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Abstract. In this paper, we find non-negative (n,m,a) integer solutions of the
diophantine equation F, — Fy, = 3%, where F, and F}, are Fibonacci numbers. For
proving our theorem, we use lower bounds in linear forms.
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1. Introduction

The Fibonacci sequence (F,) is given by the recurrence relation
Fo=F_1+F, 2 nx>2

with initial conditions Fp = 0, F; = 1. The Lucas sequence (L) is given by the recurrence
relation

Ly=Ly1+Ly2 nx>2

with initial conditions Lo = 2, L1 = 1. F,, and L,, are called the n-th terms of Fibonacci
and Lucas sequences, respectively. The Binet formulas for these sequences are given by

n __ pn
F,,:u and L, =o"+ p",
o —
1 5 1 —+/5
where ¢ = +2f and g = 2\/—. It is easy to see that L, = F,_; + F,4+1 and

5F, = L,—1 + L,+1. Many properties of these recurrence sequences are given in [6, 12].

In[2], Bravo and Luca determined all non-negative solutions (n, m, a) of the diophantine
equation F,, + F,;, = 2% with n > m. Then in [10], Pink and Zeigler considered a more
general form u, + u,, = wpf1 - p¥in non-negative integers n, m, z1, . .., Zs, where
(#n) >0 is a binary nondegenerate recurrence sequence, p1, ..., ps are the distinct primes
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and w is a non-zero integer with p; t w forall 1 <i < s. After noticing Pink and Zeigler’s
more general diophantine equation for sums of terms of recurrence sequence (u,,),>0, diar
and Keskin [11] proved that all non-negative integer solutions of the diophantine equation
F, — F,, = 2% are given by

(n,m,a) € {(1,0,0),(2,0,0), (3,0,1),(6,0,3),(3,1,0), (4,1, 1),
(5,1,2),3,2,0)}

and

(n,m,a) €{4,3,0),4,2,1),5,2,2),09,3,5), 5,4, 1), (7,5, 3),
(8,5,4),(8,7,3)}.

From this point of [11], we consider the solutions of diophantine equation of the form

F, — F,, = 3% in non-negative integers. Moreover, Erduvan et al. [5] showed that the

solutions of the equation F,, — F,,, = 5¢ is given by
F]—F0=F2—F()=F3—F2=F3—F1=50

and

Fs —Fy=F4y— F3=Fg— Fy = F; — Fg =15,

in nonnegative integers m, n and a.
Now we can give the logarithmic height definition from [8].

DEFINITION 1

Let o be an algebraic number of degree d and

d
f) =) aix? e Zlx]
i=0

be the minimal polynomial of o with ap > 0 and gcd(ao, ..., aq) = 1. The logarithmic
height of « is given by

d
1 .
he@) = - (10g|ao| + Y logmax{le?], 1}) :

i=1
where a?)’s are the conjugates of a.

Some known properties of the logarithmic heights are as follows:
h(a = B) < h(e) + h(B) +1og?2, (1.1)
h(@B*") < h(a) + h(p), (1.2)
h(@®) = k| h(@). (1.3)
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Now we can give the following lemmas from [7], that will be useful in the proof of
Theorem 1.

Lemma 1. If n = m (mod 2), then

F,— F, = F(nfm)/ZL(ner)/Z, n=m (mod 4)

Favmy2Ln—my2, n=m+ 2 (mod 4).
Lemma?2. Let L,, = 3° - yb for some integersn > 1,y > 1,b > 2 and s > 0. The
solutions of this equation are given by n € {1, 2, 3}.

The following lemma was an interesting problem and was completely proved by
Bugeaud et al. [3]. This lemma will be used in the proof of Theorem 1.

Lemma 3. The only perfect powers in the Fibonacci sequence are Fo = 0, F| = F) =
1, Fg = 8 and Fip = 144.

In [1], Baker gave an effective lower bound for a non-zero expression of the form
cilogay + -+ 4 ¢, logay,, where «; are the algebraic numbers and ¢; are the integers
forall 1 <i < n. We will use the reduction method of Baker—Davenport in the proof of
Theorem 1.

2. Preliminaries

Before proving the main theorem, we shall state a useful inequality associated with
Fibonacci sequence.

