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Abstract. In an earlier work, we proved a generalized entropy ergodic theorem for
finite nonhomogeneous Markov chains (NMC). In this paper, we establish a generalized
strong law of large numbers for finite m-th order NMC. Then we deduce a generalized
entropy ergodic theorem for finite m-th order NMC, under some assumptions on the
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and its canonical m-order Markov approximation is obtained.
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1. Introduction

Let X = (X,)nen be a discrete stochastic process taking values on a finite alphabet
X ={1,2,..., b} and defined on a probability space (2, F, P). In the sequel, we use the
convention that N* = N\{0}. Given two integers m < n, let X}, and x), be the strings
Xy ooy X)) and (s - .., X)) € X07mHL respectively. The subscript is omitted when it
is 1. Given two strings x = (xq, ..., x,) € X" and y" = (y1, ..., y») € X", we denote
their concatenation in X" by xy". Write

pxy)=PX;, =x)), xxeX, m<k<n
and, if p(x(’)"fl) > 0, we write
p(a|x6n_l) =PX,, = a|X6n_1 = X(’)n_l).

Form =0, p(alxy~") = p(a).
Let (ay, ¢ (n)),en be a sequence of pairs of positive integers with ¢ (n) tending to infinity
asn — 00. Set

fanpm (@) 1= ———log p(X TPy, (1.1)

¢(n)

© Indian Academy of Sciences 1


http://crossmark.crossref.org/dialog/?doi=10.1007/s12044-019-0542-4&domain=pdf
http://orcid.org/0000-0002-4980-6940

13 Page 2 of 19 Proc. Indian Acad. Sci. (Math. Sci.) (2020) 130:13
The function f,;, 4 ) (w) will be called the generalized relative entropy density of X Z: i‘lf’ 0
Inparticular, if a, = Oand ¢ (n) = n, fo »(w) denotes the classical relative entropy density
of X", ie.,

1
Jon(w) = ——log p(X™). (1.2)

Hereafter, log denotes the natural logarithm unless stated otherwise.

The convergence of fj , () to a constant in the sense of L convergence, convergence
in probability or a.e. convergence is called the Shannon—-McMillan—Breiman theorem or
the individual ergodic theorem of information or the asymptotic equipartition property
(AEP) in information theory. There is a lot of research on this topic. Shannon [16] gave the
original version for convergence in probability for stationary ergodic information sources
with finite alphabet. McMillan [13] and Breiman [5, 6] obtained the entropy ergidic theorem
in L; and a.e. convergence, respectively, for finite stationary ergodic information sources.
Chung [7] considered the case of countable alphabet. Billingsley [4] extended the result
to stationary nonergodic sequences. The entropy ergodic theorem for general stochastic
processes can be found, for example, in Barron [2], Kieffer [12] or Algoet and Cover [1].
Yang [18] obtained the entropy ergodic theorem for a class of nonhomogeneous Markov
chains. Yang and Liu [19] proved the entropy ergodic theorem for a class of m-th order
nonhomogeneous Markov chains and Zhong et al. [20] proved the entropy ergodic theorem
for a class of asymptotic circular Markov chains.

In this paper, we will consider the convergence of f;;, () (w) and call it the generalized
entropy ergodic theorem when f,, 4(1)(w) converges to a constant in the sense of P|,(x)
a.e. convergence. We should mention some recent contributions on this aspect. The first is
the work of Nair [14], in which he established a moving average version of the Shannon—
McMillan-Breiman theorem.

Theorem A. Let (X,)neN be a two-sided stationary process taking values from the finite
set K = {ay,...,as} and let p(xp, ..., x,) denote the joint distribution function of the
variables X, ..., Xu. If (n;, k;)jen+ is of Stoltz [10], then there is a constant H such that

n

1
lim —— log p(X"* )y = H a.e.
1 k;
He gave an interesting illustration of this new theorem.

The second is by Wang and Yang [17], which proved that for a non-homogeneous
Markov chain, the generalized relative entropy density f,, ¢(n) (@) converges a.e. and in
L to the entropy rate of the Markov chain.

