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1. Introduction

This work is mainly concerned with the existence of Stepanov-like weighted pseudo
almost automorphic mild solutions to the following fractional order integro-differential
equation

Dix(1) = Ax(t) + D~ f (1, x(1), Kx(1)),

t
Kx(t) = / k(t — s)h(s,x(s))ds, t € R, (1.1)

where | <o < 2 and A: D(A)C X — X is a linear densely defined operator of sectorial
type on a complex Banach space (X, |.||). Moreover, the function k satisfies |k(t)| <
cke_b’ for t > 0 and ¢, b are positive constants, the function f : R x X x X — X
and 7 : R x X — X are Stepanov-like weighted pseudo almost automorphic in ¢ for
each x, y € X, satisfying suitable conditions. The fractional derivative D{ is to be under-
stood in the Caputo’s sense. It is well known that integro-differential equations model
many situations arising from science and engineering. A particularly rich source is elec-
trical circuit analysis. The activity of interacting inhibitory and excitatory neurons can
be described by a system of integro-differential equations. Fractional integro-differential

323



324 Syed Abbas et al.

equations can model if the system dynamics is slower and faster. If the ordinary differen-
tial system can not explain the dynamics of a process, then fractional order system may
explain the dynamics. The problem considered here can be thought of as abstract version
of very general form of fractional oscillation/relaxation partial differential equation.

Recent years have witnessed tremendous work flow in the field of fractional differential
equations. Many works have been done to prove existence, uniqueness of the solutions
of various fractional differential equation of various order. At the same time people have
shown applications of fractional calculus in various fields like in the field of viscosity,
control, anomalous diffusion etc. It has been claimed in recent investigations that many
physical systems can be represented more accurately through fractional derivative formu-
lation [31]. A wonderful book on fractional differential equation is written by Podlubny
[36]. The existence and uniqueness of solutions of such kind of differential equations have
been shown by many authors, we refer to [1, 2, 4, 10, 13, 14, 24, 25, 30] and references
therein. A very natural question in the field of differential equations is to see whether
the solution follows the same pattern of forcing term or not. Same question can be asked
in the case of fractional differential equations and many people have already worked in
this direction ([5, 15] and references therein). In [5], Agarwal et al. have shown the exis-
tence of weighted pseudo almost periodic solutions of semilinear fractional differential
equations.

In order to describe the concept of Stepanov-like weighted pseudo almost automor-
phic, we need to go back to Bohr’s era, who introduced the concept of almost periodic
function. Since then there are many important generalizations of this function, the gen-
eralization includes pseudo almost periodic functions [42]. These functions are further
generalized to weighted pseudo almost periodic function by Diagana [16]. Another impor-
tant direction of generalization is almost automorphic function, which is introduced by
Bochner [8] in the literature. Pseudo almost automorphic functions are natural generaliza-
tion of almost automorphic functions and introduced by Liang et al. [29]. These functions
are further generalized by Blot et al. [6] and was named weighted pseudo almost auto-
morphic. The authors in [6] have proved very important properties of these functions
including composition theorem and completeness property. The study of weighted pseudo
almost automorphic solutions of various kind of differential equations are very new and
an attractive area of research. For more details on theory and a‘pplications of these func-
tions, we refer to [6] and references therein. Stepanov-like pseudo almost periodicity
is introduced and studied by Diagana [17, 18, 21], which is a natural generalization
of pseudo almost periodicity. Further, Stepanov-like almost automorphy has been intro-
duced by N’Guerekata and Pankov [34]. Diagana and N’Guerekata [22] have shown the
existence of almost automorphic solution under the condition that the forcing term is a
Stepanov almost automorphic function satisfying Lipschitz condition. Stepanov almost
automorphic sequence is studied by Abbas et al. [3]. A very good paper on Stepanov
version of Favard theory is discussed by Tarallo [38]. The concept of Stepanov weighted
pseudo almost automorphic functions are introduced by Zhang et al. [44]. It is called
Stepanov because it uses the norm proposed by Stepanov to define an almost periodic
function, which is named as Stepanov almost periodic [37]. In this work, we strengthen
many results of Stepanov almost automorphic function. The mathematical topic of inter-
ests are the nature of the solutions, stability, periodicity, almost periodicity etc. Stepanov
weighted pseudo almost automorphic functions are more general than almost periodic,
automorphic functions, and hence it covers wider class of functions. If the observed out-
put of any given system is not showing periodic, almost periodic or almost automorphic
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behaviour, then one could check whether its behaviour is Stepanov weighted pseudo
almost automorphic or not.

The paper is structured as follows. In §2, we give basic definitions and results which
are necessary for smooth reading of this paper. Section 3 is devoted to the existence of
Stepanov-like weighted pseudo almost automorphic solutions. In §4, we give an example
to illustrate our analytical findings.

2. Preliminaries and basic results

In this section, we introduce important notations, definitions, lemmas and preliminary
facts which are used throughout this work.

Let (X, | - |) and (Y, || - |ly) be two complex Banach spaces. The notation C(R, X),
(respectively C (R x Y, X)) denote the collection of all continuous functions from R to X
(respectively from R x Y to X). Let BC(R, X) (respectively BC(R x Y, X)) denote the
Banach space of bounded continuous functions from R to X (respectively from R x Y to
X)) with the supremum norm.

The notation L(X, Y) stands for the Banach space of bounded linear operators from
X into Y endowed with the operator topology and we abbreviate it as L(X) whenever
X = Y. The space L?(R, X) denotes the space of all equivalence (with respect to the
equality almost everywhere on R) classes of measurable functions f : R — X such that
IfIl € LP(R, R). LZPOC(R, X) denotes the space of all equivalence classes of measurable
functions f : R — X such that the restriction of f to every bounded subinterval of R is
in LP(R, X).

The Riemann-Liouville fractional integral of order & > 0 is defined by

1 t
If@t) = m/o (t =) f(5)ds,

also, the Caputo fractional derivative of function f of order o > 0 is defined by

t n
DS = o /0 O e AN

n—a) ds”

where I'(«) is the gamma function.
DEFINITION 2.1 [7]

A function f € C(R, X) is said to be almost automorphic in Bochner’s sense if for every
sequence of real numbers (s;,), <\, there exists a subsequence (7,),eA such that

g(t) = lim f(t+ 1)
n—0o0
is well-defined for each t € R and
lim g(t — 1) = f(1)
n—oo
foreacht € R.

Almost automorphic functions (denoted by AA(R, X)) (respectively AA(R x Y, X))
constitute a Banach space when it is endowed with the sup norm. They naturally
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generalize the concept of (Bochner) almost periodic functions. A typical example [22, 33]
of almost automorphic function but not almost periodic is given as

1
(t):cos( ) t €R.
¢ 2 + sin~/2t + sint

Lemma 2.1 [32]. If f, f1, f» € AA(R, X), then

() fi+ f2 € AAR, X),
(ii) Af € AA(R, X) for every scalar X,
(i) fo € AA(R, X) where f, : R — X is defined by f,(-) = f(-+a), @ € R,
(iv) the range Ry = {f(t) : t € R} is relatively compact in X, thus f is bounded in
norm,
W) if fun — f uniformly on R, where each f, € AA(R, X), then f € AA(R, X) too.

