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Abstract. Let [F be a field, V a vector space of dimension n over F. Then the set of
bilinear forms on V forms a vector space of dimension n? over F. For char F # 2, if
T is an invertible linear map from V onto V then the set of T-invariant bilinear forms,
forms a subspace of this space of forms. In this paper, we compute the dimension of
T -invariant bilinear forms over F. Also we investigate similar type of questions for
the infinitesimally 7 -invariant bilinear forms (7 -skew symmetric forms). Moreover, we
discuss the existence of nondegenerate invariant (resp. infinitesimally invariant) bilinear
forms.
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1. Introduction

Let IF be a field of characteristic # 2,n > 1 aninteger. Let V be a vector space of dimension
n over IF. Then the set of bilinear forms on V forms a vector space of dimension n” over
F. If T is an invertible linear map from V onto V then the set B of T-invariant bilinear
forms, forms a subspace of this space of forms. In this paper, we investigate the following

question.
Question. What is the dimension of 3?7 Does there exist any non-degenerate form in 3?

Let V be a vector space over IF, then a bilinear form B on V is said to be invariant
(resp. infinitesimally invariant) under a linear map 77 : V — V,if forall u,v € V,
B(Tu, Tv) = B(u, v) (resp. B(Tu, v) + B(u, Tv) = 0). A bilinear form B on V is said
to be symmetric, if forallu, v € V, B(u, v) = B(v, u). If charF # 2, then a bilinear form
B on V is said to be skew-symmetric, if forallu,v € V, B(u, v) = —B(v, u).

The starting point in this study is the existence of such T-invariant forms. This problem
has been answered in many ways in the literature. Sergeichuk [6] studied systems of forms
and linear mappings by associating with them self-adjoint representations of a category
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with involution. Gongopadhyay and Kulkarni [2] investigated the question of existence of
T -invariant non-degenerate symmetric (resp. skew-symmetric) bilinear forms. They also
answered the infinitesimal version of this question. In the literature, the problem to find nec-
essary and sufficient conditions for an endomorphism to be self-adjoint, skew-selfadjoint
or orthogonal for at least one non-degenerate quadratic form (or for a symplectic form)
has also acquired an important place. Frobenius [1] proved that every endomorphism of a
finite dimensional vector space V is self-adjoint for at least one non-degenerate symmetric
bilinear form on V. Later, Stenzel [7] determined when an endomorphism could be skew-
selfadjoint for a non-degenerate quadratic form, or self-adjoint or skew-selfadjoint for a
symplectic form on complex vector spaces. However his results were later generalized to
an arbitrary field [3]. Pazzis [5] tackled the case of the automorphisms of a finite dimen-
sional vector space that are orthogonal (resp. symplectic) for at least one non-degenerate
quadratic form (resp. symplectic form) over an arbitrary field of characteristics 2.

In this paper, we investigate the question of computing the dimension of the space
of bilinear forms invariant (resp. infinitesimal invariant) under a given invertible linear
transformation (resp. linear transformation) on a finite dimensional vector space over a
field of characteristic #= 2. We have answered this question for several possible types of
linear transformations and also discussed about the existence of non-degenerate forms in
every case.

2. Preliminaries

Let f(x) € F[x], f(x) monic, deg f = n and 0, £1 are not the roots. Then f*(x) =
x" f(x~ 1) is called as the reciprocal of f (see also [2]). A monic polynomial f(x) € F[x],
f(0) £0 #£ f(£1) is said to be self-reciprocal if f(x) = f*(x).

Lemma 2.1. Let f(x) € F[x] be monic, f(0) #0 # f(x1). Ifa € F is a root of f(x) of

multiplicity m, then a ™" is a root of f*(x) of the same multiplicity, i.e., m.
Proof. Easy to see. ]
Lemma 2.2. Let f(x) € F[x] be self-reciprocal, deg f = n, then n is even.
Proof. Clear. O

If p(x) = Zizio cix' € Flx]is a self-reciprocal polynomial, then cp = ¢, = 1 and for
l<i<n,c=coui

DEFINITION 2.3

A linear operator 7 : V — V is said to be self-reciprocal if its characteristic polynomial
X1 (x) is self-reciprocal.

It is important to observe that self-reciprocal operators exist only on even dimensional
vector spaces.
Now for T € End(V), let us study bilinear form B on V satisfying

B(Tv,w)+ B(v,Tw) =0 forall v, w € V (i.e. T-skew symmetric forms).



Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:47 Page 3 0f 22 47

Let f(x) € F[x], f(x) monic, deg f = n and O is not a root of f, then f~(x) =
(=1 f(—x) is called as the additive-dual of f. Let f(x) = x€ fo(x), € > 0 such that
f0(0) # 0 and fy monic. We call fy the reduced part of f. A monic polynomial f(x) €
F[x], f(0) # 0 is said to be additive self-dual (a-self dual for short) if f(x) = f~(x).

DEFINITION 2.4

A linear operator T : V — V is said to be a-self dual if its characteristic polynomial is
SO.

Note that all the results in the invariant case have their infinitesimal counterparts. In the
last section of this paper we only state the main results in the infinitesimal set up.

2.1 Dimension invariance over field extensions

Let V be a vector space over I of dimensionn, T € End(V). The characteristic polynomial
x7(x) € F[x] of T can be expressed uniquely (up to permutations of the factors) as
xr(x) =T, fi(x), fi(x) | fi=1(x) and Ty, ~evfi(ryv=0} is cyclic for2 <i <r.
The polynomials f; (x) are the invariant factors of 7" and this factorization remains invariant
under field extensions. There is an ordered basis (eq, .. ., e,) of V over F with respect to
which the matrix representation of 7 is given as

C(f1(x))

C(fr(x))

where for 1 < i < r, C(f;j(x)) is a companion matrix of f;(x) and R is the rational
canonical form of 7. Under field extensions this form remains the same. In the next
proposition, we show that the dimension of 7T-invariant (resp. infinitesimally invariant)
bilinear forms remains invariant under field extensions of [F.

