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Abstract. In this paper, we are interested in the fractional Yamabe-type equation
n+2s

Asu = un=2, 4 > 0in Q and u = 0 on dQ2. Here 2 is a regular bounded domain of
R", n > 2and Ag, s € (0, 1) represents the fractional Laplacian operator in € with zero
Dirichlet boundary condition. Based on the theory of critical points at infinity of Bahri
and the localization technique of Caffarelli and Silvestre, we compute the difference of
topology induced by the critical points at infinity between the level sets of the variational
functional associated to the problem. Our result can be seen as a nonlocal analog of the
theorem of Bahri et al. (Cal. Var. Partial. Differ. Equ. 3 (1995) 67-94) on the classical
Yamabe-type equation.
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1. Introduction
In this paper, we consider the nonlinear fractional Yamabe-type problem

Asu =u?,

u>0 in €, 1.1)

u=0 onof,
where Q C R",n > 2 is a regular bounded domain, p = Zf%‘v,s € (0,1) and A;
represents the fractional Dirichlet Laplacian operator (—A)* in € defined by using the
spectrum of the Laplacian —A in € with zero Dirichlet boundary condition. It can be
viewed as the nonlocal version of the Yamabe-type equation

n+2
—Au =un1?,

u>0 inQ, (1.2)
u=0 ondQ.
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Fractional equations involving (—A)® has attracted the attention of a lot of researchers
as it naturally appears in many fields in various scientific areas. The nonlocal character
of the fractional Laplacian makes it difficult to handle. After the paper of Caffarelli and
Silvestre [15] who provided a local interpretation to the fractional Laplacian in one more
dimension, a large number of studies have been developed. In [14], Cabré and Tan studied
the subcritical cases; that is, equation (1.1) with subcritical nonlinearities (p < Zf%f ) in
the particular case s = 1/2. They transform the equation in a local form as the Caffarelli-
Silvestre extension and established the existence of positive solutions. For similar exten-
sions, we refer to [13,16,28].

Motivated by the work of Pohozaev [22] on equation (1.2), Tan [27] proved that equa-
tion (1.1) has no solutions if €2 is a star-shaped domain and s = 1/2. The resemblance
between (1.1) and (1.2) led the authors in [1] to investigate the effect of the topology of Q2
on the existence of solutions of (1.1). Such aresult can be seen as the fractional counterpart
of the famous result of Bahri and Coron [9]. For more recent results on (1.1) and related
problems, we refer to [2—-10,18,23] and the references therein.

Problem (1.1) is delicate from the variational viewpoint because the failure of the Palais-
Smale condition (PS). This leads to the possibility of existence of non-compact gradient-
flow lines along which the associated variational functional J is bounded and its gradient
tends to zero, the so-called critical points at infinity, see [7].

Trying to prove the existence of solutions of (1.1) by studying the topological differences
between the level sets of J, it will be useful to compute the topological contributions of the
critical points at infinity between these level sets. The main purpose of the present paper
is to characterize the critical points at infinity of problem (1.1) and evaluate its topological
contributions. We shall prove a fractional analog of the theorem of Bahri et al. [11] on the
classical Yamabe-type equation.

2. General framework and statement of results

We start this section by recalling some preliminaries related to the fractional Laplacian. Let
(ex)ken be the basis of L2(£2) such that for anyk € N, |lex ||L2(Q) =1, (ek,ep) =0,Vk £ ¢
and

—Aep = Aer in 2,

ek =0 on 092.

So forany k € N, A > 0.
The fractional Laplacian Ay, s € (0, 1) is defined by

Hy(Q) — Hy*(Q) ~ Hj (),

o o0
u= Zbkek — Ag(u) = Zbkkiek,
k=1 k=1

where HJ(Q) = {u = Yoo brex € L*(Q). Y 1oy bir < oo} and Hy*(RQ) is the
dual space of the Hilbert fractional Sobolev space H(£2). Concerning the local equivalent
problem to (1.1), we follow the results of [15] for 2 = R”, and [14] for bounded domain
Q, see also [13,16,25,28]. Therefore, we consider the associated local problem on the half
cylinder with base €2. Define

C=Qx[0,00) ={(x,1), st.x e Qand ¢ € [0, 0)}



Proc. Indian Acad. Sci. (Math. Sci.) (2022) 132:30 Page 3 of 25 30

and
Co(C) ={ve ™), st.v=00n3.C},

where 9, C denotes the lateral boundary of C, it is defined by 92 x [0, 00). Let Hj; (C)
be the Hilbert Sobolev space defined by the closure of C§j (C) with respect to

1

2
lv| = (/ t12s|w|2> ,
C

and equipped by the following inner product:
(v, W), () = /C " BVuVw, Y, w e HY, (O).

Following [13,28], we associate toany u € Hj(£2) the unique s-harmonic function denoted
s — h(u) in Hg; (C), the unique solution of the following problem:

div(r'=2Vv) =0 in C,

v=20 on d;C,

v=u on  x {0}.

See [13,28] for the explicit expression of s — h(u). It follows that Ay is expressed by the
following map:

(o8]
w=y brex — As(u) = 3(s — h(u))/ax(0).
k=1

where v denotes the unit outward normal vector to C on £ x {0} and for any v € Hgj, (C)
and any x € 2, we have

I'(s)
21571 —5)°
In this way, problem (1.1) is equivalent to the following local problem

div(t'=2Vu) =0 in C,
v>0 in C,
v=20 on 9;.C,

n+2s
9y (v) = vn=2s on Q x {0}.

Therefore, if v satisfies (2.1), then u(x) = v(x,0) := tr(v)(x), Vx € Q is a solution of
(1.1). Notice that

H(Q) = {u = tr(v), v € Hy; (C), withdiv(r'~>Vv) = 0in C}.

28

35 (v)(x,0) = —c; IE%LII* sa—lt)(x, ), where ¢ =

2.1

In order to present the variational structure associated to (1.1), we introduce the following
Hilbert space constructed by all s-harmonic functions in Hgj; (C). More precisely, let

H ={ve H (C), st div(r'"*Vv) = 0in C}.

