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When amplitudes are small, ocean waves are rep-
resented by sinusoidal functions. There are, how-
ever, situations when this treatment of waves is
inadequate. In such situations, finite amplitude
wave theories that deal with waves having peaked
crest have to be used. In this article, selected fea-
tures of a variety of such wave profiles are pre-
sented.

1. Introduction

Waves are the undulations of the sea surface. The most
commonly observed waves on ocean surface are those
generated by wind forcing. In the beginning, small rip-
ples appear on the sea surface and these grow further
by extracting energy from prevailing winds. There are
different ways in which waves are classified and one of
them is based on its relative amplitude, as small am-
plitude waves and finite amplitude waves. This article
provides a brief introduction to finite amplitude wave
theories. Some of the general characteristics of waves as
well as the importance of finite amplitude wave theories
are touched upon.

2. Small Amplitude Waves

The topmost and the lowest levels of the waves are re-
spectively called the crest and trough of the wave. The
horizontal distance between successive identical points,
say two crests, is the wavelength (L). Wave height (H)is
the vertical distance between crest and trough. The ver-
tical distance from mean position to crest or to trough
is the amplitude (a),whichinthiscaseishalfofwave







1050 RESONANCE November  2014

GENERAL  ARTICLE

Table 1. Applicability of dif-

ferent finite ampliude wave

theories.

L,H and h are wavelength,

wave height and water depth

respectively.
*It must be noted that the

depth limits are not exact

and  theories will overlap at

the fringe regions.

Water depth in relation Theories

to wave length

h > L/10 Stokes and trochoidal

L/10 > h > L/50 Cnoidal

h < L/50 Solitary

In the case of finite

amplitude waves, the

amplitude cannot be

considered as small

in comparison with

wave length or water

depth.

3. Finite Amplitude Waves

The basic feature of the finite amplitude waves is that
the amplitude cannot be considered as small in compar-
ison with either the wavelength or the depth of water
column. Therefore, the higher order terms in (1) cannot
be neglected and thus, they are also known as nonlinear
waves. A consequence of considering the full form of (1)
is that the wave profiles are not sinusoidal.

One of the main characteristics of the finite amplitude
waves is that they do not have sinusoidal shape and in-
stead have peaked crests and broad troughs. Also, the
upward amplitude, i.e., towards the crest is more than
the downward amplitude, i.e., towards the trough. The
retention of nonlinear terms makes the solution of the
equation difficult. As a result of this, there is no unique
theory that is applicable to all depth regions from deep
to very shallow water. It must be noted that in the case
of small amplitude waves, a single theory is applicable
irrespective of water depth. On the other hand, different
finite amplitude wave types are applicable to waves at
different depths. For deep water locations, Stokes wave
or trochoidal wave is applicable. If water depth is less,
it is Cnoidal wave; and in very shallow waters, solitary
wave is found to be suitable (seeTable1). Another as-
pect is that different wave parameters gain importance
in different depth regions. If the depth is more than half
wavelength, then the important parameters are wave-
length and wave steepness, given byH/L.Inregions
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Solitary wave is a

single wave crest

alone, that

translates forward.

height of trough from sea bottom andH is the wave
height. When the moduluskis zero, the wave profile
becomes sinusoidal. At the other extreme, i.e., whenk
is 1, the period will be∞. However, a small reduction in
kgives finite period (for example, ifk= 0.9999, period
becomes 7π).

3.4Solitary Wave

For even shallower conditions, the limiting case of in-
finite wavelength is approached. This is the limiting
case of cnoidal wave mentioned earlier and then cnoidal
wave becomes a solitary wave. All the waves that have
been considered earlier are oscillatory in nature. Soli-
tary wave, on the other hand, is translatory. The profile
of this consists of only a crest and the entire wave will be
above mean level (Figure3c). Thus, the wave translates
forward. The wave profile is

η=h+sech2
3

4

H

h3
(x−ct). (7)

Here,his the depth of the water column andcis the
velocity of propagation.

