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Abstract. This paper focusses on a class of non-isospectral (2 + 1)-dimensional Calogero—Degasperis system,
which is a more general form of the classical nonlinear Schrédinger equation. Primarily, according to the plane
wave seed solutions, we analyse the modulational instability of this system and obtain the formation mechanism
of different localised waves. Secondly, based on the known Lax pair, we construct the generalised (n, N — n)-fold
Darboux transformation of this system. As an application of the resulting Darboux transformation, we not only
show the interaction structures of the multisoliton solutions, but also analyse its long-time asymptotic behaviours
and list the relevant physical properties. In order to explore the relationship with differential geometry, we also
show the multisoliton surfaces. Subsequently, we give some higher-order lump solutions and analyse their large-
parameter asymptotic states. We also give some mixed interactional solutions to better understand the interaction
phenomena of different localised waves, whose propagation structures and characteristics are shown graphically.
These results and phenomena may be helpful to understand some physical phenomena in nonlinear optics, fluids

and Bose—Einstein condensates.
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1. Introduction

In 2011, using the inverse Miura mapping method,
Tsuchida has proposed the following Calogero—
Degasperis (CD) system [1]:

iQt+QX_)’_fQ_Qg=Ov

iRi — Ryy +gR+Rf =0, 0
fx = (QR)y,

8x = (RQ)ya

which can describe many physical phenomena, such
as nonlinear optics, soliton propagation and interaction
in fluids and Bose—Einstein condensates [2—4]. In sys-
tem (1), Q and R are two matrices of order £; x £,
and ¢» x £, respectively, O is a zero matrix, i is an
imaginary unit, x and y are space variables, ¢ is the time
variable and the subscripts x, y and ¢ denote the par-
tial derivative of the corresponding unknown functions.
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Other unknown functions and their related meanings can
be learned from ref. [1]. If we consider three matrices
0O, R and O in system (1) as scalars g, r and 0, respec-
tively, system (1) has the following form:

i + qxy — fq — 89 =0,
iry —ryy +gr+ fr=0,
fx_(qr)yzo»
fx— & =0,

2)

where g and r are potential functions containing x, y and
¢t in the complex field, whereas f and g are potential
functions containing x, y and ¢ in the real field. It is
worth noting that f and g are not necessarily equal due
to the influence of integral constants. The Lax pair of
system (2) are as follows [1]:

Wx:Ml/fv wt:2§1//y+NWa 3)
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where

M:(—ié‘.q), N:(—.ifi.qy),
r 1 —1ry 18

and ¥ = Y(x,y,1) = (W1(x,y,0), ¥a(x,y, )" (T
stands for transpose) is the eigenfunction in the com-
plex field. Meanwhile, it must satisfy the compatibility
condition ¥y; = VY, and Yryy = Yy, ¢ € Cis a spec-
tral parameter and satisfies the relation {; = 2¢¢y. In
fact, system (2) can be viewed as a zero-curvature equa-
tion M; — Ny +[M, N] —2¢My = 0 with [M, N] =
M N — N M. When choosing the reduction r = —g*, the
superscript * indicates complex conjugate. So from sys-
tem (2) the reduced CD system can be given as follows:
ig: +qxy — fq — 89 =0,

fe+lql3 =0, (4)
Jfx — 8 =0.

The corresponding Lax expressions of system (4) are
still consistent with (3) except that r is replaced by —g ™.
We mainly investigate the reduction of non-isospectral
(2 4 1)-dimensional CD system (4).