Theorem B. Let (X,,),en be nonhomogeneous Markov chains with their transition prob-
ability matrices P, = (py (i, j)bxb, n € N*. Let (ay)neN, (¢ (n))nen be two sequences of
nonnegative numbers such that, for every ¢ > 0, we have y .- | exp[—e¢(n)] < oco. Let
P = (p(i, j))bxp be another irreducible transition matrix. If

an+¢(n)

n ¢n) k:%jﬂ
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then
b b
. .. .. . 1
hrIln Jan,om) (@) = — ZZmp(l, j)logp(i, j) a.e. andin L,
i=1j=1
where (11, . .., 7p) is the unique stationary distribution determined by the transition matrix
P.

Before going further, we first consider the notion of a non-null process.

DEFINITION 1

Let X = (X,,)nen be a stationary stochastic process with state space X. The process X is
called non-null if, for any k > 0, we have p(X5~') > 0 and in addition,

. . k—1
inf := inf min alx > 0. 1.3
Pinf k%aex’nglexkp( Ixo ) (1.3)

The process X is continuous if

B (k) := sup max max |p(a|xé_l) - p(a|y({_1)| — 0ask — oo.

i>p aeX -l =l xj j=1_j-]
jzk X5 ) EXj'xj—k_yjfk

(1.4)

The sequence (B (k))ren is called the continuity rate.

Remark 1. A strong notion of continuity, often used in the literature [8], involves the
log-continuity rate, namely

j—1
alx
y(k) :=supmax = max . L(])_l) —1]. (1.5)
jzk aSX T exind D=yl | plalyy )

The process X is log-continuous if y (k) — 0 as k — oo.

By achain of infinite order, we mean a stationary random processes in which, at each step,
the probability governing the choice of a new state depends on the entire past. It provides
a flexible model that is very useful in diverse areas. For instance, in bioinformation [3] or
liguistics [10]. Chains of infinite order seem to have been first studied by Onicescu and
Mihoc [15], who called them chains with complete connections. Their study was soon
taken up by Doeblin and Fortes [9] who first proved the results on speed of convergence
towards the invariant measure. We refer the reader to Iosifescu and Grigorescu [11] for a
complete survey.

A natural approach to studying stationary processes is to approximate the original pro-
cess by Markov chains of growing order. The conditional probabilities of the canonical
approximation of order m coincide with the order m conditional probabilities of the orig-
inal process. As far as we know, there exists no other results in the literature concerning
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the AEP for non-null stationary process. It is Wang and Yang’s work [17] that will be our
setting. This article addresses the following question: How well can we approximate the
generalized entropy density of non-null stationary stochastic process by a Markov chain of
order m? The significance of this paper is that there are no ergodicity constrains imposed
on the process X. We only assume that the process is stationary and non-null.

In this paper, first an improvement of a strong limit theorem for the moving averages of
the functionals of an m-th order nonhomogeneous Markov chains will be proved by using
Borel-Cantelli lemma. Next, as corollaries, some strong limit theorems for the frequencies
of occurrence of states in the block X Z:_m IRTRER X Z:Iigg :rln and the convergence of the
generalized relative entropy density for this Markov chains are established. Finally, an
explicit bound relating the relative entropy density of the non-null stationary stochastic
process and that of the canonical m-order Markov approximation are presented.

Our basic tool is the m-th order canonical Markov approximation technique, which
enables us to approximate the non-null stationary stochastic process.

We now briefly state our main result and the detailed description can be found in section 3.

Theorem C. Let X = (X,)neN be a finite non-null stationary stochastic process with
continuity rate (B(k))ren. If pint > 0, we have

~ Bm
DPinf

Fm] < liminf fo, g (@) <Hmsup fo, o) (@)
n

If X is continuous, then
lilgn Jan,0m) (@) = H™ Ply(x) —a.e.,

where H™ is the entropy of the canonical m-th order Markov approximation of X and
H> = lim,, H(X,,|XJ'™").

The remainder of this paper is organized as follows: Section 2 gives preliminaries in
the form of several lemmas. Section 3 is the most important part of the paper, where some
limit theorems for m-th order non-homogeneous Markov chains and a new approximation
for the relative entropy density of non-null stationary process are established. The proofs
of the Lemma 3 and Theorem 1 are given in section 4.

2. Some lemmas
We now recall and develop some preliminaries before arriving at the main theorems.
Lemma 1 (Lemma?2of [17]). Let (a,, ¢ (n))nen be a sequences of pairs of natural numbers

with ¢ (n) tending to infinity as n — o0o. Let h(x) be a bounded function defined on an
interval I, and let (x,,)nen be a sequence in I. If

1 an+¢(n)

Z |xx — x| =0

k=a,+1

lim

n ¢n)
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and h(x) is continuous at point x, then

1 an+¢(n)
lim —— > Jh(x) = h(x)] =0.