For all v € ‘H, we denote

fv)|? := |v|2=/t‘—2S|vU|2dxdt=c;‘/ aSv(x,0) - v(x, 0)dx,
C Qx{0}
and for all v, w € H, we denote

(v, w) = (v, W) g, () = c;1/ aSv(x, 0)w(x, 0)dx.
Qx{0}
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As mentioned above, problem (2.1) has a variational structure. The Euler—Lagrange func-
tional is the following:

ller () ||?
n—2s

(/ |v(x,0|nznhdx> '
Q

S={veH bl =c ).
Problem (2.1) is equivalent to finding the critical points of J subjected to the constraint
uext:={ue u>0).

Since p + 1 is the critical Sobolev exponent of the Sobolev trace embedding v € H +—
tr(v) € LPT1(Q) which is continuous but not compact for p = ;’f%ﬁ , the functional J
does not satisfy the Palais—Smale condition. This means that there exist sequences along
which J is bounded, its gradient goes to zero and which do not converge.

Forx,y e Q,t > 0, let G((x, t),y),x,y € Q,t > 0 be the s-harmonic extension of
the Green’s function of the fractional Dirichlet Laplacian A;. It satisfies

div(r'=>VG(-, y)) =0 in C,

J(v) = ¢y

defined on

G(,y)=0 on 9,.C,
3G(,y) =38 on Q x {0}.
We have
G((x.1).y) = — — H((x, 1), y),

”(x -y t)”Rn-H

where ¢ is a fixed constant and H is the regular part of G (see [19], page 6542). It satisfies

div(t'=>VH(, y)) =0 in C,

5 ¢

H((x,1),y) = —— ond.C,

G — v 02
BH(,y) =0 on £ x {0}.
For any a € 2 and 1 > 0, we set
n=2s
2 n

S(Q,A)(x) = 5y X e R".

1+ 221x —al?) 2
Following the classification results of [17,20,21], §(4.2)(x), a € , A > 0 are the only
solutions of
n+2s
Agu = coun-2  inR",
u=>0 in R",

Iim u(x) =0,
[x]—00

where cq is a fixed positive constant which depends only on n and s. Notice that in the
case where 2 = R", the Sobolev space H*(R") is defined by

H'(R") ={u € LZ(R"),/ (14 127 x*)]i(x)|*dx < oo}.
Rn
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Here & denotes the Fourier transform of u. The fractional operator A; : H*(R") —
H75(R") is defined by

A () = 2rx i),

Let S(a, ) be the s-harmonic extension of §(, ;) in ]R’jr“ and let

-1
y = c_T]nS =t =c 172V 4 Pdxdt ’ (2.2)
N (a,)) D.V(R1+l) . s R+ (a,)) . .
It is more convenient in the next to work with §(, 5, @ €  and A > 0 defined by

g(a,)\) = ),}S(a,)»y
We have

- =1
”(s(av)“)”DS(Rffrl) = cs2 s 2.3)
tr(8(,») = P8, on R" (2.4)
and
div(t' =V, ;)) =0 in R,

_nt2s

038wy =wdl,y  onR" x {0},

A =45
where yp = coy 2.

For any a € Q and A > 0, we define the almost solutions Pd(, 3) of (2.1) as the unique
solutions of the following problem:

div(t!=VP8(.5) =0 in C,
P(S(a,k) =0 on 8LC,

- _n+2s
85P5(a,y) = 355(1)’) = )/()3(';;’3 on 2 x {0}.

Next, we introduce the best constant of Sobolev. Let
2n
11 Hy (C) — L% (Q),
v —> tr(v)
be the Sobolev trace embedding. The best constant of Sobolev is given by

ré
lltr (“’)‘)“L,ﬁ"zx @ [
S = = Cyg ||tr S(a’)\)”L 2n y

“S(a’)‘)”DS(RT'I) n=2s (R")

- -1
since |81 ll ps ® = ¢s* . Notice that S is independent of a and A (see [29]). Observe

that
— —2n ~
inf J(v) =¢S5 =8 = .
vEX

Therefore,
1 1

2n

5 n=2s - = o
||tr 8(61,)»)””1 / (tr 6(51,)\))"72de
L n=2s (Rn) R

S =

(2.5)

Arguing as [26], the following proposition describes the Palais—Smale sequences of J.
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PROPOSITION 2.1
Assume that (2.1) has no solution. Let (vi); be a sequence in £ := {v € Z,v > 0}

such that J(vg) — ¢ and 3J (vy) — 0. There exists p € N* and a subsequence of (vi)x
denoted again (vy)y such that vy € V(p, &), where g — 0 as k — 400 and

1 P
V(p,e) = {u ext, st.3ar,...,ap) € QF, Ik, ..., Ap) € [—,oo) and
&

. 1 Zipzl aip(s(aix)ti)
Ve 120 o PSa ol

1
with (A;jd(a;, 02) > — ande,-j <& Vi # j} .
&

(al,...,ap)eRp, s.t. |lu

1

Here ¢;j =

n=2s *

Moo
(T’i+7?+)»,-)uj|ai—aj|2) 2

The following proposition gives suitable parameters for V (p, ). The proof is similar to
([9], Proposition 7).

PROPOSITION 2.2

Let p € N*. There exists ¢, > 0 such that for any 0 < ¢ < ¢, andu € V(p, ¢), the
following minimization problem:

P
u— Y @i P
i=1

inf
aj,ai ki

admits a unique solution («, a, )_») modulo a permutation on the indices set. Let v =
u—>", @; P8, 3. It satisfies

AP, . 0P8, 5
(Vo):(v,w):Oforwe{Péai,ki, aihi 07 Odidi i ,p}.