PROPOSITION 2.5

Let V be a n dimensional vector space over F, T € End(V). Then dimension of the space
of T -invariant (resp. infinitesimally invariant) bilinear forms remains invariant under field
extensions of IF.

Proof. Without loss of generality, take V = F". Then for K > T a field extension,
V' = K" is its extension as a K vector space. Let (e, ..., e,;) be the ordered basis
of V over F with respect to which T has the rational canonical form R as expressed
above. This will still be an ordered basis of V' over K. Let T’ € End(V’) be determined
by R.Let B = {B | B(T'u/',T'V') = B/, V') (resp. B(T'u',v') + B(u', T'v') = 0)
Y u’, v' € V'}bethe space of T'-invariant (resp. infinitesimally 7’-invariant) forms over K.
Then B = {X = (B(e;, ¢j) = xjj) € M,(K) | R"XR = X (resp. R"X+XR = 0)}, which
is the solution space of a system of n? linear homogeneous equations having coefficients
inF (as R € M, (F)), so is a vector space over [F with dim B|g = dim B|p. O
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3. Invariance under indecomposable operators

Now let us discuss bilinear forms invariant under some indecomposable transformations.
We consider two cases: (1) 7 or —T unipotent and (2) 7 and —7 nonunipotent.

Case 1. T or —T unipotent. Since invariant forms of 7 or —7 are the same, we may

assume 7T as unipotent. Let V. =F" ey, ..., e, € V be the standard bases elements. Let
T : V — V be a linear transformation with the Jordan block as
1 00 - 0
110 - 0
c=|0 11 0
000 e 1

Thenwehave Te, = e,andVi, 1 <i <n—1, Te; =e¢j+ej+1.NowletB : VXV — k
be any bilinear form invariant under 7'. Again, we have the equation

(B(ei,ej)) = X =C'XC = (B(Ce¢j, Cej)) = (B(Te;, Tej)) .

Here C = I + N, thus the above equation becomes (I + N)X(I + N) = X which
implies and is implied by N’ X + XN + N’ XN = 0. Similarly for C = —I + N, we have
—N'X — XN'+ N'XN =0.

Theorem 3.1. Let V be a vector space of dimension n over F. If T is an indecomposable
invertible transformation from V onto V such that T or —T is unipotent, then the space
of T -invariant bilinear forms is of dimension n. If n is even (resp. odd) then there exists a
nondegenerate T -invariant skew symmetric (resp. symmetric) but not a symmetric (resp.
skew-symmetric) bilinear form.

Proof. Let us consider C as above with the standard basis {e1, ..., e,} of V over F and B
be a T -invariant bilinear form with (B(e;, e;)) = X.

Casei.i = n: x,j = B(ey,ej) = B(Cey, Cej) for 1 < j < n. Thus we have x,, ; =
Xp,j+Xp jp1forl < j<n-—1ie,x, ;41 =0forl <j<n-—1.

Caseii. j = n: x;, = B(ej,e,) = B(Ce;, Cey) for 1 < i < n. Thus we have x;, =
Xin +Xiginforl <i <n-—1,ie,xjy1, =0forl <i <n—1.

Caseiii. 1 <i,j <n—1:x;; = B(ej,e;) = B(Ce;,Cej) = Ble; +ej11,¢j +€j11)
ie., Xij = Xij+Xij+1+Xit1,j +Xit1, j+1, which says that Xij+1 = —Xi41,j — Xi+1,j+1
forl <i,j<n-—1.

Thus recursively we have x,_; j+1 = Ofori +1 < j < n—1and x,__1,s =
(=1)*1x, for1 <s <n—1.So,

X1,1 X12  X13 - Xl,n—1 (=" x,
)
X2,1 X220  x23 - (=D)"Tx,0 0
X = . . . : : :
Xp—11 (=Dxpqp 0 - 0 0
X1 0 0 - 0 0

Note that det X = x”

1 1> B is non degenerate when x| is nonzero.
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Further, we have x, 22 = (=Dxp—1.1 + (=D%x 1, X33 = (—Dx11 +
2(—1)3xn,1 and thus recursively we getfor 1 <t <n—1,x,—;; = (—1)”1xn_1,1 +(t—
1)(=1)"xp,1, 50

Xipet = (=" x4 (0 = 2)(= 1" x, 1. 3.1)

Similarly x,-35 = —Xy-21 — X422 = (=Dxp—21 + (=D%x,—11 + (=D3x 1,
Xn—43 = —Xn-32 — %33 = (=D?x01 + 2(=1)>x,—11 + 3(—=1)*x,1 and thus
recursively for2 <t <n—1,wegetx, ;1 = (=1) 2x,_21 4+ —=2) (=D Tx,_1 1 +
(t — D(—D'x,.1, s0

Xip—2 = (=1)"Pxy01 4+ (0 = 3)(=D"x0m11 + (1 = 2)(=1)"x, 1.
(3.2)

Repeating this process recursively, we get forevery | <s <n —2ands <t <n —1,

s—1
Xn—timsr1 = (=D x4 Y =+ DD i, 33)
i=0

ie.,forl <s <n—2, we have

s—1
Xines = (D" T+ ) =5 = 1+ (=D"" i1 (34)
i=0

Thus basis of the space of invariant forms over F is

n—2n—1 n—1
{ en1 Y Y (=D enrisrienri+ Y (=D lenss
=2

s=1 t=s
n—2n-—1 n—1
—1 i~
Y D =D e risitn e+ Y (=D e g
s=2 t=s t=I+1
n—2 n—1
i~
+ Y =1 =D ey igrr e — e, 61,1}
s=Il+1 t=s

and X has a unique expression as a linear combination of these vectors with x,, 1, x, 2, ...,
X2.1, X1,1 respectively as free coefficients.