This kind of wave was first observed by John Scott Rus-
sell in 1834. Russell was an engineer and naval archi-
tect. On observing a boat being pulled rapidly by horses
through a narrow channel, Scott saw that the water that
accumulated just in front of the boat rose as a single
wave crest and moved forward without change of shape
or reduction of speed. He called it a ‘wave of transla-
tion’. This chance observation occurred in a channel in
Edinburgh and was subsequently verified by studies in
awavetank.

4. Further Development of Theories

Stokes and cnoidal wave theories were propounded around
the middle and second half of 19th century. Though
solutions of orders higher than the second give more
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Figure 4. The regions of pos-

sible wave theories.

Adapted from [5].

Courtesy: J D Fenton.

accurate results, these involve cumbersome calculations.
However, in the second half of the 20th century, several
studies on theoretical and laboratory aspects of higher
order waves have been carried out. One of the impor-
tant developments is the Fourier method of solution. In
this method, the full nonlinear equation is solved. The
Fourier coefficients are obtained numerically with the
help of a computer program. The main advantage is
that the entire depth region from deep water to very
shallow water is covered in the solution. The regions of
applicability of different theories can be delineated with
better accuracy (seeFigure4). In the figure, the closed
circles are from Williams [4] and the curve is fitted by
Fenton [5]. The fitted curve in this figure indicates the
maximumH/h(wave height/water depth) ratio, beyond
which the wave breaks. Wave breaking occurs when the
wave becomes unstable and the crest tumbles forward.
In the deep water region,his large and thereforeL/hra-
tio is small. Then the wave breaks as the ratio of wave
height to wavelength rises to 0.141. At the left-hand
end of the figure, the fitted curve corresponds to this
situation. On the other hand, as the depth decreases,
wave-breaking limit is reached according to the ratio
H/h, which increases with decrease in depth. For soli-
tary wave (at the right-hand end of figure), the limiting
value of this ratio is 0.83.
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Figure 5. Waves in the gen-

erating area (NOAA).

Source:Commons.wikimedia.org/

wiki/file/00810.jpg.

Copyright: NOAA.

5. Why are Finite Amplitude Waves Important?

The study of finite amplitude waves is important as
these theories have different applications. One aspect is
the waves in the generating area. As mentioned earlier,
the wind waves are generated by the transfer of energy
of winds blowing over the sea. As the waves grow in size,
the gravity tries to restore the sea surface back to normal
condition. Gravity being the restoring force, these are
known as gravity waves. The small amplitude and finite
amplitude waves considered here are gravity waves. At
the regions of wave generation, waves of different charac-
teristics will be present simultaneously giving a chaotic
appearance to the sea surface. Finite amplitude waves,
such as the higher order Stokes waves, which break when
they become unstable, will also be present here. This oc-
curs when the breaking condition for deep water waves,
mentioned earlier, is reached and then white caps appear
on the sea surface. Sharp-crested waves that are always
present in the wave-generating area during strong winds
can be seen inFigure5. In order to understand the
transfer mechanism of the energy of wind to waves and
between different waves and also to delineate the wave
generation processes, the finite amplitude wave theories
are very important.
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Another aspect is the designing of marine structures.
These structures are necessary for extraction of oil and
natural gas, minerals, deep sea nodules, etc. Similarly,
harnessing wave energy or for harvesting wind energy,
by establishing wind mills in coastal waters also requires
the construction of suitable structures. Use of the ap-
propriate nonlinear wave theory depending on the area
of application, gives better estimates of wave forcing,
wave breaking, etc. Wave-induced forcing needs to be
estimated according the appropriate wave theory for the
reliable design of marine structures. Using wave data
and information on water depth, diagrams such asFig-
ure4 can be used to decide which wave theory is appro-
priate.

6. Conclusions

Finite amplitude waves, which are also known as non-
linear waves, have peaked crests and flat troughs. These
types of waves are also present on the sea surface, along
with linear small amplitude waves. Depending on the
relative depth of the water column, different finite am-
plitude wave theories become suitable.
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