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Airy Functions Demystified - IIT*

A Fresh Look at the Relation Between Airy and Bessel Functions

M. S Ramkarthik, Elizabeth Louis Pereira

Airy and Bessel functions are one of the most popular and
important special functions in various branches of physics,
mathematics, and engineering. An observation to their be-
havior for the real argument suggest that they are related.
This relation was studied earlier, but were accompanied by
a number of assumptions, approximations, and sometimes
even misconceptions. This motivated us to develop a fresh
and transparent method to establish these relations. As the
continuation of our study of the two papers published in res-
onance already, here we have used the general asymptotic se-
ries and the convergent series of these functions and thereby
developed two new methods which throw light on the sub-
tle interrelationships between these functions. Numerical ev-
idences of our claims are provided for better clarity and un-
derstanding.

1. Introduction

Special functions like Airy functions [1], [2], [3] and Bessel func-
tions [4] are ubiquitous in science and engineering. The aim of
this paper is to establish the relation between Airy functions and
the family of Bessel functions using a fresh and straightforward
method. In continuation of the two papers we have written in
Resonance [2], [3] and the further analysis in this direction, moti-
vated us to study the famous relationship between Airy and Bessel
functions in a nascent way. Here we show important manipula-
tions of the asymptotic series and convergent series in a pedagog-
ical way. These asymptotic series and convergent series for any
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order can be however derived without much difficulty [5], [6], [7].
To show the direction to the reader we have derived the asymp-
totic series of the family of Bessel functions for any order in the
appendix as they have phenomenal applications in various areas,
like Schrédinger equation in spherical and cylindrical coordinates
with constant potential. Here we remark that, Dr. J. W. Nicholson
has derived the relation between these functions in his papers [8],

[9].

We have found some lapses in these papers which motivated us to
develop a new method which is more interesting and transparent
specially for students who want to delve deeply.

2. A Brief Introduction to Airy Functions

Sir George Biddell Airy, an astronomer and mathematician of the
nineteenth century had introduced his very famous Airy functions
(Ai(z) and Bi(z), z € C[10], [11]) to explain the intensity pro-
file of the rainbow [2], [3] His theory superseded Newton’s and
Descartes theory in certain appreciable aspects. Over the years,
these Airy functions have found applications in various areas of
physics, mathematics, and engineering. To name a few : The
W. K. B. approximation in quantum mechanics [3], the quantum
bouncing ball [3] and propagation of light and radiation of elec-
tromagnetic waves [3]. Figutre [1] shows the plots of Airy func-
tion (Ai(x)) and Bairy function (Bi(x)) for the real variable x [2].
We can see that as x — —oo, Ai(x) and Bi(x) show decreasing
behavior in an oscillatory fashion while for x — oo, Ai(x) shows
an exponentially decreasing behavior and Bi(x) shows an expo-
nentially increasing behavior.

We can define the Airy functions in terms of a convergent series
forz € Cas|[6],

3 I\73)°V T 237 2356
+3_§ sin (<L) + a2 + 4 + (1)
— 1 — —— . —
o 3\ 73)°\* T34 3467 .
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The series described by Eq.[1] and Eq.[2] are identical except for
a factor of V3 and a negative sign in the second term in Eq.[2].
For x € R*, another form of the Airy functions are the asymp-
totic series [5]. These series are useful approximations at x >> 0.
These general asymptotic series for any order for the entire real
axis are given as,

2 3 15 1 15711 1
Aix) = o2 2 L), @3
=27 ( 1,48 3 2L@8)2 2 ) ©)
1
PP 15 1 15711 1
Bi) = =¥ (14— — 2L ) @
=5 ( a8 3 @ B ) @
and we write —x = xe'™ along the negative real axis,
1
(. (2 2
Ai(=x) = % (sin(gx% + %)L1 - Cos(gx% + %)Lz), (5)

Figure 1. The behavior of
the Airy function - Ai(x) and
the Bairy function - Bi(x) for

x € R.

Eq.[3] and Eq.[4] are

and [ph(z)| < %ﬂ' )
respectively in the

complex plane when
x=z € C[11]. But

real arguments i.e.
x € R.

valid for |ph(z)| < 7 —

0

here we consider only
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Figure 2. Graph of Airy
functions and their first or-
der asymptotic series for
x € R*.

Eq.[5] and Eq.[6] are
valid for |ph(z)| < 37 -6
and [ph(z)| < 37 -6
respectively in the
complex plane when
x=z € C[11]. But
here we consider only
real arguments i.e.

x € R.

L, O = W
e T
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— Asymptotic form
° General form

m—

Bi(—x) = ? (cos (%xz + Z)L] + Sin(§X2 + 4)L2) (6)

where L, is the series containing even terms and L is the series
containing odd terms given as

00 3 2k 1 5
L1=Z(Z) r(zmg)r(zmg)% 72 @D @)

k=0

o 3\ 2K+ 1
L, = kzz(;(z) F(2k+1+8)><

5 1 3k-3 1k
F(2k+1+g)m((x) ). ®

Figure [2] shows the graphs of Airy and Bairy functions and their
first order asymptotic expansions. The asymptotic expansions
have an appreciably less error for x — +oco. The insets show the
plots when x is very near to 0 and we can see that these asymptotic
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forms show divergent behavior from the regular Airy functions.
This is due to dominance of x"7 when x € 0, 1).

