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Abstract. Let N be a sufficiently large integer. In this paper, it is proved that, with
at most O (N4/27+¢) exceptions, all even positive integers up to N can be represented
in the form p12 + p% + p% + pi + pg + pg, where p1, p2, P3, P4, Ps, Pe are prime
numbers. This gives a large improvement of a recent result O(N127/288+¢) que to Liu
(Proc. Indian Acad. Sci. (Math. Sci.) 130(1) (2020) Article ID. 8).
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1. Introduction and main result

Let N, ki, ko, ..., ks be natural numbers such that 2 < k; < kp < --- < kg, N > s.
Waring’s problem of mixed powers concerns the representation of N as the form

N=x" 424 4 xk

Almost since the invention of the circle method by Hardy and Littlewood nearly a century
ago, it has been folklore that the method fails to establish the solubility of problems of
Waring type when the sum of the reciprocals of the exponents does not exceed 2. As
articulated in [3], this convexity barrier ‘arises from the relative sizes of the product of
local densities associated with the system, and the square-root of the available reservoir
of variables that is a limiting feature of associated exponential sum estimates’, and has
been circumvented in very few cases by other devices. A variant of Waring’s problem in
which one considers mixed sums of squares, cubes and higher powers have provided a
rich environment for testing methods designed to approach this theoretical limit of the
circle method. A problem of this type that fails to be accessible to the circle method by
the narrowest of margins is the notorious one of representing integers as sums of two
squares, two positive integral cubes and two sixth powers. In 2013, Wooley [14] applied
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the method of Golubeva [5] to show, subject to the truth of the generalized Riemann
hypothesis (GRH), that all large integers are thus represented. However, Wooley’s work
[14] employs representations of special type and fails to deliver the anticipated asymptotic
formula for their total number. Also, Wooley [16] showed that, although the expected
asymptotic formula may occasionally fail to hold, the set of such exceptional instances is
extraordinarily sparse. Afterwards, Lii and Mu [8] refined the result of Wooley [16].

In view of the result of Wooley [14], it is reasonable to conjecture that, for every suffi-
ciently large even integer N, the following Diophantine equation

N = p? + p3+ps+pi+ pS+ pd (1.1)

is solvable. Here and below, the letter p, with or without subscript, always stands for a prime
number. But this conjecture is perhaps out of reach at present. In 2020, Liu [7] considered
the exceptional set of the representation (1.1). In [7], Liu mainly use the arguments of
Wooley [15] and showed that E(N) < N Hete , where E(N) denotes the number of
positive even integers n up to N, which can not be represented as p% + p% + pg + pi + pg’ + pg.

In this paper, we shall continue to improve the estimate of the exceptional set for the
problem (1.1) and establish the following result.

Theorem 1.1. Let E(N) denote the number of positive even integers n up to N, which can
not be represented as

n=p12+p§+p§+p2+pg+pg. (1.2)

Then, for any ¢ > 0, we have
E(N) < N7+,

Remark. In order to compare the result of Theorem 1.1 with that of Liu [7], we list the
numerical result as follows:

127 4
— = 0.440972222 - - - ; — =0.148148148 - - - .
288 27

We will establish Theorem 1.1 by using the method, which is created and developed
by Kawada and Wooley [9], to bound the set of exceptional integers not represented by
a given additive form in terms of the exceptional set corresponding to a subform. For the
exceptional set corresponding to a subform, we shall employ pruning process into the
Hardy—Littlewood circle method. In the treatment of the integrals over minor arcs, we
will employ the methods, which is developed by Briidern [4], combining with the new
estimates for exponential sum over primes developed by Zhao [18] and Kumchev [10].
The full details will be explained in the following revelant sections.

Notation. Throughout this paper, let p, with or without subscripts, always denote a prime
number; € always denotes a sufficiently small positive constant, which may not be the same
at different occurrences. As usual, we use ¢(n) and d(n) to denote the Euler’s function
and Dirichlet’s divisor function, respectively. Also, we use x mod ¢ to denote a Dirichlet
character modulo ¢, and x° mod ¢ the principal character. e(x) = ¢*™™*; f(x) < g(x)
means that f(x) = O(g(x)); f(x) < g(x) means that f(x) < g(x) € f(x). Nisa



Proc. Indian Acad. Sci. (Math. Sci.) (2021) 131:29 Page 3 of 25 29

sufficiently large integer and n € [N /2, N], and thus log N < logn. The letter ¢, with or
without subscripts or superscripts, always denote a positive constant.

2. Preliminary and outline of the proof of Theorem 1.1

In order to better illustrate Lemma 2.1 and Lemma 2.2 below, we first introduce some
notations and definitions. When C C N, we write C for the complement N \ C of C within
N. When a and b are non-negative integers, it is convenient to denote by (C)Z the set
C N (a, b], and by |C|Z the cardinality of C N (a, b]. Next, when C, D C N, we define

C+D={c+d:ceCandd € D}.