3)»1' 361,‘ ’

For g € N* and x = (x1,...,x,) € Q9, such that x; # x; fori # j, we denote
M(x) = (mjj)1<i, j<q the matrix defined by

mii = H((x;,0),x;),  mjj =—G((x;,0),x;) Vj #i. (2.6)

Let p(x) be the least eigenvalue and by e(x) the eigenvector associated to p(x) whose
norm equals 1 and whose components are strictly positive.
Our main results are the following.

Theorem 2.3. Assume that zero is a regular value of p. For ¢ > 0 sufficiently small,
there exists a change of variables, such that for any u = Zle a;i P8, ;) € V(p,e),
(aj, Ai,v) — (alf, A;, V) where V belongs to a neighborhood of zero in a fixed Hilbert
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space so that
P P
J (Z a;Pég, 5 + v) =J (Z aiPa(a},Aﬁ)) + ||V||2
i=1 i=1

Furthermore, if each a; belongs to a neighborhood of x; such that p(x1, ..., xp) > 0 and
P’ (x1,...,xp) = 0, there exists another change of variables (a;, A;) — (a., 1) such that

p N2/n P 2 p
()i o) 1
J (E Olip‘s(ai,)»i)> = 221;1 n_lzr (1 + np(a/) Z )L/n2s> ’
i=1 ‘

oo ) =1

up to a multiplicative constant. Here a’ = (ay, ..., a;,) and 0 is a fixed positive constant.

The characterisation of the critical points at infinity is given in the following theorem.
Theorem 2.4. Assume that zero is a regular value of p. Then we have

(i) For € small enough, J does not have any critical point in V (p, ¢€).
(i1) The only critical points at infinity of J in V(p, €) correspond to Zf;l Pé(x;, 400>
where p € N* and the x;’s satisfy

p(xiy....xp) >0 and p'(x1,...,xp) =0.

(iii) There is po € N* such that J does not have any critical point at infinity in 'V (p, €)
for each p > po.

The following result illustrates the usefulness of the above theorems. It computes the
difference of topology between the level sets of the functional J. More precisely, it evaluates
the contribution of the critical points at infinity to the relative homology between the sets
Wy and W),_1, where

W, ={uext st Ju) < (p+ D)7},

Theorem 2.5. Assume that J has no critical point in ¥+ and zero is a regular value of p.
Then the relative homology Hy(W,, W,_1) between the sets W, and W,_1 equals to

H (R X, Apo1, QP x 88 p_1 Uy, Iy X Ap_y),

where 1, = {x € QP ,st.p(x) < 0}, Ap_1 = {(a1,...,ap),suchthata; >
0, Zle a; = 1} and o, is the permutation group.

The remainder of the present paper is organized as follow. Section 3 will be devoted to
the expansion of J and its gradient. In Section 4, we will study the v-part of u. In Section 5,
we will construct a suitable pseudo-gradient to characterize the critical points associated
to problem (1.1). The proofs of Theorems 2.3, 2.4 and 2.5 are given in Section 6.
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3. Expansion of the functional and its gradient near potential critical points
at infinity

First, we deal with the asymptotic expansion of the functional J.
PROPOSITION 3.1

For & > 0 small enough and u = Y"_, o; PS(a, 5,y + v € V(p, ), we have the following
expansion:

2n

J(u) = 1)2/”(2 i ad) 1+ "\ H((a;,0), a;) 20/ _ of
a a2 s ot A2 P % >h e
(Zl: o Y) - s =1 i J.:lo(J’.'—f j=17j
n+%S
<1 ~ H(@@i,0),a)\ [ 20/ alkad)
3 (e - 0 T S
S itial ihj 2 P lan n—2s j=1"k
O(v, v)
R A ()
Cs Zj:la/

p
log(Adi) inf(3,-21_)
n— 25 n N
+0 | el topej!+ X s | + 0
J#

where c1 is a positive constant, and

4s

n—2s
0. v) = vl - E””s) B /(Za,pa) 2,

2 )Z n— ZA
n+2s

f) = / (Z o P§; )MS v.

Xa)

Proof. Let us recall that

flul|*
Ju) = ————

(1)’

We need to estimate

2 _n_ 2n
N@) = [[ull” = and D> = | un->.
Q

P 2
ZO[,‘P(S,‘ +v
i=1

Using the fact that v satisfies (Vy), we have

P
N@) =Y ol |P&|*+ Y eiej(PS;, P8;) + [[v]*. 3.1
i=1 i#]
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A computation similar to the one performed in [1,7] shows that, for A;d; large enough, we
have the following estimates:

_ H((a;, 0), a;) log(2;d;)
2 —1
IPSill" =¢cy —cl——=,— O(W ’ (3.2)
i
H((a;, 0),a;)
(Péi, P§j) = ci <8ij - #)
(Airj) 2
log (Axdy)
n 25
+0 loge;' + Z Cad (3.3)
Using (3.1), (3.2) and (3.3), we derive that
H((a ,0), a; H((a;,0),a;)
N(@) = ZO[ < 1_ )»; 2s : )+Zalalcl <8U l n—2sj )
Ve ()"l)“J) 2
+[lv]® + R, (3.4)

where

14
log(Akdy)
n— 2$
R=0 28 logsl] +Z ()»kdk)’H'z 2s
J#

For the denominator, we have

2n 2n
P n=2s n—2s
D :f (ZaiP8i+v> 2/ (ZO(,‘P(SI')
2 \i=1 2 \i=1
n+2s
+ 2”1 [ i P8 n—2s
o; Pé; v
n—2 Jqo P e
4s2
n(n + 2s) s inf(3, 21 )
=20y (Za,PS) 2+ O([o™O ). (3.5)
Observe that
2n
P n—2s o n+2s
/ Zai PSI — p 10{” 2v /‘Q 8[&172x Zan 2v a] / 8;172.? P(S]
& \iz ey
4s
+0 (Zi# [ P8/~ inf(Ps;, P5,-)2>
3.6)
A computation similar to the one performed in [1,7] shows that
o log(Axdj)
n A 2 n—2as
/P(Si ¥ inf(P8;, P8j)> =0 [ ) &f] s loge;;' + Z Oxd T | (3.7)

J#
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nt2s H((a;,0),a;
/Psin—Zs st =] (51'] — ((1—3231))
irj) 2

log(Akdy)

n 2?