DEFINITION 2.2 [41]

A function f € C(R, X) (respectively C(R x Y, X)) is called pseudo almost automorphic
if it can be decomposed as f = g+ ¢, where g € AA(R, X) (respectively AA(R XY, X))
and ¢ € BC(R, X) with

1 T
lim — =
Mo ) l¢(s)lids =0

(respectively ¢ € BC(R x Y, X)) with

T

1
lim — ds =0
Jim s | gt wlds

uniformly for u# in any bounded subset of Y').

Denote by PAA(R, X) (respectively PAA(R x Y, X)) the collection of such functions
and (PAA(R, X), || - llpaa) (respectively (PAA(R x Y, X), || - |lpa4)) is a Banach space
when endowed with the sup norm. It is not difficult to show that the function defined by

{ e—lrl”
N = , teR
Japy (©) Cos<3—sint—2sin,8t>+ (1+ |t

is a pseudo almost automorphic function, where & € (1, 00), 8 € R/Q and y € [0, 00).
Let U be the set of all functions p : R — (0, 00) which are positive and locally
integrable over R. For a given T > 0 and each p € U, set

T
(T, p) = / oty

Define

UOOZ{,OEUZ lim u(T,,o):oo},
T— 00
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Up = {p € Uy : pis bounded and in}z,o(x) > O} .
Xe

Itis clear that Up C Uy C U.

DEFINITION 2.3

Let p1, p2 € U, p1 is said to be equivalent to p> (i.e., p1 ~ p2) if % e Up.

It is trivial to show that ‘~’ is a binary equivalence relation on Uy,. The equivalence
class of a given weight p € Uy is denoted by cl(p) = {Q € Uy : p ~ Q}. It is clear that
Uso = Upeu,cl(p).

For p; € Uy, define the weighted ergodic space

T

1
PAA)(R, X, p1)= {fEBC(R,X)ITILmoom Tm(S)IIf(S)IIdS=0} :

Particularly, for p1, p2 € Ux, define ([20]),

T

1
PAA)(R, X, p1, p2) = {f € BC(R, X) : Tli_)moom Tﬂz(S)llf(S)lldS = 0},

clearly, when p; ~ p», this space coincides with the weighted ergodic space PAAo(R, X,

p1), that is, PAAo(R, X, rhoy, p2) = PAAo(R, X, p2, p1) = PAAo(R, X, p1) = PAAo(R, X,
p2). This fact suggests that the weighted ergodic space PAAy(R, X, p1, p2) are most inter-
esting when p; and p; are not necessarily equivalent. So the space PAAy(R, X, p1, p2) are
general and richer than PAA((R, X, p1) and gives rise to an enlarged space of weighted
pseudo almost automorphic functions.

Similarly, define

PAAo(R x X, X, p1, p2)

1 T
= {f € BC(RxX,X): lim ——— p2()|| f (s, u)||ds =0 uniformlyin u € X}
T—oo u(T, p1) J-7

DEFINITION 2.4

Let p1, p2 € Uso. A function f € C(R, X) (respectively C(R x Y, X)) is called weighted
pseudo almost automorphic if it can be decomposed as f = g + ¢, where g € AA(R, X)
(respectively AA(R x Y, X)) and ¢ € PAAy(R, X, p1, p2) (respectively PAA(R X
Y, X, p1, p2)). Denote by WP AA(R, X, p1, p2) (respectively WPAA(R XY, X, p1, p2))
the set of such functions.

Let p € [1, 00). The space BS?(R, X) of all Stepanov bounded functions, with the
exponent p, consists of all measurable functions f: R — X such that f” e L>(R, L?
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([0, 11, X)), where f” is the Bochner transform of f = defined by f?(¢, s) = f(t +s), 1 € R,

s € [0, 1]. BSP(R, X) is a Banach space with the norm
1

t+1 P
I £llse = 112l zor.Lr) = sup (/ IIf(r)II”dr> .
teR t

It is obvious that L?(R, X) C BSP(R, X) C LﬁC(R, X) and BSP(R, X) C BSY(R, X)
forp>gq > 1.

DEFINITION 2.5 [19]

The space SPAA(R, X) of Stepanov-like almost automorphic functions (or S”-almost auto-
morphic functions) consists of all f € BS? (R, X) such that fP e AA(R, LP([0, 1], X)).
In other words, a function f € LfDC(R, X) is said to be Stepanov-like almost automor-
phic if its Bochner transform f b.R— LP ([0, 1], X) is almost automorphic in the sense
that for every sequence of real numbers (s,,),cA/, there exist a subsequence (7,,),eA and
afunction g € L], (R, X) such that

i »
lim / 1f (s + 1) — g()[Pds ) =0,
n—oo t

1

t+1 P
lim (/ IIg(s—fn)—f(S)II”dS) =0,
n— oo t

pointwise on R. The collection of all such functions is denoted by S’ AA(R, X).

From [9], we know thatif | < p < g < oo and f € L?OC(R,X) is §9-almost
automorphic, then f is S”-almost automorphic. Also, if f € AA(R, X), then f is SP-
almost automorphic for any 1 < p < oo, in other words, AA(R, X) C SPAA(R, X). An
interesting example of f such that f € SPAA(R, X) for p > 1 but f ¢ AA(R, X) is
given in [33].

DEFINITION 2.6 [19]

A function f : R x Y — X, (t,u) — f(t,u) with f(-,u) € LIPOC(R, Y) foreachu € Y
is said to be SP-almost automorphic in ¢ € R uniformly for u € Y if for every sequence of
real numbers (s,),c A/, there exist a subsequence (7,),cn and a function g : Rx Y — X
with g(-,u) € L” (R, Y) such that

loc

S =

n—o0

1
lim (/ ||f(t+s+1:,,,u)—g(t+s,u)||pds> =0
0

and

1
P

1
lim </ ||g(t+s—tn,u)—f(t—i—s,u)npds) =0,
n—oo 0

for each t € R and for each u € Y. We denote by SPAA(R x Y, X) the set of all such
functions.
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DEFINITION 2.7 [19]

A function f € BSP(R, X) is called Stepnaov-like pseudo almost automorphic (or
SP-pseudo almost automorphic) if it can be decomposed as f = g + ¢, where g° €
AA(R, LP([0, 1], X)) and ¢®* € PAA((R, L? ([0, 1], X)). Denote by S” PAA(R, X) the
collection of such functions.

Clearly, a function f € Ll’;c(R, X) is said to be SP-pseudo almost automorphic if
its Bochner transform f b. R - L?([0, 1], X) is pseudo almost automorphic in the
sense that there exist two functions g, ¢ : R — X such that f = g + ¢, where
g’ € AA(R, L?([0,1], X)) and ¢” € PAA(R, L7 ([0, 1], X)).

From [19], we know that the space SP PAA(R, X) is a Banach space equipped with
the norm || - ||sp. If f € PAA(R, X), then f € SPPAA(R, X) foreach 1 < p < oo,
in other words, PAA(R, X) C SPPAA(R, X). One can find in [19] the example of the
function f € SPPAA(R, X) for p > 1,but f ¢ PAA(R, X).

DEFINITION 2.8 [19]

A function f : R x Y — X, (t,u) — f(t,u) with f(-,u) € LﬁlC(R, X) foreachu € Y
is said to be S”-pseudo almost automorphic if it can be decomposed as f = g + ¢,
where g? € AA(R x Y, LP([0, 1], X)) and #? € PAAY(R x Y, LP([0, 1], X)). Denote
by SPPAA(R x Y, X) the collection of such functions.