Note that if n is even then B symmetric (i.e., X' = X) implies x, | = 0, i.e., B cannot
be nondegenerate symmetric form. However we have plenty of nondegenerate 7'-invariant
skew symmetric forms obtainable by taking x, 1 # 0, x; j; = —x;; and substituting in X.

Similarly if n is odd, then B skew symmetric (i.e. X’ = —X) implies x, | = 0, so B can-
not be a nondegenerate skew symmetric form. However we have plenty of nondegenerate
T-invariant symmetric forms obtainable by taking x, 1 # 0, x; ; = x;; and substituting
in X. (|
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COROLLARY 3.2

With the hypothesis as in the theorem, if n is odd, then the subspace of T-invariant

symmetric forms is of dimension % and the subspace of T-invariant skew symmetric

n—1

forms is of dimension =

Proof. Let X = (x;, ;) be a T-invariant bilinear form. If X is symmetric, then as n is odd
from equation (3.4), we get

Xn—s,1 = Xl,n—s = (_l)sxn—s,l +mn—s5— 1)(_1)S71xn—s+1,1
+- 4+ (n=2)x,1.

If s is odd, i.e., n — s is even, then

1 _
Xn—s,1 = 5[(” b 1)(_1)S 1xn—s+l,l +--4+ M- 2)xn,l]a

however there is no condition on x,_s 1 for n — s odd. Thus with similar steps as in the
theorem one may calculate the basis with {x 1, x3,1, ..., X, 1} respectively as the free
coefficients for the 7-invariant symmetric forms. So subspace of T'-invariant symmetric
bilinear forms is of dimension %

Similarly {x2 1, x4.1, . .., X,—1,1} is the largest set of free coefficients for the 7'-invariant
skew symmetric forms. So the subspace of T -invariant skew symmetric forms is of dimen-

sion % O

COROLLARY 3.3

With the hypothesis as in the theorem, if n is even, then the subspace of T-invariant
symmetric forms is of dimension 5 and the subspace of T -invariant skew symmetric forms
is of dimension 7.

Proof. Similar. O

Case 2. T and —T nonunipotent. In light of Proposition 2.5, for I algebraically closed (and
hence a perfect field) we know (Theorem 15.3, J E Humphreys, Linear Alg. Groups, p.
99) that for T € O(V, B) (the orthogonal group O(V, B), [2] being an algebraic group),
if T = T;U is the Jordan decomposition of T with T, U semisimple and unipotent
respectively, then 75, U € O(V, B). In the next lemma, we use this fact to find the bilinear
forms invariant under nonunipotent linear operators.

Lemma 3.4. Let V be a vector space of dimension n over F. If T is an indecomposable,
non-unipotent invertible transformation from V onto V such that the characteristic poly-
nomial x7(x) = (x — )", £1 # «a € F, then the space of T-invariant bilinear forms

B =0.

Proof. Clear (see [2]). U
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4. Invariance under decomposable operators

Let us denote minimal polynomial of a linear operator 7" by m7 (x).

Lemma 4.1. Let V be a finite dimensional vector space over F', T : V. — V an invertible
linear operator, o, B € F, aff # 1. If (x — )" and (x — B)* occur as elementary divisors
of x1 (x), then for B a T-invariant bilinear form on V for allu € Vix_gy, v € Vix_pys,
we have B(u, v) = 0.

Proof. Since T € O(V, B) implies Ty € O(V, B),so forall u € Vix_qy, v € Vix_pg)s,
we have B(Tu, Tyv) = B(u, v) or (@ — 1)B(u, v) =0, i.e., B(u,v) = 0. O

Lemma 4.2. Let V be a finite dimensional vector space over F, T : V. — V an invertible
linear operator and £1 # «a, B € F, af = 1. If (x — @) and (x — B)* occur as
elementary divisors of x7(x) = (x — ) (x — B)° = mr(x), then dimension of the space
of T-invariant bilinear forms is 2 - min{r, s}.

Proof. Without loss of generality, we can assume that V = V(y_q)r(x—g)s. Thendim V =
r+s=n,V = Vu_qr @ Vi_p)y and the Jordan form of T is

o
1
1 «
C =
p
1 B
Let {e1,...,er, €41, ..., en=r4s} be the standard basis with {eq, ..., e,} as a basis for
Vix—ayr and{e, 11, ..., e, 45} asabasisfor V(,_g)s. Thenwehaveforl <i <r—1, Te; =

aej +eip1, Te, =ae,andforl < j <s—1,Te,1j=Beryj+erjr1, Te, = Bey.

In light of Proposition 2.5, without loss of generality, we may assume that F is alge-
braically closed and hence a perfect field. Let 7 = T,U be the Jordan decomposition
of T and B for any T-invariant bilinear form given by X = (x;;) = (B(e;, ¢;)). Then
T, € O(V,B),soforv,w € Viy_oy, Blv,w) = B(T,v, Tyw) = azB(v, w), but as
o # *£1, B(v, w) = 0. Thus Blv(x—a)’ = 0 and similarly one says that B|V(X_W =0.

Now again, without loss of generality, one assumes that » < s. Let us find the r x s
block of X.

Casei.For j=nand1 <i <r —1, B(Te;, Te,) = B(e;, ;) = xi, implies x;11, = 0.
Caseii. Fori =rand1 < j <s—1, B(Te,,Tervj) = Bler, eryj) = Xppy; implies
Xrr+j+1 = 0.

Caseiii. Forl1 <i <r—1land1 <j<s—1,B(Te;,Tery;) = Blej,e,1j) = Xiryj
implies ax;y 4 j41 + BXit1r+j + Xit1r+j+1 =0, i.e,,

1
Xir+j+1 = ——Xit+lr+j — —Xi+lr+j+1-
o o
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So {eir 1 + Zf/_:ll’b”l ujr(o, Bejr = 1 < i < r}forms a basis for this r x s block,
where e¢;; is an elementary matrix of order n with 1 at ij-th entry and O elsewhere and
u;j(c, B) are some particular values in Q(a, B).

