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1. Introduction

The theory of time scales was introduced by Hilger [14] to unify not only continuous and
discrete theory, but also to provide an accurate information of phenomena that manifest
themselves partly in continuous time and partly in discrete time. The new methods devel-
oped in time scale calculus [1, 8, 9] are significant in the theoretical study of differential
equations and difference equations. This theory is applicable to various real life situa-
tions like epidemic models, stock markets and mathematical modeling of physical and
biological systems.

Multi-point boundary value problems (BVPs) for ordinary differential or difference
equations arise in different areas of applied mathematics and physics such as the deflection
of a curved beam having a constant or varying cross section, three layer beam, electro-
magnetic waves or gravity-driven flow and so on. For example, the vibrations of a guy
wire of a uniform cross-section and composed of N parts of different densities can be set
up as a multi-point BVP [18] and also many problems in the theory of elastic stability
can be handled as multi-point problems [20]. The study of multi-point BVPs for second
order differential equations was introduced by II’in and Moiseev [15, 16]. Since then,
such multi-point BVPs (continuous or discrete cases) have been studied by many authors
using different methods such as fixed point theorems in cones.
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There has been a lot of interest in establishing the existence of positive solutions of
the boundary value problems on time scales, often using Guo—Krasnosel’skii fixed point
theorem. To mention a few papers along these lines are [2-7, 10, 11, 13] and [19].

Till now, in the literature, the authors established results for the existence of positive
solutions for the system of dynamic equations on time scales satisfying same type of
boundary conditions. We wish to extend these results to system of dynamic equations on
time scales satisfying general boundary conditions.

In this paper, we consider the system of nonlinear second order dynamic equations on
time scales

ubt (@) + Ap(0) f (), v(®)) =0, 1€ la, )T, (L)
VAR + ng(Dgu), v(1)) =0, 1 €la,ob)]r, '
satisfying the multi-point boundary conditions,
m—1
(@) =0, au®)+put(e®) =Yy ubE), m=3,
=t (1.2)
vi@) =0, aw(e®)+ P ®) =) vi0m), n =3,
k=2
where T is the time scale with a,oz(b) eT,0<a<& < --- < &1 < o),
0<a<m<---<n—1 < o(b). We shall give sufficient conditions on A, i, f and

g such that the BVP (1.1)—(1.2) has positive solutions. By a positive solution of the BVP
(1.1)=(1.2), we mean a pair (u, v) € C*([a, o (b)) x C?([a, o (b)]T) satisfying (1.1)
and (1.2) with u(z) > 0, v(t) > 0, forall ¢ € [a, o (b)]T and (u, v) # (0, 0).

We assume the following conditions hold throughout the paper:

(Al) the functions f, g : Rt x RT — R are continuous,
(A2) the functions p,q : [a,o(b)]T — RT are continuous and p, g do not vanish
identically on any closed subinterval of [a, o (b)]T,

(A3) a1, ap, B1 and B, are positive constants such that o1 > pi , 0 > p2 , B1 >
2—a m—a
m—2and By >n—2,
(A4) each of these
u,v . u,v
fo = lim sup M, 8 = lim sup M,
(u,v)—(0F,01) u-+v (u,v)—(0F,01) u—+v
fé' = lim inf fw,v) U), gé = lim inf s, v) v),
(u,v)—(0+,0%) u-+v (u,v)—(0+,0%) u-+v
. fu,v) . g(u,v)
S o= lim su , S o= lim u ,
foo (1,v)— (00,00) u+v §oo (1t,v)— (00,00) u+v
féo — lim inf ACE v), géo = lim inf g, U),
(u,v)— (00,00) u-+v (u,v)— (00,00) u—+v

exist as positive real numbers.

