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1. Introduction

In 1918, Ramanujan [4] introduced certain sums and associated series expansions. He
defined the sums as follows:

DEFINITION 1.1

For any positive integers r and n,
o)=Y g,
ae(Z/rZy*

where ¢ denotes a primitive r-th root of unity. These sums are now-a-days known as
Ramanujan sums.

We can also express Ramanujan sums in terms of the M&bius function p (for details,
see [2]) as follows:

cr(n) = Z u(r/dyd.

d|n,d|r

Ramanujan sums have various other properties (for details, see [7,9,10]). He used the
sums ¢, (n) to derive pointwise convergent series expansion of the form ) .., f(r)c,(n)
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for various arithmetic functions. These expansions are known as Ramanujan expansions.
More precisely, these expansions are defined as follows.

DEFINITION 1.2

We say an arithmetical function f admits a Ramanujan expansion, if for each integer
n > 1, the functional value f(n) can be written as a convergent series of the form

fy =Y fr)e ()

r>1

for some appropriate complex numbers f (7). The complex number f (r) is known as the
r-th Ramanujan coefficient of f with respect to this expansion.

Using these notions, Ramanujan obtained the following results:

os(n) o Cq (1)
— =D

o qs+] ?
o) 1 N p(g)
= cq(n),
n s+ S (@)
g
tn) =Y 24 ),
q=1 1

Sy
r(n)=mY  ————cyy—1(n),

where o,(n) = Z[dln]d‘Y with s > 0, ¢(s) is the Riemann zeta function, ¢(n) =
n‘Y]_[p‘n(l —1/p%), t(n) = Zdlnl, w is the Mobius function and r(n) is the number
of representations of n as the sum of two squares.

Many results concerning Ramanujan expansion of an arithmetic function of one variable
have been obtained by many mathematicians until now. However, very few results are
known regarding Ramanujan expansions of arithmetic functions of two variables.

Recently, Ushoriya [11] defined Ramanujan expansion for an arithmetical function of
two variables in the following way:

o
fi ) =" g greq, (n1)cg, (n2),
q1,92
for some complex numbers ay, 4,. These complex numbers are called (g1, g2) Ramanujan
coefficients of f(ny, ny). He extended Delange’s theorem to the function of two variables
and provided several examples.

Here, we study arithmetical functions of two variables with absolutely convergent
Ramanujan expansions in the context of their partial sums. Following the framework of
[5] and [6], we shall study the sum an,n S<N f(n1, ny) under certain growth conditions
on Ramanujan coefficients and obtain an asymptotic formula with the explicit error term.
More precisely, we prove the following theorems.
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Theorem 1.3. Suppose f is an arithmetical function of two variables with absolutely
convergent Ramanujan expansions

o0
fn) = > ag g (n1)cg, (n2),
q1,92=1

and Ramanujan coefficients satisfying the following condition:

| < Qg g

for some 5 > 0, where [q1, q2] denotes the least common multiple of q1 and q». Then, for
a positive integer N, we have

N2ay; + O(N> P (log N)" ) if § <2,
Z f@i,n2) = { N?a; + O(log” N) if6 =2,

ni,n2<N

N2a; 1+ 0(1) ifé > 2.
In the following theorem, we relax the growth condition and obtain the following.

Theorem 1.4. Suppose f is an arithmetical function of two variables with absolutely
convergent Ramanujan expansions

fnm) = > ag.gcq(01)cg,(n2),

q1,92,=1

and Ramanujan coefficients satisfying the following condition:

a <
91| lq1. g2]110g%[q1, q2]

for some a > 7. Then, for a positive integer N, we have
N2
_ A2
Z f(ni,n2) = N-ai1 + O ((logN)“—7> .
ny,na<N

For any real number § > 0, Ushiroya [11] proved that

o—145 ((n1,n2)) > 1
r. -+ =82+ > T g Can (1)< (12)
’ q1,q2=1 ’

and

¢_14s((n,m2)) 1 i 1(q1. g2])

(n1,m)!+ (24 6) ol b145(0q1, qz])cql (n1)cg, (n2),
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where (11, ny) denotes the greatest common divisor of 7 and n;. By taking

o_145 ((n1, n2)) and  f(n1.my) = ¢_1+5((n1,n2))
((n1, na))~ 148 S ((n1,np))1+e

in Theorem 1.3, we get the following corollaries.

fny,np) =

COROLLARY 1.5

Let § > 0 be any number. Then, for a positive integer N, we have

N2 + 1)+ O(N> 3 (log N) 0 if§ <2,

o_145((n1,n2)) 2 2 iF8 =
nleN ((n1,np))~1+0 N7¢(3) + O(log” N) fo=2
mEN N2¢(+ 1)+ 0(1) ifé>2.