Now let us find the s x r block of X = (B(e;, ¢/)).

Casei Fori=n, 1 <j<r—1,B(Te,, Tej) = B(e,, ej) = xj implies x,j+1 = 0.
Caseii. For j =r, 1 <i <s—1, B(Tey4i,Te;) = B(er+i,e;) = Xp4ir implies
Xptir T OXrpitlr = Xpgir, 1€, Xppiy1r = 0.

Caseiii. Forl1 <i <s—1land1<j<r—1 B(Te;,Te;) = Ble,1i,ej) = Xryi;
implies Bx;1; j+1 + oXp4iv1j + Xp+iv1 j+1 = 0, i€,

1
Xr+i+lj = _Exr+ij+] - Exr+i+1 j+1-

So {e;+1i + Z;;IHLJ-:l ugj(a, Blexj : 1 <i <r}forms a basis for this s x r block,
where uij(tx, ,3) = uji(a, ,B)
Thus dimension of space of T -invariant bilinear forms is 2r = 2 - min{r, s}. O

Note that the T -invariant bilinear forms obtained in the above lemma is always degen-
erate for s # r as against, we have lots of nondegenerate forms for s = r obtained in the

paper.
COROLLARY 4.3

Under the hypothesis of the lemma, if (x — )" and (x — B)* occur as elementary divisors
of x1(x) = (x —a)" (x — B)*, then the dimension of the subspace of T -invariant symmetric
(resp. skew symmetric) bilinear forms is min{r, s}.

Proof. Again, without loss of generality, we can assume that V = V(y_g)r(x—g)s and
denote the space of T-invariant bilinear forms by B = {X = (x;;)}. Then by the lemma,

{eire1 +ert1i + Zj:j’_klrﬂ ujr(a, B)(ejk +exj) : 1 <i <r}forms abasis for Bif B

. . j=i—1 . .
is syITm.letrl(.: and {e;,+1 — er.+1,' + Zj:”or“ uji (e, ﬂ?(ejk —eyj) 1 1 <i f.r} forms
a basis if B is skew symmetric. So subspace of symmetric (resp. skew symmetric) forms
is of dimension r = min{r, s}. (]

Lemma 4.4. Let V be a finite dimensional vector space over F, T : V — V an invertible
linear operator. Forr +s = n,a = £1, if (x — a)" and (x — «a)*, occur as elementary
divisors of x7(x) = (x—a)" (x—«a)® = my(x), then dimension of the space of T -invariant
bilinear forms is n + 2 - min{r, s}.

Proof. Without loss of generality, we can assume that V = V(_q) @ V(y_q)s. Then
dmV =r+s =n.
O

COROLLARY 4.5

With the hypothesis as in the lemma, if n is odd, then the subspace of T -invariant symmetric

forms is of dimension % + min{r, s} and the subspace of T -invariant skew symmetric

orms is of dimension "=L + min r, s}
2
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Proof. As n is odd we have two cases:

Case 1. r odd and s even. By Corollaries 3.2 and 3.3, we have dim Bsym|V(x_1>r = %,

i r=1 g s . s
dim Bsew| v,y = 75> dim Byym| v, s = 5 and dim Bkew|v,,_)s = 3. S0

dim Bgyy = dim Boym|v,_,y + dim Boymlv,_ys +7

r—|—1+s+ n+1+ in{r. 5)
= — = —— + min
> > r > r,s

and

dim Bgkew = dim Bskew'V(x,l)r + dim Bskew'V(x,l)s +r

r—1+s+ n—1+_{ |

= —+r = —— 4+ min{r, s}.

2 2 2

Case 2. r even and s odd. Again by Corollaries 3.2 and 3.3, we have dim Boym|v,_,,, = 5
dim Byewlv,,_, = 5. dim Bymlv,,_,» = 5 and dim Byewlv,_,, = 5. So

dim Byym = dim Byym|v,, ,, +dim Bym|v, s +7

_r+s+1+ _n+1+ in{r s)
=3 7 r=— min{r, s

and

dlm BSkCW = dlm BSkCWlV(x,l)r + dlm BSkCWlV(x,l)S + r

r+s—1+ n—1+ in(r. 5]
= - = —— + min .
7 > r 2 r,s

Thus in both the cases, dim Bgym = % + min{r, s} and dim Bgkew = % + min{r, s}. O
COROLLARY 4.6

With the hypothesis as in the lemma, let n be even. Then if r is odd, the subspaces of
T -invariant symmetric forms and T -invariant skew symmetric forms are of dimensions
% + 1 + min{r, s} and % — 1 + min{r, s} respectively. If r is even, they are of dimensions
5 + min{r, s} and 5 + min{r, s} respectively.

Proof. Similar. 0

Lemma 4.1. Let V be a finite dimensional vector space over ¥, T : V. — V a linear
operator. If for £1 # a, B € F, af = 1 the minimal and characteristic polynomials of T
aremr(x) = (x —a)(x — B) and x7(x) = (x — )" (x — B)® respectively, then dimension
of the space B of T -invariant bilinear forms is 2rs.