(n) k=an+1

Lemma 2 (Lemma 3 of [13]). Let X = (X,))neN be a stochastic process taking values in
finite set X, and let f,, ¢n)(w) be defined by equation (1.2). Then f,, ¢n)(w) is uniformly
integrable.

Let X be an m-th order nonhomogeneous Markov chain. For n > m, let
P(X, = x| X2 = X071 = P(X,, = x| XIT) = <120,
Set
plig ™" =Py~ =i,
and set
PuGili™) = P(X, = jIXpZ, = ™).
Here p(i(')"_l) is called the m-dimensional initial distribution, p,(j|i"*) are called the
m-th-order transition probabilities and
P, = (pu(Gli™), jeX, i"eX", n=1,2,...

are called the m-th order transition matrices. In this case,
n
—1 k—1
peg) = pOg ™ T peCalxZy), n=m,
k=m

and the generalized relative entropy density can be written as

1
[ ] n+¢( )
Sarow (@) == 55 Hog pXGLT™)]
1 an+¢(n)
== 5 log p(Xg T+ D log pe(Xkl X))
k=ap+m+1

2.1)

Lemma 3. Let X be an m-th order nonhomogeneous Markov chain with m-th order initial
distribution

pl T = P = w7, X e X,
and m-th order transition matrices
Py = (pa(jli™)), jeX, i"™ e X".

Let (gy ™)), enbea sequence of real functions defined on xmtl Suppose (a,, ¢ (n))neN
is a sequence of pairs of natural numbers that, for every ¢ > 0,

> expl—e¢(n)] < oo. (2.2)

n=1
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If there exists a real number 0 < y < oo such that

an+¢(n)
lim Squ Z E[g,%(X,]zim)eylgk(Xllz—m)l|X],§:,1n] =c(y;w) < o0 a.e.,
k=a,+1
(2.3)
then
an+¢(n)
lim 27 > tar(Xg,) — Elgr(XE_ )X =0 ae. (2.4)
k=a,+1

Remark 2. We first note that condition (2.2) can be easily satisfied. For example, let¢ (n) =
[n¥](x > 0), where [-] is the usual largest integer function.

Remark 3. Since E[ge(XF_, )X 0] = Y'_ ex(X{ "), /) px(jIX[_),). equation (2.4)
can be rewritten as

an+¢(n) b
lim = ST daXi_) =D e XS DpeGIXET) =0 ae.
k=an+1 j=1

2.5)
Remark 4. If (g,(x™*1)), ey are uniformly bounded, then equation (2.3) holds.

By suitable modification to the proof of Lemma 1 in [17], we can give a proof of
Lemma 3. For the convenience of readers, we will present the proof in detail in section 4.

COROLLARY 1

Let X be an m-th order nonhomogeneous Markov chain defined as above, and fy, ¢n)(®)
defined as in equation (2.1). Then

ant+¢(n) b

im § forbn @+ 5o 2o 2o PRUIXI,) e pr(IXC,) =0 ae.
k an+1 j=1

(2.6)

Let H(p1, ..., pp) be the entropy of the distribution (p1, ..., pp), i.e.,

H(pi,....pp) ==Y _pjlogp.

Equation (2.6) can also be represented as

an+¢(n)
—— > HIp (X)) prBIXT)1E =0 ae. (27
¢(I’l) k=a,+1

: [m]
ll,lln fan ¢ (n) ((l)) -
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Proof. Putting g, (me) = —log pn(x;+1]x™) in Lemma 4, by equation (2.5), we have
an+¢(n) b
o D0 e Xk = > k(X ) - pr (X))
k=a,+1 j=1
1 an+¢(n) b
=2 > Ylog pe(Xil XET0) = Y priIX{ ) log pi(1Xf)
k=a,+1 j=1
1
= o) log p(XZZ—m—H) + fa,l,¢>(n) (w)
1 an+¢p(n) b
vy D pkGIXE ) log p(IX ()
k=a,+1 j=1
Since
Eel 108 P(Xa )l — Z eflogp(x‘?:""“)P(x;l:_mH) = mb,

an m
xan —m+1 eX

by Markov’s inequality, for any ¢ > 0, we have

Plo: ! 1 X Sel < mb
@M| og p( an,m+1)|/8 S o

Recalling that ) 7, % < 00, we see from Borel-Cantelli lemma that the event

1 o
{w: ¢(n)|10gp(Xan_m+1)| > 8}

occurs only finitely often with probability 1. It follows from the arbitrariness of ¢ that

lim —— log p(X %" <0 ae. (2.8)