Lemma 4. Letn > 1. Then "2 < F, < o"~ L.

Since the proof of the following lemma is given firstly in [9] and then in [3], we will
omit its proof.

Lemma 5 [3,9]. Let I be a number field of degree D and oy, o, ..., ®, be non-zero
elements of L, and let by, by, . .., b, be rational integers such that

A:ai’l-nab”—l

and
B =max {|b1],...,|byl}.

Let h denote the absolute logarithmic height and Ay, . .., A, be real numbers with
Aj > max{Dh(«;), |loga;|,0.16} foralll < j <n.

If A # 0, then

log|A| > —3-30"(n 4+ 1)>°D*(1 + log D)(1 4+ lognB)A; - - - Ay.
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Furthermore, if L is real, then
log|A| > —1.4-30"3n*3D?(1 + log D)(1 4 log B)A| - - - Ay.
We give the following lemma from [4].

Lemma 6. Let M be a positive integer and p/q be a convergent of the continued fraction
of the irrational number y such that ¢ > 6M. Let A, B, u be some real numbers with
A >0and B > 1. Let ¢ := |\ugl|l — M|yqll, where ||-|| denotes the distance from the
nearest integer. If ¢ > 0, then there exist no solutions of the inequality

0<|luy —v+u|l <AB™Y,
in positive integers u, v and w with

log(A
log B

3. Main theorem

Theorem 1. Let n, m and a be non-negative integers with n > m. Then all solutions of
the equation

F, — F, =3¢ 3.D
are given by

(n,m,a) €{(1,0,0),(2,0,0), (4,0,1), (3,1,0), (3,2,0), (4,3,0), (5,3, 1),
(6,5,1),(11,6,4)}.

Proof. It m = 0, then from Lemma 3, we get (n, m, a) = (1,0, 0), (2,0,0), (4,0, 1). Let
1 <m < n < 100. Thenthe solutions of (3.1) are (n, m, a) € {(3, 1, 0), (3,2, 0), (4, 3, 0),
(5,3,1),(6,5,1), (11, 6, 4)}. Thus, from now on, we will assume thatn > 100.Ifn—m =
1, then we get 3¢ = F,, — F,,, = F,,,—1. This implies thatm — 1 = 1, 2, 4, by Lemma 3. So
m=2,3,5.1fn—m =2,then3% = F,— F,;, = F,4+1. Thisimplies thatm+1 = 2, 4, by
Lemma 3. Som = 1, 3. But these solutions are given in the theorem for 1 < m < n < 100.
Therefore, we may suppose n —m > 3. Since 3 = F, — F,, < F, < a""! < 3"l by
Lemma 4, we geta < n.
Now recalling F,, — F,,, = 3%, we get

— —3"=—+F,. 3.2)
V3 N
Taking absolute value of (3.2), we have
o’ IBl" IBI" 1
— =34 < + F, < +ao" < - 4o, 3.3)
NG Vit s 2
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IBI"
NE]

1
where we take into account || =0.6 < 1 and < 3" Dividing both sides of (3.3) by

n
——, we obtain

NE
1
I1—3%. ™" /5 <«/§.am—".<§a—’"+1>,

which implies that

1 3 4
1-3%.a7" V5 < fs.am—".<§+1) = §ﬁ~am—" < G4

Take the parameters 1 := 3,y =3, » =, y3 = V5, by =a,bp = —nand b3 = 1 in
Lemma 5. We also notice that D = 2 and y1, y2, y3 are positive real numbers and belong
to Q(V/5).

Now it is necessary to show that A = 1 — 3% . @™ . /5 is non-zero. Assume that
A =1-3%q"./5=0.Then we get > = 5-3%, which is impossible since &> ¢ Z.

1

Thus we have h(y;) = log3, h(y2) = h(x) = g and h(y3) = h(v/5) = log V5.