The rest of the paper is organized as follows. In §2, we construct the Green’s functions
for the homogeneous problems corresponding to (1.1)—(1.2) and estimate bounds for the
Green’s functions. In §3, we establish the existence of positive solutions of the BVP (1.1)—
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(1.2) by using Guo—Krasnosel’skii fixed point theorem for operators on a cone in a Banach
space. Finally as an application, we give an example to illustrate our result.

2. Green’s function and bounds

In this section, we construct the Green’s functions for the homogeneous problems
corresponding to (1.1)—(1.2) and estimate bounds for the Green’s functions.
Let G (¢, s) be the Green’s function for the homogeneous BVP,

—u21t)y=0, tela, o], 2.1
m—1

u(@ =0, ou@®)+puc®) =y u &), m=>3. 2.2)
k=2

Lemma 2.1. Letdy = a1(o(b) —a) + B1 —m +2 # 0. Then the Green’s function G(t, s)
for the homogeneous BVP (2.1)—(2.2) is given by

Gi(t,s), a<s=<o(s)<é&,
Ga(t,s), & <s=<o(s) <&,

Gt,s)=1{ - (2.3)

Gna(t,s), &n—2 <s=<0(s) <&u_1,
Gmfl(t’s)’ EWL7] E s E G(S) S U(b)s

where

1

Z[(al(a(b)—t)+/31 —m+j+1)(0(s)—a)+(j—1)( —o(s))],
Gjt,s) = o(s) <t,

%(f —a)lar(o) —o(s))+p1—m+j+1], t<s,

forallj=1,2,...,m— 1.

Proof. 1t is easy to see that, if h(t) € C ([a, o)]r, R+), then the following problem
—utt(0) =h(), t€la.o®)]r,

satisfying the boundary conditions (2.2) has a unique solution
1 a(b) m_l e
u(t) = -t —a / (@i (o (B) =0 () +Bh(s)As— Y / h(s)As
a k=2 a

t
—/ (t —o(s)h(s)As.
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Rearranging the terms, it can be written as

a

1 o(b) &
ut) = --a) [/ (al(o(b)—o(s))+ﬁ1)h(s>As—(m—2>/ h(s)As

m—2

&+ !
_ Z(m —-j - 1)/ 1 h(s)Asi| —I—/ (o (s) —t)h(s)As.
&j a

j=2

Casel. Leta <s <o(s) <& and o(s) < t. Then we have

1
G(.s) = E(t —a)ai(0(b) —o () + 1 —(m—=2)]+o(s)—1

= %(al(a(b)—t)Jrﬂl—m+2)(0(8)—a)-
Case2. Leta <s <o(s) <& andt < s. Then we have
G(t,s) = %(l —a)[a1(o(b) —o(s)) + 1 —m +2].
Case3. Let§; <s <o(s) <&jri,forj=2,3,..., m — 2 and o (s) < t. Then we have
G, s) = d—ll(t —a)[ai(o®) —o(s)+p1—(m—j—Dl+o(s)—1t
= %[(a1(0(b)—t)+ﬂ1—m+j+1)(0(S)—a)+(j—1)(t—0(S))].
Case4. Leté; <s <o(s) <&jq,forj=2,3,..., m — 2 and t < s. Then we have
G(t,s) = %(I —a)[a1(oc(b) —o(s)) + p1 —m+ j+1].
Case 5. Let&,_| <s <o (s) <o (b)and o(s) < . Then we have

1
G(,s) = Z(I —a)[ai(o(b) —o(s)) + Bl +o(s) -1

1
a[(m(cf(b) =)+ B)o(s) —a)+ (m = 2)(t —o(s))].