For system (4), many researchers have studied its
reduced form. A classic example is the (2 + 1)-
dimensional nonlinear Schrodinger (NLS) equation,
which can be obtained by making f = g in system (4).
Li et al [5] studied the variable coefficient (2 + 1)-
dimensional NLS equation. By using the Hirota method
with auxiliary functions, not only the multisoliton solu-
tions are obtained, but also the effects of coefficients and
wave numbers on the soliton interaction are revealed.
These multisolitons include parabolic, cubic, quasiperi-
odical and polyline solitons. Chen et al [6] mainly
discussed about the breathers and rogue wave solu-
tions of the (2 4+ 1)-dimensional NLS equation with
the help of the modified Darboux transformation (DT).
In addition, the dynamic characteristics of Akhmediev
breathers and Kuznetsov—Ma solitons are discussed in
graphical form. Zhang et al [7], with the help of clas-
sical and generalised N-fold DT, mainly studied the
elastic interaction between solitons and the related prop-
erties of higher-order rogue wave solution, while Peng
et al [8] studied the non-local PT symmetric rational
and semi-rational solutions using Hirota bilinear and
long wave limit methods for (2 4+ 1)-dimensional NLS
equation. Wang et al [9] proposed a simple and effective
method to establish the breather and rogue wave solu-
tions for the (2 + 1)-dimensional NLS equation. Zuo et
al [10], as a special case of the optical solitons, studied
the Hermite—Gaussian vortex solitons and displayed the
relevant images. However, as far as we know, the mod-
ulational instability (MI), multisoliton, soliton surfaces,
higher-order lump, mixed interaction solutions, dynam-
ics analysis of soliton and large-parameter asymptotic
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of lump have not been studied using the generalised
(n, N —n)-fold DT for system (4). Generalised DT plays
an important role in solving nonlinear integrable equa-
tions [11-14]. However, the extension of the generalised
DT to higher-dimensional non-isospectral nonlinear
integrable equations including (2 4 1)-dimensional and
(3 + 1)-dimensional Lax integrable systems still needs
further research. Therefore, our next major task in this
paper is to extend the generalised (n, N —n)-fold DT to
solve the reduction non-isospectral (2 + 1)-dimensional
CD system (4).

This article is organised as follows: In §2, based on
the plane-wave background, we will not only divide the
Ml region in detail and analyse the M1 of system (4), but
also give the excitation principles of different localised
waves in different regions. In §3, we establish the gener-
alised (n, N — n)-fold DT. In §4, we establish abundant
multisoliton structures by using (N, 0)-fold DT and
show the related dynamic characteristics of multisoli-
tons by using asymptotic analysis technique. In order
to better understand the differential geometric proper-
ties of system (4), we also give the relevant structures
of soliton surface. In §5, according to the generalised
(1, N—1)-fold DT, we set up the position and shape con-
trollable higher-order lump and use the large-parameter
asymptotic analysis method to give the properties of the
higher-order lump at infinity as the parameters change
for system (4). In §6, with the help of the gener-
alised (2, N —2)-fold DT, we give mixed lump-breather
interactional structures. The relevant contents are sum-
marised in §7.

2. MI analysis for the reduced (2 + 1)-dimensional
CD system (4)

ML, also known as parametric instability, is an extremely
common and momentous physical phenomenon in
fluid mechanics, optics, plasma physics and condensed
matter physics. With the development of nonlinear
problems, researchers have found that the generation
mechanism of different localised waves can be deter-
mined by numerical analysis method [12-18]. We can
clearly understand the excitation principle of different
localised waves through the detailed division of modu-
lation stability (MS) and MI regions. Next, in order to
analyse the MI of system (4), we start from the following
plane-wave seed solutions:

km + u

go=fo=—"—F5— 0
2

where ¢, k, m and p are arbitrary real constants. Sub-

sequently, we can reconstruct solutions (5) after adding

perturbations as follows:

q0 = Cei(kx—l—my—l—m)’
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q=qo(1+11 42BN o mi(—aTa=fl4))
g=go(1+4 1y el 2Bty fox omiQaTa=plrty))
f=fo(l +T3+ei9(—ax—/3t+y) +‘L'3*_e_i9(—a*x—/3*t+y))’
(6)
where 714+, T2+ and 734+ are the complex small pertur-
bations, €2 is the real modulational frequency and « and
p are the complex propagation parameters. Substituting

eq. (6) into system (4), we will establish the following
six linear algebraic equations:

g [2Q(Qa + am + B — k)11t
+(km + )12y + (km 4+ )34 | =0,

g [22(Qa —am — B + k)71

! +km+ W+ (km+ p)w3-] =0, (7)
iQ[c?t14 + cPti— + fa(km + p)34] = 0,
Q214 + ?ti— + Saltkm + )31 =0,
1Qa(km 4+ w)to+ — i1QLa(km + )34 =0,
1Qukm + n)tm_ —iQakm + w)tz— = 0.