3. A Brief Introduction to Bessel Functions

In the forthcoming sections, we aim at establishing the relation
between Airy functions (Ai(z) and Bi(z), z € R [10], [11]) with
the well known Bessel functions [11] by simple methods. It is
well known that Bessel functions form the backbone of mathe-
matical physics and engineering. To name a few : Vibrations of
a two dimensional circular membrane [12], heat transfer [12] and
Airy’s disc resulting form the diffraction of light from circular
aperture [13]. J,(z) is known as the Bessel function of the first
kind and of order v (v € R) [4], [14]. We define the series form
of J,(z) and Y,(z) in terms of the gamma function as,

B o (_1)5 z v+2s
@) = Z‘o T(s+ DI(s+v+ 1) (E) ’ ©
_cos(vm)J,(2) = J_,(2)
(2 = Sin(vr) ’ (10

where Y, (z) is known as the Neumann function or the Bessel func-
tion of the second kind of v order. Eq.[10] is valid for v ¢ Z
and is a linear combination of the two linearly independent so-
lutions J,(z) and J_,(z) of Bessel’s differential equation. Y, (z) is
the second linearly independent solution of Bessel’s differential
equation for v € Z. Another way of expressing Bessel functions
is to write them as Hankel functions. These functions are denoted
as Hﬁl)(z) and Hﬁz)(z) and are known as Hankel functions of first
and second kind respectively. More explicitly

H @) = 1) + i%,(2), (11)
HP(2) = J,(2) - i%,(2). (12)

If z = x € R", then from Eq.[11] and Eq.[12] we have

HP () = (H ()" (13)
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Figure 3. A plot showing
the comparison between the
expression 7, (x) + I_,(x) and

2I,(x) forx € Rtandv =
1

3.

10

— 2L,x)

3
oo LX) I ()
3 3

Using Eq.[11] and Eq.[12] and considering z = x € R we can
see that 1

J(x) = 5 (H) ) + HP ). (14)
I,(z) is known as the modified Bessel function and of order v
(v € R) which is defined as,

[Se]

3 1 z v+2s
AQ)_QQF@+JHTS+V+D(§) ‘ (15

For x € R™, I,(x) is an exponentially increasing function which
is real and thus from the convergent series form given by Eq.[15]
we can say that when x and s are very large as compared to |v|
the expressions I,(x) + I_,(x) and 21,(x) are equivalent with an
appreciably low error for v € R (refer Figure [3] where v = %),
while I,(x) = I_,(x) for v € 7Z. However when x is not real
and positive I,(x) + I_,(x) and 2/,(x) are not equivalent as the
imaginary terms of /,(x) and /_,(x) do not match. Now we define
the modified Bessel function of the second kind K, (z) forz € C.
These functions are also known as Macdonald functions. The
Macdonald function of v order is defined as [14]
_ (I—V(Z) - IV(Z))

K@ =5 snom) (16)
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04r
— Asymptotic series
r o Bessel: Jz(x)
0.2+
>
o

-0.2F

~ ] L L ] L L ] L L ] L
04 0 10 20 30

Eq.[16] is valid for v ¢ Z and is a linear combination of the
two linearly independent solutions /,(z) and I_,(z) of modified
Bessel’s differential equation. K,(z) is the second linearly in-
dependent solution of modified Bessel’s differential equation for
y € Z. For x € RT, we have the relation between modified
Bessel functions and the Hankel functions [14] as,

ivm

L(x) = % (HD (¢5x) + H? (632)). 17)

and the relation between Macdonald functions and Bessel func-
tions is

K,(x) = %e'VT”HS)(xe"%). (18)

An important ingredient in deriving the relationship between
Airy functions and the family of Bessel functions are the asymp-
totic forms of the family of Bessel functions [4], [14]. An elegant
derivation of these asymptotic series is given in the Appendix of
this paper. The asymptotic series of J,(x), I,(x), and K,(x) are
[71, [15], [16].

Figure 4. Plot of the Bessel
function J,(x) of second or-
der and its asymptotic form
for x > 0 showing a decreas-
ing behavior which is oscil-
latory in nature.