1
n ¢(ﬂ) a,,—m+1)

Observe that

b
Ef(log pr (Xl X )2 1X 01 = D (og pr(i1X ) pre(iIX)—,,) < 4be™

j=1
and that
an+¢(n)
> ¢ ' Eldog pr(Xil X; 202X ] < 0. (2.9)
k=a,+1

Equation (2.6) follows from equations (2.8), (2.9) and Lemma 4. O
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Let Ng,.¢n)(i"; @) denote the number of occurrences of i™ in the segment sample

an+¢(n)

AT Ko

Nay.pon ("™ ) = Card{k : XyI1 = i™, ay —m < k < ay + ¢p(n) —m}.
(2.10)

COROLLARY 2

Let X be an m-th order nonhomogeneous Markov chain defined as in Lemma 4. Then

1 an+¢(n)
lim 27 Naypm—1G™ ) = > Loy (X )Pk iml Xi ) ¢ =0 ace,
k=a,+1

@2.11)

where 14(+) is the indicator function of set A.

Proof. Putting g (x"t1) = l{im}(xS"H) in Lemma 4, it is not difficult to verify that
{gk (xmH! )},fio satisfies the condition (2.3). Notice that

an+¢(n)
> ar(Xk,) ng<xk T DR UIXE))
k=a,+1
an+¢(n)
= > A XF ) — Zl{,m X D DO 1XE 00}
k=a,+1 =1
= Na,,,qS(n)—l(im; w) + l{im}(XZ:IgEZ;ferl) — l{im}(XZZ—m+l)
ap+¢(n)
3 Ly (XE )Pl X)) 2.12)
k=an+1
Equation (2.11) follows from equation (2.12) and Lemma 3 directly. J

Let
P =(p(jli"), jeX,i"eX"
be an m-th order transition matrix. We define a stochastic matrix as follows:
P = (p(j"li™), " e X", j"eX",

pUmli™), if i =irp1,k=1,2,...,m—1

~m l-m —
pUTIT) 0, otherwise.

P is called an m-dimensional stochastic matrix determined by the m-th order transition
matrix P.
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Lemma 4 (Corollary 2 of [17]). Let P be an m-dimensional stochastic matrix determined
by the m-th order transition matrix P. If the elements of P are all positive, i.e.,

P = (p@jli™), p@li™ >0, VjeX, i" eX",

then P is ergodic.

3. Main results

We are now ready to provide the main results of this article.

Theorem 1. Let X = (X;,)nenN be an m-th order nonhomogeneous Markov chain defined
as in Lemma 3. Let P = (p(jli™)) be another m-th order transition matrix. Let
(an, @(n))neN and Ny, ) (i™, w) be defined as above. Let fa[ﬂ)(n)(w) be defined as in

equation (2.1). Assume that the m-dimensional transition probability matrix P determined
by P is ergodic. If equation (2.2) holds and

an+¢(n)
1i,gnm Z Il (Gli™) = p(jli"™)] =0, VjeX, i" eX", 3.1
k=ap+1
then
1
lim ——N, 1™ ) =7 (™) ae. Vi e X" 3.2
lrlznd)(n) anpm—10" @) = (™) a.e. Vi (3.2)
and
lim £ @) == Y 7™ Y pGiliM logp(jli") ae.  (33)

imeXm jexX

where {mt (i), i™ € X™} is the unique stationary distribution determined by the transition
matrix P.

Remark 5. Putting a, = 0 and ¢(n) = n in Theorem 3, we can obtain the classical
Shannon—-McMillian—Breiman theorem for m-th order nonhomogeneous Markov chains.