+0 E & logsU + E ()»kdk)"+2 = | (3.8)
J#

2n 2n H((a;,0), q; log(A;d;
/PSin—Z.v — C71 —c n ((Cl ) a ) + 0( Og( ) ) (39)

s n—2s )\:t—2s (}Lidl.)n+2—2s

Using (3.7), (3.8) and (3.9), we get

2n
p n=2s p o 2n H((Cl 0) a.)
. ' _ 2 _1_ 1 s U
/( 1%P61> s 1ai (CS s A
i= 1= l

2n e H((a;,0),a;)
+ cry o a, (81']‘ -—
(Airj) 2

log(Axdy)
n— 2v
+0 E & logeu + E (Akdk)’”rz 5 |- (3.10)

n A
Combining (3.4), (3.5) and (3.10) and the fact that J(u)mai”’zs =1+ o0(1), foreach i,
the result follows.

PROPOSITION 3.2

Foru=Y"_,ai P8 1) € V(p, &), we have the following expansion:

aP'(Sais)‘i n— 2S H((aiv 0)7 ai)
<3J(M), A"a—,\i> = 2c1J (u) |:— 5 o (14 o0(1))

—Za]( 88” _225 H((ai’oz’;jj))(l+o(1))+R

J#E ()"l)‘*]) 2
Proof. For any h € 'H, we have
(0J(u), h)y =2J(u) ((u,h)—](u)n—nb/ uzir%ih> (3.11)
Q

Thus

3 PS; IPS;
<aJ(u),x,-8—ki> =2J(u) <Za,m i >

P
n dPs;
—J(u)™=> o;Ps; Ai—
(1) fg ,2_1: i P8 r
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Observe that

n+2s

p p
BPS n+2s n+2s BPS
/ E a]P5] )\.IWI = E O{;izx / P(S;’izskiﬁ
Q\5 i Q i

”+2S2/(alp5)nzs,\_( P8;)+ O Z/ P8~ 2Sinf(8],8)2

J#
(3.12)
A computation similar to the one performed in [7], shows that
8P3i n—2s H((ai,O),ai) log(kidi)
Pé;i, A = O ——— 3.13
< b EYY > 2 Cl k;z—Zs (()»idi)"+2_2s ( )
aPs; ag;j —2s H((a;,0),a;
<P5,,,\ >=c1 ey 02 Bl 37;’.’)
oA oA; n (hid)
log (Ady)
n— 2r
+0 %‘g loge;;' + Z =k (3.14)
ml 0P H((a;, 0), a;) log(%idi)
P§ Fh—— = (n—2s o 3.15
/Q N (n el An—ZS (Aid; )n+2—2s ( )

i

nt2s 9 P§; log(Axdy)
n—2s _ n— 2v
/9 o a_x,_<m”A >+O 2 el s +Z Oudi) 7272 )

J#

(3.16)
2 4 9PS; aPs;
nt Sf P8; P8 0 = (Pj, ot
n—2s Q 8A, E))\1

log(Akdy)
n— 25
+0 Ze logsl] + Z ()»kdk)"'l'z 2s
J#i
(3.17)

Using (3.13)—(3.17) and the fact that J (1) =2 2roe s = 14o(1), for each i, Proposition 3.2
follows.

PROPOSITION 3.3

Foru = Z{;l a; Pd; 5, € V(p, €), we have the following expansion:

<aj(u),iaP6a,-,M>:J(u)q[ @ OH(@,0.a) (o

A 0a; A;’+1_2S da;

19 dH ((a;,0),a;)
Eij T da
iy (L T

i PO Ap(Aidg) 2
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n _4s 4s
X (1= J ()= (@] +a]'.’_25)):|

n+3-2s
+R+ O Z)\.i|ai — aj|8ij"72“€
i#]

Proof. Using (3.11), we have

1

1w, LOPs\ e 2”: s L OPY
" da; - " j:]a] J’)»l‘ da;

n+2s

p n )
n 1 0P§;
—J(u)Hs'/ aiP§; —
Q jgl J I )\i aai

Observe that

n+2s p
1 apa n+2s n+2s 1 BPS
P(S )n 2s 2 z : n— 2y/ an 2s
f (Za} Ai 0a; ‘ %) Ai Oa;

Jj=1

Mihal Z/(oz,PS )"—ZY——(ot]PB )
P .
+0(Z/ P§I~ s inf (3, 8;) )

J#
(3.18)
A computation similar to the one performed in [7], shows that
1 3Ps; 1 ¢ 9H((a,0),a) 1
<P8i7 N da; > = C Dt da; +0 ((}Lidi)n+2—2s> ’ (3.19)
l
Ps. 1 0PS$; _qa 38,']' 1 81‘1((61,‘,0),61]')
I Ai 0a; a da; . da;
1 n+322s
+0 Z W + Z)\ la;i — a/|8,, , (3.20)
k=i,j i#]j
w1 9Ps; ci 9H((ai,0), a) log(%id;)
¢ ((xidiwﬂ—zs (32D

P(S” 2s

P8 n—=2s —
/ A da; )L;”rl*z“' da;

w2 1 9Py 1 9Ps; 1 . o
- ) ¥ Gyt el e |

" )T’ 9a; J#i

(3.22)
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2 1 9Ps; 1 9Ps;
n+S/P5P8"2‘— <P5» >

n—2s Ai 0a; 7 Ai 0a;
1 n— Zs 1

J#L

4s

Using (3.18)—(3.23) and the fact that J (u) - =5 al’” * = 14o0(1), for each i, Proposition 3.3
follows.

4. The v-part of u

In this section, we deal with the v-part of u, in order to show that it is negligible with
respect to the concentration phenomenon.