Note that for x € R*
and v € R, the functions
Jy (%), ¥,(x), I,(x) and

K, (x) are all real.
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Figure 5. The plot of 30

modified Bessel function of
second order I,(x) and its Modified Bossel 1100
asymptotic form for x > °:° A;.ympft:oticefsosrem' 2
0 showing an exponentially
increasing behavior. 20
>
10
% 6
7,() [2 ( v 71) y
=4/ —|cos{x————
e X o 2 4
- 4V — 12)(4v? - 3?) .
82.2! x2
sin( 2.8 71) (42 - 12)
T2 ) Ts
42_12 42_32 42_ 2
@y )4y )4y 5)+...)), (19)
83.31x3
x 212 212 2 _ 72
L) = e | — 4v-—-1%) N 4ve = 19)@dv- - 39)
27X 8. 1! x 82. 2! x2
4 2_12 4 2_32 4 2_52
_W - @y -3 )@y )+...), (20)
83. 3! x3

T, @? -1 @?*-1»Hd?-3?)
K@=y (1+ g 1lx | g2

42 — 12)(d? - 32)(4? - 5%) )
+ + ...
83. 3! x3
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2e-08

1.5e-08

+—o Macdonald function : K, (%)
~ Asymptotic form

le-08F

5e-09|

He "% 2 30

We can write Eq.[21] compactly as

[ 1 n
K,(x) = \/ge—x [Z an(;) ] (22)

n=0

@2 - 1)@ =33 ... - 2n - 1))
231 pn!
where n starts from 1.  Figure [4] shows the graph between

the Bessel function of second order (J>(x)) plotted along with
its asymptotic series. The error between the plots decreases as

where ag = 1 and a,, =

Xx — +oo, but very close to 0, the asymptotic expansion shows a

divergent behavior since the function % is dominant as x — 0,

we have lx — +o00. Figure [5] shows the graphs of the modified

Bessel function of second order (/>(x)) and its asymptotic series.
The error between the plots decreases as x — +oo, but very close
to 0, the asymptotic expansion shows a divergent behavior for
a similar reason as mentioned in the case of J,(x). Figure [6]
shows the graph of Macdonald function of second order (K;(x))
and its asymptotic series which shows an exponential decrease as

X — +00.

Figure 6. The plot of Mac-
donald function of second
order K;(x) and its asymp-
totic form for x > 0 showing
an exponentially decreasing
behavior.

In studying nuclear
physics, with constant
potential profiles, the
Schrodinger equation in
spherical and cylindrical
coordinates reduce to
Bessel’s differential
equations and these
asymptotic forms of
Bessel functions are the
solutions.
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The relation between
Airy functions and the

functions exist only for

X

family of Bessel

€ R and not for any
other argument of x.

4. Relation Between Airy Functions and the Family of Bessel
Functions

We will be proving the following results using two completely
different methods. For x € R™, we have the relations

Ai(x) = i \/§K+% (%xi) (23)

Bi(x) = \/g (1% (%x%)+l_% (%xg)) (24)
Ai(=x) = \/T} (J% (%x%) 7 (%xi)) (25)
Bi(-x) = @(—J% @x%) +Jy @x?)) (26)

METHOD 1. Derivation using the asymptotic series of the
Junctions

Our main aim is to find the relation between Airy functions and
the family of Bessel functions in the domain of the entire real axis
by using their asymptotic series. On observing the plots of Ai(x)
and K, (x) for x € R* from Figure [1] and Figure [6] respectively
and in the domain considered, both these functions are exponen-
tially decreasing, this indicates a possible relation between them.
A similar conclusion can be made in the case of Bi(x) and 7,(x),
both being exponentially increasing functions in the domain con-
sidered. Consider the general asymptotic series of Ai(x) from
Eq.[3], a replacement of x by %x% in the asymptotic series of
Macdonald function, as given in Eq.[22] will depict the behavior
of Ai(x) to a good approximation, effecting this in Eq.[22]

2222
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To obtain at least the first term of the asymptotic series of Ai(x)
1
21
in K,(x), we need to multiply Eq.[28] on both sides by (ﬁ %)
T

this gives

1 (e
i )[R 6 )
—./zK | zx7) = e 3" Zan = (x 2) , (29
7\3 3 24/n —\2
expanding the R.H.S. to get
1
1 [x 2 3 X4 2.3
— K. |=x2]|= —§x2 X
ﬂ\/g V(3x ) (2\/%6 ]
2 _
1+ " -1 (3 =
118 \2

2 _12)(4y2 — 32 2
AR o) e

[N

[S][94

Now if we select v = % in Eq.[30], we have

1\/}K 2 3\ _ X1 )
N33 T IR
Gl
ng \2)*
4 _ 12 - 2
+%(%) x_3+...). 31
N ESREr T ARCEDTE
_(2ﬁe* )(1+9.1!8(2)x
4-9)(4-81) (3’
+%(5) x_3+...). (32)

1

R 15 5 15711
= “3x2 [ - -3 Sy @33
(2\/776 )( mast T oae T ) (33)

Thus from Eq.[3] and Eq.[33], we get the relation

Aix) = 2 le(zx%). (34)
b4 3\3
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Figure 7. The plot
clearly showing the com-
parison  between  Bi(x),

(1 (30) + 1y (361)

and 2 \/glé (%x%)

15
— Bi(x)
3 3
o \g(lé(gxz)l_é@xz»
— 3
10} eNACTERD)!