The proof of this theorem will be given in section 4.
COROLLARY 3
Let X be an m-th order homogeneous Markov chain with m-th order transition matrix
P =(p(jli"), p@li"™) >0, vi" eX", jeX.
Then there exists a distribution
{m(@™),i" e X"}

such that equations (3.2) and (3.3) hold.
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DEFINITION 2

Assume that X is a stationary chain with distribution P. The canonical m-order Markov
approximation of X is the stationary m-order Markov chain (denoted by X[m]) compatible
with the kernel P! defined by (for n > m)

PIM(X, = i|XIZ,, = ji= m))—p["”(m
=P(X, =i|X],_ m_]n m))leX Jr—, € XM

Set

1
[m] . nte ()
fa:flﬁ(n)(w) : ¢( )logp m](XZn-H ),

where pl (X 7™y = p(Xar T TTEck V1 POXKIXET).

Theorem 2. Let X = (Xp)neN be a non-null stationary stochastic process with finitely
many values from X on the probability space (2, F, P). For each 1 < m < ¢ (n), we have

hm f[md)(l)(a)) H™ Pl,x) —ae., 3.4)

where H™ = — " gm w(i™) - > jex P(li™) log p(jli™).

Proof. Foreachm > 1,ifn > m, let

P =Py =xgh H P(Xi = xx|X}~,, = X))
k=m

=p(x'~ )H Pl )

and if 0 < n < m, let p"(xf) = P(X} = xp).

The p!l is a particular Markov measure relevant to P in the sense that it has the
same m-th order transition probabilities as [P. Therefore, by the Kolmogorov’s extension
theorem that there exists a probability measure (denoted by Py on (2, F) such that
Pm(x? = x§) = p"™(x)), it is easy to show that, under the probability measure P,
X is an m-th order stationary homogeneous Markov chain with positive transition matrix

= (pQlim), jeX, i"eX".

Since p(j|i™) > 0, j € X, i" € X", by Corollary 3, we have

1
hm f[ (@) = hm ———log pi™ I(x“T2™y — 3 constant P — ace.

¢ (n) antHl
3.5)
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Note that

Eptnt £} ) (@)

an+¢(n)
= Epim | ——— log p"(Xg 1) — —— ) log p(XiIX|Z,)
o) oo =
Epin{—log p(Xg™ ) ¢(n) —m _ o
= F 50 0 S0 IEP[m]{—logp(Xo|Xml)} (by stationarity)

— E]p[m]{—logp(Xo|X,;1)} asn — 090,

where Eppn denotes taking expectation under the probability measure plml,
From Lemma 2, f a[,:n}z)(n) (w) is uniformly integrable under the measure P, we have

: [m] [m] _ 1; [m] _
hrlln /Q fa,,, ¢(n)(a))dIE” ml 11’?1 Epin fa,,, ¢(n)(a)) = the constant.

Therefore, the constant in equation (3.5) is equal to Epim {— log p(Xongl)}, i.e.,
lim fcl:’f(]ﬁ(n) (@) = Epim {—log p(Xo|X; )} P —ace. (3.6)

Restricting the measure IP to the trajectory space of X (denoted by PP, (x)), it is not difficult
to verify that P|, (x) < Pm] therefore, we have by equations (3.5) and (3.6) and the fact
that Epi {— log p(Xo|X;, 1)} = E{—log p(Xo|X,, ")} = H"™, that

lim £} ) (@) = E{=log p(Xu|Xg ™"} = H"™ Plocx) —ace.,
which concludes the proof of the theorem. ]

We remark that the measures P and P! cannot be compared with each other.
In classical information theory, the following equation

1
lim ——log p(X™) = aconstant a.e. 3.7
noon

holds for finite stationary ergodic sequences of random variables, which is the famous
Shannon—MacMillan theorem. A natural problem is whether the equation also holds for
non-null stationary process? The following two examples show that the notations of non-
null and ergodicity do not coincide, i.e., a stationary ergodic sequence of random variables
may not be non-null and a non-null stationary sequence of random variables may not be
ergodic and, unfortunately, equation (3.7) does not hold for non-null stationary process.