It is convenient, when k is a natural number, to describe a subset Q of N as being a high-
density subset of the k-th powers when (i) one has Q € {n* : n € N}, and (ii) for each
positive number &, whenever N is a natural number sufficiently large in terms of &, then
|Q|(])v > NV/k=¢ Also, when® > 0, we shall refertoaset R C Nas having complementary
density growth exponent smaller than 6 when there exists a positive number § with the
property that, for all sufficiently large natural numbers N, one has |ﬁ|(1)v < N9=9,

When g is a natural number and a € {0, 1, ..., g — 1}, we define Py = P, 4 by

Pag ={a+mg:meZ}.

Also, we describe a set £ as being a union of arithmetic progressions modulo g when, for
some subset £ of {0, 1, ..., g — 1}, one has

L=JPu

leg

In such circumstances, given a subset C of N and integers a and b, it is convenient to write
(C ALY =min|c NP,
leg a

Let £ be a union of arithmetic progressions modulo ¢, for some natural number g. When k
is a natural number, we describe a subset Q of N as being a high-density subset of the k-th
powers relative to £ when (i) one has Q € {n* : n € N}, and (ii) for each positive number ¢,
whenever N is a natural number sufficiently large in terms of &, then (Q A E){)V >, N I/k—e,
In addition, when 6 > 0, we shall refer to aset R C N as having L-complementary density
growth exponent smaller than 6 when there exists a positive number § with the property
that, for all sufficiently large natural numbers N, one has |R N £|6V < N9,

Lemma 2.1. Let £, M and N be unions of arithmetic progressions modulo q, for some
natural number q, and suppose that N' C L + M. Suppose also that S is a high-density
subset of the squares relative to L, and that A € N has M-complementary density growth
exponent smaller than 1. Then, whenever ¢ > 0 and N is a natural number sufficiently
large in terms of ¢, one has

AFSNNEN <, N3t [An MmN
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Proof. See Theorem 2.2 of Kawada and Wooley [9]. O

Lemma 2.2. Let L, M and N be unions of arithmetic progressions modulo q, for some
natural number q, and suppose that N C L + M. Suppose also that C is a high-density
subset of the cubes relative to L, and that A C N has M-complementary density growth
exponent smaller than 0, for some positive number 6. Then, whenever ¢ > 0 and N is a
natural number sufficiently large in terms of €, without any condition on 6, one has

[AFCANEY <4 N3 [AN MY + N (AN MY
Proof. See Theorem 4.1(a) of Kawada and Wooley [9]. O

In order to prove Theorem 1.1, we need the following proposition, whose proof will be
given in Section 3.

PROPOSITION 2.3

Let E1(N) denote the number of positive integers n up to N, which satisfies n = 0
(mod 2),n = +£1 (mod 3), and can not be represented as pf + p% + pg + pg. Then, for
any ¢ > 0, we have

E1(N) <« N'=s1+e,

Proof of Theorem 1.1. Let

Ap ={p%—l—p%—kpg—{—pg:p;sareprimes,j=1,2,3,4},
Ag:{p%—}-p%—i—pg—i—pg—{—pg:p;sareprimes,j:1,2,3,4,5},
Slz{pzzpisaprime}, 82:{p3:pisaprime},
./\/l1z{neN:nEO(mod2),nz:l:l(mod3)},

Ni={neN:n=1(mod2), n=0,2(mod3)}, Ny={neN:n=0(mod2)},
Li={neN:n=1(mod24)}, Lo={neN:n=1(mod2), n ==+l (mod3)},
é”l:{neN:nEO(modZ),nE:I:I(mod3),n#p%—!—p%-&—pg—l—pg, p;-sareprimes},
é”zz{neN:nE1(m0d2),n50,2(mod3),n#p%—}—p%—l—pg—kpg—{—pg,

p} s are primes},

é”:{neN:nEO(mod2),n;/:p%—{—p%—{—pg—}—pi—l—pg—kpg, p}sareprimes}.

Thus, we have E{(N) = |&1]} and E(N) = |£1]). Also, we write E>(N) = |&]). Then
L is a union of arithmetic progression modulo 24, N3 is a union of arithmetic progression
modulo 2, and M, N and £; are unions of arithmetic progressions modulo 6, satisfying
the condition that N7 € £; + M and N> € £, + N;. Moreover, it follows from the
Prime Number Theorem in arithmetic progression that

(S A LYY > N2(logN)™" and (Sy A L2)Y > Ni(log N) ™.
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Therefore, S is a high-density subset of the squares relative to £1, and Sy is a high-density
subset of the cubes relative to £,. By Proposition 2.3, it is easy to see that

=&Y = E{(N) < N'=site,

0}

and thus A has M| complementary density growth exponent smaller than 1. From Lemma
2.1, we know that

3N 3N R p— 3N
|£2 2N=|A1+Slﬂ£2|2N < N 2+8|A1ﬂ/\/11 N
& N1 E|(3N) « N1 site,

Let the integers N; for j > 0 by means of the iterative formula

1 2

where [N] denotes the least integer not smaller than N. Moreover, we define J to be the
least positive integer with the property that N; < 10, then J < log N. Therefore, there
holds

J
Ex(N) <10+ Y |&[i « N2—57, (2.2)
J
j=1

By (2.2), we know that
LN = &) = Bavy « N3

and thus A has NVj-complementary density growth exponent smaller than % .From Lemma
2.2, we obtain