Since for any value of v we have K,(x) = K_,(x), we can also
write Eq.[34] as

Ai(x) = % gK_% (%xi) (35)
For Bi(x), we can consider the relation between Bi(x) and I,(x)
as already mentioned. To this end consider the general series of
Bi(x) and I,(x), from Eq.[4] and Eq.[20] a similar approach as
done for Ai(x) suggests that we replace x as %x% in Eq.[20] and
simplifying

3
2 5 V3 eir? @2 -1 (3
I[2x3) = —1- S
3 2Vr x3 8. 11x2 \2
@2 — 12)(d? - 3% ( 3 )2

82.21 3 2
@ - 1)@ -3 -5 (3 3 . @6)
83,31 x3 2) )

Multiplying Eq.[36] by \/g and choosing v as % we get

2224
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3
x (2 3 1 ei*? -1 (3
iy s 1 - ~(=
375\3 2V yi 8. 11x2 \2
(3-19)F -3% (3)?
+— —_
82.21 43 2
§_12 §_32 £_52 33
_5 216G )(—) +) 37)
83.3! x2 2

) 3
2 1 e5*? 1.5 1.5.7.11
\/Ell(—x%): f’”] (1+ o +...).(38)
3513 2Vr i 48.11x3  (48)2.21x

In order to obtain first term of the asymptotic series of Bi(x)

we can either multiply Eq.[38] by 2 or consider \/g(l 1 (%x%)

+1

(%xi) ) These two ideas give the same answer for x >>

wl

0 but when x is very close to 0 the expression \/g(l 1 (%x%)

3 . . . .
+1_ 1 (%xi)) gives a better match with Bi(x) as verified numer-

ically, refer Figure [7]. This will become more clear in the next
method as seen from Eq.[82]. Thus we choose the suitable com-
bination of 7, (x) and I_,(x) with v to be %

xIZ%IZ%
SR A

~ (1+ L5 15711
S VE xi 48113 (4822153

Thus from Eq.[4] and Eq.[39], we have the relation

Bi(x) = g(l% (%x%) +1 (%ﬁ)) (40)

In order to find the possible relation between the Airy functions

+ ) (39)

and the family of Bessel functions for the case when argument
is along the negative real axis of Airy functions, we consider
x € R*, on observing the behavior of the functions Ai(—x),

RESONANCE | December 2022 W
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Bi(—x) and J,(x), it is suggested that these functions are related
closely as all of these functions decrease in an oscillatory fashion.
We will consider the same approach that we had used to obtain
Eq.[34] and Eq.[40] for x € R*. Consider the general asymptotic
series of J,(x) and Ai(x) as given by Eq.[19] and Eq.[5].

Ai(xe™) = Ai(—x) =

2 sin gx%+z Ly — cos zx%+z L 41)
VT 3 4] 37 T g) )

where 1.5.7.11
Li=1-———+...+, (42)
21(48)2x3

and
1.5 1.5.7.11.13.17
L, = - +...+

T N@8)xr  31(48)3x

In order for the functions Ai(—x) and J,(x) to be related, from

(43)

Eq.[19] and Eq.[41] we can predict that argument of J, should be
%x%, thus effecting this in Eq.[19] and simplifying by choosing
V= % we have

2%__%\/5 2%57'1'><
3X =X 7TC053X )

1.5.7.11 (25 5nm
l—-——+ ... ]+sin[=x2 — —|X
21(48)2x3 3

1.5 1.5.7.11.13.17
( - - +J) (44)
1148)x>  31(48)3x3

wl—

An analogous procedure by choosing v as —% in Eq.[19] and sim-

\/5 2% 7'1'><
ﬂcos 3x B

s\ 2 T
- —_— S| — - —
214823 3V T2

15 157.1113.17
( - : +]) 45)
11@48)x7  31(48)3x3

plifying, we get

I (2] =x
13X—X

ENTR)

An important point to note from Eq.[44] and Eq.[45] is that the
R.H.S. of both these equations are related to the the expressions

2226
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of Ly and L, as given by Eq.[42] and Eq.[43]. In order that
the first term of the asymptotic series of Ai(—x) to match with
that of J 115 (— ) and J_; ( xZ) we multiply Eq.[44] and Eq.[45]
with \/}\on both sides. Smce the coeflicients of the two series in
\/_.]] ( x2) and VxJ_; ( x2) do not match with that of Ai(—x),

we consider a linear comblnatlon of the form a+/xJ1 (gxi) +
3

b+xJ_ ! (%x%), where a and b are the constants to be found. We
start by writing

Ai(— x)—a\/_h (—x2)+b\/_J (2 f) (46)

W

substituting Eq.[41], Eq.[44], and Eq.[45] in Eq.[46], we get

T (n (2 142 z L 2 2 + L
—|S1In| <X —COS| =X
VA N Y Y

1
~3 2 5 2
= %((Cl 3 cos (gxz - 1—;) +bV3cos (gxz - 1—7;))L1

2 3 5m
+( 3sm(§x2—E)+b\/§sm(3x2—ﬁ))Lz) 7

By comparing the coefficients of L; and L, in Eq.[47], we get
two linear simultaneous equations in two unknowns a and b as

follows

(23 7 2 3 5w 2 T

— — | = —_x2 — — R
sm(3x2+4) a 3cos(3x 12)+b\/§cos(3x 12)
(48)

2 2 5

—cos(gx%+%):a 33in(3x2—£)+b\/§sm(§x2—l—ﬂ2)
(49)

Eq.[48] and Eq.[49] can be solved for a and b by using Cramer’s
rule and a little bit of straight forward algebra to get a = % and
b= % Using these values of a and b so obtained in Eq.[46], we
get the relation between Airy function and Bessel function as,

Ai(—x) = g (J% (%xz) 7 (i 3)) (50)

We use a similar approach to find the relation between Bi(—x) and
the Bessel function by considering the behavior of these functions

RESONANCE | December 2022 W
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Figure 8. The plot of Airy
functions and their equiva-
lent expressions in terms of
Bessel functions.