COROLLARY 1.6

Let § > 0 be a given real number. Then, for a positive integer N, we have

S+ 0N (log N) ) if8 < 2.
$-1+5((n1,n2)) N2 ) .
ZWZ X5 + 0(log? N) s =2,
ny Ex ) N2
o torn T O ifs > 2.

2. Preliminaries

In this section, we record some results which are useful to prove the main results. We shall
start with the well-known partial summation formula, which will be used frequently, as
follows.

PROPOSITION 2.1

Leta : N — C be an arithmetic function. Let x > 1 be a real number and let f : [1, x] —
C be a function with continuous derivative on [1, x]. Then, we have

Za(n)f(n) =AM f(x) — /1 A f(tdt,

where

At) = Za(n).

n<t

Let di (n) be the number of ways of writing # as a product of kK numbers. Note that when
k = 2, we get dr(n) = d(n) divisor function, which counts the number of divisors of 7.
When k = 4, we get
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dy(n) = Y d(a)d(b).

a,b
ab=n

We need the following asymptotic formula for the average order of the arithmetical function
dy(+), which can be deduced using partial summation formula.

Lemma 2.2. For any real number x > 1 and for any integer k > 2, we have

—1

de(n) =TT T2 1 0(rlogh2 ).

Lemma 2.3 [3]. Forall x > 1, we have

1
Y d*(n) ~ —x(log’ x).
bid
n<x
For any positive integer n > 1, we define
N(n):=#{(a,b) e Nx N:[a,b] =n},

the number of ordered pairs of positive integers a and b whose least common multiple
[a, b] = n. Then, the asymptotic formula for the partial sum of this function is given as
follows.

Lemma 2.4 [8]. For all real numbers x > 2, there exist absolute constants c| and ¢y such
that

1
Z (n) = 24“(2)x10g x+clxlogx+czx+0(x2+€)

n=<x
for any e > 0.
Regarding the Ramanujan sums, we need the following estimates.

Lemma 2.5. For all positive integers N > 1 and r > 1, we have

> _crn) < Nd(r).

n<N
Proof. By substitutings = 1inLemma?2 of[1]andusing c{(n) = 1, the proof follows. [

Lemma 2.6. For all positive integersr > 2 and N > 1, we have

Zcr(n) <rlogr.

n<N

Proof. By substituting s = 1 in Lemma 2 of [1], the proof follows. (]
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Lemma 2.7. For any integer r > 1 and for a positive integers n, we have
lcr(n)| K nlogn.

Proof. We can write ¢,(n) = Zd|n,d|rﬂ(r/d)d- By taking modulus on both sides and
estimating, we get

ler(m)| K o1((n, 1)) < o1(n) K nlogn.

3. Proof of Theorem 1.3

Let U be a parameter which tends to infinity be chosen later. For any natural numbers 7
and n,, we consider

fni,m) = Z Ag1.42Cq) (M1)Cqy (12)

q1,92=1

= > dg.g0¢q (11)cgy (n2)

[q1.921<U

+ Z Aq1,92Cq1 (nl)qu(l’lz)

lg1.42]>U

= Y ala (e ()
[91,92]1<U
Z ninzlognilogn;

+ 0
[q1., g21' T

(using Lemma 2.7)
[91.921>U

= Z a111»112cq1(”1)cq2(n2)