PROPOSITION 4.1

ThereisaC! -map which to each («;, a;, A;) such that Zle o; Péy; »,;) belongsto V(p, ¢)
associates v = v(«, a, ) such that v is unique and satisfies

P 14
J (Z“ip‘s(ai,k,') + 1_)> = vren(i\}(l)) IJ (ZaiPS(ai,)Li) + v)} .
i=1 i=1

Furthermore, we have the following estimate:

10 )\ d n+2s
Z g( n+12v ZSZ(n Y (10g8 n ’ lfn = 6

”1—)” < i= I(Ad) J#Ei
- P 1 n—=2s .
ZW-FZSU(IOgSU) "o, ifn <5
JFEi

Proof. Since z—; = 1 + o(1), then the quadratic form Q(v, v) defined in Proposition 3.1
is close to

ol (n+2s)2/ PR @.1)

Arguing as in [7], the existence of v follows, since Q (v, v) is definitive and positive. Thus
Ja >0, s.t.alv)* < [(f, D) < al £l (4.2)

where f is the linear form defined in Proposition 3.1. Thus, it is sufficient to estimate | f|.
We have

n+2s n+2s _4s
fl)y=—"5- Z "~ 2‘/P8i”‘2“v+0<2/ Ps> P5j|v|>. 4.3)
Z] an 2s i=1 /;ﬁl P§i<P§;
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Observe that

n+2s n+2s _4s
/ PSP v = / 57 v+ 0( / 5 9,-|v|), (4.4)
B;UBY

where B; = {x, |x —a;| < d;} and 6; = §; — P§;. Then, using the Holder’s inequality, we
need to estimate

4s 2n 1
n—2s n—72s n=2s __
/F(a 0;) = /C‘Si = 0<—()\,-d,-)n+2—2f>’ (4.5)
| — T X
|9 | / (S (n+2_s)(n 2s) n
il f, )

—of 1 Gfn )log(kidi) Gif <5); @6
= ud l)n+2c + @ Oudi)* + (ifn < Gady = |- &

Also, we have

n+2s
4s 4s 2n 2n
f Pain—Zs Pa] [v| < |v] |: / (P(Si"—Zr P(S]) n+2s :| . (47)
PS;<P5; Poj=Ps;

If n > 6, then

+2Y > = 2s Therefore,

/ (PS" 231)8 )n+2r </(66)n 2v:0< nZA 10g8 ) 4.8)
P§;<P§;

Ifn <5,thenl < %. In this case,

2(n—2s)

4s n n+2s 2n 2(n—2s)
/ (P68~ Ps; )"HS = [/(51‘5/')"%} = O( /3 (loge ;') s >
P3§;<Ps;

(4.9)

This concludes the proof.

5. Construction of the pseudo-gradient

This section is devoted to the construction of a suitable pseudo-gradient of J for which the

Palais—Smale condition is satisfied along the decreasing flow lines as long as these flow

lines do not enter in some neighborhood of Zle P8(x; +00), p € N* such that
p(x1,...,xp) >0 and p'(x1,...,xp) =0.

Such a construction allows us to identify the critical points at infinity of the variational
structure associated to (1.1).

Theorem 5.1. Assume that zero is a regular value of p. For any p > 1 and ¢ > 0 small
enough, there exists a pseudo-gradient W in V (p, ¢) satisfying the following:
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There exists a constant ¢ > 0 such that for any u = Zle a;Pég; 5, € V(p, €), we have

n+1-2s
(i) (30 (w), W(w)) < (Z<(M)n+1 )Y e >

=1 Ve

- 95 P n-;lzgr
(ll) <8](M+U) W(M)-‘r (O{, a, )(W(Ll))> <Z ((}\. d )n+l 2&‘) Zglf )

J#

|W| is bounded, the minimal distance to the boundary only increases if it is small enough
and the only case where Aj(s),i = 1,...,p,s > 0, tend to oo is when p(X) > 0 and
p'(X) =0, where X = (a1, ..., ap).

In order to construct the required pseudo-gradient, we need to introduce the following
notations: Foreachi € {1, ..., p}, let

_ 1 "\ H(a;.0).a;)
I = {l, s.t. WZS"" = Zl—nzrj}’

ki j=1 (Rirj) 2
. H(a;, 0), aj)
12 = {lv 1 Z Eki Z n— ZA :
2p+ ki =1 (AiAj) 2

Without loss of generality, we can assume that A;d;: Ajdy < Aady < --- < Apd)p. Letus
define

I ={1}U{i, st.Vk <i,cohxdr < hg—1dx—1 < Adr},
where c; is a constant chosen small enough.

Casel:INI #@and I # {1, ..., p}. We order all the concentrations ;, i € I>. Assume
that
Aip Ship S-S A

= Ay

Let
lk
We claim that

(8 (), Wi (u)) < _CZ<(Ad)" — —i—Zsl]) 5.1

iel

Indeed, using Proposition (3.2), we derive that

<aJ(u>,W1<u>>=2c1J<u>Z[ > 2ajai ”k(1+ o(1))

k=1 J#ik

—2s sz H((aj»()) alk)

n—=2s

(1+0(1))+Ri|. (5.2)
()"j)\lk) 2

Observe that

88,'.1' n—2s HZY
— )\‘18—)\'1 = TS,]<1 2— l] 2 . (53)
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Thus for A; > 4,
0eij deij 881] n—2s 14225
I W A [ — 0(34,” 28 ) 5.4
o Tan; T T 2 O ©h
Furthermore, arguing as in [7,24] and using the maximum principle, the regular part of
the Green’s function satisfies

H((a;, 0), aj) < max(d;, dj)* ™", (5.5)

For j € Iy andi # j,ifd;/2 < d; < 2d;, using (5.5), we obtain

— 2

)"J n22v
= =o(l). (5.6)

In the other case (i.e. di < d;/2 or d; > 2d;), we use the inequality |a; — a;| >
1 max(d;, d;) to obtain (5.6). Thus
(0J @), Wi(w)) = —(n = 2s)c1J (u)
H((a;,0), aj)

Z[ZSU(I+0(1)) 21’2 = ]+R. (5.7)

ielh “i#j j=1 (Ai ]) 2

Since i € I, we obtain

DT W), Wy w)) < —cZ[Zsl] +2PZ H((“”Of z‘ff)} 3 (5.8)
ielhb “i#j j=1 (Aid ])

A similar computation as in the proof of (2.8) of [24] shows that

H((a;, 0),a;) = 2d))* ™" + o(d?* ™), (5.9)
for each point a; near the boundary. From another part, for each g; in a compact set K of
Q, we have H((a;, 0)a;) > c. Thus

H((ai,0),a;) = c(d)® ™", (5.10)
for each a@; € 2. Using (5.10) and (5.8), claim (5.1) follows.