Example 1. Let X(D = (X,(ll))neN* and X©® = (X,(lz))neN* be two non-null stationary
ergodic processes with values in X. By the Shannon—-McMillan-Breiman theorem [1],

1
lim——logp(Xfl), R X,(ll)) = H; a.e.,
non

1
lim——log p(X\?, ... . X®)=H, ae.,
n n
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where Hj, H, are the entropies of X M and X@ respectively. Assume that Hy # H».
Suppose A € F with 0 < P(A) < 1 and suppose that A is independent of the processes
XD and X@ . Define a new process X = (X,(13))neN* on (2, F, P) as follows: If w € A,
let X = XV foralln € N*, and if o € A, let X¥ = X'? forall n € N*. It is obvious
that the set {A, A°} is invariant. Next, we shall show that the process X ®) defined above
is non-null and stationary but not ergodic.

Note that for any k,n > 1, x* € X". Then

P{(xP, ..., XxP) = x")
=PAP(XY, ..., XP) = x"| A} + PAYP{XD, ... XD) = x"]A%)
=PAP(XP, .. xD) = x| A} + PAOPIXD, .., XP) = x"]A%)

=PAPX", . X)) =) + PAOP(XP, .. xP) = ") (3.8)
=PAOPX) L x D) =2+ PSP, X)) = )
=PAP{X), . XD = 2" A+ PAOPIX Y, . XD = 1" A%)
=PAPXY) . X)) = 2" A + PAOPIXT) o X)) = 21A%)
=PxP L XD = (3.9)

It is easy to see from equations (3.8) and (3.9) that the process X is non-null and
stationary and that

1
lim——logp(Xf), R X,(f)) =H| ae.weA,
n n
1
li’Iln - log p(XP), e X,(f)) =H, ae. we A-.
Notice that H; # H», and hence X cannot be ergodic.

Example 2. Consider a homogeneous Markov chain X = (X,),en+ With state space
{1, 2, 3} and transition matrix

0 2/3 1/3
p=[1/3 0 23
2/3 1/3 0

It is not difficult to check that the unique invariant probability of the chain is 7 =
(1/3,1/3,1/3), hence it is ergodic, but P(X| =1, Xo = 1) = 0.

Example 1 indicates that under the assumption of being non-null and stationary can not
guarantee the existence of lim, —% log p(X™). In the following Theorem 3, we will try to
fill this gap to some extent. We give the upper and lower bounds of f,, 4@)(w) expressed
using the concepts of continuous rate and log-continuous rate. At the same time, under
some mild assumptions, we establish a weak form of the generalized ergodic theorem.

Theorem 3. Let X = (X,)neN be a finite non-null stationary stochastic process with
continuity rate (B(k))xen and X[m] be the canonical m-order Markov approximation of
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the process. Under the strong non-nullness assumption, 1nf ! plilxy~ by > Pint > 0
for ¢ (n) > m, and we have

HIm o — < hm inf fu, ) (@) < lim sup San. o) (@)
m
<hm PO e (3.10)
Pinf

Furthermore, if X is continuous, then

m f, g0 (@) = H Plocx) — ace., @3.11)

where H™ = =3 xn (™) - Y jex pUlI™) log p(jli™) and H® = lim,
H(Xnl X3

Proof. Applying the inequality logx < x — 1 (x > 0) and equation (1.4), we have for
¢(n) > m,

¢(1n) [log P(XZSEP(")) — log pl™ (x;’:j:f(")ﬂ
1 an ko) an+p(n)
= 5 logP(xanﬂ) l—[ P(Xk|xs;_,}1)—10gp(x;l’:’i;") l—[ Pl
k=a,+m+1 kmaty +m+1
< o IOBLP Gy el X ) s a3
+ gl pGiay 3l 1)/ PGyl 15
+ oo 110gl p(ay 1o Xt D Gay g X000~ )1
N [Ip(xan+m+2|xz,fﬂn+l) - P(xan+m+2|x2’:i£"+‘)|
Som Pl il
'p(x“n+¢(">|xzfif(n)71) - p(xan+¢(n>|xg,'fi$<(:>);ln)l
P Xay ) IxZ;’if’(”)_l)
1
0

- 0 1 - ,, 1
|P(X0 = Xaytmi2l Xy = X0 11" = P(Xo = xXaypmi2l X2, = x5 15|
X
_ N 1
P(Xo = Xgptme2l Xy = x0T
—1 nt -1 -1 n+ -1
| P(X0=Xa, 6| X gy =X 11" ) — P(Xo=xXq,+4(n)| X p=x2 100~ )|

ant (m)—m
antp(m—1
P(Xo=Xa, 19| Xy 1=¥q 11" ")
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L [Bim) B(m) . S
< 4+ 4 (by equation (1.3) and the stationarity)
¢ () | piny Pinf
_ Bm)
Pinf '
that is,
(m)
g (@) = 17 (@) < ﬂp—f (3.12)
m

Thus, based on the above bound for finite samples of size n, equation (3.10) follows
immediately from equation (3.6).