T — 2
’ng =4+ ﬂ./\/z‘;x <<N—%+s‘,42 NN ?VN n N‘HS(’AZ AN, ?VN)
< N7TH LB (N) + N7 (E,GN))
< Né_ﬁ"'g < N%—i—s_

Therefore, with the same notation as in (2.1), we deduce that

J
E(N) <10+ Y 16y < NTT,
j=1 '

which completes the proof of Theorem 1.1.
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3. Outline of the proof of Proposition 2.3

In this section, we shall give the outline of the proof of Proposition 2.3. Let N be a
sufficiently large positive integer. For k = 2, 3, 6, we define

fil@y= > (ogpe(pta),

X¢<p<2X;
where X = (N/16)%. Let

R(n) = > (log p1)(log p2)(log p3)(log p4).

n:pf+p%—&-p§+pf1
X2<p1<2X2, X3<p2<2X3
X6<p3,pa<2X6

Then for any Q > 0, it follows from orthogonality that
1
Z(n) =/O fr(@) f3(@) f§ (@)e(—na)da

1+ 5
= /1 fa(@) f3(@) fg (@)e(—na)da.

0
In order to apply the circle method, we set
1 23
P=N#H2 g NET 3.1
By Dirichlet’s lemma on rational approximation (for instance, see Lemma 2.1 of Vaughan

[12]), each a € [1/Q, 1 + 1/Q] can be written in the form

a 1
a=—+x A< —,
q q0
for some integers a, g with 1 < a <
arcs 1 and minor arcs m as follows:

m= |J U Ma . m:[é,wé}\m (3.2)

1<g<P 1<agq
(a.q)=1

q < Q and (a, q) = 1. Then we define the major

where

a 1 a 1
Mg.a)=|-——.—+—|.
@) [q q0 ¢ qQ}

Then one has

Bn) = { /m+ / }fz(a)fa(a)fé(a)e(—na)da.
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In order to prove Proposition 2.3, we need the two following propositions, whose proofs
will be given in Sects. 4 and 6, respectively.

PROPOSITION 3.1

Let the major arcs M be defined as in (3.2) with P and Q defined in (3.1). Then, for
n e (N/2, N]and any A > 0, there holds

1
/ H@) f3(@) fH(@)e(—na)da = Sg O3 + O(NsL™),
m

where &(n) is the singular series defined in (4.1) below, which is absolutely convergent
and satisfies

(loglogn) ™" « &(n) < d(n) (3.3)

for any integer n satisfying n = 0 (mod 2) and n = £1 (mod 3), and some fixed constant
c¢* > 0; while J(n) is defined by (4.9) and satisfies

J(n) < Ns.
For the properties (3.3) of singular series, we shall give the proof in Section 5.

PROPOSITION 3.2

Let the minor arcs m be defined as in (3.2) with P and Q defined in (3.1). Then we have
f | F2 (@) 2 @) fie)|da <« N353+,
m

The remaining part of this section is devoted to establishing Proposition 2.3 by using
Propositions 3.1 and 3.2.

Proof of Proposition 2.3. Let % (N) denote the set of integers n € (N /2, N] such that

‘ f £2(@) f3(@) fR(@)e(—na)da| > N6 L™

Then we have

2
1
N3IL72N% (N)| <« §
ne (N)

< >

%<n<N

H@) f3(@) f2(@)e(—na)da

m

2
(3.4)

/fz(a)f3(a)f62(oz)e(—na)da
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By Bessel’s inequality, we have

2

2

%<n<N

/ H@) f3(@) fH(@)e(—na)da| < / | (@) £3 (@) f¢H ()| dr.

(3.5)

Combining (3.4), (3.5) and Proposition 3.2, we have

% (N)| « N'=5+e.

Therefore, with at most O (N'~1/34+¢) exceptions, all the integers n € (N /2, N] satisfy
1
‘f fr(@) f3(@) 3 (@)e(—nayda| < Ns L4,
m

Using the above equation and Proposition 3.1, we deduce that, with at most O (N 1~1/34+¢)
exceptions, all the positive integers n € (N /2, N] satisfying n = 0 (mod2) and n =
41 (mod3) can be represented in the form p% + pg + pg + pg, where p1, p2, p3, p4 are
prime numbers. By a splitting argument, we obtain

E1(N) <« N'=si+e,

This completes the proof of Proposition 2.3.

4. Proof of Proposition 3.1

In this section, we shall concentrate on proving Proposition 3.1. We first introduce some
notations. For a Dirichlet character x mod ¢ and k € {2, 3, 6}, we define

Ci(x.a) = Zx(h)e<a7), Cr(g.a) = Cr(x". a),
h=1

where x© is the principal character modulo g. Let x2, x3, xﬁ(l), X6(2) be Dirichlet characters
modulo g. Define
q
1 2 1
B(n.q. x2. 53 % x) = Y. Calxa. a)C3(x3. a)Co(x4" . @)

a=1

(a,9)=1
2 _an _ 0,0 0 0
C6(X6 ,a)e< q )’B(W,Q)—B(”’Q’X s X X s X )7

and write

B(n, q)

A(n,q) = ,
o) 9*(q)

&) =) An.q). 4.1)

g=1
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Lemma 4.1. For (a, q) = 1 and any Dirichlet character x mod g, there holds
ICe(x. @)l < 2¢'2a% (q)
with Br = (logk)/log 2.
Proof. See Problem 14 of Chapter VI of [13]. O
Lemma 4.2. The singular series & (n) satisfies (3.3).
The proof of Lemma 4.2 is given in Section 5.