Since A1dy < Axdy < --- < Apdp, we can make appear the term (Aid)) =29 in the
upper bound of (5.1). Therefore,

P
(8J(u),W1(u))§—C(Z(Adl)n —+ > s,,) +R. (5.11)
i=1

ieh,j#i

Fori € I, we have
1 "\ H(a;.0).a;) p
P Eki = 5 = —-. (5.12)
20+t ; ; Mirp)" T (rdy)n=2s
Therefore, from (A1d;)~ ") we can make appear the term Yic I, j#i €ij in the upper
bound of (5.11). Hence the estimates (i) of Theorem 5.1 follows in this case.

Case2: INI #Wand I = (1,..., p}. Leti; = min{i, s.t.i € h}and [;, = {j ¢
I, s.t. A diy <2co)jdj}. Let

IPS;
Wy = - Z Aia—/\i.
lEIzUI,-1
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Using Proposition 3.2, we have

(0 (), Wau)) = 2¢10 () Y —Z2iajaiki%(l+0(l))

iehUI;, i

-2 H((aj,0
a 22’ o 119 0. i) —I—o(l))] +R(5.13)
()\./)‘i) 7
Since I = {1, ..., p}, we have for each i # j,

n—=2s

1 2 1 1
gij=|——— 1 +O( + ))
! <)‘i)“j|ai —a,-|2> ( Mlai —a;>  3jlaj —a;l?

n=2s

1 2 1 n
=— o ————— n=28 ) 5.14
<)»i)\.j|ai - aj|2> " ((A1d1)"+2_25 e ) 19

Indeed, if d; < d;/2 or d; > 2d;, we have |a; — a;| > %max(d,-, d;) and the result
follows. In the other case, if d;/2 < d; < 2d;, using that i, j € I, we derive that i—: and

2
i are bounded. Therefore, (Ax|a; — ajl)_2 = 0(8[}72‘T) for k =i, j. Thus, fori € [,
using (5.3) and (5.14), we get

Z _)\'&_n_zs H((aivo)vaj)
L la)\‘i 2 )\4}\‘ nEZA'
];él (l j)

n—2s x—~ G(a,0),a)) ( 1 = )
_ )4) 4o LT ). (5.15)
2 ; (irp)* T (Gudyrezzee 0

Furthermore, for i € [;,,

H((aivo)sai) 1 2C2 l
=0 —of—22 Voo —1 ).
(=2 <(/\idi)”_2s ) <()¥i1 di )2 ) < (i diy "% >

Fori € I, using (5.3) and (5.14), we get

e ; —2s H((a;,0),a;)
Zx el Z DRl < (Zs,] ) (5.16)
J# j=t k)2 J# (Ridi) = 5
Therefore, using the fact that the Green’s function is positive, we derive
2

Using the fact that / N I, # ¢ and arguing as in the Casel, estimate (5.11) is valid.
Therefore, we can make appear the term ) _, 1, i €ij in the upper bound of (5.11). Thus
estimate (i) of Theorem 5.1 follows in this case.

For c¢3 a fixed small constant, let us define

={j e, st.3iech, st camax(d;,d;) > |a; —a;l}.
Fori € L, let i( the index such that
c3max(d;, diy) > |a; — ajy. (5.18)
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Case 3: I N I, = ¢ and there exists i, ig € I satisfying (5.18). Let

N oPS;
H/ = —Q;A;—.
3 i 3)\,‘
We have
88"
aJ (u), W- =2c1J —E:--,\-Jl 1
(0J (), W3(u)) c (u)[ o) ’axi( +o(1))

J#

—2s L H((a;,0),a
n . SZOleli ((a] ), a;)

n—2s

(1 +0(1))j| + R. (5.19)
(Ajri) 2

j=1
Arguing as in Case 1, the terms with j € I, can be seen like O(g;;). Next, we interest
with the indices j € I1. Observe that for i, k € I1, we have (5.14). Indeed, if d; < di/2 or
d; > 2dy), we have |a; — ai| > % max(d;, di) and the result follows. In the other case, if
dr/2 < d; <2dy,using thati, k € I;, we have as in (5.6)

n—2s n—2s
Eij = — — . .
7=\ Y

Therefore,
1 Ai 1 ﬁ e _ Ai 1

B T o o SO S
Arla; — ayl Ak Aidglap — al Ak A (Aidi)(Ardy)

1
=0 ,Vr=1,k.
<(?»1d1)2>

Thus we obtain (5.15) with the indices j € I;. Using (5.10), and the fact that the Green’s
function is positive, we derive that

1 G((a;, 0), a;y) -
(aJ(u)1 W}(M)) S _C<()\‘idi)n_zs + ()\'Z)\‘lo)% ) + R + O( Z 81]).

J#ELjED
(5.21)
Since i, ip € I satisfying (5.18), we can assume that A; > A;, and thus
n—2s
1 H((a;, 0), a; c? 2
— ((al 17521310) < ( 3 = (522)
Aidi)"—= (hitig) 2 Aidigla; — aj,|

