2, we recalculate the previous numerical

W 1271

example.
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Example 2. Let w,, wp, ., wg be four spheres with radii r, = 1,
r, = 2, ro = 3, rg = 3 respectively, and whose four centers
A =1(0,0,0), B=(3,3,3), C =(1,2,3), D = (-3,5,1). We want
to calculate the radical center using the formulas of Theorem 3:

We have:

4=1+10,0,02=1I(3,3.3)1”+2(3,3,3)-(=3,5,)=2(0,0,0)-(=3,5,1) _
(0,0,0)-(1,2,3)-(0,0,0)-(-3,5,1)+(3,3,3)-(-3,5,1)-(3,3,3)-(1,2,3) —

2
Aczg’

1=4-1(0,0,012+11(3,3.3)1”=2(3,3,3)-(1,2,3)+2(0,0,0)-(1,2,3)  _
(0,0,0)-(1,2,3)—(0,0,0)-(-3,5,1)+(3,3,3)-(-3,5,1)-(3,3,3)-(1,2,3) —

_4
Ha = 3,

9—4+((3,3,3)IP=NI(1,2,3)7+2(1,2,3)-(0,0,00-2(3,3,3)-(0,0,0)  _
(3,3,3)-(-3,5,1)-(3,3,3)-(0,0,0)+(1,2,3)-(0,0,0)—-(1,2,3)-(-3,5,1) —

Ag = —18,

4=9-113,3,D)IP+I(1,2,3)1P=2(1,2,3)-(=3,5,D)+2(3,3,3)(=3,5,1) _
(3,3,3)-(-3.5,1)—(3,3,3)-(0,0,0)+(1,2,3)-(0,0,0)—(1,2,3)-(-3,5,1) —

ﬂa = 20’

9=9+/I(1,2, ) =1I(=3,5,DI*+2(=3,5,1)-(3,3,3)-2(1,2,3)-3,3,3) _
(1,2,3)-(0,0,0)—(1,2,3)-(3,3,3)+(-3,5,1):(3,3,3)—(-3,5,1):(0,0,0) —

13
/la = 3

9-9-11(1,2,3)IP+I(=3,5,DI>=2(=3,5,1)-(0,0,0)+2(1,2,3)-(0,0,0) _
(1,2,3)-(0,0,0)—(1,2,3)-(3,3,3)+(-3,5,1)-(3,3,3)-(-3,5,1)-(0,0,0) —

__1
M = —3.

—

(1:0¢ + 10B) - 4B = (31,2,3) + £(-3,5,1)
(3,3,3) = 24,

(/ldO—f) + ﬂaa) .BC = (=18(=3,5, 1) + 200(0, 0, 0))
((1,2,3) - (3,3,3)) = —18,

(104 + 4,0B)- CD = (£(0,0,0 - 13.3,3))
(=3,5.1) = (1,2,3)) = 21

(B_é x c_fJ) = ((1,2,3) - (3,3,3)) X ((=3,5. 1)
~(1,2,3)) = (2, ~4, ~10),

(C—D’ xﬂa’) = (((=3,5.1) - (1,2,3)) X (3,3,3)) =
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(15.6.-21),
— =
@Bx&ﬂ:«@ﬁﬁ»x«Lz3ywlaa»:

(3,-6,3).
—
Flnally OR = 24(2,—4,—10)—18(12,26,—21)-#21(3,—6,3) —
(ﬁ 35 _6_7)
24° 12> 24)°

Remark 1: Using the same kind of demonstration as before, we
can prove the well-known vector formula for the Monge point M
of the tetrahedron 7 = ABCD:

)
ABch». 3)

Proof of remark 1. First, let us remember that the Monge point
M of the tetrahedron 7~ = ABCD is the intersection of the six
planes that are perpendicular to a given edge and pass through the
midpoint of the opposite edge.