Case 6. Let&,,_| <s <o(s) <o(b)andt < s. Then we have
1
G(t,s) = E(t —a)la1(o (D) —o(s)) + il O

Lemma 2.2. Assume that the condition (A3) is satisfied. Then the Green’s function
G(t, s) of (2.1)~(2.2) is positive, for all (t, s) € (a, o (b))T X (a, b)T.
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Proof. By simple algebraic calculations, we can easily establish the positivity of the
Green’s function. U

Lemma 2.3. Assume that the condition (A3) is satisfied. Then the Green’s function
G (t, ) in (2.3) satisfies the following inequality:

gW)G(a(s),s) <G(t,s) <G(a(s),s), forall (t,s) € la,o(b)]Txla, blT,
2.4)

where

2.5)

g(t):min{a(b)_t t—a }

ob)—a o) —a
Proof. The Green’s function G (¢, s) is given in (2.3). In each case, we prove the inequality
as in (2.4).

Case 1. Lets € [a,b]T and o (s) < t. Then

Gt,s) _ (@@ —D)+pi—m+j+D(o(s)—a)+(-D—0(s))
G(a(s),s) (@1(o(d) —o () +pr—m~+j+Do(s) —a)

_ aflc®@) —t)+pr—m+j+1+a(t —o(s)) _ 1
aj(c®) —o@s)+p1—m+j+1

and also
Git,s) _ (@@ -—D+p—m+tjtDOE)—a)+(-DE—0o(s)
G(o(s),s) (a1(ob) —os)+B1—m+j+Do(s) —a)
o(b) —1
~ o) —a’
Case?2. Lets € [a,b]r and t < s. Then
G(t,s t—a
a;ng:a@—afl
and also
G(t,s) _ t—a - t—a
G(o(s),s) o(s)—a o) —a’
Hence the result. O

Lemma 2.4. Assume that the condition (A3) is satisfied and s € [a, b]T. Then the Green’s
function G(t, s) in (2.3) satisfies

min  G(t,5) > ki1G(a(s), s),
teléu—1.0(D)]T
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where
— 2
- from+ <1 (2.6)
ai(o(b) —a)+pir —m+2
Proof. By Lemma 2.3, we can easily establish the result. U

We can also formulate the same results as Lemmas 2.1-2.4 above for the following
BVP,

—v21) =0, rela,ad)]r, 2.7)
n—1
v@) =0, v ®)+ v e®d) =Yy vim), n=3 (2.8)
k=2
where 0 <a <nm < -+ < nu—1 < o(b).

Ifdy) = ax(o(b) —a) + B —n +2 # 0, we denote by H (¢, s), the Green’s function
for the homogeneous BVP (2.7)—(2.8) and define in a similar manner as G (¢, s).
Under similar assumptions as those from Lemmas 2.2-2.4, we have

(B1) the Green’s function H (¢, s) is positive, for all (¢, s) € (a, o (b))T X (a, D)T,

(B2) g(t)H(o(s),s) < H(t,s) < H(o(s),s), for all (t,s) € [a,o)]T X [a, blT,
where g(t) is given in (2.5),

(B3)

min  H(t,s) = koH(o(s),s), s € l[a,blr,
t€[np—1,0 (b)IT

where

_ Po—n+2 _
o) —a)+ B —n+2

1. (2.9)

To establish criteria for the existence of positive solutions for the BVP (1.1)—(1.2), we
will employ the following Guo—Krasnosel’skii fixed point theorem [12, 17].

Theorem 2.5. Let X be a Banach space, k < X be a cone and suppose thqt Q1, Q9 are
open subsets of X with 0 € Q1 and Q1 C Q9. Suppose further that T : k N (22\21) — «
is a completely continuous operator such that either

@) Tull < llull, u €Ny and |Tull = lull, u € « NI, or
(1) |Tull = ull, u € «k N0 and ||Tu| < ||lull, u € « NI holds.

Then T has a fixed point in k N (Q2\21).