According to eqs (7), we know that the necessary and
sufficient condition for it to have a non-zero solution is
that the relevant parameters «, 8, €2, ¢, k and m meet
the following relationship:

Br = —am +k £ V/Q2a? — 4c2. @®)

To facilitate the analysis, we must restrict « in rela-
tion (8) to be a sufficiently small complex number.
However, itis inconvenient to give this sufficiently small

complex number and we use @ = 5 instead. When

o = 5, we take By, where k = 1, m = 120. Next,
we specify the MI gain as G| = |J(264)| where 3 rep-
resents the imaginary part. Thereby, we can obtain the
following conclusion: MI generation factor of G is the
other regions except the lines Q = +44/900 — ¢Z and
—30 < ¢ < 30.

In order to avoid the restriction of « in relation (8),
the relevant parameters can still satisfy the following
conditions so that eqs (7) has a non-zero solution.

2./(22 —m?)c?
=T o2

—Q%k + km? + 4m/ (22 — m?)c?

B = o ©)

From (9), we can redefine the MI gain G, = |3J(228)],
where k = 1 and m = 2, so that we can clearly under-
stand that the MI regions of G, is the other regions
except ¢ = 0 and Q° > 4.

In figures 1(al) and 1(a2), for the MI gain G, its sur-
face shape and density distribution can be clearly seen.
In figures 1(a2) and 1(a3), we also clearly mark the MI
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and MS regions. It is worth noting that &2 = 0 for the
MI region and it can excite the breather or lump in fig-
ure 1(a2). In figure 1(a2), we can observe that the red
region is the MS areas, and solitons or plane waves can
be excited in this region. Figure 1(a3) is the enlarged
image of the MS areas of figure 1(a2). For the explana-
tion of why Q = 0 for MI, please refer to refs [19,20].
For the MI gain G5, the relevant surface structure, den-
sity and MI, MS distributions are shown in figures 1(b1)
and 1(b2). Certainly, the relevant localised waves will
be excited in the corresponding region in figure 1(b2),
which will be described only a little here. By the above
analysis, we clearly know that the MI region can excite
breather and lump, and the MS region can excite the
soliton and the plane wave.

We have to emphasise that we have given the relevant
parameter values in advance, which is helpful for the
analysis. We can certainly assign other values to related
parameters and use the same analysis method to analyse
the MI gains. However, it will no longer be described.

3. Generalised (n, N — n)-fold DT of CD system (4)

As per our knowledge of DT, we can easily give the
following gauge transformation:

v =Ty (10)

where ¢ satisfies Lax pair (3) and the form of 7(¢)
will be given below. Meanwhile, 1} = (1/71, 1Zr2)T needs
to satisfy the same form of the Lax pair as (3). And v/
should be subjected to Ve = MY, Yy =2C &y + Ny,
where M , N have the same forms as M , N, respec-
tively, exceptthatg, r, f, garereplacedbyq, 7, f, .
Similarly, as per our knowledge of DT, we can also
obtain the following relationships:

T, + TM — MT =0,

T, + TN — NT —2¢T, = 0. (11)

By symbolic computation, the following DT matrix T
can be obtained:

Ny AV 3 BW¢i

j=0 j=0
T = N-1 N-1 ’
cWei N4 3 DWi¢i
j=0 j=0

(12)

where N is a positive integer, AW BUW W) and
D) (j = 0,1,..., N — 1) are unknown functions
containing x, y and ¢, and their specific forms will be
given later. In terms of (11) and conventional N-fold



1 Page4of 21

(al) (a2)

Pramana — J. Phys. (2024) 98:1

(a3)

100
S Q S
50
- . 100 20 40
e

=4 -8 +900 ‘

40 -

Figure 1. Surface (al) and density (a2) distribution of the MI gain G| whenk =1, m = 120, « = %; (a3) enlarged image
of the MS areas of (a2); (b1) Surface (top) and density (below) distribution of the MI gain G, when k = 1, m = 2; (b2) MI

and MS distribution areas of G».