Lemma 4.3. Let f(x) be a real differentiable function in the interval [a, b). If f'(x) is
monotonic and satisfies | f'(x)| < 0 < 1, then we have

Z eme(n)_/ z”if(")dx—i—O(l).
a<n<b

Proof. See Lemma 4.8 of [11]. O

Lemma 4.4. Let x> mod r, x3 mod r3 and Xéi) mod réi) withi = 1, 2 be primitive char-

acters, ro = [rz, r3, ré ) , ré )] and XO the principal character modulo q. Then there holds

1
ZTq)' (n. g2 x2x% x3x xg k% 1 x0) < rg o k. (42)

q<x
rolg

Proof. By Lemma 4.1, we have

|B(n,q. x2x’, x3x°, Xé %0, X(E2)XO)|

< Z |C2(x2x". @) C3(x3x". @) Co (¢ x°. @) Co (%7 x°. a) |
(u,q)=1
<L ¢*e(@)d%(q).

Therefore, the left-hand side of (4.2) is

Co@d* (@) _ g dron e Sm
<> BTl D v e (logx) » .
ot (@) < @ (rot) <
rolg 0

< r(;l+s 10g257

This completes the proof of Lemma 4.4. ]
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Write
Vi)=Y em*h),
Xie<m<2Xy
Wi M) = Y (ogpx(ple(p ) =8, > emfr),  (43)
Xie<p<2Xy Xir<m<2Xy

where §, = 1 or 0 according to whether y is principal or not. Then by the orthogonality

of Dirichlet characters, for (a, g) = 1, we have

a Cr(q,a) 1
fk(—-f-)») = o) W+ > GGG Wi(x, 1),
q 9(q @ o,
For j =1,2,..., 12, we define the sets .; as follows:

{2,3,6,6), ifj = 1; {3,6,6}, if j =4; {3,6), if j = 7; {3}, ifj = 10;
S =112,3,6}, if j =2; {2,3}, ifj=5; {6,6}, if j =8; {6}, if j = 11;
2,6,6), ifj=3; {2,6},ifj=6; {2}, ifj=9; ¢, ifj=12.

s~y

s Yy

Also, we write ?} ={2,3,6,6} \ ;. Then we have

/ @) fz(@) fE(@e(—na)da =: 1) + 21 + I3 + Iy + Is + 216 + 21
m
(4.4)

+ Ig + Ig + 1o + 2111 + 112,

where
! : an
Ij = Z 7) Z < H Ck(q,a))e<— —)
i<r? @ = te, q
(a,q)=1
1
8 fQ ( [ Vk(M)( [T X Ck(Xaﬂ)Wk(X,l))e(—n)»)dA.
_E kefi kE?G’X modq

In the following content of this section, we shall prove that /1 produces the main term,

while the others contribute to the error term.
For k = 2, 3, 6, applying Lemma 4.3 to Vi (1), we have

2X; 1 exot
Vi(h) = / e V)du + 0(1) = —f v le(ua)dv + O(1)
Xi k Jxk
_! S mtlema) + 0. (4.5)

Xk <m<@Xp)k



Proc. Indian Acad. Sci. (Math. Sci.) (2021) 131:29 Page 11 of 25 29

Putting (4.5) into /1, we see that

l
1 B(n,q) (a0 _1
= ﬁq; V@) ( Lo WM))

qQ X2<m<(2X2)?

2
X ( Z m_ge(m)\)>< Z m_ge(mk)> e(—nA)dA

X3<m<(2X3)3 X8<m<(2X¢)0
1
B(n, q0 1
+0(Z—| (4( 6;)| ql Z m_Ze(m)»)‘

q<P vla T40 X3 <m<(2X7)?
x Y mTie(mh 3 m_ge(mk)‘dk). (4.6)

X3<m<(2X3)3 X8 <m<(2X6)0

By using the elementary estimate

1_1 Iy . 1

> milemr) < N¥'min (N, 7)) .7

Xk <m<2Xp)k

and Lemma 4.4 with ro = 1, the O-term in (4.6) can be estimated as

1
|B(.g)| ( [V R 257 -
<<Z g\ Nar+ LN (adh ) <L < NoLT

If we extend the interval of the integral in the main term of (4.6) to [—1/2, 1/2], then from
(3.1) we can see that the resulting error is

1
<< L257 12 N,% . ()\1'_5: << N*%q3Q3L257 << Nf%(PQ)3L257 << N%*w

q0

for some @ > 0. Therefore, by Lemma 4.2, (4.6) becomes

I = —G(n):((n) + O(NsL™4), (4.8)
216
where
1 2 5 1

J(n) = Z my >my *(m3mg)”6 < N&. 4.9)

mi+my+m3+mya=n

X3<m<(2X2)%, X3<my<(2X3)?