L b Ai(x) d Bi(x)
1e-08 x0 i x0
- 40000 |-
5¢-09
Us 1 . 1 0 L 1 .
9 10 0 5 10
X X

© General form
~—— expression in terms of family of Bessel functions

from Figure [1] and Figure [4]. Thus we assume Bi(—x) equal to
the linear combination

Bi(~x) = c VxJy (%x%)+d\/;.]_% (%x%), (51)

the values of constants ¢ and d need to be found. Substituting
Eq.[6], Eq.[44], and Eq.[45] in Eq.[51], we get

1
—= | COS| = L sin| = L
\/_ x 1 x 2

x‘i 2 S 2 Vi
= “xi- Zxi- 2L
\/;((c 3cos(3x2 12) d\@cos(3x2 12)) I

(2 3 5m
+(c 3sm(§x2 — E) +d\/§sm (gxz - E))Lg) (52)

giving us two equations of the form

2 2 S5 2
cos (gx% + %) =c 3cos(3x2 - —)+d\/§cos (—xz — l)

12 3 12
(53)
(23 0m (2 3 5m (2 b
s1n(§x2 + Z) =c 351n(§x2 - E)+d\/§sm(3x2 - ﬁ)
(54)

2228
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400

b Ai(x) d Bi(x)
0.04} <0 | 0
200
0.02F
of 0
1 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 0 2 4
X X

__ generated using asymptotic series of Bessel functions
using FORTRAN programs
—o General form Airy functions

Again using Cramer’s rule to solve Eq.[53] and Eq.[54] with a bit
of algebra gives ¢ = —% and d = % Using these values of ¢
and d so obtained in Eq.[51], we get the relation between Bairy
function and Bessel function as,

. b 2 3 2 3
Bi(—x) = \/;(—J% (§x2) + J_% (§x2))

Figure [8]a and Figure [8]b show the graphs of Ai(x) (for x € R)
(in blue, circle symbol) and the relative expressions in terms of

(55)

the family of Bessel functions (in red, line symbol) for x < 0
and x > O respectively. Figure [8]c and Figure [8]d show the
graphs of Bi(x) (in blue, circle symbol) and the relative expres-
sions in terms of the family of Bessel functions (in red, line sym-
bol) for x < 0 and x > O respectively. Similarly Figure [9]a
and Figure [9]b show the graphs of Ai(x) (in blue, circle symbol)
and that generated using the asymptotic series of the family of
Bessel functions (in red, line symbol), by using fortran programs
for x < 0 and x > O respectively. Figure [9]c and Figure [9]d
show the graphs of Bi(x) (in blue, circle symbol) and that gener-
ated using the asymptotic series of the family of Bessel functions

Figure 9. The plot of Airy
functions and their equiv-
alent expressions generated
using the asymptotic series
of Bessel functions.

-
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(in red, line symbol), by using fortran programs for x < 0 and
x > 0 respectively. The discrepancy near x = 0 between the plots
is due to the fact that asymptotic series show divergent nature in
that region as the case should be.

METHOD 2. Derivation using convergent series of the func-
tions

Another method of finding the relation between the Airy func-
tions and Bessel functions is by comparing their convergent series
[6], in this case we initially obtain the Bessel functions in terms
of Ai(—x) and Bi(—x) (x € R*). Consider the convergent series
for Ai(z) for any complex argument z as given by Eq.[1]. In order
that Eq.[1] can be extended to the negative real axis set z = —x
where x € R* in Eq.[1], to get

Ai(—x) 37 n (2 (2 "1 x + x° +
I—X)=—SI|— —1. - — e
T 3 3 23 2356

_% 4 7
+3—sin(4—ﬂ)(—%)!(—x+x—— al +...).(56)

A similar procedure to extend Bi(z) to the negative real axis can
be achieved by setting z = —x with x € R* in Eq.[2], to get

2
373 2r 2 X’ x5
Bi(—x) = V3=—sin|=|[-=|!|1 - ==
i(=x) = V3 Sm(:s)( 3) ( 23 2356 )
1
373 4n 1 x* x’
- — _sinl=1l==1"= —
3 - sm(3)( 3)( x+3.4 3.4.6.7+"')(57)