It is well known that lim,, H (Xm|X6”_1) always exists (denoted by H°) for finite
stationary processes. Let m — 400 on both sides of equation (3.10), then equation (3.11)
follows. (]

Remark 6. Itis easy to see that if the continuity rate (8(k))ren in Theorem 2 is substituted
by log-continuity rate (y (k))reN, then we have

HM y(m) < 11m inf f, ) (w) < lim sup San.pm) (@)

<H™ 4 ym) Plox) —ae. (3.13)
Moreover, if X is log-continuous, then equation (3.11) also holds.

In this paper, we consider statistical estimates based on a sample X, n +¢(n) of length

¢ (n) of the process. For ¢ (n) > m, the generalized empirical probablllty of the string i

is

Ny, (@)
¢(n)

where Ny, ¢(n)(i™) is defined as in equation (2.10). The generalized empirical conditional

probability of j € X given by i is

Na, ) @™ )

Ng,.¢m)—1G™)

Replacing in equation (3.3) the probabilities by their estimators, we get the following

estimator of m-order blockwise empirical entropy

(™) =

s

p(jli™) =

" I e
A @) = ——— 3 &G A1) log H(1I™).

¢(n) imeXm jeX

4. The proofs

Proof of Lemma 3. Let s be a nonzero real number and define

expls Lyt ge(xt_,))

N,y (s, ) = n=12,...,
Hanqz(»n) E[e vgk(Xk m)|Xk 1]
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and note that

]EAa,,,(ﬁ(n) (s, w)
= E(E[Ag, g (s, 0)| X3 TP 71

Sgan+¢(n)(XZZI$EZ§7m)
=EIE Aa n _l(s’ a)) . |Xan+¢(l’l)—l
o) S8a, +¢()L)(X ntom ) an+¢(n)—1
E[ n ap+¢(n)—m |Xan+¢(n)_m]
[~ a n n —1
_ ey ptn)—1 (5, ) Efeen 0w Kar 250 "X L]
=E TR Py (by Markov property)
S8an n an n)—m an~+¢(n)—
i Efe™ oo a1 X m—m]
=EAg,pm-105,0) =--- =EAq, 1(5, 0) = 1.
By a similar argument of equation (2.8), we get
. 1
lim sup » log Ag,,¢pm)(s, @) <0 ae. “.1)
n
Note that
! log A (s, )
0 S, W
¢(n) g an,p(n)
an+¢(n) ‘
= S 2 (a0t ) — log BLe X xf ) “2)
k=a,+1
Equations (4.1) and (4.2) imply that
ap+¢(n)
lim supm Z {sgk(Xk ) — log B[t X Xk 1 1y <0 ae (43)

Letting 0 < s < y and dividing both sides of equation (4.3) by s, we obtain that

an+¢(n)
Z {er(XF_ ) logE[esgk(Xk WDIXETI <0 ae.
k a,+1

lim sup

“.4)

Using the elementary inequalitieslogx < x—1(x > 0)and0 < ¢*—1—x < %xze‘x| (x e
R), by equation (4.4), we obtain that

an+¢(n)
lim sup — Z {8k (Xf_,) — Elgr(X{_,) X0 1)
k an+1
1 an+¢(n) .
< lim sup > {— log Efe*$Xin) | X} 71 ] — E[gk(X,’zmnX’g_},,]}
n ¢(n) k=a,+1
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an 't [ gresse i) 1 Z o (xk )Xk
hm sup Z ( gk( kfm))| k—m
n ¢ n) k §

an+¢n) .
> Elgi(Xg_, et Xl Xl
k=a,+1

s .
< = lim sup

2 n o)

< Esc(y; w) <00 a.e. 4.5)

Letting s | 07 in equation (4.5), we have

an+¢(n)

hmsupm D7 ler(Xg_,) — B (X;_,)IX )1 <0 ae. (4.6)
k=a,+1

Letting —y < s < 0 in equation (4.3), and proceeding as in the proof of equation (4.6),
we have that

an+¢(n)
. . k
timinf o~ 37 [ (X{o) ~ E@XE,)IXZ,)1 20 e @)
k=a,+1
Equation (2.4) now follows immediately from equations (4.6) and (4.7). (|