X§<m3.ms<(2X6)°

In order to estimate the contribution of /; for j = 2,3,...,12, we shall need the

following three preliminary lemmas, i.e. Lemmas 4.5-4.7, whose proofs are exactly the
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same as Lemmas 3.5-3.7 in Zhang and Li [17], so we omit the details herein. In view of
this, for k = 2, 3, 6, we recall the definition of Wi (x, A) in (4.3) and write

Je@) =Y Mg TN max [Welx, )

r<P x mod r "0

’

and
1

€1 1
Ki(@) = Y Lg.r17 e (/IQ Wix, A)|2dx) B
r<P ymodr “VTr0
Here and below, X* indicates that the summation is taken over all primitive characters.
Lemma 4.5. Let P, Q be defined as in (3.1). For k = 6, we have
Ko(g) < g FENTILE.
Lemma 4.6. Let P, Q be defined as in (3.1). Then we have
J3(g) < g NS LE.
Lemma 4.7. Let P, Q be defined as in (3.1). Then, for any A > 0, we have
H(l) <« N2L™4,

Now, we concentrate on estimating the terms /; for j = 2,3, ..., 12. We begin with
the term [1,, which is the most complicated one. Reducing the Dirichlet characters in 112
into primitive characters, we have

1 1 an i
12| = Z¢4(q) > e(—*)f_L< > Cz(xz,a)Wz(Xz,/\)>
g<P a=1 42 " x2 mod g

(a,q)=1

2
x( > 03<X3,a)W3(X3,A))( > 06<X6,a>w6<><6,x>) e(—nmx’

x3 mod g X6 mod g

1
SPIID YD VRN SRS S E (PRSP Lty

q< P x2 mod g x3 mod g X((,l) modqxéz) mod ¢

Wa (2 W3 03, D We et M We (x>, Me(=niyda

1
90
X
1

YYYS Y OYOYOYOY

rn<PrP rél)gP ré2)<P x2 mod r x3 mod r3 Xs(l) mod rél) X(()Z) mod réZ)
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1 2
. 1B(n, 4, 126 x3x°% %V %0 %2 x0)|

< vt (@)

X/q? ‘Wz(xzxo,A)Wa(xsxo,k)Wé(xél)xo,k)Ws(xéon,k)(dk,
~50

where XO is the principal character modulo ¢ and ro = [r, 3, rél), réz)]. Forg < P
and Xy < p < 2Xj with &k = 2,3,6, we have (¢, p) = 1. From this and the defi-
nition of Wi (x, A), we obtain Wz()@xo )») Wz(Xz, ) W3()(3)( A) = W3(X3,A)
and Wé(Xél)X 1) = Welxe ),A) for primitive characters x2, x3, Xé) withi = 1, 2.
Therefore, by Lemma 4.4, we obtain

LEEDID MDD DD IED MDD )

rn<Pr3P (1><P (2)<P x2 mod 2 x3 mod r3 ( [V

) mod re ' Xe modrg )

1

00 1 2

x [ le(Xz,k)W3(X3J»)W6(X6()a)\)Wé(Xs()’)‘)‘d)‘

S

2

3 1B(n.q. x2x° x3x°. %" %0 x& %0
x v*(9)

g P

rolq

257 —l+e \ * * *

SO NP D D DD DD DD D
rn<Pr3P él)gpréz)gp x2 mod rp x3 mod r3 Xé]) mod rél) XéZ) mod réZ)

x [ [Wa W (o, 1) We(xd ) Welx, |

In the last integral, we pick out ‘Wz( X2, A)‘ and |W3( X3,
inequality to derive that

, and then use Cauchy’s

12| <<L257<Z > max ]w2<xz,x)\)(2 > max Wi, A)D

ro <P x2 mod rp Ml\r 0 r3< P x3 mod r3 |)“\r;Q

_1 1
T T ([ ol

red <Py mod rg”

s
(2)

x Y gt 3 (/ 0 ‘W(, @ 3) ) dk) . (4.10)
(2) <P Xéz mod r(2) (2)

Now we introduce the iterative procedure to bound the sums over réz) rél) r3, I, CON-

secutively. We first estimate the above sum over r( ) in (4.10) via Lemma 4.5. Since

o= lrarsrir?) = ([ ) )
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the sum over réz) is
1

1
_ 2 2
= > (231" 1] e > ' (/rézig ‘Wﬁ(Xéz)J\)‘ dk)

< & mod r® T

= KG([rz,rg,ré”]) < [rar3, PN L @.11)

Again, by Lemma 4.5, the contribution of the quantity on the right-hand side of (4.11) to
the sum over rél) in (4.10) is

- 1 s N2
< N-3LC. Z [[7’2’ r3], rél)] 1+e Z* /,-éle ‘W6(X6(1)’ )»)‘ dk)
r<p 2 mod rN T Do

— NTSLC. Ko([r2, 3]) < [r2, BTN LS @.12)

By Lemma 4.6, the contribution of the quantity on the right-hand side of (4.12) to the sum
over r3 in (4.10) is

CNTELE Y [T 3T max ‘W3(X3’)L)‘

A<7g

r3<P x3 mod r3 30

= N7SLE J3(r) < ry FENTILE (4.13)

Finally, from Lemma 4.7, inserting the bound on the right-hand side of (4.13) to the sum
over rj in (4.10), we get