3. Existence of positive solutions

In this section, we shall give sufficient conditions on A, w, f and g such that the BVP
(1.1)—(1.2) has positive solutions in a cone.
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We consider the Banach space X = {x | x € Cla, o(b)]T} with the supremum norm
| - |I, and the Banach space ¥ = X x X with the norm ||(«, v)|y = |lu|| + ||v]||, where

lull = sup Ju(@)|.

tela,o(b)]T

Define a cone P C Y by

{ (u,v) € Y | u(t) > 0,v() > 0on[a, o(b)]r and }

min - (u(r) +v(1)) = kll(u, v)|ly
®)lr

telr,o

where r = max{&,,—1, n,—1}, k = min{ky, k2} and ki, k> are defined in (2.6) and (2.9)
respectively.

We shall present some existence results for the positive solutions of the BVP (1.1)—(1.2)
under various assumptions on f, g;. fé, g(i), 13, 85, fiand gt .

Now, we define the positive numbers L1, L, L3 and L4 by

[ o) -1
Li=«a kk1féo/ G(U(S),S)P(S)AS:| ,

B o (b) -1
Ly=a f(f/ G(O(S),S)p(S)AS} ,

_ po) -1
L3=p kkzgéo/ H(U(S),S)CI(S)ASi| ,

o (b) -1
Li=p g [ H(a(s),s)q(s)As} ,

where &« > 0 and 8 > 0 are two positive real numbers such thato + g = 1.

Theorem 3.1. Assume that the conditions (A1)—(A4) hold.

W) IF f35. 85 fio 85 € (0,00), Ly < Ly and L3 < Ly, then for each A € (L1, L») and
w € (L3, Lyg) there exists a positive solution (u(t), v(t)) on [a, o (b)]r for (1.1)-
(1.2).

() If fy =8y =0, féo,géo € (0, 00), then for each ). € (L1, o0) and u € (L3, 00)
there exists a positive solution (u(t), v(t)) on [a, o (b)]r for (1.1)—(1.2).

(i) If f3. g} € (0,00), fi, = g, = oo, then for each & € (0, L) and p € (0, Ls)
there exists a positive solution (u(t),v(t)) on [a,o (b)]T for (1.1)—(1.2).

v) If f; = gy =0, féo = géo = 00, then for each ) € (0, 00) and n € (0, 00) there
exists a positive solution (u(t), v(t)) on [a, o (b)]T for (1.1)-(1.2).

Proof.
(i) LetT;, T»: P — Xand T : P — Y be the operators defined by

a(b)
Ti(u, v)(t) = )\f G(t,s)p(s) fu(s), v(s))As,



360 K R Prasad et al.

o(b)
T(u,v)(t) = M/ H(t,5)q(s)gu(s), v(s))As

and

T(u,v)(1) = (T1(u, v)(@), T2(u, v)(1)), for (u,v) €Y,

where G(z,s) and H (¢, s) are the Green’s functions for the homogeneous BVPs (2.1)—
(2.2) and (2.7)—(2.8) respectively. It is obvious that a fixed point of T is a solution of the
BVP (1.1)—(1.2). We now show that T : P — P. Let (#, v) € P. From Lemma 2.2 and
B, T1(u,v)(t) = 0 and T>(u,v)(t) > 0 on [a,oc(b)]T. Also, for (u,v) € P, by
Lemma 2.3, we have

o(b)
T, (@) = A / G, $)p(s) fu(s), v(s) As

IA

o(b)
k/ G(o(s),s)p(s) f(u(s), v(s))As
so that
a(b)
1T )] < f G(0(5), $)p(s) £ s). v(s))As.