DEFINITION 2.9

Let p1,02 € Ux. A function f € BSP(R, X) is said to be weighted Stepanov-
like pseudo almost automorphic (or weighted S?-pseudo almost automorphic) if it
can be decomposed as f = g + ¢, where g € AA(R,LP([0,1],X)) and
d)b € PAAy(R, LP([0, 1], X), p1, p2). Denote by SPWPAA(R, X, p1, p2) the collec-
tion of such functions.

In other words, a function f € Lﬁ)C(R, X) is said to be weighted S”-pseudo almost
automorphic if its Bochner transform f? : R — LP([0, 1], X) is weighted pseudo almost
automorphic in the sense that there exist two functions g, ¢ : R — X such that f = g+¢,
where g” € AA(R, LP([0, 1], X)) and ¢* € PAAo(R, L7 ([0, 11, X), p1, p2), i.e.,

1 T t+1 IL’
1 - )4 _
Jim /_ ) ( / I¢ @)l da) 0,

DEFINITION 2.10

Let p1, 02 € Us. A function f : R x Y — X, (t,u) — f(t,u) with f(-,u) €
Llpoc(R, X) for each u € Y is said to be weighted S”-pseudo almost automorphic if
it can be decomposed as f = g + ¢, where gb e AA(R x Y,LP([0,1], X)) and
¢b € PAA)(R x Y, LP([0, 1], X), p1, p2). The space of such functions is denoted by
SPWPAARR x Y, X, p1, p2).
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Further, let V,, be the collection of continuous weights p1, p2» € Uy such that

lim sup,_, o, pig;;;) Zg% < oo forany T € R.

< oo and lim supy_, o

Example 1. The function defined by f(r) = signum(cos270t) + e~ ! for @ irrational
with the weight functions p1(¢) = 1 + 2, p2(t) = 1 is weighted S”-pseudo almost
automorphic. Also the function f(¢) is S”-pseudo almost automorphic. Moreover the
function signum(cos 26¢) is S”-almost automorphic. The proof for discrete version is
given in Abbas et al. [3], the continuous version follows similarly.

Lemma?2.2. Let pi,pr € Vooo f = g+ ¢ € SPWPAA(R, X, p1, p2) with g¥ €
AA(R, LP([0, 1], X)), ¢* € PAA((R, LP([0, 11, X), p1, p2) then {g(t +-) : t € R} C
(f(t+-):1t € R}inLP([0, 1], X).

Proof. We prove this lemma by the contradiction arguments. If the claim is not true, then
there exist a fo € R and an € > 0 such that

lgto+) = f&+)lp =2 1€R,

where || - ||, denotes the norm of L?([0, 1], X). Since g% € AA(R, LP(]0, 1], X)), fix
fo € Rande > Oandset Be = {t € R : ||g(fo+1+-)—g({o+)|lp < €}, by Lemma 2.1 of
[41], there exist 51, ..., s, € R suchthat U | (s;+B.) = R.Lets; = s; —to(1 <i <m)
and 1) = maxi<j<y |$;|. For T € R with |T| > nand B} = [~T +n—§,T —n—§10N
(to 4+ Be), 1 <i < m, one has U | (§l + BS;) =[-T+nT—nl.

Using the fact that B:')T C[-T,T1N(ty+ Be),i =1, ..., m, we have

T—n

w(T —n, p2) = / 02(1)

~T+1

m
<> /S L, e
i=1"%

(@)
+Be‘T

m
< Z;/B@T pa(t + §)dt
1= €,

m

< .

= Z“t /Bm p2(t)dt
i=1 eT

m

< max {a;} ) / pa(1)dt
Iizm =T TN+ Bo)

= max {al}m/ ,02(l)dt,
Isizm [—T.T1N(to+Be)

where a; = limsup,_, o, Pz/ngi) < 0.
On the other hand, by the Minkowski inequality, for any ¢ € fy + B, one has

o+,

If@+)—gt+)lp
> llgo+) — fa+I)lp—llglt+-) —glo+)lp
> €.
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Then
1

1 T t+1 L
W(T. 1) p
w(T, p1) /_T p2(t) (/t ¢ ()l ds) ds

1 T
= mﬁT p2O N + )l pde

)
> — p2 @ + )l pde
w(T, p1) JI=1,71n(00+Bo) r

€
> — p2(t)dt
u(T, p1) /[T,T]ﬂ(t(H»Be)
€ w(T —n, p2)

> .
~ w(T,p1) m 'maxlfifm{ai}

eb
— as T — oo,
m 'maxlgigm{ai}

% < oo since pi, p2 € Vo. This is a contradiction, since

¢b € PAAy(R, L?([0, 1], X), p1, p2). Hence the claim is true.

where b = limsupy_, o,

Theorem 2.1. For any given p1, 02 € Voo, the space SPWPAA(R, X, p1, p2) is a
Banach space endowed with the norm || - || s».

Proof. 1t suffices to prove that S” WPAA(R, X, p1, p2) is a closed subspace of BS?(R,
X). Let fy,=gu + ¢n € SPWPAA(R, X, p1, p2) with g2 € AAR, LP([0, 1], X)) and ¢° €
PAAo(R, LP([0, 1], X), p1, p2) such that || f, — flls» — 0asn — oo. Since f, =
gn + ¢p, by Lemma 2.2, {g,(t +-) : t € R} C {f,(t +-) : t € R} in LP ([0, 1], X) then
llgn( + )lp < I fut + )l p, whence ||gnllsp < || fulls» for any n € N. Therefore, there
exists a function g € SPAA(R, X) such that ||g, — glls» — 0 as n — oo. Whence
fo—8gn=¢n > d=f—gasn— oo.
By writing ¢ = (¢ — ¢,,) + ¢, we have

1

1

1 T 1+1 !
(T o)) p
W(T. p1) /_T p2(1) (/t g (@) do) di

1 T t+1 P
< / pa(1) / (@) — $(0)Pdo | di
w(T, p1) J_r '

1

1 T t+1 » P
_— " d d
s /_T pa(0) (/ I (@) o) r

1 T t+1 %
< lln — &lsr + —/ p2(1) / llpn(@)|IPdo ) dr.
w(T, p1) J-r 1

First taking 7 — oo and then n — oo in the above inequality, we obtain ¢” € PAAo(R,
LP([0, 1], X), p1, p2), which implies, f=g+ ¢ € SPWPAA(R, X, p1, p2). Hence
SPWPAA(R, X, p1, p2) is a Banach space.
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DEFINITION 2.11

Assume p € Uy, T € R, and define p* by p*(t) = p(t + 1) for t € R. Define Ut (see
[43]) by

Ur={pcUx:p~p" foreacht € R}.

It is easy to see that U7 contains many weights, such as 1, (1 +12)/(241%), ¢ and 1 +|1|"
withn € N.

Moreover, it is not difficult to observe that (WP AA(R, X, p1, 02), || - ||) (respectively
(WPAAR x Y, X, p1,02), 1 -11)), p1, p2 € Ur is a Banach space endowed with the sup
norm.

Lemma 2.3 [39]. Let py, p2 € Ur, then PAA((R, X, p1, p2) = PAAo(R, X, pf, p;) for
T € R.

Lemma 2.4 [39]. Let p1,p2 € Ur,¢ € PAAo(R, X, p1, p2), then ¢p(- — 1) €
PAAo(R, X, p1, p2) for T €R.