1 *
ol < N7ILE S [l e 3 max |Wa(x, 2|
n<P x2 mod rp |A|<@

— N"ILE- Jy(1) < N6 LA, (4.14)
For the estimation of the terms I», I3, ..., I11, by noting (4.5) and (4.7), we obtain
s 1 1 2 1
[ 2 0 1 1)\?
f Ve Pdr ) < NE2min (N, — ) di + —
-5 -5 [A] 0

<<N/1c_1</11vN2dA+fédx>é+ L« i
0 . 32 0172 :

Using this estimate and the upper bound of Vj (1), which derives from (4.5) and (4.7), that
Vik(A) K N %, we can argue similarly to the treatment of /1, and obtain

11
1« NsL A, (4.15)

J=2

Combining (4.4), (4.8), (4.14) and (4.15), we can derive the conclusion of Proposition 3.1.
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5. The singular series

In this section, we shall investigate the properties of the singular series which appear in
Proposition 3.1.

Lemma 5.1. Let p be a prime and p®||k. For (a, p) = 1,if€ > y(p), we have Cy(pt, a) =
0, where

(p) = a+2, ifpFtorp=2,a=0;
v - a+3, ifp=2,a>0.

Proof. See Lemma 8.3 of [6]. O
For k > 1, we define

4q k
o)

m=1

Lemma 5.2. Suppose that (p, a) = 1. Then

Sk(p.a) = Y x@7(x),
X €.

where <y denotes the set of non-principal characters x modulo p forwhich x* is principal,
and t(x) denotes the Gauss sum

p
m
Z X(m)e(—).
m=1 p
Also, there hold |t (x)| = p"/? and || = (k, p — 1) — 1.

Proof. See Lemma 4.3 of [12]. U

Lemma 5.3. For (p,n) = 1, we have

"Z” $2(p, )S3(p, )SE(p, a>e( )

. <50p73. 5.1
P

a=1

Proof. We denote by S the left-hand side of (5.1). By Lemma 5.2, we have

< > Xz(a)t(xz)>< > Xa(a)r(m))

a=1 > yoeoh X3€5

> s o - ™)

X6Es

R,
p4

X(
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If |27 | = 0 for some k € {2, 3, 6}, then S = 0. If this is not the case, then

Z Yoo Y (k)T (1Y)

xzeﬂfz X363y D e o 3D e g

p—1

X Xz(a)m(a)xél)(")XéZ)(“)e< - %)

a=1

From Lemma 5.2, the quadruple outer sums have not more than 50 terms. In each of these
terms, we have

Tt (6T (%) | = PP

Since in any one of these terms x2(a) x3(a) Xﬁ(l) (a))(éz) (a) is a Dirichlet character x (mod
p), the inner sum is

p—1 p—1
; x(a)e( — %) = x(—n) ; x(—an)e( - %) = x(=m)t ().

From the fact that 7(x®) = —1 for principal character x° mod p, we have

1

Ix(=m)T ()| < p2.

By the above arguments, we obtain

1 2 1 _3
|S|<—4-50~p~p2=50p 2,
p
This completes the proof of Lemma 5.3. |

Lemma 5.4. Let £ (p, n) denote the number of solutions of the following congruence;
2 3 6 6 _
x{ + x5 +x3 + x4 = n (mod p), 1 <x1,x0,x3, x4 < p—1.
Then, for n = 0 (mod 2) and n = +1 (mod 3), we have £ (p,n) > 0.

Proof. We have

)4
P 2w =Y CpCy(paCip e = 1) = (p =D+ Ep.

a=1
where

p—1

Ep =Y Ca(p.a)Cs(p.a)CE(p, a)e( - %)

a=1
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By Lemma 5.2, we obtain

Epl < (p — D(W/P + DQYP+ DEYP + D™

Itis easy to check that [E | < (p — 1)* for p > 67. Therefore, we obtain .Z(p, n) > 0 for
p = 67.Forp =2,3,57,11,13,17,19, 23,29,31, 37,41, 43, 47,53,59, 61, we can
check .Z(p, n) > 0 directly. This completes the proof of Lemma 5.4. ]

Lemma 5.5. A(n, q) is multiplicative in q.

Proof. By the definition of A(n, ¢) in (4.1), we only need to show that B(n, ¢) is multi-
plicative in g. Suppose ¢ = g1g2 with (g1, g2) = 1. Then we have

9192 ) an
B.qig)= Y. Caqiq2. A)C3(q1q2. )CE(q1q2. a)e| — ——

a=1 q192
(a,q192)=1
q1 @
= Y Y C@igaq+aq)C(qi9, aq +aq)
ar=1 ar=1
(a1,91)=1 (a2,q2)=1
an an
X C62(6115]2,6115]2+612611)e<_ —)6(— —) (5.2)
q1 q2
For (g1, ¢g2) = 1 and k € {2, 3, 6}, there holds
q192 k
(a192 + azq1)m
Cr(q192, a1q2 + axq1) = Z e(—q 4
— 9192
(m,q192)=1
_ i i g<(01Q2+02Q1)(M142+m2f11)k)
ol ma q192