Next, if (u, v) € P, then by Lemma 2.4, we have

min Ty (u,v)() > min T1(u, v)(t)
telr,o ()T 1€[p—1,0(D)IT

o(b)
= min A/ G(t,s)p(s) f(u(s), v(s))As

1€l§n-1,0D)Ir

v

o(b)
ey / G (o (s). $)p(s) f (u(s), v(s))As

v

kil Ty (u, v)|.
In a similar manner, we conclude that

min _ To(u, v)(t) > ka|| T2 (u, v)]|.
telr,o(b)]T

Therefore,
min _ (T1(u, v)(t) + To(u, v)()) = min _ Ti(u, v)()
telr,o ()T te[r,o (b)IT

min 15 (u, v)(t)
telr,o(b)]T

kil Ty (u, v)|| + k2 [ T2 (u, )|
kIl (Ty (u, v), Ta(u, v))|ly
K|IT (u, v)]ly-

vV 1V

Hence T(u,v) € Pandso T : P — P. By standard arguments, we can easily show that
T and T3 are completely continuous and so, T is a completely continuous operator.
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Now, let A € (L1, La), m € (L3, La) and let € > 0 be a positive number such that
€ < fl,e < gl and

. o (b) -1
o kkl(féo—E)/ G(G(S),S)p(S)AS} <A,

o (b) -1
o (f(§+6)/ G(U(S),S)p(s)As:| > A,

: a(b) -1
B | kka(gs —6)/ H(o(s),s)q(s)As:| <u,

o (b) -1
B (88+6)/ H(U(S),S)q(S)AS] > u.

By the definitions of fj and g, there exists J1 > 0 such that
fu,v) < (fg+e)(u+v) and gu,v) < (gy+e€)(u+v), 0 < utv < Jj.

By (A1), the above inequalities are also valid foru = v = 0.
Let (u, v) € P with |(u, v)|ly = Ji.1.e., |lul| + ||[v] = Ji. Then, from Lemma 2.3, for
a <t < o(b),we have

Ty (u, v)(1)

a(b)
K/ G(t,5)p(s) f(u(s), v(s))As

IA

o (b)
K/ G(o(s),5)p(s) f(uls), v(s))As

IA

a(b)
l/ G(a (), 9)p(s)(fy +€)u(s) +v(s)As

IA

a(b)
AMfo + 6)/ G(a(s), s)p@)(llull + v As

a(lluell + 1)
all . )y

1A

Hence,
171G, )| < el (u, v)ly.
In a similar manner, we conclude that

IT2(u, V)| < Bllu, v)lly.

Therefore,

IT @, v)lly = [(T1(u,v), T2(u, v)|ly
71 G, )|+ (T2 (e, 0) |
o[, v)lly + Bll(u, v)|ly
(@ + B (u, )y

[ G, v)ly-

[ VA
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Hence, ||T (1, v)||y < ||(u, v)]|y. If we set
Q={w,v) €Y [, vy <1},
then
17 (u, v)lly = lI(w,v)lly, for(u,v) € PNIQy. (3.1
By the definitions of f!_ and g/, there exists J, > 0 such that
f,v) > (flo—e)w+v) and gu,v) > (g —€)u+v), u+v> J.
Let

J:
J2=max{2J1,f}.

Choose (u, v) € P with ||(u, v)|ly = J2. Then

min  (u(r) + v()) > kl|w, v)[ly = Ja.

telr,o (D)t

From Lemma 2.4, we have

o (b)
T, o)1) = A / Gt $)p(s) fu(s), v(s) As

o (b)
_ / G(a(s). 5)p(s) £ (u(s). v(s))As

aa(b)

> 2k, f G(a(s). 5)p(s) £ (u(s). v(s))As
o(b) )

>k / G(o(5). $)p()(fly — ) (us) + v(s)As
, o (b)

> ki (fL — ) / G(a(s). ) p(IK]| @, ) ]Iy As

> all(u, )y

Hence,
1T, 0 = all@, )y

In a similar manner, we conclude that

172G, V)| = Bll G, V).