Lemma2.5. WPAA(R, X, p1, p2) C SPWPAA(R, X, p1, p2) and STWPAA(R, X,
P1, 102) - SpWPAA(R3 Xs P1, 102)f0r1 S p < q < 00, P15 P2 € UOO

The proof is similar to the proof of Propositions 4.1 and 4.2 in [9]. The details are omitted
here.

Theorem 2.2. Assume that p1, 020 € Uso, f = f1 + f» € SPWPAA(R X X X
X, X, p1, p2) with f} € AAR x X x X,LP([0,1], X)), f¥ € PAAo(R x X x
X, LP([0, 1], X), p1, p2) and

(i) there exist constants Ly, L ¢, > 0 such that

1 f @t x1,x2) — f& vy, y2)Il < Ly (llxr — yillx + llx2 — y210x) ,
teR, xi,yieX,i=1,2

and
1, x1, x2) = fi(t, y1, y2)1l < Ly (k1 = yillx + llx2 =yl ,
teR xi,yvieX, i=1,2.
(i) hi = a1 + Br.hy = a + o € SPWPAA(R, X, p1, p2) with of,af €

AA(R,LP([0,11, X)), BV.BY € PAA(R,LP([0,1],X), p1,p2) and K =
{a1(¢) : t € R}, Ml = {as(¢) : t € R} are compact in X.

Then f(-, h1(-), ha(-)) € SPWPAA(R, X, p1, p2).

The proof is similar to the proof of Theorem 3.6 in [40] and hence the details are omitted
here.
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Lemma 2.6 [23]. Assume that f € SPAA(Rx X, X) with p > 1 and satisfies the follow-
ing:

(i) there exists a non-negative function L € S"AA(R, R) with r > max {p, %} such

that
I u) = fE VI <L®Olu—-vl, uveX reR,

(i) x € SPAA(R, X) and K = {x(t) : t € R} is compact in X.

Then there exists q € [1, p) such that f(-, x(-)) € STAA(R, X).

Theorem 2.3. Assume that p1,p2€Uso, p>1,f=f1 + fL€SPWPAA(R x X X

X, X, p1, p2) with ff € AAR x X x X,LP([0,1], X)), f € PAAoR x X x
X, L7([0, 1], X), p1, p2) and

(i) there exist nonnegative functions Ly, Ly, € S"AA(R, R) with r > max {p, %]
such that
| f(t x1,x2) — f& yi, y2)Il < Lp@) (lxr — yillx + llx2 — y2llx) ,
teR,xi,yieX, i=12,
and
1 f1(, x1, x2) — f1(&, y1, Y2 < L (0 (lx1 — yillx + llx2 — y2llx) »
teR, xi,yvieX, i=1,2.
(i) hi = a1 + Br.hy = ar + o € SPWPAA(R, X, p1, p2) with of,af €

AA(R,LP([0, 1], X)), B7.B5 € PAA(R,LP([0,1],X), p1, p2) and K =
{a1(¢) : t € R}, M = {as(¢t) : t € R} are compact in X.

Then there exists q € [1, p) such that (-, h1(-), h2(-)) € SIWPAA(R, X, p1, p2).
The proof is similar to the proof of Theorem 3.7 in [40] and hence we omit the details.

Theorem 2.4 [44]. Let p1, pp € Uy and f : R X X x X — X be a SP-weighted pseudo
almost automorphic function. Suppose that f satisfies the following conditions:

(@) f(t,x,y) is uniformly continuous in any bounded subset M3 C X x X uniformly
fort € R,
(i) g(¢, x, y) is uniformly continuous in any bounded subset M3 C X x X uniformly for
t €R,
(iii) for every bounded subset Mz C X x X, f(-,x,y) : x,y € M3 is bounded in
SPWPAA(R, X, p1, p2)-

If hy=a1+Bi, hy=ay+ B2 € SPWPAA(R, X, p1., p2), with o, of € AARR, LP ([0, 1],
X)), B, BSePAAyR, LP([0,1], X),p1, p2) and K = faj():te R}, M =
{ar(t) : t € R} are compact in X, then f(-, h1(:), h2()) € SPWPAA(R, X, p1, p2).

Now, we recall a useful compactness criterion.
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Leth : R — R be acontinuous function such that 4(z) > 1forallf € Rand h(t) — oo
as |t| = oo. We consider the space

Cp(X) = {u € C(R,X): lim M =0}.
’ t|—o00 h(t)

The space C;(X) is a Banach space equipped with the norm |[ull, = sup,cp %

(see [11]).

Lemma 2.7 [11]. A subset K' C Cp(X) is relatively compact if it satisfies the following
conditions:

(c-1) The set K'(t) = {u(t) : u € R} is relatively compact in X forallt € R.

(c-2) The set R is equicontinuous.

(¢c-3) For each € > 0, there exists L' > 0 such that ||u(t)|| < eh(t) for all u € R and all
lt| > L.

Lemma 2.8 ([28], Leray—Schauder alternative theorem). Let D be a closed convex subset
of a Banach space X such that 0 € D. Let F : D — D be a completely continuous map.
Then the set {x € D : x = AF(x),0 < A < 1} is unbounded or the map F has a fixed
pointin D.

DEFINITION 2.12 [10]

A closed linear operator (A, D(A)) with dense domain D(A) in a Banach space X is said
to be sectorial of type w and angle 6 if there are constants w € R, 6 € (0, %), M > 0,
such that its resolvent exists outside the sector

w+3g:={A+w:rel,|arg(—1)| < 6}, 2.1

I — A7 < , Ao+ T 2.2)

A — ol
DEFINITION 2.13

Let 1 < @ < 2 and A be a closed and linear operator with domain D(A) defined on a
Banach space X. The operator A is called the generator of a solution operator if there exist
® € R and a strongly continuous functions S, : R4+ — L(X), such that {A* : Re A >
w} C p(A) and

o0
Al — Ak = / e MSy(H)xdf, Rei>w, xe€X.
0

In [10], Cuesta proved that if A is sectorial of type w € R with 0 < 6 < 7 (1 — «/2),
then A is a generator of a solution operator given by

1
Sy (t) = —/ A ox — Ay lda, >0,
2mi G

where G a suitable path lying outside the sector w + Xg. Furthermore, he showed that the
following lemma holds.
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Theorem 2.5 [Theorem 1 of [10]]. Let A : D(A) C X — X be a sectorial operatorin a
complex Banach space X, satisfying hypothesis (2.1) and (2.2), for some M > 0, w < 0
and 0 < 0 < (1 — «/2). Then there exists C (0, «) > 0 depending solely on 0 and «,
such that

CO,a)M

Se (t <—7— t>=0. 2.3
1Se D llLx) = T )@ > (2.3)

3. Stepanov-type weighted pseudo almost automorphic solutions

In this section, we first investigate the existence and uniqueness of a weighted pseudo
almost automorphic mild solutions for the problem (1.1).