By looking at the convergent series of Ai(—x) and Bi(—x), we can
easily see that it is made up of two series expansions. Subtract-
ing the series involving Ai(—x) and Bi(—x) will help us to get rid
of the first term of both the series, however addition of Eq.[56]
and Eq.[57] will get rid of the second term. The point worth not-
ing is that the prefactors of Eq.[56] and Eq.[57] are different. To
see whether there is a possibility to extract the Bessel functions
in its series form by using Eq.[56] and Eq.[57], we suitably ma-
nipulate the functions Ai(—x) and Bi(—x). After some trials and
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mathematically motivated guesses we hit upon the following lin-
ear combination by carefully observing the prefactors to the series
in Eq.[56] and Eq.[57] as,

3Ai(—x) — V3Bi(-x), (58)
this will give us the series
3Ai(-x) — V3Bi(—x)
o[- Ln (%)
a n 3 3

(—x%+£_ ald +]) (59)

From the well known relation of gamma functions I'(z)I'(1 — z) =
-4 4 _4\ - _=x

when z = 3 we have F(3)F(1 3) ek thus we can

write % sin (%”)F (—%) as @ in Eq.[59], to get

_r
sin(rz)

3Ai(-x) — V3Bi(—x) =
) (3_% L (x% _x X +)] (60)

1 X3 x2*3
= 2x2 1 - 1
0135r(4) 11372r(4+1)
li6
R +) 61)
213541 ( +2)
o 1y ) % %+2S
— £X
3Ai(—x)— V3Bi(—x) = 2x? > D 3
ST+ Dr(s+1+1) 2
(62)

Comparing the R.H.S. of Eq.[62] and Eq.[9], it immediately fol-
lows that

[N

3Ai(=x) — V3Bi(—x) = 2x%J% (%x ) (63)
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Another natural linear combination involving Ai(—x) and Bi(—x)
is by considering the positive sign as,

34i(-x) + V3Bi(-x), (64)
which is equal to

(345 2 2n L X X
=221 2 sin ()|t - 2 .
* ( - ( 3)S‘n(3)(x 23 72356

(65)
From the well known relation of gamma functions I'(2)['(1 —z) =

S _2 ) 5
sin7(rnz)’ when z = 3 We have F(g)r(l -5

— T
) = —Sm(%ﬂ), thus we can

write ;lr sin(%—”)l"(l — %) as #%) in Eq.[65]
3Ai(-x) + V3Bi(—x)

3 i
=zx%[3+% (S ]] 6

| x_% x_%+3
= in 1 - 1
01373T(3) 113732 r(3+1)
-1i6
= +.. ) 67)
213751 (2+2)
o 1y ) % —%+2S
- =X
3Ai(—x)+ V3Bi(~x) = 2x2 > ) 3 .
ST+ Dr(s-+1) 2
(68)
Comparing Eq.[68] with Eq.[9], we get the relation
. . 1 2 3
3Ai(-x) + V3Bi(—x) = 2x2J_ (§x2). (69)

Solving Eq.[63] and Eq.[69] simultaneously for Ai(—x) and Bi(—x)

we get
= (7, (248 2.3
Ai(-x) = 3 (J% (3x )+J_%(3x )), (70)

Bi(—x) = \/g(—J% (%x%) +J (%x;)) (71)
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Now for x > 0, as we had discussed earlier that Ai(x) and K, (x)
show an exponentially decreasing behavior as in Figure [1] and
Figure [6] while Bi(x) and I,(x) show exponentially increasing
behavior as in Figure [1] and Figure [5]. So it appears that there
must exist a relation between Ai(x) and K,(x), Bi(x) and I,(x).
Since by Eq.[16] we know that K, (x) is a function of I,(x) and
I_,(x), it means Ai(x) is in turn related to /,(x) and I_,(x). Thus
Ai(x) and Bi(x) will naturally be linear combinations of 7, (x) and
I_,(x) with different coefficients. For z = x € R* Eq.[1] and
Eq.[2] becomes

_% 3 6
Ai(x) = %sin(z—ﬂ)(—z)!(l 2 +)

3 3 23 2356
1
+3—3sin R | B P A S , (72)
T 3 3 3. 3.4.6.7

_2 3 6
Bi(x) = \/53— sin(z—ﬂ)(—g)!(l+x—+ a +)
T 2.

3 1\73 372356
1
V() i ar = s )3
- 3)\73 34 73467

Consider Eq.[72] which can be written as

1 2\ [ 2
Ai(x) = =x%(37 7 sin ?ﬂ) (_5) I x
T
3 u
_% + ﬁ + xz +
* 372356

/S
sin(nz) °

place sin (%) by mrayirry = mayc oy andsin (3) Y iy =

Using the relation for gamma functions, I'(z)T'(1 —z) = re-
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m in Eq.[74] and after some straightforward algebra
5)(=3)!