Therefore, we can choose

Ay :=2.2>max{2log3, |logy1],0.16} = 2.1972, A, := 0.5, A3 := 1.7.
Now by considering a < n, we can take

B := max{|a|, | — n|, 1} = n.
According to Lemma 5, we get

11 —3% ™" /5] > exp{—1.4 x 30° x 3*7 x 4 x (1 +log2)(1 + logn)
x 22 x0.5 % 1.7}. (3.5)

If we take logarithms in equality (3.4) and combine the calculation of the right-hand side
of (3.5), we get

(n —m)loga < 18.139 x 10" (1 + log n) + log 4. (3.6)
Using the fact that 1 4+ logn < 2logn for all n > 3, we have

(n —m)loga < 3.63 x 10" logn. (3.7)
Moreover, we can obtain a second linear form by using equation (3.1) as follows:

an (1 m—n) 3a
_ — o —
V5

_| BB

_ B _ 1B+ 181"
NEERVA]

YA

< 0.445. (3.8)
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n
Now dividing both sides of (3.8) by “—5(1 — Q™) we get

7

0.445 x /5

- —ny—1
1-3" .« ",\/g.(l—am ™) |Sm

1 1 1
Since ™" = —m < — < 0.67, it is obvious that T—gn—r < 2.71. Thus it follows
o o —o
that
2.71
1=3"-a” V5 - Q=" < . (3.9)
an

Let A =3%-a"-4/5-(1 —a™")~! — 1. Now, in order to apply Lemma 5 again, we
take parameters ¢ := 3 and

=3 m=a, y3=v5-0—a"" by=a,by=—n, by=1.

As before, we have D := [Q(+/5) : Q] = 2. It is obvious that A # 0. Because, if A = 0,
we get o — o = 3%4/5. Taking the conjugate of this equation, we have g — " =
—344/5. Addition of these two conjugate equations gives L, — L,, = 0, which contradicts
the fact that n > m.

Hence the left-hand side of (3.9) is non-zero. As before, A| = 2.2, A, =0.5and B =n
in Lemma 5.

Now we calculate Az. For all n —m > 3, we have |log y3| < 1. Taking the identities
(1.1), (1.2) and (1.3) into account, we get

h(ys) =h(v/5-(1—a™™7"
< h(¥/5) + h(1) + h(@" ™) + log2
<log/5+ |m — n| h(e) + log?2

1
= log«/g—i—(n —m)% + log2

1
=n- m)% + 10g2\/§.
Thus, it follows that
Az > max{2h(y3), |log y3|, 0.16} > log20 + (n — m) log .

Hence, we can take A3 = log20 + (n — m) log .
By Lemma 5, we obtain a lower bound for the left-hand side of (3.9) as

—— > [A] > exp{—1.4 x 30° x 3" x 4 x (1 +1log2)(1 + logn)
o

x2.2 x 0.5 x [log20 + (n — m) loga]}.
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Taking logarithms on both sides of this inequality and considering the fact that 1 +logn <
2logn foralln > 1, we get

nloga < 2.134 x 10'2 logn x [logZO + (n —m) log(x] . (3.10)

By a fast calculation with Mathematica, we obtain n < 7.09616 x 1028,

If (n, m, a) is a positive integer solution of equation (3.1) with n > m, then we have
a < n < 7.09616 x 10?8, We have obtained an upper bound for  and now we will reduce
this bound to a size that can be easily dealt with. For doing this, we will use Lemma 4
again.

Let 71 := alog3 — nloga + log+/5. By considering equation (3.4), we get

1—e¥| < —.
anm

Thus, by using equation (3.1) and the Binet formula, we obtain

L
NG

=F,+ >F,-1>F,—F, =3%

ai‘l
N&

4
Hence z; = 10g(3“\/§/oz") < 0. It is obvious that — < 0.945 foralln —m > 3.
o

Therefore we get eltl < 18.2 and therefore, it follows that

73
0 <z <eltl —1 <eliljl — et < :
on—m
Thus it can be seen that
1 1 V3l < 2
0 <lalog3 —nloga +logv5| < = 3.11)
Dividing both sides of the inequality (3.11) by log «, we get
log3 1 5 73
0<|qlogd _,  loeV5l T _am (3.12)
log o logx log o
S . log3
Now considering Lemma 6, we have the irrational y = osa with
og o