Using (5.14), we derive that

1
(8J (u), W(u)) < —C(siio + W) + R+ 0( | Z sij>. (5.23)
J#FLjeD

Since i € I and the term (A;d;)> ™" appears in the upper-bound of the above estimate,
we argue as in the Case 1, we can make appear all the (Aedi)® ™" and Zk;ﬁ/,ke]l &kj in
this upper-bound. For 1, a fixed large constant, the pseudo-gradient W3 4+ m Wy satisfies
estimate (i) of Theorem 5.1.
Case 4: 1 NI = P and Vi, iy € I, c3max(d;, d;y) < |a; — aj,|. Let dy be a fixed small
positive constant. We introduce the following sets:

I'={i el d <dy)
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and
L; ={j €L, s.t.i and j satisfy (5.18)}.
Case 4.1: I I' # @, let

3P8 ni
W - ’
‘T Zal da; ( o)

iel j

where Aj;, = max{};,i € I'} and n; is the outward normal to dQy = {x €
Q, s.t.d(x,0) =d;} ata;.
Using Proposition 3.3, we have

(0J (u), Wy)
'2 H 1o 1
- J(“)”Z[ o OH (@, 0)a) ) (1>>+0< 3 8ij>
Ao ier LA oni i#j, jehbUL;

0H((a;.0).a)) . .

ag;; -
+22“i01<3—i - 8—"-2>( = J(u)=> 2s(a” I ta 2T))]
1

J#i (Ridj) 2
log(Akdy)
n—2s
( (ZE lOggl] +Z ()»kdk)'H'z 2s))
i#]
n+3—2s
+O<Z)\,~2|a,~ —aj|8ij"72S )
i#]

Observe that fori € I’ and j € I} \ (I U L;), using (5.5), we have
0H ((ai,0),a;)

AU, 0)a) - - O(d (A ;)"—2S>
i\Aidi

n—2s — n—2s n— 2v

(hirj) 2 (hirj) 2 T dihdinjd)

Ial —aj

Foriand j e I Jif 4 d , d and 1“=%! are bounded and arguing as in the Appendix of [11],
we derive that gg ((a;i, 0),a;) > O. In the other case, we have
H((a;,0),a;) _ 1

d; = diymax(d;, dj, |a; —aj|)" "%

1
— (5.24)
0<(dd 3 ) )

M (@i 0).ap) <
arh al& 7a_] —

Thus
1

()\' )\I )n 2s 87],
Observe that foreachi € I’ using (5.9) and arguing as [7,24], we have

1 1
O (a5, 0),a) = < XTI NrY dj)n_ZS). (5.25)

oH —2s 1
a—ni((a,,o) .aj) = Zn_ZS —d."+1—25(1 +o(1)). (5.26)
1
Moreover, for i, j € I', we have ; — n; = O(la; — a;|). Therefore,
38,’/ 38,'/' n—2s ”2’3‘3“
a_aini + Wjﬁj = Aidj(ai —aj)e;; * (nj—ni) = O0C(gij). (5.27)
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Using the fact that c3 max(d;, d;) < |a; — aj|, fori € I'and j € 1\ (1 UL;), we get

351‘/’ n+2—2s c 1
— = (n—2s)Airjla; —ajle; "> <
8(,1,' (I’l S) i J|az Cl]' ij — ()\i)\_j)n_sz |ai _aj|n+l—2s
- n+l—23,.,.”’—2“'
A Gudid) T dy
n—2s
AT Oudi)2d;
1
—of— ). 5.8
( (idp)" = ) 529
n=2s
for ¢; and 3 chosen such that ¢, 2 = o(c?T!7>%). Fori € I’ and j € I \ I’, we claim
- 2 3 J
that
OH 1 deii 9G((@;,0),a;) 1
o (@ 0).a)——— 7 - a—: P == 5 — ="
ni (hikj) 2 i N (Airj) 2
A

Indeed, since I N I, = @ then i and j belong to ;. Using (5.14) and the fact that (5.18) is
not satisfied, we derive

deij e

B_a,- = —25)Airj(a; — aj)sij

_ (n —2s)(a; —aj) (1 O( 1 >>
(hid; nls _aj|n+2—2s + ndD?) )

Therefore,

deij 1 a ( 1 ) N 0( Ai )
da; ()Li)\,')”fzzT da; \|a; —aj|"=% ch*zs(kldl)"H—z“ :

and our claim follows. Thus

c 1 1 0G((ai, 0), a;)
aJ(u), W. < —— —_— —
00, Walh = =32 Tlamma o
iel’ Je\I'
+0( Z 8,‘j>+0< Z Eij)
i#j,jel i#j,jehUL;
log(Ardy)
n—2s
—i—O(Za 10g€lj —i—Z Gondp )2 2s>
i#]
n+37?s
+O(Zki|ai—aj|8ij”h ):|
i#]

3G ((a;,0),a;)

Observe that d; < dj fori € I'and j € I \ I'. Therefore, — E

[24]. Now for i, j € I, we have

> 0, see [7] and

1 1
= 0( )'
= Ny T Gy
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Using the fact that d; and d; are small enough, we get

ij =0 .
N di(hidp)"=2  dj(hydj)n2

Observe that jo € I’ and A jodj, and A1d are of the same order. Thus, we can make all the
(Aid;)"1=2 for i € I appear in the upper bound of the last inequality. It follows that,

1
(0 (), Wau)) < _CZW+O< > 5ij)

i#],jehUL;
log(Axdy) i
n—2s n—2s
vo(( e tonei' + X g’y ) + o e —ale )
i#]j i#]
(5.30)

Let

aPs; aP§;
Wsu) ==Y aihi—— — Y ajhj——>.
: , J
Using Case 3, we get

<aJ(u),W5(u)>s—c( ) ei,,)+o( )3 e,;,)+R. (5.31)

j#iiel jel

For m and m; two fixed large constants, using (5.11) (5.30) and (5.31), we get

)4
1
(9T (), Wa + m1 Wi + maWs) < —C<Z—(X PG 2 811) TR
i#j,jelh

n+3-2s
+0 ( Z hilai —ajle; /™ ) (5.32)
i#]j
As in the Case 1, we can make appear the term Ziell _ji €ij in the upper bound of (5.11).