—§+3

. 11 1 x_% X
Al = ;xz(ﬂ(g)(m 3-%r(§) 11375421 (2 +1)
£ 2+6
+2!3—%+4r(§+2)+"')
1 X1 x2+3
_”(5)(013%r(§) 113527 (44 1)
346
+)) (75)

2'3s+4r( +2)

Compactly writing, Eq.[75] boils down to

b —5+3s
Aix) = lx%nl(z 1 (“ )
7 NG s+ D (s + 3) (3734

b x7+3s
_Zr(s+1)r (s+4 )(33”3))’ (76)

doing a little bit of simple manipulations, Eq.[76] can be recasted

as

= 1
(ZF(S+1)I"(S—%+1) 2

s=0

_ZF(S+1)F (s+1 +1)( 2

On comparing Eq.[77] with Eq.[15], we can easily see that

. 1 xnl—%@ ) 11(3 %)
Ai(x) = - \/; 5( o (3) . (78)

From the definition of Macdonald function as given by Eq.[16],

we finally get the required relation

Ai(x)z% gKi (gx%). (79)
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Now for Bi(x), consider Eq.[73] and after trivial simplifications
we get

1 4z 1 L X X2
A3¢6nl — == x2 + ——
3 ?sm( 3 )( 3).(}(2 + 3 + 46T +)) (80)

Using the relation for gamma functions, I'(z)I'(1 —z) =

TOCD — reIon: ad sin (Z) by
in Eq.[80] and after some straightforward algebra, we

sm(ﬂz) , Te-

place sin (%”) by

e
get

Bi(x) = \/glx%(ﬂ(l)( X + — al
n 3/\3-3 o !

1 X
+ﬂ(§)(3% 01T (%) NPYERT 4r(4)

X2
+3%+4 o (1 " %) %F(%) +)) @81

Compactly writing, Eq.[81] boils down to

o gx% —%+25
Bi — 3
) (;r(s+1)l“ +1)( 2 ]
i Ead o ) (82)
ST+ D(s+3+1)\ 2 '

On comparing Eq.[82] with Eq.[15], we can see that

Bi(x) = \/g (1% (%x%)+1_% (%xi)) (83)

Y T "

Many physicists like
Albert Hofmann [17]
while working on
synchrotron radiation
have come across
electric field profiles that
can be described as Airy
functions and their
derivatives. There also
exist relations between
these derivatives of Airy
functions and Bessel
functions. It is at times
convenient to express the
electric field as Bessel
functions.

RESONANCE | December 2022 W

2235



GENERAL ARTICLE

Thus we have established the relationship between Airy functions
and the family of Bessel functions using the convergent series
method.

5. Appendix : Derivation of Higher Order Asymptotic Series
of Bessel Functions

For the sake of completeness, for igniting the interests in the se-
rious reader, we give below a clear derivation of the asymptotic
forms of H"(x), H?(x) and J,(x) for x € R* [4], [14]. The
appendix may be quite useful for postgraduste students and re-
searchers who take courses on nuclear and particle physics or in
any other area where these functions occur. Here we derive the
most general asymptotic forms of higher order of the Bessel func-
tion J,(x). To this end we consider the well known integral forms
of Hankel functions H'"(x) and H”(x) as given below [7].

2 i(x-2-1) S 1
H(x) = ‘ ey’ 1+ﬂ . (84)
X r 1 2x
V + z) s

From Eq.[13], we have

+00
2 —i(x-%-%) T
HPx= /= &Y fe ”uv—%(l —ﬂ) “du. (85)
X F(v+ L) 2x
2} o

Define a function f(x) such that Eq.[84] becomes
(1) 2 el(x_ﬂ_g 1
(x) = — fl=) (86)
T d) 7 \x

+00

f(x):f -u V"(1+%) %du. (87)

0

Thus

Differentiating Eq.[87] with respect to x, we get

+00 1

d d uxi\’"2

Lry=Z | i1+ 22 .

preity dxf ( 32 ) du (88)
0
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uxi

1
. . y oyl V=3 . . .
Since the integrand e “u”"2 (1 + 7) ? is continuous in the range
u € [0, +00), we can differentiate with respect to x under the in-

tegral sign of Eq.[87]. We denote the n* derivative of f(x) as

f"(x), where n starts from 1 and is given as

i) = Qv-1DQR2yv - 3)2n 2v-02n-1) (%)" y
;foe_” (u"_%”')(l + %Xi)v_zn;l du.

From Eq.[89] f"(0) can be computed as
2vr-1D2v-3)...2v-(2n-1)) »

1o =

2n
iy " 1
(5) fe—u(uv+n+§—l)du’
0

the integral in Eq.[90] is nothing but the gamma function
T(v+n+1) s

@ -Dv=3)..Qv=Cn-1)
2n

o)

we know that I'(r + 1) = r I'(r) for some r, then

1 1 1
F(V+n+§):(v+n+§—1)F(V+n+§—1),

o) =

1 1 1
=(v+n+§—1)(V+n+§—2)F(v+n+§—l—1),

1 1
= (v+n+§—1)...(v+n+§—(n—1))

1 1
x(v+n+§—n)l"(v+n+§—n)

2 2

2v+2n+1-2n 1
X I'lv+ =

B (2v+2n+1—2) (2v+2n+1—2n+2)

(89)

(90)

oD

92)

93)

(94)