Proof of Theorem 1. From Corollary 2, we have that

1 an+¢n) b
lim — 4 Nanon-1G") = 3 D Ay Kieom) mty (X ) Pl 77
k=an+1 I=1
=0 ae. (4.8)

It is not difficult to see from equation (3.1) that

an+é(n) b
lim | =2 D0 1 Xem)Lm1y (X  DLpk GIL ™Y = pGiILL ™)
k=a,+1 I=1
an+¢(n)
\thaﬁ() > G = pGiL i =0, V) eX.
k=a,+1

(4.9)

Combining equations (4.8) and (4.9), we obtain

lim ——1 N, . (m-1("; @) — ZNan -1, 1" w)p(imll,i’”—l)]
" ¢(n)[ 2
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ant+¢(n) b

= lim Y A Kaem)palimll, i) = plimll, i™ ]

n ¢(n) k=an+1 I=1

=0, a.e. (4.10)

Set k™ = (ki, ..., kn), by equation (4.10), we have

=0a.e.

) Nay.pmy-1G") Naypmy—1 (k™) =1
1 _— E k
1’£n { o) b(n) pU" ™)

kmeXm
4.11)

Multiplying both sides of equation (4.11) by p(j™|i"™) and adding them together for
" e X", we have by equation (4.7) that

0= em [ 2 Ny ("5 @)p (1)

imeXm

-y > Na,l,¢(n>_1(k”‘;w)p(i’"|k’")p<jm|im>]

imexm kmeXm
=lim| Y : st Q™ ) PG ™) — Ny g1 (7 )
- a,, n an,p(n)— i
| $) ¢ (n)

1
+15n[¢>(>

-y > ¢() Nay g—1 (K" @) p (™1™ p (™ |km)}

kmeXm jmeXm

anpm—1(J"; @)

n

! 1
=1l Na,.¢n —— Ny pmy—1 (K™ 2 K ..
" |:¢( ) " d)( ) l(J ) kae):(m ¢( ) " d)( ) 1( (l))p (J | ):| a.e
(4.12)

where p@ (™ [i™) (I is a positive integer) is the /-step transition probability determined
by the transition matrix P. By induction, we have for any positive integer % that

lim —— | No, g1 @) = > Naygpm-1 K" 0)p™ (" k™) | =0, ace.
n ¢( ) =
| €X
(4.13)
It is easy to see that ) pmxm Na,.¢m)—1 (K", @) = ¢(n). Since P is ergodic, we have

Equation (3.2) follows from equations (4.13) and (4.14).
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If equation (3.1) holds, it is easy to see from Lemma 2 that

an+¢(n)

lim — Z |pe(jli™) log pr(j1i™) — p(jli™)log p(jli™)| = 0,
" ¢(n) k=an+1
VjeX,i"eX". (4.15)

Notice that

ap+¢(n) b
3 peGIXE) log pr(GIXFZ,)
k=a,+1 j=1

an+¢(n) b

DX > LX) - prGili™) log pr(ili™)

k=ap+1 j=1imeXm

1
o (n)

¢(n)

implies that

b
@+ Y 2@ Y p(ilimy log p(jli™y

imeXm j=1
anté(n) b

<A@ o)+ oo Z D0 L (X2 - pr(ili™) log pr(ili™)

k ap+1 j=1imeXm
ant+¢(n) b

+ (n) DYDY LX) - kGl

k=ap,+1 j=1imeXm

log pi(jli™) — p(jli™) log p(jli™)]|

1 an+¢(n) b
X oy 2 WmS) =™ |- 3 pGlm log (1"
mexm | UVl J=1
1 an+¢®n) b
<[ @ O+ oos Z > pGIXE)
k ap+1 j=1
b 1 an+¢(n)
+Z¢,() D0 Gl log pr(jli™) — p(jli™) log p(ili™)|
j=1 n k=a,+1 imeXm
) b
an *1(lm) . Sl il7
+ Y|Pt D a6y - D p(ili™) log p(jli™)|. (4.16)
imexXm ¢(I’l) j=1

Equation (3.3) now follows from equations (2.1), (3.2), (4.15) and (4.16) as required. [J
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