Therefore, we can use the same proof of Theorem 2 above, but
instead of using the planes called o, now we use the six planes
which define the Monge point, and we add the following formulas
— — — =2 1 =R = = 1=
OMy, = A0C + uOD = 50C + u0D, OMy. = 50D + 504,
—> 1= 1=

OM,.; = zOA + EOB

This completes the proof. O

Remark 2: Let P be the intersection of three orthogonal planes
to the edges AB, BC and CD of a tetrahedron 7~ = ABCD, which
planes cut across the edges C*D*, D*A* and A*B*, respectively,
of another tetrahedron 7 = A*B*C*D*. As a result of the proofs
of Theorem 1 and Theorem 2 above, the following equation is

The Monge point M of
the tetrahedron

7 = ABCD is the
intersection of the six
planes that are
perpendicular to a given
edge and pass through
the midpoint of the
opposite edge.

RESONANCE | August 2023 W
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By way of explanation,
the segment AA’ (which
we call altitude) is the
straight line segment that
joins the vertex A with
the point A’ on the
opposite side plane BCD
such that the segment
AA’ is orthogonal to
plane BCD. This point
A’ is called foot of the
altitude.

true:
= i — ) i
OP=——L ((/ICOC + 11,0D ) .AB (BC x CD)
AB-(BCXCD)
P 2\ = ([ —
+|14,0D" + /,taOA*) - BC (CD X AB)
- -\ =2 (2 =
+ (/laOA + OB ) -CD (AB X BC)) s @)

where A. + ug = Ag + pg = g+ up = 1.

2. Some Applications

The vectorial results shown above will be used to prove a general
result which relates the radical center of four spheres with certain
elements of the tetrahedron.

Theorem 3. In a tetrahedron 7 = ABCD, let A’, B, C’, D’ be the
feet of the altitudes AA’, BB, CC’, DD’ respectively. Let w,, wp,
We, Wy be four spheres having the vertices A, B, C, D as centers
respectively. Let A*, B*, C*, D* be the inverses of A’, B, C’,
D’ with respect to the spheres w,, wp, W, Wy respectively. The
planes which pass through the midpoints of B*C*, C*A*, A*B",
D*A*, D*B*, D*C* and are perpendicular to BC, CA, AB, DA,
DB, DC respectively, are concurrent at a point P, which is the
radical center R of the spheres wg, wp, W, Wy.

By way of explanation, the segment AA” (which we call altitude)
is the straight line segment that joins the vertex A with the point
A’ on the opposite side plane BCD such that the segment AA’
is orthogonal to plane BCD. This point A’ is called foot of the
altitude.

Remark 3: 1f Theorem 3 is true, then the planes mentioned in the
theorem are necessarily the radical planes of the pairs of those
spheres.

Proof. Let point P, be the intersection of three orthogonal planes
to the edges AB, BC and CD of the tetrahedron 7 = ABCD,

1274
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which planes pass through the midpoints of the edges A*B*, B*C*
and C*D*, respectively, of the tetrahedron 7" = A*B*C*D*. As a
result of Remark 2:

—
OPahc ==
2 B-(BCXCD

— —\ — [ —
+(0B*+OC*)-BC(C X B)

_— 2\ == —
+ (OC* + OD*) -CD (AB X BC)), 5)

| — =3\ = =
f_))((wx +OB)-AB(BC><CD)

Likewise, and because the formulas are cyclical, let Py, the in-
tersection of three orthogonal planes to the edges BD, DA and
AC of the tetrahedron 7~ = ABCD, which planes pass through the
midpoints of the edges B*D*, D*A* and A*C”, respectively, of the
tetrahedron 7 = A*B*C*D*. As a result of Remark 2:

— | — =\ = ([ —
OPhda: ﬁ((OB + OD )BD(DA XAC)

(6)

. — — .
Therefore, in order that OP ;. = OPpy, = R, and owing to Theo-
rem 1, the following equations must be true:

2 . 75\ 3 abc A4 abc AR A B
(OA + OB )-AB = (ﬂa OA + 1, OB)-AB,

=2, A BA abe A b abc A2 B
(OB +0C')- BC = (/lb OB + ut0C)- BC,
pry N AR abc A abe AR\ AR
(OC + OD )-CD=(/lc OC + uy OD)-CD,
—112 — 12
ABH abc r‘z’_r§+HABH

= oMy = - >
T 5

2_.2
ry=rgt

where 19¢ =

2 2. |mAIP 2 2. |mel?
B e _ re]E

Aabc — e — ,
N
/lahc _ rﬁ—rf+ C—ISHZ abe _ r?—rfﬁ—HC_l))HZ

B T el
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Also, it must be true that
-2 2\ R bda A bdapd\ BA
(08" + 0D*) - BD - (/lb OF +11“0D) - BD,