Therefore,

I (u, v)ly

(T (u, v), T2 (u, v)|ly
1Ty (u, V)| + [ T2 (u, v) |
al @, v)lly + Bllu, v)lly
(@ + B, vy

[l (e, )|y

v
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Hence, ||T (1, v)||y = ||(u, v)]|y. If we set
Q ={,v) €Y |, vy < Ja},
then
I7 @, v)lly = [[(u, v)lly, for (u,v) € PNy, (3.2)

Applying Theorem 2.5 to (3.1) and (3.2), we obtain that 7" has a fixed point (u«, v)
in P N (Q2\Q1) and hence the BVP (1.1)—~(1.2) has a positive solution such that J; <
llull + vl < Ja. .
(ii) Let L € (L1, 00), u € (L3, 00) and let € > 0 be a positive number such that e < f_,
€ < gl and

_ o (b) -1
o [kkl(féo - 6)/ G(o(s), S)P(S)AS} <A,

_ o (b) -1
B [kkz(géo - 6)/ H(o(s), S)q(S)AS} <nu,

-1

a[ o (b)
et / G (s), )p(s)as | .

-1
al |
€< ; / H(o(s),s)q(s)As .

By the definitions of fj = 0 and g; = 0, there exists J; > 0 such that
fu,v) <ew+v) and gu,v) <ew+v), 0<u+v=J.
Let (u, v) € P with ||(u, v)|ly = Ji.1.e., ||u|| + ||[v]| = Ji. Then, from Lemma 2.3, for
a <t < o(b), we have

a(b)
Ty (u, v)(t) =)\/ G(t,)p(s) fu(s), v(s))As

o(b)
<2 / G (o (). $)p(s) f u(s), v(s)As

o(b)
5)»/ G(o(s),s)p(s)e(u(s) +v(s))As

a

a(b)
S)»G/ G(o(s), ) p)(llull + vl As

<a(llul + llvi)
=af[(u, v)|y.

Hence,
171 (u, V)| < all(u, v)ly.
In a similar manner, we conclude that

T2, v)II < Bll(u, v)ly.
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Therefore,

(T (u, v)lly

(T (u, v), Ta(u, v)lly
1Ty (u, v) | + [ T2(u, )|
ol (u, v)lly + Bl (u, v)lly
(@ + B, v)lly

= |G, v)]y.

IA I

Hence, ||T (1, v)||y < ||(u, v)||y. Define the set
Qr={w,v) €Y ||| vy < J1},
then
1T @, v)lly < I, v)lly, for (u,v) € PNIL. (3.3)

By the definitions of féo, géo € (0, 00), there exists J>» > 0 such that

fuv) = (fo=@+v)  and g, v) = (g —)W+v), utv = J.
Define the set
Qo ={@u,v) €Y | l(u,v)ly < J2}
and proceeding in a similar manner of proof (i), we get
17 (u, v)lly = [[(w, v)lly, for (u,v) € PNILxn. (3.4

Applyipg Theorem 2.5 to (3.3) and (3.4), we obtain that 7 has a fixed point (u, v)
in P N (£22\21) and hence the BVP (1.1)—(1.2) has a positive solution such that J; <
lull + [lv]] < J». Similarly, we can prove the remaining. O

Prior to our next result, we define the positive numbers M1, M>, M3 and M4 by
o) !
M=y kklfé/ G(o(s),s)p(s)As |
r
o (b) -1
M=y fcfo/ G(o(s),s)p(s)As|
a
o) !
M3=34 kkzg(’)/ H(o(s),s)q(s)As |,
r

-1

o(b)
My=3$ [gf,o/ H(G(S),S)q(S)AS} ,

where y > 0 and § > 0 are two positive real numbers such that y + 6§ = 1.
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Theorem 3.2. Assume that the conditions (A1)—(A4) hold.

(i) 1ffé, gé, 13, 8% € (0,00), M1 < M> and M3 < My, then for each A € (M, M>)
and i € (M3, My) there exists a positive solution (u(t), v(t)) on [a, o (b)]T for
(1.1)—(1.2).

(i) If £, = g5 =0, fi.gh € (0, 00), then for each L € (M;,00) and ju € (M3, 00)
there exists a positive solution (u(t), v(t)) on [a, o (b)]t for (1.1)—(1.2).