Cuevas and Lizama [12] have shown that the equation of type (1.1) can be thought of
as a limiting case of the following equation:

, t(t _ S)oz—Z
7@ = ————Az(s)ds + f(t,x(@), Kx(t)), t>0,
o Nl@—1)
z(s) = ¢(s),s € [-r,0], 3.1

in the sense that the solutions are asymptotic to each other as ¢t — oo. If the operator A
is sectorial of type @ with 6 € [0, 7(1 — %)), then the problem (3.1) is well posed (see
[10]). Thus using variation of parameter formula, one can obtain

t
z(t) = Su ()¢ (0) +/ Sa(t —5) f(s,x(s), Kx(s))ds, t>0, (3.2)
0
where

1
Sy (t) = %/eA’A“’I(A“I—A)’IdA, t> 1.
Y

Here the path y lies outside the sector w + Sy. Further, if S, (¢) is integrable then the
solution is given by

t
x(t) = / Se(t — ) f (s, x(s), Kx(s))ds. (3.3)

Subtracting equation (3.3) from equation (3.2), one obtain
o0
z(t) — x(1) = Sa(1)xo — f Sa(s) f(t —s,x(t —5), Kx(t —)).
t

Hence for f € Lf’/(RJr x X, X), where p’ € [1, 00), we have v(t) —u(tr) — Oast — oo.
A mild solution of (1.1) satisfies the following integral equation:

t
x(t) = Syt —a)p(0) —I—/ Se(t —5)f(s,x(s), Kx(s))ds. (3.4

a

By taking a — —o0, we get the desired form of solution, which motivates the following
definition:
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DEFINITION 3.1

A continuous function x : R — X is called a mild solution of (1.1), if s —
Se(t —5)f (s,x(s), Kx(s)) is integrable on (—oo, t) for each ¢ € R and

t
x(t) = / Se(t —5)f (s,x(s), Kx(s))ds, te€R.

In order to prove our results, we need the following assumptions:

(A1) A is a sectorial operator of type w < 0.

(A2) f = fi+ fo € SPWPAA(R x X x X, X, p1, p2) With flb € AAR x X x
X, LP([0, 1], X)), fzb € PAA)(R x X x X, LP([0, 1], X), p1, p2), there exist constants
Ly, L/f, Ly, Lff > 0 such that

If @, x1, x2) = £, y1, v < Lgllxr = yill + Ly llx2 = y2l,
teR,xi,yieX,i=172

and

/1@, %1, x2) = f1(t, y1, vl < L llxr — yill 4+ L g llxa = y2ll,
teR,xi,yieX,izl,Z.

(A3)h = h1 +hy € SPWPAA(R x X, X, p1, p2) with hll’ € AA(R x X, LP([0, 1],
X)), hg € PAAo(R x X, LP([0, 11, X), p1, p2), there exist constants Ly, Ly, > 0 such
that

(z, x) —h@ I < Lullx —yll, 1 €R, x,y € X
and

A1, x) —h1(t, )| < Ly llx —yll. t € R, x,y € X.

w(T,p2)
w(T,p1)

(A4) p1, p2 € Ur and supy_ ¢ < 0.
Lemma3.1. If x € WPAA(R, X, p1, p2), and (Al), (A3)—(A4) hold, then Kx €
WPAA(R, X, p1, p2)-

Proof. Since (A3) holds, hence by Theorem 2.2 it is clear that y(-) = h(-,x()) €
SPWPAAR x X, X, p1, p2).

Let y(t) = n(t) + y(t), where ¥/ € AA(R,LP([0,1],X)) and ¥ €
PAAy(R, LP([0, 1], X), p1, p2). Consider the following integrals

t—n+1
xp (1) = / k(t —s)y(s)ds
t

—n

1—n+1 r—n+1
/ k(t —s)y1(s)ds + / k(t — s)y2(s)ds
t

—n t—n

= uy(t) +v,(t), neN,

where u, (1) = [/ k(t — )y1(s)ds and v, (1) = [Tkt — $)pa(s)ds.
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In order to prove that each x,, is weighted pseudo almost automorphic function, we only
need to verify u, € AA(R, X) and v, € PAAy(R, X, p1, p2) foreachn = 1,2, ....
Now, let us show that u,, € AA(R, X). Foreachn € N, let

t—n—+1 n
n(t) = / k(t — $)71(s)ds = / k()i — 5)ds.
t n—1

—n

Fixn € N and t € R, we obtain
n
lun( +h) —u, (| < / k()llyi(t +h —s) —yi(t —s)llds
n—1

n
- ck/ eyt +h — ) — it — 5)|ds
n—1

n % n %
< ( / eqbsds> ( / ||y1(r+h—s)—y1(z—s)||"ds)
n—1 n—1
—bn ¢ et —1 ! P %
< cie _— ly1t+h—s)—yi(t—s)Pds ) .
qb n—1

Since y; € LI (R, X), we get

n
lim/ lyi(t +h —s) —y1(t —5)||Pds = 0,
h—0 J,—1

which yields

lim [lu, (t + h) — up(1)]] = 0.
h—0

The above equality assure the continuity of u,(¢). By Holder inequality, it follows that

t—n—+1
lun ()] < f k(i — )l (s)1ds
t

—n

t—n+1 b
<o / e |3y (5) ds
r—n

t—n+1 5 t—n+1 P
<o / e a9 gg / 1) IPds
t—n t—n
) 1
—qbs b
< ck e ds ) hnllse
n—1
_ edb — 1
< cge b",q/ villse,
qb

1
where [[yillsr = sup,cp(J; " 11(5)[IPds) 7 < oo, thus we have c {f <1300 e b <
o0. Hence we deduce from the well known Weierstrass theorem that the series Y o | u, ()
is uniformly convergent on R.
Clearly, u(r) € C(R, X) and [lu(®)[| < Y>_,2; lun(®| < Ln(ck, b, q)lly1lsr, where

L, (ck, b, q) > 01is a constant, which depends only on the parameters ¢y, b and q.
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Letu(t) = Y oo un(t) foreach r € R, then

t
u(t) = / k(t —s)yi1(s)ds, teR.

Since ylb € AA(R, LP([0, 1], X)), then for every sequence of real numbers {s,},cn
there exist a subsequence {s,,},nenr and a function y7(-) € Ll’;C(R , X) such that for each
t€R,

t+1 P
lim / yi(s +sm) —71(s)IPds | =0,
m—0Q t

and

t+1 P
lim f Vi(s = sm) —y1()[IPds | =0.
m— o0 t

Let 1, (t) = f nn_l k(o)y1(t — 0)do, then using the Holder inequality, we obtain

(2 + sm) — tta (D) =

/ K@) [11(t+5m —0) = Fit )] do

<ca | eyt +sm—0) =it —o)lldo

n—1

1 1

n - n 1

< (f e—qb"do)” ([ ||y1<t+sm—a)—yi(r—a)n"do)'
n—1 n—1

1
1 " ~
(/ 1 lyit + s —0) —y1(t —G)IIPdG)

etb — v
— 0 asm — o0.

qb

P
< Ckefbn q

By a similar argument, we can prove that
lim ||z, (t — sm) — un (1) = 0.
m—0oQ

Thus, we conclude that #,, € AA(R, X) for n € N, and thus by Lemma 2.1, we have
ut) =y 2 un(t) € AA(R, X).

Next, we intend to verify that v, € PAAo(R, X, p1, p2). For this, we have the
following estimates

t—n+1
llva ()] S/ k(t = s)lly2(s)llds
t

—n

t—n+1 b '
< / 09 [y (5) [ ds
t

—n

t—n+1 % t—n+1 %
<o f emab=) g / I2()]17ds
t—n t—n

1

eqh_l t—n+1 4

< et 1 / Ia)l7ds ) .
qb t—n



Fractional order abstract integro-differential equations 339

Then for T > 0, we get

T _ b
it S P llon @)l < e s [T o (1)

1

(5 Ivaonrds) " ar.