(m1,q1)=1 (m2,q2)=1

_ qzl e(m(sz)") qi e(dz(’ﬂzéﬂ)")

mi=1 q1 my=1 92
(m1,q1)=1 (m2,q2)=1

= Ci(q1,a1)Ci(q2, az). (5.3)
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Putting (5.3) into (5.2), we deduce that

qi
an
B(n, q192) = Z Cz(ﬂh,al)C3(6]1,a1)Cg(6]1,a1)e<—q—1>

ar=1
(a1,q1)=1
) -
X Z C2(q2, 2)C3(q2, a2)CE (o, az)e< - E)
ar=1
(az,zqz)zl
= B(n,q1)B(n, q2).
This completes the proof of Lemma 5.5. 0

Lemma 5.6. Let A(n,q) be as defined in (4.1).
(i) We have

Y 1AM @)l < 27 dn),
q>Z

and thus the singular series & (n) is absolutely convergent and satisfies S(n) < d(n);
(ii) There exists an absolute positive constant ¢* > 0, such that, for n = 0 (mod 2) and
n = %1 (mod 3),

&(n) > (loglog n)_c*.

Proof. From Lemma 5.5, we know that B(n, g) is multiplicative in g. Therefore, there
holds

pf
By =[[Boph=]] X Cz(P’,a)Cs(p’,a)Cg(p’,a)e<_L;_’:).

rlq Plllg  a=l1
(a,p)=1

(5.4)

From (5.4) and Lemma 5.1, we deduce that B(n, q) = [ |
being square-free or not. Thus, one has

pllg B(n, p) or 0 according to g

o0

o0
DA = Y Ang). (5.5)
q=1 q=1

q square-free

Write

¥ (p,a) := Ca(p, a)C3(p, a)C3(p, @) — Sa(p, a)S3(p, a)Sg(p, a).
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Then
An )—;ISS( a)S3(p, a)S2( a)e(—ﬂ)
,P—(p_1)4u=12ps 3(P, 6D, »
p—1 n
e )427/(17,51)6(—;) (5.6)

Applying Lemma 4.1 and noticing that Sx(p, a) = Cr(p, a) + 1, we get Sx(p, a) K p%,
and thus 7' (p,a) < p% Therefore, the second term in (5.6) is < ¢ p_% On the other

hand, from Lemma 5.3, we can see that the first term in (5.6) is < 2% - 50 p_% = 800p -3,
Let ¢ = ¢1 + 800. Then we have proved that, for p 1 n, there holds

[

[A(n, p)| < c2p™ 2. (5.7)
Moreover, if we use Lemma 4.1 directly, it follows that
. an
B, p)l = | Y Cap. a)Ca(p. )C(p. a)e( - ?)‘
a=1
p—1
<Y |Cap. a)Ci(p, a)C(p. @)
a=1
< (p—1)-2% p* 216 =3456p*(p — 1),
and therefore,
|B(n, p)| _ 3456p%  23.3456p> 27648
An, p)| = — L0 2P P : (5.8)

e*(p) T (p-1D3 " pd T

Let c3 = max(c2, 27648). Then, for square-free ¢, we have

|A(n, q)| = (]‘[|A<n,p)|)(1"[|A<n,p)|> < (H(cap—3)><]'[(c3p‘1))

rlq rlq rlq rlq
pin pln pin pln
_3 1 _3 1
C?(q)<np 2)( I1 P2> SCAERMUNIES
plg pl(n,q)

Hence, by (5.5), we obtain

Z [A(n, ¢)| K Z q7%+€(n’q)% — Z Z(dq),%Jrsd%

q>Z q>Z din q>§

_ Zd—Hs Z q7%+s < Zdﬂﬂ(g)_?“

d|n q>% d|n
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— Z—%-H:‘ Zd—%-l-& « Z_%—"Sd(n).
dln

This proves (i) of Lemma 5.6.
To prove (ii) of Lemma 5.6, by Lemma 5.5, we first note that

em =[] (1 + i A(n, pf)> =[]0+ A@. p)

14
_ < [T +A(n,p)))( [T +A(n,p))>( [T +A(n,p))>.
P<Cc3 p=>c3 p>c3
phn pln
(5.9)

From (5.7), we have

[T0+4awp)=]] (1 - ‘;—3/2> > ¢y > 0. (5.10)
p>c3 p>c3 p
pin

By (5.8), we know that there exists c¢5 > 0 such that

[T (+Aw ) = ] (1—%) >T] <1—%3) > (loglogn)~%. (5.11)

17>|C3 I7>‘C3 pln
pin pin

On the other hand, it is easy to see that

1+ A, p) = w. (5.12)
®*(p)

By Lemma 5.4, we know that L(p,n) > 0 for all p with n = 0(mod2) and n =
41 (mod 3), and thus 1 + A(n, p) > 0. Therefore, there holds

[] 1+ 4@, p) =6 > 0. (5.13)
p<c3

Combining the estimates (5.9)—(5.11) and (5.13), and taking c¢* = ¢5 > 0, we derive that
S(n) > (loglogn) .