(iii) If 15, 8% € (0,00), f§ = gh = oo, then for each A € (0, M) and p € (0, My)
there exists a positive solution (u(t),v(t)) on [a, o (b)]T for (1.1)—(1.2).

(i) If 3, = g5 =0, fi = gl = oo, then for each A € (0, 00) and |1 € (0, 00) there
exists a positive solution (u(t),v(t)) on [a,o (b)]T for (1.1)—(1.2).

Proof.

(1) let A € (M1, M2), u € (M3, M4) and let € > 0 be a positive number such that € < fé,
€< gé and

‘ o (b) -1
y [kkl(fé —o / Gos). s)p(s)As} <2,
o (b) -1
14 [(féo + 6)/ G(o(s), S)p(S)AS} > A,
. o (b) -1
8 |:kk2(g(l)—€)/ H(G(S)7S)CI(S)AS:| < u,

o (b) -1
§ |:(géo +€)/ H(U(s),s)q(s)Asi| > L.

By the definitions of fé, g6 € (0, 00), there exists J3 > 0 such that

f(u,v) > (f(f—e)(u+v) and g(u, v) > (g(i)—e)(u—i—v), O<u+4v < Js.

By (A1), the above inequalities are also valid for u = v = 0.
Let (u, v) € P with || (u, v)|ly = J3.1.e., |lul| + ||[v] = J3. Then, from Lemma 2.4, for
a <t <o(b), we have

o(b)
Ti(w, 0)(1) = A f G, $)p(s) £ u(s). v(s)) As
o (b)
> 3k / G (o (s), 5)p(s) f u(s), v(s))As

a(b) ,
> Aky / G(o(s),s)p(s)(fy — ) (uls) + v(s))As

. o(b)
=k (fo — E)/ G(o(s), s)p©k|(u, v)lly As

r

>y, v)ly.

Hence,

71 (e, v) | = y 11w, V) ly-
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In a similar manner, we conclude that

172G, V)| = 8l (u, v)ly-

Therefore,

1T @, v)lly = (T1(u,v), Ta(u, v)lly
IT1 G, V)| + (T2, V)l
I, v)lly + 8], v)lly
(v + O, vy

Il G, )y

v

Hence, ||T (u, v)||y = ||(u, v)|y. If we set
Q3 ={u,v) €Y ||, vl < J3},
then
17 (u, v)lly = [I[(u, v)|ly, for (u,v) € P NIKL3. (3.5)
Now, we define the functions f*, g* : Rt — R™ by

f*(x):omax f@u,v) and g*(x):omax g, v), forallx e RT.

<u+v=<x <u+v=<x

Then
fw,v) < f*(x) and gu,v) <g"(x), u+v<x.
It follows that the functions f*, g* are nondecreasing and satisfy the conditions

£ g
L _

N 1
= 1m su .
fOO ’ x p gOO

lim sup
X—> 00

Next, by the definitions of f3, g3, € (0, 0o), there exists J4 > 0 such that
@) < (fL +ex  and  g*(x) < (g +e)x, x > Js.
Let
J4 = max {2]3, f4} .

Choose (u,v) € P with ||(u, v)|ly = J4. Then, by the definitions of f* and g*, we
have

f®,v®) < f*u@ +v@) < fUull+ vl = U@ v)ly)

and

g, v() = g @) +v(®) < g*(lull + vl = g" (I, v)[Iy).