Hence the estimates (i) of Theorem 5.1 follows in this case.

Case 4.2:If I' = {J, then d; > dj forany i € I.Let M = (m;;);, jes be the matrix defined
in (2.6). Let p its least eigenvalue and e is the eigenvector associated to p. Fix n > 0. We
set

Cle,n) = {ye(R ), r =cardl, s.t. ‘——e’ < n}
For any x € C(e, 1), n small, we have
_ 2 _ 1 2
LMx — plx|” < 2IpIIXI (5.33)
and
oM ap 2
g0t = (5o o)l (5.34)

For any x € C(e, )¢, we have

teMx — ,o|x|2 > c|x|2.
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Denote I = {ji,..., jr}and A =1t .
oy
If A belongs to the set C (e, )€, the;1 we moj\r/e the vector A to C(e, ) as in [12] along
(I —=1)A+t|Ale
(1 —1)A +1|Ale]
Using Proposition (3.2), we derive that there exists a pseudo-gradient Wg such that

d
(8J (u), We) = C[E(tA(I)MA([)) +0< Z &ij + Z A 2?)

J#Eii, jel iel

+0< > ei,> +R]. (5.35)

i#jiel, jehbU\I

A1) = |A]

As in [12], we have

TEAOMA®D) < —c|AP =) -
iel 1
and

n—2s n=2s

’ O(( : ) 2 ) 0( 5 ) (—1 ) (536)
ij = NN = RN =0 , .
J (Ady)(Ajdj) d(r)l—Zs)\rlz—Zs A,],_zs

fori eI, j € I1\ I. Thus

(07 (u), We(u)) < —CZ T ( > ei,»+2#)+1e. (5.37)

iel M j#iijel iel i

If A belongs to C(e, 1), the construction of the vector-field W depends on the value of
p and |p’|. Since zero is a regular value of p then there exists a constant oy > 0 such that
either |p| > pg or |p'| > po.

n—2s

If p < —po, we decrease all the 2;’s for i € 1. If we assume that ¢, > = o(pody~ 25y
then using Proposition 3.2, (5.3) (5.5) and (5.36), we obtain (5.37) in this case.
If |p'| > po and p > —po, then we move the points ¢;’s along A jyd; = _g_é),- for each
a; € I and A j; = max{A;, i € I}. Using Proposition 3.3, we derive
1 P8, 5. ap
(0J(u), We) = — <3J(u), = ><
)‘J'O tEZI da; aaz
oM
=—— thA—A)+ 0 Ai&ij
2l (5 o 2 we)
iel jehUL;
0H((a;,0),a; 1 ag;j
oy MG )
jen\auLy) ai (ikj) i

log(Ardy)

n—2s

+o(( e oeeg' + X gy
i#]

n+3—2s
+0<in|a,~ —ajle, >] (5.38)

i#]j
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Observe that fori € I and j € I1\(1 U L;), (5.18) is not satisfied. Thus

n=2s
8H((ai’ 0)’aJ) : n—2s = n+11—2_y : n—2s = (CZD)3nj2—6s ’ (539)
aa; (Airj) 2 d. (Airj) )h:la—zsdf
where D is the diameter of 2. Arguing as in (5.28), we obtain
3{;‘,‘]' C 1
i n—2s +1-2
da; Ourj) 2 lai —a;" =
n—2s
(c2D) 2
= e (5.40)
n+172skn72sd3n+g s
G 1 0
We can chose ¢, and c3 such that
0H ((a;,0),a; 1 e 1
((a;, 0), aj) _ 9| _ 0( ) (5.41)
da; aap T oa A
Since A € C(e, n), then using (5.33), (5.34), (5.38) and (5.41), we obtain
c
0. We) < —5—1pPIAP+0( Y hiey)
Jo iel,jelLUL;
n+372x
+R + O(Z)\,”ai - aj|8ij”*2_s )
i#]
c
= =50 ,03|A|2 + 0( Z M&‘j)
Jo iel,jebUL;
n+3-2s
YR+ O(Z hila — ajle, > ) (5.42)
i#]

Thus in both cases, the pseudo-gradient W + m1 W1 + mo Ws where m and m, are two
positive constants large enough, satisfies (5.32) and then the estimate (i) of Theorem 5.1
follows in this case.

The required vector field W required in Theorem 5.1 will be defined by a convex com-
bination of W;,i = 1,...,6. It satisfies Claim (i) of Theorem 5.1. Moreover, by the
argument of Corollary B.3 of [12], it satisfies Claim (ii). This completes the proof.

COROLLARY 5.2

Under the assumption of Theorem 5.1, the only critical points at infinity for J are
Zf:] Pd;,00), P = 1, where p(ai, ... ,ap) > 0 and o(ay, ...,ap) = 0. Moreover,
all concentration points of any critical point at infinity lie in a compact set K of Q.

6. Proof of the results
Proof of Theorem 2.3. It follows from the result of Theorem 5.1 and similar arguments of
Appendix 2 of [8] (see also [12]).

Proof of Theorem 2.4. Claim (i) follows from the inequalities of Theorem 5.1. Claim (ii)
corresponds to the result of Corollary 5.2. Concerning Claim (iii), we know that for a
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large integer po, there exists at least two points a; and a; in K, (where K is defined in
Corollary 5.2), such that |a; — a;| is very small. Therefore, any related pg x po-matrix,
M(ay, ..., ap,) is not positive definite. Claim (iii) follows from Corollary 5.2.

Proof of Theorem 2.5. Using the result of Corollary 5.2, the only critical points at infinity
for J are Zle P84 00) With p(ar,...,ap) > 0and p'(ay,...,ap) = 0. Near each
critical point at infinity, the normal form of the expansion of J presented by Theorem 2.3,
shows that the relative homology between W, and W,_; is given by the product of the
homologies defined by each variables. This conclude the proof.
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