[q1.921<U

1

4+ O | n1lognins logny Z m
1,42

lg1.921>U

We first break the following sum into two sums as

1 1
A= Z [q1. 21"+ Z

145
g1.q21>U la1.421= Utgragn=1 191 421
1
+ _
Z lq1. g2]'+?
[q1,921>U,(q1,92)>1
Since nm = [n, m](n, m) for any natural numbers n and m, we see that the first sum in A

becomes
1 d(t)
> Leya

144
[q1,921>U,(q1,92)=1 [qlan] =
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where d(t) is the divisor function. Since Z,Sxd(t) = xlogx + 2y — Dx + O(J/x),
where y is the Euler’s constant, then for any real number x > 2, using Proposition 2.1, we

can estimate as
1 d(t logU
(g1, g2]'+? 2 143 U
[q1,921>U,(q1,92)=1 t>U

Now, we consider the second sum in A. Since (g1, g2) = £ > 1, we see that g1 = £rp and
g2 = Uso. Therefore, we get

q1q92  Lrolso

[q1, 921 = = = Lroso.
(g1, q2) 14
Thus,
1 1 1
Z [QI,CIZ]H"S - Z 1+ Z (r()S())1+5
[91,921>U,(q1,92)>1 (<U roso>U/¢L
1 1
2 X G
>U ¢ roso>U/L (FOSO)

Put roso = ¢ to get

2

[g1,921>U,(q1,92)>1

d(t) da(t)
Z p1+8 Z 11438 Z 148 Z T

[T
a1 QZ] e<U o’ vt v

Note that in the above expression, the second sum is O ( ) Therefore, we can write

1 1 (U/e)log(U/e) 1
Z = Z 143 (U013 +0 (m) :

1448
anaol=Ugran=1 11 22 (<U

By Proposition 2.1, we estimate as

1 log?2 U
S ()
US

1+5
[91.421>U.(q1,92)>1 g1, g2]

Thus, the sum A can be estimated as
1 2
A=0 ( e U) .
Us

fom) =Y ag.gcq (n)cg (m)

[q1,921<U

U
((’1110%"1)(”210%”2) o )

Hence,

Now, let N be a large enough positive integer and by summing f(n1, n2) over all the
natural numbers n1 and n, < N, we get

Z f(l’l], l’lz) = Z Z Agy,q:Cq (nl)cqz (n2)
nyny <N ni,n2=<Nl[q1,q21<U

41 21 2
+0<N (Ogl\ga(OgU) )
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N*(log N)?(log U)2>

=N201,1+B~|—0< TG

where

B = Z Aq1.92 Z cq, (1) Z Cqy (n2).

2<lq1,q21=U ni<N ny<N

Now, we shall estimate the sum B as follows:

B = Z Aqy,q2 Z Cq (n1) Z Cqr (n2)

2<[q1,q21=U ni<N ny<N
lo lo
< quﬁng (using Lemma 2.6)
2<[q1,921<U [91.92]

<lagvy? Y 1B
2=t = 141 421
q192 2 q192
= (logU)2 ——— |+ | (ogU) — .
, Z [6]1, q2]1+6 Z [6]1, q2]1+8
<[a.e2]<U 2<[q1.92] < U
(q1.92) =1 qr.q)=t>1
By Proposition 2.1, we see that
9192 td(t) d(t) 1-5
Z (g1 q2]1+8 = Z 143 = Z 10 =0 log U).
[q1.921<U.(q1.q2)=1 """’ t<U t<U
Now, consider
Q192 Lroso
RIS LCEERS S gL
[91,21<U,(q1,92)>1 ’ 0<U roso<U/¢
1—s td(t) 1—s d(t)
=2 07 =T Y
0<U t<U/e <U t<U/t
Ulog(U/t
=Y - YBUO _ yies S 000,
¢ U/}
L<U L<U

By evaluating the above two sums, we get

0 (U*log?U) if § <2,
B =1 0(og?U) if§ =2, (3.1)
o(1) if§ > 2,
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and hence,

N2ai1 + OU* P log? U) + O (’W]—’Z“’gz’f) if5 <2,
> fonm) =] Nayi + 0og? U) + 0 (YY) s =,
M2<N

e N2+ 0(1)+ 0 (1"41‘%2[]—1!1"%”]) i8> 2.

(3.2)
In order to optimize the error term, we choose the parameter U as

N2?logN  if§ <2,
U={N*logN ifé=2, (3.3)
N3 (ogN)s if§ > 2.

This gives us

N2aj 1 + O(N*2(log N)*%) if § < 2,

> fm) =14 N2ai1 + O(log’ N) if§ =2,

ni,na<N

N2aj 1+ 0(1) if 8§ > 2.