From Lemma 2.3, fora <t < o (b), we have

o(b)
T, (1) = 2 / G, $)p(s) fu(s), v(s) As
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o (b)
A / G(a(s). $)p(s) fu(s), v(s)As

<
o(b)
< x/ G(o(s). 9)p(s) F* (1, V) [y) As
o (b)
< A/ G(a (). )p(s)(f2, + Oll . vy As
< i vy

Hence,

171 (u, VI < yliu, )ly.
In a similar manner, we conclude that

IT2(u, V)] < 8l (u, V).
Therefore,

IT @, v)lly = [(T1(u,v), T2(u, v)ly
71 (e, )|+ (T2, 0) |
Y, v)lly + 81, v)lly
(¥ + O, )y

Il G, V)ly -

Hence, ||T (u, v)|| < ||(u, v)|y. If we set

A0l

Q4 ={(w,v) €Y | [(u,v)|| < Ja},
then
1T (u, v)lly < II(u,v)|ly, for (u,v) € P NIQy. (3.6)

Applyipg Theorem 2.5 to (3.5) and (3.6), we obtain that 7 has a fixed point (u, v)
in P N (24\23) and hence the BVP (1.1)—(1.2) has a positive solution such that J3 <

|, v)lly < Ja.
The proofs of the remaining cases (ii)—(iv) are similar that of (i) and we shall omit
them. (I

4. Example

Let us consider an example to illustrate the above result.
LetT = {(3)? : pe No}U[1,2]. Take m =3,n =4,a = 3, b =26 = 3,p =
1,n3 = %, a1 =4, ar =7, B1 = 2, 2 = 3. Now, consider the BVP,

1
ubB (@) + Ap(t) fu@), v()) = 0, re[— o@} :

%’ T “.1)
VAR () + ng(gu(t), v(t) = 0, te€ [5, 0(2)} :
T
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u (%) =0, 4u(c2)+2u”@0Q2)) =u’ (%) ,

1 3 4.2)
v (E) = 0’ 7U(U(2)) + 3UA(O’(2)) = UA(l) + vA (z) i

where
(u +v)[1600(u + v) + 1]1(5 + sinv)
Sfu,v) = ,
u+v+1
(u 4+ v)[700(u + v) + 1](10 + cos u)
gu,v) = ,

u+v+1
and p(t) = q(t) = 1. The Green’s function G (¢, s) is

!GNJ)%SSSMQS%
G(t,s) =
Ga(t,s)., 3 <s<o(s) <a(2)
where
1 1
5[4(0(2) -0 +1] <G(S) - §>, o(s) <t,
Gi(t,s) = 1 1
7 <t — 5) [4(c(2) —o(s)) + 1], t <s,
and
1 1
7 |:(4(a(2) —1)+2) (a(s) — 5) +t— o(s)i| , o(s) <t,
Gy(t,s) = | |
7 <t—§> [4(0(2) —a(s)) + 2], t <s.

The Green’s function H (¢, s) is

Hi(t,5) 3<s<o(s) <1
H(t,5)={ Ht,s), 1 <s<o(s) <3,
J<s<o

Hs(t, ), s (s) <0o(2)
where
2 7(c (2 1 ! <
ﬁ[ (02 —1)+ ](U(S)_i)’ o(s) <t,
Hi(t,s) = 5 i
7 <t — 5) [7(c(2) —o(s)) + 1], t <s,
2 1
3 |:(7(U(2) —1)+2) <0(S) - 5) +t— O"(S):|, o(s) <t,
Hy(t,s) = ) |
5<I—§) [7(c(2) —o(s)) + 2], t<s,
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and
- 1(o(2) — +3 9 — —1 +2 — O O <

2
23

Hi(t,s) = .
(t — E) [7(c(2) — o (s)) + 3], t<s.

After simple calculations, we get

k= k= =5 fi =5, £l = 9600,
fL =6400, g =11, gh =11, g, = 7700, g., = 6300,
L1 = 0.04802556818c, L, = 0.1162629758«,
L3 = 0.083364165818, L4 = 0.10956728868,

ki==, ko=

where o > 0, § > 0 are two positive real numbers such thate + g = 1.
Employing Theorem 3.1 of (i), for each A € (L1, L7) and u € (L3, L4), there exists a
positive solution (u(¢), v(r)) of the BVP (4.1)-(4.2).
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