Proof. Without loss of generality, assume thatr < s,r + s = n,

V=8_(Vi-a) ® Vu-p) ® (@7 Vix-p)
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and
o
B
o
p
T = ,
o
p
p
2
where the first diagonal block is of order 2r and last is of order s — r.
Let {eq, ..., e,} be the standard basis for V. Let B € BB be a T-invariant bilinear form

on V given by X = (x; ;) = (B(e;, €;)).
Let us first determine B|ea{=] Vir—ay®Vix_p))- Forl <i,j <2r,

xjj = B(ej,ej) = B(Te;, Tej)
azB(ei, e;j) ifi and j are odd,

afB(e;,e;) ifiand j are of distinct parity,
B?>Bl(e;,e;) ifiand j are even,

but as 2 # 1 and ﬂ2 # 1, wehavefor1 <i,j <2r,x;; =0if i and j are of the same
parity, whereas no condition if i and j are of different parities. So §1 = {e;;, 1 <i,j <
2r : 241i+ j}forms a basis for B'@;=1(V(x—a)®v(x—ﬁ))’ with dim B|®§'=1(V<x_a)€9V<x_ =

r r + r r _ 2r2
1)\1 J\1) =
Now let us determine B|®f;fV(x7ﬂ>‘ For u, v € ®;_{V(x—p), Bu,v) = B(Tu,Tv) =

B%B(u, v), again as B2 # 1, B(u, v) = 0. Thus Blgi=ry,._, =0.
The 2r x (s — r) block is determined as follows: For 1 <i <2rand 1 < j<s-—r,

)

' o ' N _ . _ JaBB(ei,exryj) ifiisodd,
Yiartj = Blei exryj) = B(Tei, Texrj) = {ﬂzB(ei, exr4j) ifiiseven,

ie,1 < j<s—r x4+ =0ifiiseven. So S = {ej24j, 1 <i <2r, 1 <
< s —r : iisodd} forms a basis for this 2r x (s — r) block and its dimension is

r\(s—r\ _
1>< ) >_r(s—r).

Finally the (s —r) x 2r block is determined as follows: For 1 < j <2randl <i <s—r,

AKA.

aBB(ey i, ej) if jisodd,

Yor+ij = Blearir ej) = BT exrri Tej) = {ﬂzB(le-H', ej) if jiseven,

ie,l <i<s—r,x4; =0if jiseven.So 83 = {epryij, | <i <s—r, 1 < j<2r:
r\(s—r
j is odd} forms a basis for this (s — r) x 2r block and its dimension is ( ) ( > =

1 1
r(s —r).
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Thus dim B = 2r2 + 0+ r(s —r)+r(s —r) = 2rs, with the disjoint union S; U S U S3
as a basis. O

COROLLARY 4.8

Under the hypothesis of the lemma, dimension of the subspace Bsym of T -invariant sym-
metric bilinear forms is rs = % dim B.

Proof. Follows from the lemma. O

COROLLARY 4.9

Under the hypothesis of the lemma, dimension of the subspace Bskew of T -invariant skew
symmetric bilinear forms is rs = % dim B.

Proof. Similar. ([

Remark 4.10. If r = s, then there are nondegenerate 7 -invariant bilinear forms (symmet-
ric as well as skew symmetric) for T as described in the lemma.
Ifr =sand

B

let o € S», be a permutation given by

Ty even(s r +i— 1) if ris even,
77 Iy i evenls 1) if r is odd.

Let P be the matrix representation of the permutation ¢ with respect to the standard basis
(P(e;) = eq(iy)- Then P gives an isomorphism of V onto V and for B € B3 as obtained in
IO) g), where O, C, D € M,(FF), O is a zero matrix.
Thus for C, D € GI.(F), B is nondegenerate. As an example C = D = I, gives rise to
a nondegenerate T -invariant bilinear form. Also we can take D = C' € G/, (F). Then B
thus obtained will be a nondegenerate 7T -invariant symmetric form, similarly we can take
C € G, (F) and D = —C', then B thus obtained will be a nondegenerate T -invariant
skew symmetric bilinear form.

Further, note thatifr # s, wecanassumer < s and P as above. Then for B a T -invariant
bilinear form, we have

the lemma, we have P'BP =

O Cl|E
H=PBP=||D 0|0 € M, (F),
F O, 03
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where O,C, D € M,(IF), E, Oy € Myxs(F), F, O2 € M5, (F), O3 € M;_,(IF),
0, 01, 03, O3 are zero matrices. The first row consisting of the blocks O, C, E is of rank

F
can be atmost . Thus in all the matrix H is of rank atmost 2r < r + s, so B cannot be
nondegenerate.

. (D .
atmost 7, the last two rows are of rank same as the column rank of the matrix ( ) which

5. Main results
5.1 Invariance under self-reciprocal operators

Recall that for V a n dimensional vector space over IF, T € End(V) is cyclic if there exists
v € V such that the set {v, Tv, ..., T”_lv} forms a basis for V.

Theorem 5.1. Let V be a vector space of dimension 2n over ¥, T : V. — V an invertible,
cyclic, self-reciprocal transformation. Then the space of T -invariant bilinear forms is of
dimension 2n over .

Proof. Let mr (x) be the minimal polynomial of 7. Since T is cyclic x7(x) = mr(x). Let
xr(x) = px) = 21-220 cix! € F[x]. As T is self-reciprocal, we have co = 1, ¢; = cop—i
foralli, 0 <i <n.

As T is cyclic, there exists a vector v € V such that orbit of v with respect to T
spans V,i.e., (ej = v,ep = Tv,...,e = TZ”_IU) forms a frame for V and T?"v =
- lelal ¢;T'v. Fix the frame e = (eq, ..., e,). Let the matrix of T with respect to e
be [T]. and the matrix of B be X = [B], = (B(e;, ¢;)). Then T-invariance amounts to
[T1L[Ble[T]1. = [Ble. So we have

000 - 0 —co
100 - 0 —c
C:[T]ez O 1 0 0 —C2
000 --- 1 —cop—1

Let C' = (cf.j) be the transpose of the matrix C, cfj =cji.

2n 2n 2n 2n
t 1
(C'XC)ij = Y chxuey = Y cuiBlex, encj = B (ZCkiek, chfel>
k=1 k=1 k=1 I=1
= B(Te;, Tej).
So we have

(B(e,-, ej)) =X= CtXC = (B(Te,', Tej)).