DA = (/lbd“OD+ bd“OA)

Al El

(OA* + OC*) ‘AC = (a’;"“@i + ﬂ’g"“o—c’) :

22 ImRIP 22 ImRIP
rd—rb+HBD“ rb—rd+HBD“

where /lZd“ = “ﬁ)HZ ’#Zda = T BDE
o _ AP oA

i 2
/lzd“ = %,,uc == _r§_+> 2

] el

Ultimately, the above is equivalent to the radical planes of the
pairs of w spheres passing through the midpoints of the edges of
the tetrahedron 7 = A*B*C*D*.

We consider a Cartesian system of coordinates such that O = A =
0,0,0), B = (1,0,0), C = (a,B,0), D = (y,6,¢) with @ > 0,
B > 0and € > 0. After the necessary calculations, we find that
the coordinates of the feet in this system are:

A':Z—g(ﬁs,(l—a)s,é(a—l)—ﬁw—l)),
, Be M,
o= s o)

C' = po (g (62+82),6,8),

0% + &2 \Bo
D’ =(y,6,0),
where
My =(a? =20 +1) (6% + &%) + 25 (@ - D)+

+

(
,82(1 + &%) + By (By — 206 + 26 - 2),
a? (62 + 82) + By (By — 2a9) .
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Consequently, the inverse points are:

1
AF = rgﬁ_g Be,(1-—a)g,0(@—-1)-B(y-1)),
B = ri(—l,%,ﬁy;“5)+(1,o,0),
C* = rg (0, —}3,/%)4.(&,,3,0)’

1
D" =7’ (0, 0,——) + (7,6, ).
&
With a long but straightforward calculation we have:

Py A A W4 abc AR abenn) ab
(OA + OB )~AB = (/la OA + OB)-AB =

2

ra—r§+1,

ot At BA abc A B Y AN Y,
(OB +0C )-BC=(/lb OB + 4 OC)-BC=

a2+/32+r}%—r3—1,

—

pagp 2\ AR _ [ qabc A abc AT _
OC™ +0D")-CD =|A7°0C + uy*0OD|) - CD =
52+82+72—az—ﬁ2+rg—r[2,,
Py 2\ B3R bda B L  bdanR\ B
(0B* + OD*)- BD = (144“0F + ;0D - BD -
y2+62+82+r,%—r[21—1,

2o a2 T . YA Y
(OD +0A)-DA:(/ld OD + p, OA)-DA:

2 22,2 2
-y =0 — +ry -

a’
—

_— —
(OA* + OC*) ‘AC = (Azd“a +ﬂfd“0_c>) AC =
o? +ﬁ2 +r3 - rZ.

This completes the proof. O

Corollary 1 (Thébault’s conjecture, year 1953 [1]). In a tetrahe-
dronT = ABCD, letA’, B’, C’, D’ be the feet of the altitudes AA’,
BB’, CC’, DD’. The planes which pass through the midpoints of
B'C',C'A’, A’B’, D’A’, D'B’, D’C’ and are perpendicular to BC,
CA, AB, DA, DB, DC respectively, are concurrent at a point P,
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which is the radical center of the spheres described with the ver-
tices A, B, C, D as centers and with the altitudes AA’, BB’, CC’,
DD’ as radlii.

This conjecture was proved in [2].

Proof. Following the notation as shown in the above Theorem,
we have A’ = A*, B = B*, C’ = C*, D’ = D*, because A’ € w,,
B’ € wp, C' € w., D' € wy.

This completes the proof. m|

3. Conclusion

We conjecture a theorem similar to the Theorem 3 in the multidi-
mensional space.

Conjecture 1. Let A = ApA|...A, be a simplex in the n-dimensional
Euclidean affine space E". Fori = 0, n, let w; be the hypersphere
centered at A;, let A] be the feet of the altitude A;A; (of the simplex
A), let A be the inverse of A} with respect to the hypersphere wi.
Fori,j=0,n,i# j, any hyperplane that passes through the mid-
point of AfA; and is perpendicular to the line A;A; is concurrent
at a point P, which is the radical center of spheres w;.
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