Since yzb € PAAy(R, LP([0, 1], X), p1, p2), the above inequality gives v,, € PAAy(R,
X, p1, p2) foreachn = 1, 2, .. .. Further, the last estimate leads to

_ edb — 1
loa @) < cxe™ ) o ly2llse.

Since cg ) eq _1 > 1e_b” < 00, we deduce from the Weierstrass test that the series

> Un (t) is unlformly convergent on R. Moreover,

t
v(t) = / K = s = 3 ).

n=1

and clearly v(¢) € C(R, X) and

oIl = Z lva DIl = K(ck, b, Dlly2llsr,

n=1

where IC(ck, b, ¢) > 0 is a constant that depends only on the constants ¢, b and g. Using
the fact that v, € PAAo(R, X, p1, p2) and the inequality

d
(T, p])/ p2(Dllv(@)|ldr < (T, ,01)/ p2(1)

n

1
+Zm/sz(r)nvk<r>ndt,
k=1 ’ o

v(t) — Z v (1) d

k=1

we deduce that v(-) = Y > | v, (1) € PAAo(R, X, p1, p2). Hence Kx € WPAA(R, X, p1, p2).

Lemma 3.2 [24]. Let { E(t)};>0 C B(X) be a strongly continuous family of bounded linear
operators such that

IEMI < ¢(1).1 € RT,
where ¢(t) € LY (R") is nonincreasing. If ¥ = ¥ + y» € SPWPAA(R, X, p1, p2),

with y? € AA(R, LP([0, 1], X)) and y§ € PAAo(R. LP([0. 1] X), p1. p2) and (A4)
holds, then

t
Cno= [ Eu-oues. 1er
—0oQ
lies in the space WPAA(R, X, p1, p2).

Proof. Foreachn € N, let Y, (¢) = - "+1E(t HY(s)ds = fn LE@)Y(—s)ds, teR.
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In addition, for each n € N, by the principle of uniform boundedness,
My =sup,_j <5<, IE()| < 00.

We first show that I'yy € BC(R, X). In fact, if y € SPWPAA(R, X, p1, p2), then
lW]lsp < 0o, which gives

t
IO s/ o(t — ) (s)1ds

5/0 o(5) [t — 5)]ds

k+1

=Z/ P& [ Y(t — 5)ds
k=0 7k

k+1

<ot [ s
k=0 k
o0 k+1

<Y ek <f Iyt — s)||”ds>
k=0 k

<Y eI lse
k=0

1
P

9(0) + (1) + Z / so(S)dS} ¥ lls»

9(0) + o(1) + ||<p||L1(R+>] VAR

'—l—l

=<

< OQ.

Let v (t) = Y1 (1) + Y2(r), where ¥ € AA(R, LP([0, 1], X)) and ¥} € PAAo(R, LP([0, 1],
X), p1, p2). Consider the following integrals

t—n+1
X, (1) = / E( —s)y(s)ds
13

—n

t—n+1 t—n+1
/ E( —s)Yi(s)ds + / E(t — s)Yn(s)ds
t

—n t—n

= “n(t)+vn(t)a nGNa tERa

where u, (1) = ['" E(t — s)yri(s)ds and v, (1) = [T E(r — 5)¥a(s)ds.
We show that un € AA(R, X).Fixne Nandr € R we have

lun(t 4 h) — un (0|l S/ 1</7(S)|I1ﬂ1(t +h—=s5) =1t —s)lds

t—n+1
sMn/ 1W1(s + h) — Y (s)ds
r—n

t—n+1 P
- M, ( f (s + ) — ¥ (s)n”ds)
t

—n
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In view of Y| € Lﬁ)c(R, X), we get

t—n+1
lim [¥1(s +h) — Y1 (s)]|Pds = 0,

h—0 Ji—n
which yields
lim [lun(t + h) — un ()| = 0.
h—0
The above relation implies that u,(¢) is continuous.
Since w{’ € AA(R, L?([0, 1], X)), then for every sequence of real numbers {s; },cA/,

there exist a subsequence {s,, },,ens and a function 1’/71 € Lﬁ)c(R, X) such that for each
t €R,

S| =

1+1 e
et ( / 1G5 + ) = mmnpds) =0,
t

and

Sl

1
Jim ( |06 = = v (s)n"ds) =o.
t

Leti,(t) = fn"_ 1 go(cr)% (t — 0)do. By using the Holder inequality, we obtain

lun(t + sm) — tin ()] =

f 1so((f) [V1(t 4 5w — 0) — Y1t —0)] do

<M, | V1 +5m—0)—P1(t —0)|do

n—1

t—n+1 — %
<=M, (/ I¥1(s + sm) — Y1 (S)Il"dS)
t

—n

— 0 asm — oo.
Similarly, we can prove that

lim || (t = spm) — un (D)1l = 0.
m— 00

Thus, we conclude that u,, € AA(R, X) forn € N.
By Holder inequality, it follows that

lun ()] 5/ ROITAERI
§¢(n—1)/ = )lds

t—n+1
< o(n— 1)/ 11 () llds
t—n

t—n+1 P
5¢(”—1)(/ ||¢1(S)||pd8>
I—n

<o —=Dlylsr,
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1 p
where [|[1]lsr = sup,cr (f,’* v (s)||Pds)’ < co. Hence

o0 o0 n—1
D e —Dlilsr < <<o<0> +Z[ i w(t)dt) I lse
k=2Y""

k=1
< (@O + llgllL1g+)) P15
< 00,

which implies that )7 | u,(¢) is uniformly convergent on R.
Letu(t) = Y 2, un(t) foreach r € R, then

t
u(t) = / E( —s)Yi1(s)ds, t€R.

By Lemma 2.1, we have u(t) = Z;’;l u,(t) € AA(R, X).
Next, we show that v, € PAAy(R, X, p1, p2). Indeed

o] 5/ RIOAGERIIE

t—n+1 %
<o(n—1) (/ ||w2(s)||f’ds) ,
t—n

1 T
T / Ol

1
-1 T t—n+1 P
ARl N R (/ ||wz<s)||”ds> dt.
t

then

— w(T,p1) Jor —n

Since 1//5’ € PAAy(R, L?([0, 1], X), p1, p2), the above inequality leads to v, €
PAAo(R, X, p1, p2) foreachn = 1, 2, . ... Further, the last estimate leads to

a1 < @(n = DlY2]lse.

Since

o o n—1
Y e =Dyl < <¢><0>+Z f X (p(t)dt> 1alls
n=1 n=2"""

< (‘P(O) + ||¢’||L1(R+)) I¥2llsp

< 0Q,

hence we deduce from the Weierstrass test that the series Z;’o:l v, (1) is uniformly
convergent on R. Moreover,

t oo

v(t) = / E(t = )¥a(s)ds = ) va(0),
-0 n=1
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which clearly implies v(t) € C(R, X). Using the fact that v, € PAAo(R, X, p1, p2) and
the inequality

1 T
(. o1 pl)/sz(t)llv(t)lldt < T )/ 02(1) v(t)—zvk(;)

+ZM(T p )/ P2l dr,

we deduce v(-) = Z;’ozl v (1) € PAAo(R, X, p1, p2). Thus I' v € WPAA(R, X, p1, p2).