This proves Theorem 1.3 for all § > 2. Note that when § < 2, we see for 0 < § < 1
the error term is of bigger order than that of the main term and hence we cannot obtain
the required asymptotic formula in this case. In order to resolve this problem, we shall
introduce another parameter V < U, tending to infinity which is to be chosen later and
rewrite the sum B as follows:

Z Z Agy,q:Cq) (M1)Cqy (12)

ni,n2<N 2=<[q1,q2]1=U

= Z ag1.q0 Z cq (n1) Z Cqr (n2)

2<[q1,q21=V ni <N na<N
+ Y agg Y Ca () ) e (na). (3.4)
V<lgqi,q21<U ni<N ny<N

Now, we shall evaluate the first term of the right-hand side of equation(3.4). Note that the
first term is nothing but B with U replaced by V. So, we get the similar expression as
before. Now, we estimate the second term of the right-hand side of equation (3.4).

By Lemma 2.5 and the hypothesis on Ramanujan coefficients, we get

Z Aq1.92 Z Cqy (1) Z cq, (n2)

V<lq1.q21<U n1<N n2<N

N2 d(q1)d(q2)

<
1
]+8

V<lgq1,q21<U la1. a2
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d(q1)d(q2) d(q1)d(q2)
= N? N? e
Z [q1, 211+ Z (g1, g2]'*?

vV <[q1.42] V<la.qg]sv
(41, qz)—l (q1.92) > 1

Now, consider the sum

N2d(q1)d(q2) 0 ()
> g =M oM s

V<lq.q] <U t<U t<V
(q1,92) =1
N2log’ U N2log? Vv
=0|\———|+0|———.
U’ Vs

The above estimation is done using Proposition 2.1 and Lemma 2.2. Suppose (g1, g2) =
¢ > 2 and hence, g1 = £rg and g» = €so. This gives

d(q1)d(q2) 2 d*(£)d (ro)d (so)
MY s SN S
6 = [ 1+6
v?[ql,zz]?u[ql’qﬂ i<U rosn=U/e £ 72(roso)
qa1-492) >

YT d2(0)d(r)d (s0)

7158 (rog) 150
e<V roso<V/¢ (roso)

d*() dy(1)
2
=N Z 1+ Z 18
t<U t<U/t
d*() dy(1)
2
—-N Z AR Z t1+8
<V t<V/e

2 )
Y TO g

1+ b
t<U

d*) ¢
N2 Y s o (V/0)
<V
LMo U —~ d?(0)  ,log® V — d(¢)
<N > +N >

1) Ve
v <u <V

(N210g7U> <N210g7V)
=0|———|+0|———).
U’ V8

The above estimation is done using Proposition 2.1 and Lemmas 2.2-2.3 repeatedly. Thus,
we get

Z ag,, qzchl(nl)chz(nz) (N2]og U)

V<lqi.q21=U n <N na<N
N?log’ v
+ O T .
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Therefore, for the case 0 < § < 2, we obtain

N?log’ vV
\e

3 o) = Nay + 0V log V) + 0 (

ny,ny<N

N2log’ U N*log? N log? U
(i)w(&). 35)

U U
Now, we choose the parameters U and V as
U = exp((log NV)3) and V = N(log N)3.

Putting the values of U and V in (3.5), we get the required asymptotic formula and
hence the theorem.

4. Proof of Theorem 1.4

Let U be the parameter to be chosen later. For the given integers n and n,, we consider

fny,np) = Z gy .q,Cq, (M1)Cqy (N2)

q1,92=1
Z Aq1.426q1 (M1)Cq (n2) + Z Agy.g2€4q1 (N1)Cqy (n2)
l91,421<U g1.q21>U
= Z Aq1,92Cq1 (”1)Cq2 (n2)
[q1.921=U
ninylognilogn
+0 Z 12 P87 08T (using Lemma 2.7).

ar.gatu 141+ 421 (0glg1. 2]

By the definition of N (), we get

1 _Z N(@t) ( 1 )
[g1,921(0glg1, g2D* ~ 1 log® t  \log"2U)’

lg1,421>U
The above estimation is done using Lemma 2.1 and Lemma 2.4. Therefore, we get

N*(log N)?
Z fnyny) = Z Z Ag1.q:Cq1 (M1)Cqy (M2) + O (m);)Tg)a)z)

n1,n<N n1,n2<Nlq1,q21<U

N*(log N)?
=N201,1+C+0<&)

(log U)*—2

where

C= Z Aq.q2 Z cq (1) Z cqy (n2).