1 5 73
_logvs

s =— B=oa, w=n—m.
logx log o

Also, we know thata < n < 7.09616 x 10?%. So it follows that M := 7.09616 x 10?8,
according to Lemma 6 and ¢ > 6M is the denominator of a convergent of the continued
fraction of y suchthate = ||ugl||—M ||yq|l > 0. Considering the denominator of the 61-st
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log 3

convergence of ,wehaveq = 10.52 x 1029, By some calculations with Mathematica,

log o
we obtain ¢ = 0.154453.
According to Lemma 6, we know that there is no solution of the inequality (3.12) for
. log(Ag/e)
the values n — m withn —m > ————
log B
has no solutions for n —m > 157.972. This means that a bound forn —m isn —m < 157.
Considering this fact in inequality (3.10), we get n < 1.29184 x 10'°.
Let us work on (3.9) for finding an upper bound on n. Now take

. Therefore, it follows that inequality (3.12)

22 :=alog3 — nloga + log(~/5(1 — ™)~ 1.
Thus (3.9) implies that

2.71

1 —e?| < 2~
an

2.71 1 .
It is obvious that — < 7 Ifzo > 0,then0 < zp <e®2 —1 < —. If zo < 0, then
o
2.71 1 1
[1—e®?|=1—-¢*2 < —0 < 3 Thus, we get 1 — 3 < e% g0 that e?2l < 2. Therefore,
o

we have

2.71
0<|zl <el—1<el2l 1 e <2 x —.
o

Thus it follows that

log 3 N log+/5- (1 —a™ )~ 5.42

0<la n <
loga loga loga

a™". (3.13)

Now considering Lemma 6, we obtain

_log3  log/5-(1—am 7! L

’

= , B=oa, w=n.
log o

r= loga’ log o
Itis obvious that y is irrational. Also, 3 < n—m < 157. Firstly, calculate the denominator
g of continued fraction of y. Since M = 1.29184 x 10'®, we must choose the 39-th
denominator g = 48,9 x 10' such that ¢ > 6M = 7.75107 x 10'6. Hence by applying
Lemma 6 to (3.13) with 3 <n —m < 157 except forn —m = 4 or 8, we obtain

& = |lnqaoll — Mllyqaoll = 0.492868

by a fast computation with Mathematica. Furthermore, according to Lemma 6, we know

. . . . . log(Ag/e)
that there is no solution of the inequality (3.13) for values n with n > T
0g
91.1453. Thus, an upper bound for n must be n < 91. This contradicts our assumption

that n > 100.
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Finally, we consider the cases n — m = 4 or 8. According to Lemma 1, when n = m
(mod 4), we have F,, — F;y = Fu—my2Lu+m)/2- Thus, it follows that F,, — F,, =
FoLy4o = Ly4o for n — m = 4. This gives L,,4+» = 3%. According to Lemma 2,
the possible values for m + 2 are 1,2, 3. Since 4 t 3 and m is a non-negative integer,
we have that m + 2 # 3and m + 2 # 1. If m + 2 = 2, then we get L, = 3¢. Thus,
it follows that (n, m,a) = (4, 0, 1) is a solution to (3.1). Moreover, the case n — m = 8
gives F, — Fy, = F4L,44 by Lemma 1 . Hence we get L,, 14 = 3*~!, which implies that
m+4 =1, 2,3 by Lemma 2. This is impossible since m is a non-negative integer. |

4. Conclusion

In [7], it is shown that if » = m (mod 2), then all the solutions of the equation
Fy—Fn=y',p>2,y>1 4.1)

satisfy max{n, m} < 36. Then the authors conjectured that all the solutions of equation
(4.1) are

FL—Fy=1, F,—Fy=1, i —F1 =1, ;3 —F, =1, F4 — F3 =1,
Fs—F =22, Fs—F,=2> Fg— F4=5, F; — Fs =2°,
Fi—Fs=5, Fg—Fs=2% Fs— F,=2°, Fy — F3 =27,
F]]—F6=92, F]3—F6=152, Fi13 — Fiq =1227 F14—F9=73,
Fia — Fi3 = 122, Fi5 — Fy = 242,

Consequently, it is true that the above conjecture is valid for y = 2, 3 by our result and
the results in [5,11]. It is reasonable to conjecture that if F,, — F,,, = p“ for some prime
p and positive integer a, then p = 2,3,5,7.
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