Theorem 3.1. Assume that (A1)—(A4) hold. Then problem (1.1) has a unique weighted
pseudo almost automorphic mild solution on R, provided

CO,a0)M|w|« 71
o sin(r /o)

0= [Lf+Lthz] <1

Proof. Consider the operator Y: WPAA(R, X, p1, p2) = WPAA(R, X, p1, p2) such that

t
(Tx)(t) = / Se(t — ) f(s,x(s), Kx(s))ds, t € R. 3.5)

Let x=x1 +x» € WPAA(R, X, p1, p2), where x| € AA(R, X), xo € PAAo(R, X, p1, p2). By
Lemma 3.1, Kxe WPAA(R, X, p1, p2) CSPWPAA(R, X, p1, p2), thus h(:) =f(-, x(-),
Kx(-)) e SPWPAA(R, X, p1, p2) from Theorem 2.2. By Lemma 3.2, it is not difficult to see
that Y is well defined.

Forany x,y € WPAA(R, X, p1, p2), by inequality (2.3), we have

t
1rx) @) = (YOl = H/ Sa(t — $)[f (s, x(s), Kx(s))

—f(s,y(s), Ky(s))]ds

</t _CODM ) — vl
=) Tl = Y

+L | Kx(s) — Ky(s)[1ds.

Consider
t

[Kx(s) — Ky(s)] S/ lk(t — s)IlIh(s, x(s)) — h(s, y(s))|lds

—00

t
< / k(& — $)|Lallx(s) — y(s)ds
t
< sup [x(t) — ()| L ( / k(i — s)|ds)
teR —0o0
< sup lx(t) — y(!) L4 / lk(s)ds
teR 0
< sup IIx () — (O L / cee ™ ds
teR 0

C
< z"Lh sup [|lx (1) — y(®)|l. (3.6)
teER



344 Syed Abbas et al.

Using (3.2), the last estimate gives

1(Tx) (@) — Tyl <[ ' _k]s pllx@)—y@®ll —C( M
[ x [ L+ L L up || x N
Y - f f hb teR Y 0 1+|a)|s“
Ck C(Q,a)M|w| 1/0‘71
<|L —I—L/ L,— X — P
_[ f flh / ] si ( / ) ” y”W AA

< QOllx —yllwpaa.

Hence T is a contraction since Q < 1. By the Banach contraction principle, YT has a
unique fixed pointin WP AA(R, X, p1, p2), which is the unique weighted pseudo almost
automorphic solution to the problem (1.1).

Theorem 3.2. Assume that there exist non-negative functions Ly, Ly € S"AA(R, R)

with r > max [p, %},such that
1 f @, x1,x2) — f(& v, v < Lp@lllxr — yill + llx2 — y2lll,
teR, xi,yieX, i=12,
and
1 f1@, x1, x2) — f1(t, y1, YOl < L Ollxr — yill + llx2 = y21l1,

teR, xj,yieX,i=1,2.

Let (Al), (A3)—(A4) hold, then problem (1.1) has a unique weighted pseudo almost
automorphic solution, provided

ba sin(rr/a)

ILrlls < - r—
CO, )M + crLp)lasin(r/a) + |o|« ]

Proof. Let x=x1 +x; € WPAA(R, X, p1, p2), where x| € AA(R, X), x» € PAAo(R, X, p1,
p2). By Lemma 2.1, K = {x1(¢) : t € R} and Ml = {x»(¢) : t € R} are compact in X. By
Lemma 3.1 and Lemma 2.5, Kx € WPAA(R, X, p1, ;) C SPWPAA(R, X, p1, p2)
and STWPAA(R, X, p1,p2) C SPWPAA(R, X, p1, p2), so by Theorem 2.3, there
exists g € [1, p) such that f(-,x(-), Kx(-)) € SITWPAA(R, X, p1, p2).

Define T : WPAA(R, X, p1, p2) > WPAA(R, X, p1, p2) as in equation (3.1). By
Lemma 3.2, Y maps WPAA(R, X, p1, p2) into WPAA(R, X, p1, p2)-

Forany x,y € WPAA(R, X, p1, p2), by inequality (2.3), we have

t
(Cx) (1) = ()] = H[ Sa(t = $)[f (s, x(s), Kx(s))

—f(s,y(s), Ky(s))lds

</t ML ) x(s) — y)l
T Jo L+ o]t — s)™ ! g

+IKx(s) — Ky(s)|l1ds.
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Using (3.2), the last estimate leads to

CO, )M

t
ICr0) @) = (@)l 5[_ T+ ol —9)*

L) [14+ FLu] Ix(s) = y(o)lds

c@, ot)M
[1-1- Lh/ o g Lyt —s)dsllx — yllwpaa

]

S ka f(f ,“) £t = $)ds|x = yllwpaa
<[1+ L]
[1+ 5 Le]
]

k=0
Cl. oM k+1
1+ |wlk®

Mg

Lyt —s)dsllx —yllwpaa

k=0

CO,a)M
1+ |wlk®

Ma

o lLrllstllx = yllwpaa

~
Il
o

[1+ Lri|lco.aym

S

C@O,a)M
Lrs|sllx —
Z/k11+| )n Pllsrllx = ylwpaa
< |1+ 5] (C(e,a)M

+/oo cO.0M, Lyl I I
—ds 4 r{|X —
) T+ ol flls Ylilwpaa

;l
—CO, M [1 n Cb—kLh] [1 + "”'—”}

o sin(w /o)

ILslls lx = yllwpaa,
which gives

1

LI TS
—_— r|lx— .
o sin( /a) flis YIIwPAA

c
00— = CO. )M [1+ 5Ly [1+
By the Banach contraction principle, Y has a unique fixed pointin W PAA(R, X, p1, p2),
which is the unique weighted pseudo almost automorphic solution to the problem (1.1).

We next study the existence of weighted pseudo almost automorphic mild solutions of
equation (1.1) when the perturbation f is not necessarily Lipschitz continuous. For that,
we require the following assumptions:

(AS5) The function f =g+ ¢ € SP"WPAA(R, X, pi1. p2), where g% € AA(R, L ([0, 1], X))
is uniformly continuous in any bounded subset M> C X x X uniformly in # € R and
¢” € PAA(R, LP((0, 11, X), p1. p2)-

(A6) f € SPWPAA(R, X, p1,p2) and f(t,x,y) is uniformly continuous in any
bounded subset M, C X x X uniformly for + € R, and for every bounded subset
M, C X x X,{f(,x,y):x,y € My} is bounded in SPWPAA(R, X, p1, p2).
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(A7) There exists a continuous nondecreasing function W : [0, co) — (0, oo) such that
lf@E, x, I <W(lx|| +|lyll) forall te€ Rand x e X.

The following existence result is based upon the nonlinear Leray—Schauder alternative
theorem.

Theorem 3.3. Assume that A is sectorial of type w <0. Let f:Rx X x X — X be
a function which satisfies the assumptions (AS5)—(A7) and the following additional
conditions:

(i) For each C > 0,

T W ((1+k)Ch(s)) _
im ds =0,
>0 J o 1+ |o|(t — 5)®

where h is the function given in Lemma 2.7. We set

_ LW ((1 + k)Ch(s))
B(C) := CO, )M H Tl ds

El

where C(0, o) and M are constants given in (2.3).
(ii) For each € > 0, there is 5 > 0 such that for every u,v € Cp(X), |lu — vl < 8
implies that

TG, uts), Ku(s) — f(s, v(s), Ko@)l 4
oo I+ |o|(t —s)“

CO, )M <e€, forallteR.