Thus we get x;; = x;j 4141 foralli, j,1 <i,j <2n—1.Let B(er,¢;) =a;,1 <i <2n
and B(ej, e1) = B;,1 < j < 2n.Clearly a1 = B1. So
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ap w3 Qo
B a1 a0

Bon Bon—1 Ban—2 -+ - a1

Now for 1 <i < n, we have

am—i+1 = Bler, ean—i+1) = B(ez, ean—i+2) = - - = Ble;, ean)
2
= B(Te;, Tez,) = B(ejy1, T™"v)
2n—1 2n—1
= Bleis1.— »_ cjejy1) =— Y ¢jBleii,ejt1)
j=0 j=0
2n—1 i1
= - Z ciB(eiy1,ej11) — ZCJB(eiH, ejs1)
=i =0
2n—1 i1
= - Z ciB(er,ej_it1) — ZCJB(eiH, ejs1)
=i j=0
2n—1 i-1
=— D cjajir1 = ) _¢jBleiriiejr1). (5.1
j=i j=0

Similarly for 1 < k < n, we have

2n—1 k-1
Bon—k+1 = — Z CiBj—k+1 — ZC,/B(E,/H, €k+1)- (5.2)
=k j=0

Now for a general bilinear form B, equations (5.1) and (5.2) can be expressed as

21 i1

Aop—itl = — Z Cjlj—it1 — chﬂifjJrl, (5.3)
j=i j=0
21 i1

Bon—it1 = — Z ciBj—i+t1 — ch“ifjJrl (5.4)
j=i j=0

respectively for 1 <i < n.Thus fori =t <nandi = s < n, from equations (5.3) and
(5.4), we get

—1
pn—1+1 = —Br+1 — ch (Br—j+1 + o2n—j—r+1)
j=1
n—1
- ZC,‘ (@41 +@2p—j—r41) — CnOpy—r41 (5.9
j=t
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and
s—1
Bon—s+1 = —Og41 — ch(as—j+l + Bon—j—s+1)
j=1
n—1
=Y ci(Bjsti + B j—s+1) = CuBust1 (5.6)
j=s
respectively. Thus 41, ..., @n, But2, - . ., Bon are expressible in terms of «y, ..., &,
B2,y Burt.
It follows that the dimension is 2n. O

Remark 5.2. Remark that ‘space of T -invariant forms = subspace of symmetric 7 -invariant
forms @ subspace of skew symmetric T -invariant forms’.

COROLLARY 5.3

Under the hypothesis of the theorem, the space of T -invariant symmetric bilinear forms
is of dimension n.

Proof. If B is a symmetric bilinear form, thenfor 1 < j < 2n,a; = B;andforl <i <n
from equation (5.3), we have

2n—1 i—1
Aop—itl = — Z Cilj—it1 — ZCjB(€j+1, €i+1)
j=i

j=0
-1 i1

= - Z Cilj_jt1 — ZCjB(el, ei—j+1)
=i i=0
2n—1 i—1

== D Cj@itl = Y Cjiji.
j=i j=0

Thus fori =t < n, we have

t—1

op—r41 = —Qr41 — ch(azfj+l + a2 jr41)
j=1
n—1
- ch (otj—r41 + Q2n—j—1+1) — CnOp—r+1-
Jj=t

These are the only non identically zero equations in this case. So out of {«] - ®;4+1}
(as appearing in the theorem), o - - - o, are the free scalars. Thus the set of 7 -invariant
symmetric bilinear forms turns out to be a vector space over I of dimension 7. ]
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COROLLARY 5.4

Under the hypothesis of the theorem, the space of T -invariant skew symmetric bilinear
Sforms is of dimension n.

Proof. Follows from the theorem, remark and the previous corollary. (|

Note that there are always nondegenerate 7 -invariant bilinear forms for 7 as in the theorem.
As an example, if we take for 1 <i < 2n,a; = —f;,a¢j =0foralll < j < n and
an+1 # O (the choice of this non-zero value is assured from equations (5.5) and (5.6)),
then X is

0O A
- (0h)

where O is the zero square matrix of order n, A is the upper triangular square matrix of
order n with a1 as entries on the main diagonal. Clearly X is skew symmetric and as
det X = det? A = a*" # 0, it is nondegenerate. Now let ¥ = (C — C_l)’X, then we
n+1
have
c'vyc=c'(c-cHxc=cc-chHehHcxe
=clc-cHho'x=c-cHx=v,

i.e., Y gives a T-invariant bilinear form. Now we will see that ¥ is symmetric. As ¥ =
(C—CcHYX =C'X — (@YX =C'X —(CHcC'XC = C'X — XC, we have
Y'=X'C—-C'X'=—-XC+C'X =C'X — XC =Y. Now since by hypothesis none
of £1 is an eigenvalue of C, C — C~! is invertible and as X is invertible, we get Y as a
nondegenerate T -invariant symmetric bilinear form.

Remark 5.5. There exist symmetric nondegenerate and skew symmetric nondegenerate
forms invariant under the linear operator as in the theorem.

5.2 Invariance under indecomposable operators

Theorem 5.6. Let V be a vector space of dimension n over F. If T is an indecomposable,
self-reciprocal transformation on V, then the space of T -invariant bilinear forms is of
dimension n over F.

Proof. As T is self-reciprocal, n is even. T is invertible and as 7T is indecomposable it is
cyclic also. So by Theorem 5.1, this theorem follows. ]

COROLLARY 5.7

Under the hypothesis of the theorem the subspace of T -invariant symmetric (resp. skew-
symmetric) forms is of dimension 5 and this subspace contains a nondegenerate form.

Proof. Clear from the corollaries of Theorem 5.1. O
Theorem 5.8. Let V be a vector space of dimension n over F. If T is an indecomposable,

invertible, non-unipotent, non self-reciprocal transformation on V, then the space of T -
invariant bilinear forms is 0.