This completes the proof of Lemma 5.6. (]

6. Proof of Proposition 3.2

In this section, we first present some lemmas that will be used to prove Proposition 3.2.
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Lemma 6.1. Suppose that « is a real number, and that there exist integers a € 7. and
q € N satisfying

1

(a,9)=1, 1<qg<E, |ga—al<E,
where
3
_ [N k=2,
TNt k=3

Then, for k € {2, 3}, we have

1+
X €
Va1l + Nl —a/q])

fela) < X, ¥

where

1

=

B
n”=3 12

Proof. For the proof of the upper bound of f>(«), one can see Theorem 3 of [10]; while
for the proof of the upper bound of f3(«), one can see Lemma 2.3 of [18]. (|

Lemma 6.2. Let2 < k1 < ky < -+ < kg be natural numbers such that

oS I<j<s—1L
i=j4+1 "t

Then we have

i

Proof. See Lemma 1 of [1]. O

2
1 1
(](X << Nﬂ++ﬁ+8

[] @
i=1

Lemma 6.3. Let fi(«) be defined as above. Then we have

1
/ | £2(@) fE(@)|da <« N3+,
0

Proof. The conclusion can be deduced by counting the number of solutions of the under-
lying Diophantine equation:

xt—xy =y 08+ 8 0§ —y8 =38 — 8 -8
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with Xo < x1,x0 < 2Xo and X¢ < y; < 2Xg fori = 1,2,...,8. If x; # xp, the
contribution is bounded by X 2“. If x; = x3, the contribution is bounded by

1
< X - / | fo(e)[Bder
0

By Lemma 2.5 of [12], we have
1
/ | fo(e)|¥dor < X2,
0

and thus the contribution with x| = xp is < X» - Xg+8. Combining the above two cases,
we deduce that

1
FR@) f8(@)|da < X3 4 X, X3T < NIFE,
2 6 6 6
0
This completes the proof of Lemma 6.3. 0

For the proof of Proposition 3.2, we define a general Hardy—Littlewood dissection
employed in our application of the circle method. When X is a positive number with
X < \/N , we take 91(X) to be the union of the intervals

N(g,a, X) = {a Dga —al < XN_l},

with 1 < a < ¢ < X and (a,q) = 1. Also, when X < \/ﬁ/2, we put R(X) =
N2X) \ N(X). Finally, we take

mi=mNNNT), mo=m\NN).

For o € my, by Dirichlet’s lemma on rational approximation (for instance, see Lemma 2.1
of Vaughan [12]), there exist a € Z and g € N satisfying

1
1<g< N2, |ga—al<N72Z, (a,q) =1

. . 1 1
Since o € my, we know that either ¢ > N8 or N|ga — a| > N 8. Therefore, by Lemma
6.1, it is easy to see that

14+¢
X3

N1/8

1
—ﬁ+8

+

1 1
) € X, L N3xte,
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which combines Holder’s inequality, Lemma 6.2 and Lemma 6.3 yields
/ |3 @) f3 (@) fg ()] dar
my

2 1 3 1 3

< swp |fa@)’ x( /0 !f%(mf%(mfé(a)\da) ( /0 !ff(a)f§<a>|da>
aem)

<« (N%+6)% . (N1+8)% X (N%+6)% < N%+175714+€' (61)

We define the function Y : [0, 1] — [0, 1] by putting Y («) = 0 for @ € [0, 1]\ ‘ﬁ(N%),
and when o € ‘II(Né) NN, a, N%) we write

T(@) = (q+gNle—a/q)™"
Define
my=m NNNT), my=m\NNT).

By noting the fact that mq € YN %) \DUN f*s), hence for & € my, it follows from Lemma
6.1 that

11
1@ < N Y@ and  |f3@)] < NTETE,

which combined with the trivial estimate fe(o) < N gt yields

/ | £2(@) £ (@) fd (@)]da

< (sup |f3<a>|2>-N§“-N”8-f | Y@)| fo()*da
M(NT)

aeEmMy

ﬁJrzz 2
« N f T @) fo(e)Pde (62)
MN(NB)

By Lemma 2 of [2], we obtain

2
/ 1 T ()| fo(a)Pda < N3¢,
M(NB)

Using the above estimate and (6.2), we conclude that
F@) f2(@) f@)]da « N3TITte, 6.3)
2 3 6
my

For ¢ € m3, by Lemma 6.1, we get

@ < N Y@ and  |f3@)? < N3T(@).
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Hence, for & € ms, there holds
5
| @ fR@)] < N3 1),

which combined with the trivial estimate fe(o) < N st yields

/ | £3(@) f5 (@) fe ()| dar < N*¥€. f - L)Tz(d)|f6((¥)|2d“- (6.4)
m3 m

(NTS

This leaves the set m N N(N TIS) for treatment, and this set is covered by the union of sets
R(Y) = N2Y) \ N(Y) as ¥ runs over the sequence 2~/ NT with P <« ¥ < NT5/2.
Note that Y («) <« Y~ ! for « ¢ N(Y). Moreover, Lemma 2 of [2] supplies the following
upper bound

/ T(@)| fol@)|da « YNT&F 4 N73F¢,
NQY)
which implies that

/ Tz(Ot)|f6(ot)|2doz « N-itey N-itey-l
R(Y)
< N_%+€ —+ N_%"'EP_1 < N—%—I—a. (6.5)

By a splitting argument, from (6.4) and (6.5), we derive that

[ 1@ i@ <m0
m3

PLYSNTE 2

&« N2¥e . N"HTE  N3tImmte (6.6)

Combining (6.1), (6.3) and (6.6), we obtain the conclusion of Proposition 3.2.
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