(iii) lim infe_, oo % > 1.
(iv) Foralla,b € R, a < band A > 0, the set {f (s, h(s)x, K(h(s)x) :a <s <b, x €
Cnp(X), lIxlln < A} is relatively compact in X.

Then equation (1.1) has a weighted pseudo almost automorphic mild solution.

Proof. We define the operator I' : C,(X) — Cp(X) by

t
Tx)(t) = / Se(t —8)f(s,x(s), Kx(s))ds, te€R.

—0Q
We will show that I" has a fixed point in W PAA(R, X). For the sake of convenience, we
divide the proof into several steps.

Step 1: For x € Cp,(X), we have

W)+ Klx®D 4

[Tx)DI = CO, )M e It lelt—9"

WA+ NIKDIx Nk (s))
oo L F 0| — )

It follows from condition (i) that I" is well defined.

<C@O,a)M

Step 2: The operator I' is continuous.
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In fact, for any € > 0, we can choose § > 0 given in condition (ii). If x, y € C;(X) and
lx — ylln <4, then

[(Cx)(@) — (Cy)@®l
t
§C(9,ot)M/

£ (s, x(s), Kx(s)) — f(s, y(s), Ky(s))lld
s <€
1+ ol —s)*

’

which proves the assertion.

Step 3: In this step, we show that I" is completely continuous.

Denote Bp(X) a closed ball with center at 0 and radius A in the space X. Let
V/(r) = T(BA(Cr(X))) and v/ = I'(x) for x € B (C,(X)). First, we prove that V' (¢)
is a relatively compact subset of X for each r € R. It follows form condition (i) that the

function s — C(G’“)MVYEL(‘IJSI?M’(’*S)) is integrable on [0, co). Hence, for € > 0, we can

choose a > 0 such that C(8, o) M faoo st < €. Since,

V() = faSa(s)f(t — 5, x(t —s), Kx(t — s))ds
0

+foo Se($) f(t —s,x(t —s), Kx(t —s))ds,

and

/OO Se(s)f(t —s,x(t —s), Kx(t —s))ds

<. a)M/OO W1+ K)Ah(t — s))ds
p 1 + |w|s®

IA

67

we obtain v'(t) € aco(N) + Be(X), where co(N) denotes the convex hull of N and
N = {So)fE hE)x, K(h(E)x) : 0 <s <a,t—a <& <t |x|ln < A}. Using
the strong continuity of S, (-) and property (iv) of f, we can infer that N is a relatively
compact set and V' () C aco(N) + B<(X), which establishes our assertion.

Next, we show that the set V' is equicontinuous. In fact, we can decompose

\

Vit +s) =0V (@) = /‘Sa(o)f(t—i—s—a,x(t—i—s—a),
0

Kx(t+s—o0))do

+/ [Sa(0 +5) — Su(@)f (1 — 0. x(t — o),
0
Kx(t —o))do

+f [Sa(0 +5) = Sa (@)1t — 0, x(t —0),

Kx(t —o0))do.
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For each € > 0, we can choose a > 0 and §; > 0, such that
N
H/ Se(@)ft+s—0o,x(t+s5s—0), Kx(t+s5s —o0))do
0

+ /OO[SQ(U +5)— Sy(@)]f(t —0o,x(t —0), Kx(t —0o))do
< CO. )M I:/S W1+ K)Ah(t + s — o))da
0 1+ |w|o¥
W1+ K)Ah(t —0)) i|
do
a 1+ |w|o¥

=<

NSR NG}

for s < §1. Moreover, since { f(t —o, x(t—0), Kx(t—0)) : 0 <o <a,x € BA(Cp(X))}
is a relatively compact set and S, () is strongly continuous, we can choose d > 0 such
that ||[Sy (0 +5) — Se(@)]f(t —o,x(t —0), Kx(t —0))| < i for s < §,. Combining
these estimates, we get ||[v/(r + 5) — v/ (¢)|| < € for € small enough and independent of
x € BA(Cp(X)).
Finally, applying condition (i), we obtain
ol _ CO.oM 1 W+ K)Ah(S)d
s
h@) = h()  Joo 140l —s)*
— 0, [|t] = oo,

and this convergence is independent of x € Bj (C,(X)). Hence by Lemma 2.7, V' is a
relatively compact set in Cp (X).

Step 4: Let us assume that x*(-) is a solution of equation x* = AT'(x") for some 0 < A <
1. We obtain the following estimate

t
x>l = A ' f Salt — 5) f (s, *(5), Kx*(5))ds
! A
= C(G,a)M/ WA + K)[|lx"[lnh(s))
e 1+ |o|(t — )¢
< BUx*In)-
Hence, we get
P
BUx*lIn) —

Combining the above relation with condition (iii), we conclude that the set {x* : x* =

AT (x*), A € (0, 1)} is bounded.

Step 5: Tt follows from Lemma 2.5, (A5)—(A6) and Theorem 2.4 that the function
t — f(t,x(t), Kx(t)) belongs to SPWPAA(R, X), whenever x € WPAA(R, X).
Hence using Lemma 3.2, we get [(WPAA(R, X)) C WPAA(R, X) and notice that
WPAA(R, X) is a closed subspace of Cp(X). Consequently we can consider the map,
' : WPAA(R, X) - WPAA(R, X). Using Steps 1-3, we deduce that this map is
completely continuous. Applying Lemma 2.8, we infer that I has a fixed point x €
WPAA(R, X), which completes the proof. O
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4. Example

Fractional partial differential equations have already appeared in several texts on physics
and mathematics. Diffusion wave equations of fractional order has been used in many
branches of science. These kind of equations represent propagation of mechanical waves
in visco-elastic media, charge transport in amorphous semiconductors and many more
phenomena. Mathematical aspects of the boundary value problems for these kind of equa-
tions and their applications in physics have been considered by many authors (e.g. [31, 36]
and reference therein). For example, Mainardi [31] discussed the fractional wave equa-
tion governing the propagation of mechanical diffusive waves in viscoelastic media which
exhibit a power law creep and Giona et al. [27] have studied the relaxation phenomena in
complex viscoelastic material using fractional diffusion equations.

Motivated by the above literature, we consider the following relaxation/oscillation
partial differential equation of fractional order as an example of our abstract system,

w(t,x) 02w, x) 0%

(f @ x, w(t, x), Kw(t, x))),

are ax2  gre—l
teR, xe(,1)
t
Kw(t,x) = / k(t —s)h(s, x, w(s, x))ds, 4.1)
w(t,0) = w(t. 1) = 0, 4.2)

where o € (1, 2) and k satisfy |k(1)| < cre P fort > 0 and ¢y, b are positive constants,
is a real valued function. The function f is defined from R x (0, 1) x R x R into R and
h is defined from R x (0, 1) x R into R. We define an operator A as follows:

Au = —u",

foru € D(A) = {u € H(} (0, 1) N H?(0,1) : u” € H}. The operator A is the infinites-
imal generator of an analytic semigroup {7'(¢) : t+ > 0}, and also self-adjoint [35]. By
introducing u(t)x = w(¢, x), the above example can be written as

D%u(r) = Au(t) + D' f(t, u(t), Ku(t)), u € X,

and Ku(t) = fioo k(t—s)h(s, u(s))ds. If we assume that f satisfy all the assumptions of
our result with Lipschitz constant L 7, then the existence of a Stepanov weighted pseudo
almost automorphic solution of equation (4.2) is ensured.
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