47 Page 16 of 22 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:47

Proof. Since T is indecomposable, invertible, the characteristic polynomial of T is
xr(x) = p(x)d, p(x) € Flx]irred.,d € ZT.SoV = ker(p(x)d).Now due to Proposition
2.5, we can pass our investigation to IF. Then we have

V' =®ycfaroot of p(x) Ve Where Vo = ker (x — a)k,
with

= 1, if char F =0,
T | (char F)*, s € ZT, otherwise.

Let B be a T-invariant bilinear form on V. If u € V, and v € Vg, then B(Tu, Tv) =
B(u, v) amounts to B(Tsu, Tyv) = B(u,v), ie., (¢f — D)Bu,v) = 0. As p(x) is
nonunipotent & # 41 # B also as p(x) is non self-reciprocal 8 # a~!. Thus we have
B(u,v) = 0. Also by the previous lemma, By, = 0. Therefore the space of T -invariant
forms is 0. (|

5.3 Invariant under decomposable operators

Theorem 5.9. LetV be afinite dimensional vector space over B, T : V. — V aninvertible
linear operator. If for p(x) € F[x] irreducible with p(£1) #£ 0, p(x)" and p*(x)* occur
as elementary divisors of xr(x) = px) p*(x)*. Then the dimension of the space of
T -invariant bilinear forms is 2 - deg p(x) - min{r, s}.

Proof. Since p(x) € F[x] is irreducible, all its roots are of same multiplicity, say k.
So by Lemma 2.1, all roots of p*(x) are also of the same multiplicity, i.e., of k. So

dimV = kr +ks.Let R = kr and S = ks. As invariances of x7 does not change over the
extensions of the field, over IF, it will remain the same and over [F, we have

V= VP(X)"P*(X)“ = 69Dtﬂ=1,p(oz):O(V(X,,;,,)R ) V(x,/g)s).
Since «, B # £1, by Lemma 4.2, we have

dim B|V<X7Q)R®Vx7,s)s =2 -min{R, S}.

So
dim B = Z dim Bly _ rev, s
af=1, p(a)=0
— Z 2 - min{R, S}

distinct roots of P (X )
= # distinct roots of p(x) x 2 - min{R, S}
_ degp(x)

. 2 -min{R, S} = 2deg p(x) - min{r, s}.
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COROLLARY 5.10

Under the hypothesis of the theorem, the dimension of the subspace of T -invariant sym-
metric (resp. skew symmetric) bilinear forms is deg p(x) min{r, s}.

Proof. Again, without loss of generality, assume that V. = Vpu)rpxys and T =
T|Vm),p* - Then as in the proof of the theorem, we obtain

V= Vpayprr = Bap=1, p@)=0(Vix—a)t ® Viz_p)s)-

Since o, B # =£1, by Corollary 4.3, we have

dim Bsym | Vie—ay ROV,

‘ 1
s = min{R, S} = 5 dim Bly,__ rev,_gs:

and

dim Bekewlv,,_ @V,

. |
s = Min{R, §} = 3 dim Bly, __ eV,

x—p)S "

So
. L. .
dim Beym = 3 dim B = dim Bgew,
hence by the theorem

dim Bgy = dim Bggew = deg p(x) - min{r, s}.

Theorem 5.11. Let V be a finite dimensional vector space over ¥, T : V. — V a linear
operator. Let the minimal and characteristic polynomials of T are mp(x) = f(x) f*(x)
and x7(x) = f ()" f*(x)%, f(x) € F[x] is separable with f(£1) # 0 and for u € Fa
root of f(x), f(u™") # 0. Then dimension of the space of T-invariant bilinear forms is
2 -deg f(x)rs.

Proof. As f(x) is separable, by Lemma 2.1, f*(x) is also separable and so according to
the hypothesis, m7 (x) has distinct roots. Hence over [F, we have

V= EBo:ﬂ:l,o: a root off(x)(v(x—a)’ D V(x—ﬁ)“)
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and for every root @ of f(x), we have
o

B

o

TlVoay @iy =

p
Let B € B be a T-invariant bilinear form. For «, o’ two distinct roots of f(x), if u €
Vie—a)y @ Vix—pgys andv € Vi, _oryr @ Vix_pgrs,thenu = uj+us and v = vy +vy withuy €
Vie—ay > u2 € Vix—pys, V1 € Viu_oryr, v2 € Vix_pnys uniquely. B(uy, vi) = B(Tuy, Tvy)

implies (xa’ — 1)B(uy, v1) = 0, as aa’ # 1, B(uy, v1) = 0. By similar arguments, we
see that B(u;, vj) =0 = B(v;,u;)for1 <i, j <2,50 Bu,v) =0 = B(v, u).

Thus dimB = > 51 o aroot of f(x) iM Bl _, @V, _ps- But by Lemma 4.8,
dim Bly,,_, &V, _ s = 2rs and we get
dim B = Z 2rs = 2rsdeg f(x).

a aroot of f(x)

COROLLARY 5.12

Under the hypothesis of the theorem, dimension of the subspace of T -invariant symmetric
bilinear forms is deg f (x)rs.

Proof. Clear. (Il

COROLLARY 5.13

Under the hypothesis of the theorem, dimension of the subspace of T-invariant skew
symmetric bilinear forms is deg f (x)rs.

Proof. Similar. O

Remark 5.14. If r = s and T as described in the theorem, then there are nondegenerate
T -invariant bilinear forms (symmetric as well as skew symmetric).