(95)
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2v+2n—-1 2v+3\(2v+ 1 1
:( 5 )( 5 )( > )F(V+§) (96)

1 2v+ 12 .2v+2n-1
Fv+n+—:(v+ 2y +3)...(2v+2n )Fv+—.
2n 2
97
For v = 0, Eq.[97] gets Now substituting Eq.[97] in Eq.[91], we get
reduced to the famous _ _ _ _ .n
Legendre duplication f1(0) @v-D@v=-3)...Qv=-Qn-1) (i) %
formula. 2" 2
Qv+ 1D)2v+3)...2v+2n— 1) ( ) 98)
2n
4 — 12 - 32) .. (? - (2n - 1)? 1
@ D& =) GG DI 1) g
8" 2
We can write f (l) in terms of Maclaurin series as,
0) £ (0
f() fO) + f() f() ...+f()+ +,  (100)
1x 2' n!x"

thus using Eq.[87] (to find £(0)) and Eq.[99] in the above we get
—12 2 _12y(4y2 _ 32
f(l) _ F(v+2)(1+z(4v 19 @ -1 -39

X 8. 1!x 82,21 x2
12 212 &2
(4V 1)(4V -394y 5)+”')' (101)
83,31 x3

Substituting Eq.[101] in Eq.[86], we get the final asymptotic forms
for Hf,l)(x) as

2 x 4y* — 12
HYw = |2 e s (1 D
X 8. 1!x

@ -1H@-3%

8221 22
42 — 12)(4 2y4,2 _ 52
@7 - 17 - 3y 5)+..).(102)
.31 0

Using Eq.[13], the final asymptotic form of Hf,z)(x) as

[2 _ 4y — 12
H1(/2)(~x) = E e_l(x___Z (1 - l%

_(4v2 — 12)(4? - 3%)

82.2! 42
(4v — 15)(4? -3H)(4? - 5%)
TR +...].(103)
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Now from Eq.[14], Eq.[102] and Eq.[103], we obtain the general
asymptotic form of Bessel function of v/ order as

S(x) = \/g(cos (x— % - ;—T)

2 12vi42 22
><(1_(41/ 1°)(4v 3)+...)

82.21 x2
~sin(x- 2 -7) @2 -1
2 4\ 8 1«
2 1242 A2\(A2 &2
@ = 1)@ -3y 5)+__.))'(104)
83.3!x3

Not only the aforesaid asymptotic form of the Bessel function is
important but also the asymptotic forms of modified Bessel func-
tion and the Macdonald function are important components of our
method. The asymptotic form of /,(x) is obtained by exploiting
the relationship between I, (x) and the Hankel functions given by
Eq.[17]. To see this, consider the asymptotic series of H‘(,l)(e" 7x)
and Hf,z)(ei 3 x) from Eq.[102] and Eq.[103] gives

x 2 12 2 12v(42 22
e = (1_(41/ ) @2 -1’ - )

\2rx 8. 1!x 82.2! x2
42 = 1542 - 3 (4? - 57)
- + ...
83.31 43
et - @? -1 . 42 - 15)(4v? - 3%)
—l—¢€
\2rx 8. 1! x 82.2! x2
2 12 2 22 2 g2
L @7 - 1)@ - 3y 5)+... ‘ (105)
83.31 13

Since from Eq.[15] we can see that for x € R*, I,(x) is real and
also the second term is small as compared to the first. Thus the
second term in Eq.[105] needs to be discarded [15], [16] to give
the asymptotic series of 1, (x) as

x 2 _ 12 2 12v(442 _ 22
L) = e |- 4v: =19 N 4ve = 19)dv- - 39)
\V2rx 8. 1! x 82.2!X2
2 12v(442 _ 22\(4+2 _ &2
_(4v 19)(4v- —3%)(4v 5)+.“ . (106)
83.3!x3
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In Figure [5], as x — +co only the first term of Eq.[105] con-
e

V2nx

Also I(x) is real for x € R*. In order to obtain the asymptotic

tributes considerably and the second term vanishes as -0

series of K, (x), from Eq.[18], we have

2 _12 2 12v(4e2 _ 22
K = 1e_x 1+(4v 1)+(4v 19)(4dve = 39)
2x 8. 1!'x 82.2! x2

+(4v2 - 15)(4? - 35?2 -5%) . )

83.3!x3 1on

6. Summary and Conclusions

In this paper we have developed the relationship between the Airy
functions and the family of Bessel functions of the real argument.
Earlier methods to achieve this were not that much transparent
for the beginner in the subject. In this paper, we have given two
simple methods, first using the general asymptotic series and sec-
ond, using the convergent series. The relevant properties of Airy
and the family of Bessel functions were discussed briefly in Sec.2
and Sec.3. The actual relationship between Airy and the family
of Bessel functions were derived in Sec.4. For the sake of com-
pleteness, a complete appendix is devoted to the derivation of the
general asymptotic series of the family of Bessel functions for
the curious reader. Further, the results obtained in this paper were
studied numerically which gave us deeper insights and thereby
reinforced our claims.
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