2<[q1,q21<U ni<N ny<N
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By Lemma 2.6 and the hypothesis on Ramanujan coefficients, we get

q192log q11og g2

CK
[q1.92]10g%[q1. 92]

2<lq1.q21=U

q192
(logU)* >
1 o
2<[q1,q21<U [q1. g2110g%[q1, g2]

IA

= | ogv)* 611612
2<[91.92] =U [q1, g2110g%[q1, g2]

@1-92) =1

q192
+ | QogU)?
g Z [q1, g2110g%[q1, ¢2]
2<[q1.92 ]=Sz

(q1,492)

d(r) d(r)
Z rlog r Z Z rlog¥r’

2<r=<U <U 2<r<U

On evaluating the above two sums using Proposition 2.1 and Lemma 2.2, we get

U2
coo( L)
log*=“ U

This gives us

U? N*(log N)?
Z f(nl,nz) = N2(11,1 + O (—2) + 0 <—2) .
i N (logU)“ (log U)~
In order to optimize the error term, we choose the parameter U as
U=N?logN.

This choice of U gives us

2 N4
Z f(l’llyl’lg) =N al,l + O (W) .

npna<N

In the above expression for partial sums of f(n1, n>), the error term is of a bigger order
than that of the main term and hence we cannot get the required asymptotic formula. In
order to resolve this problem, we shall introduce another parameter V < U which tends
to infinity and is to be chosen later. We rewrite the sum C as follows:
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Yo g Y g ()Y cq(n2)

2<[q1,921<=U n1 <N np<N

= Z ag1.q Z cq (n1) Z Cqy (2)

2<[q1,q21=V ni <N na<N

+ Z Aq1.q Z cq (1) Z Cqp (n2). 4.1)

V<lq1,q21<U ni<N np<N

Note that the first term of the right-hand side of equation (4.1) is nothing but C with U
being replaced by V. Hence, as before, we get

V2
St X Y e = 0 (1o )
2=<[q1.921=V ni =N nay<N 08

Now, we shall estimate the second term of the right-hand side of equation (4.1). Using
Lemma 2.5 and the hypothesis on the Ramanujan coefficients, we get

Z Aqy,q2 Z Cq (n1) Z Cqr (n2)

V<lq1,q21=U ni <N na<N

d(q1)d
< MY : (6]11; (?2) ]
v <tqr.grey 141> 4211087141 @2

d(q1)d(q2)
2
- N E o
Vol , 41, 92110g%[q1, ¢2]
<41 ‘12
(a1, 112)—1

N2 d(q1)d(q2)
Z , s g2110g%[q1. 2]

<[q1.92]
(‘11 q2) > ]

The first term of the above expression becomes

NZZ d(CII)d(Q2) _ 22 dy(r) _ ZZ dy(r)
[q1. g2110g%[q1. g2] < rlog®r < rlog®r

N2 N2
=0|———|+O0|——),
(logo‘_3 U) <log"‘_3 V)

The above estimation is done using Proposition 2.1 and Lemma 2.2. Consider the other
sum

v <[q1.92]
(q1- qz>—l

sz d(q1)d(q2) _ 22 Z d(Lro)d(£sg)

, La1, q2110g%q1, 2] =0 roseze trosolog® (Eroso)

LYy A
1=V roso=v Lroso log* (£roso)

V <[a1.42]
(q1. q2)712>1
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d*(0) da (1)
2
=N Z £ Z tlog® (€1)

<U 1<U/e
d*(0) dy (1)
N D Toa
= £ 5V e tlog® (¢t)

N? N?
=0<—7 >+0<—7 )
log*~" U log*~"V
The above estimation is done using Proposition 2.1 and Lemmas 2.2-2.3 repeatedly. Thus,
we conclude that

N2 N2
R S S e M |

V<lq1,921<U ni<N na<N

Hence by the above calculation, we get
5 v? N?
=N Ol ———— Ol ———
S flnm) = Nay, + ((log V)H) + ( = V)M)

ninp<N
N2 N*(log N)?
0 _ | + 0 & .
(log U)*~7 (log U)«~2

In order to optimize the error term, we choose our parameters U = exp((log NV )%) and
V=N log% N, and hence we get

2 N?
fmin2) =N-a + O <—> .
n1§<N (log N)*—7
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