Let B € B be a T-invariant bilinear form. Let deg f(x) = k and «y, ..., a; be the
distinct roots of f(x). Then for every o; assuming V; = V(x_q;)r ® V(x—pg,)r, we have
B; = Bly,isaT; = T|y,-invariant form. By Remark 4.10, forevery i, 1 <i < k, we have
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an isomorphism P; : V; — V; such that P’ B; P; = (g' (C)f ) with 0, C;, D; € M,(F),
]

O is a zero matrix. Now let

P (Pi'B1 Py)
P = , then P'BP = )
Py (P B Py)
0O C
D, O
ie., PIBP = _

O Cy
D, O

Thus for all i, 1 < i < k, we can choose C;, D; € GI.(F) and get B a nondegenerate
T-invariant bilinear form. Further, we can choose C; € GI,(F) and D; = C;' (resp. —C;")
and get B a nondegenerate 7 -invariant symmetric (resp. skew symmetric) bilinear form.
As an explicit example, we can choose C; = I, and D; = I, (resp. —I,) and obtain a
T -invariant nondegenerate symmetric (resp. skew symmetric) bilinear form.

Note that if » # s, by Remark 4.10, Pl.’ B; P; are degenerate for all i, 1 <i < k; hence
B is always degenerate.

5.4 Infinitesimal version

DEFINITION 5.15
A linear transformation is said to be «-self dual if its characteristic polynomial is so.

In the next theorem, we characterize the bilinear forms infinitesimally invariant under a
cyclic, a-self dual transformation 7 € End(V). Since T is cyclic x7(x) = mr(x).

Theorem 5.16. Let V be a vector space of dimension 2n over F, T € End(V) cyclic,
a-self dual, then the space of T -invariant infinitesimal bilinear forms is of dimension 2n.

COROLLARY 5.17

With the hypothesis of the theorem, the subspace of T -invariant infinitesimally symmetric
bilinear forms is of dimension n.

COROLLARY 5.18

With the hypothesis of the theorem, the subspace of T -invariant infinitesimally skew sym-
metric bilinear forms is of dimension n.

COROLLARY 5.19

Under the hypothesis of the theorem, there exists a nondegenerate T -invariant infinitesi-
mally symmetric (resp. skew symmetric) bilinear form.
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Now let us discuss bilinear forms infinitesimally invariant under indecomposables. We
consider two cases: (1) T nilpotent and (2) T nonnilpotent.

Case 1. T nilpotent. Let S : V — V be alinear nilpotent cyclic transformation. The Jordan
form may be chosen as

0 0 O - 00

1 0 0 -~ 00

0 1 o -~ 0 0
D =

oo o - 00

o0 o0 - 10

Then we have Se, =0, Se; =e¢j+1Vi, 1 <i <n-—1.

Theorem 5.20. Let V be a vector space of dimension n over F. If S € End (V) is an
indecomposable nilpotent transformation, then the space of infinitesimally T -invariant
bilinear forms is of dimension n. If n is even (resp. odd), this space has a nondegenerate
skew symmetric (resp. symmetric) form but any symmetric (resp. skew symmetric) form.

COROLLARY 5.21

With the hypothesis as in the theorem, if n is odd, then the subspace of infinitesimally

. . . . . S| . ..
T-invariant symmetric forms is of dimension “5= and the subspace of infinitesimal T -

invariant skew symmetric forms is of dimension %

COROLLARY 5.22

With the hypothesis as in the theorem, if n is even, then the subspace of infinitesimally T -
invariant symmetric forms is of dimension 5 and the subspace of infinitesimally T -invariant
skew symmetric forms is of dimension 5.

Case 2. T nonnilpotent. Again, in the light of Proposition 2.5, without loss of general-
ity, we may assume that the base field is algebraically closed. By Theorem 15.3 (J E
Humphreys, Linear Algebraic Groups, p. 98) (see also, [4]) for T € O(V, B), with Jordan
decomposition T = Ty + N, we have Ty € O(V, B).

Theorem 5.23. Let V be avector space of dimensionn over F. If T is an indecomposable,
a-self dual transformation on V, then the space of T -infinitesimally invariant bilinear
forms is of dimension n over F.

COROLLARY 5.24

Under the hypothesis of the theorem the subspace of T -infinitesimally invariant symmetric
(resp. skew symmetric) forms is of dimension % Also it contains a nondegenerate form.

Theorem 5.25. Let V be avector space of dimensionn over F. If T is an indecomposable,
non-nilpotent, non a-self dual transformation on V, then the space of T -infinitesimally
invariant bilinear forms is 0.
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Theorem 5.26. Let V be a finite dimensional vector space over F, T € End (V). If for
p(x) € Fx] irreducible with p(0) # 0, p(x)" and p~ (x)* occur as elementary divisors of
X7 (x), then the dimension of the space of T|vp -invariant infinitesimally bilinear
forms is 2 - deg p(x) - min{r, s}.

) p~ (S

COROLLARY 5.27

Under the hypothesis of the theorem, the dimension of the subspace of T|Vp<x>r,r<x>x'
invariant symmetric (resp. skew symmetric) infinitesimally bilinear forms is deg p(x) -

min{r, s}.

Theorem 5.28. Let V be a finite dimensional vector space over F, T € End (V). Let
the minimal and characteristic polynomials of T be m7(x) = f(x) f~ (x) and x7(x) =
S f7(x)*, f(x) € F[x] is separable with f(0) # 0 and for u € F a root of f(x),
f(—=u) # 0. Then dimension of the space of T -invariant infinitesimally bilinear forms is
2 -deg f(x)rs.

COROLLARY 5.29

Under the hypothesis of the theorem dimension of the subspace of T -invariant symmetric
(resp. skew symmetric) infinitesimally bilinear forms is deg f (x)rs.

Remark 5.30. If r = s and T as described in the theorem, then there are nondegenerate
T -invariant infinitesimally bilinear forms (symmetric as well as skew symmetric) and if
r # s, there are no nondegenerate 7 -invariant infinitesimally forms. Explanations are
similar to the invariance version.

Future scope. As a future work, the investigation of invariant forms under a group of linear
transformations over a field may be taken.
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