DT knowledge, the potential function transformations
of system (2) will be obtained as follows:

gy =qo+ 21BNV iy =rg —2icVD,
3 -4 (N—1 ~ cy(N—1
F=fo—2A"" g=gy+2iD{" V.

According to our research, the structures of the
new solution generated are extremely unsatisfactory by
transformation (13). Based on r = —¢g*, we will con-
struct the generalised (n, N —n)-fold DT for system (4).
In terms of DT matrix (12), we can obtain the following
reduced DT matrix:

13)

N-—1 L N-—1 o
;N_|_ Z A(J);] Z B(l){]
ro=| T
_ Z B(j)*;j §N+ Z A(j)*é-j
Jj=0 Jj=0

(14)

According to (10), (11) and (14), we have the following
potential function transformations for system (4):

Gy =qo+ 20BNV iy = fo—2iA0V D,

8 ) 15)
g = go +2iA\"" v

where qo, fo and go are the seed solutions. To obtain
the new form solutions for system (4), we have to deter-
mine AN=D B(N=D ip (15). However, determination
of these unknown functions will be our next research
focus. According to ¢ = ¢ (@ = 1,2,...,n), let
V(&) = (Y1(&), ¥2(£))" be n linearly independent
solutions for Lax pair (3),in which 1 < n < N.Thenthe
unknown functions AY) and BY) (; =0,1,..., N—1)
are determined from 7 (¢;)y (&) = O, that is, they can
be given in the following equations:

T @y (&) =0,
TOEHY V@) + TV @)y @) =0,
TOEHY® @)+ TV @)y V(&)

| +7 e =o (16)
Z T &)y = (&) =0,
j=

where N =" (n+r) (i =1,2,....,n),TY (j =

0,1,2,...)is obtained by
N
T@i+e) =) TP,
=0
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while ) (j =0, 1,2, ...) are obtained by the expan-
sion (& + &) =¥ Q@) + v V(@ + v @ (e +

, the coefficients

@ (13" 19 !
v = ﬁ,agﬁ%(é ﬁ,agﬁlﬁz((z

W =012...).

According to (16), we will choose n appropriate spec-
tral parameters ¢; and 2N AW BU . Once the seed
solutions qg, fo and go of system (4) are given, then
the exact expressions of AN=D and BVN=D will be
obtained in (15) as follows:

(N-1) (N=1)
AN=1) — AA , BWN-1 — L, (17)
AN Ay
1 2
where Ay = det([Afnl)H, Afn;H, . A,(:)H]T) and

AV = (A( ) )am+1)x2n and the form of Ai.’)s (1<

Jj <2m; +2 1 <s <2N) is as follows:

1 1—9
boo Choy T
for 1<j<mi+1, 1<s<N,
i=1 ~v 2N—s—0, j—1-0
V= OCZN ?gl T w ’
for 1<j<mi+1, N+1<s <2N,
J»$ Zj (N+1) Cz? ;l(N—S—ﬂ)*wzi(j—l—N—ﬂ)*’
for mi +2<j<2m; +1), 1 <s <N,

(N+1) AIN—s—)%_, (j—N—1=1)

Zj CgN Yé‘l( ’ )*WUJ *’
for m;+2<j<2(m;+1), N+1=<s<2N,

while AAN=D and ABN =D will be uniquely deter-
mined by the determinant AN substituting its first and
(N + 1)th columns via the vector (g(l), el g("))T with

g = (g,)z(m +1)x1, where

—ZC é.N ﬁw(j 1- 19)
for 1<j§m,~+1,

oQ
<
|

_ Z C g_(N ﬂ)*w(j N—1—9)%

for mi+2<j<2m;+1).

In general, the transformations (10) and (15) are called
the generalised (n, N — n)-fold DT. In the generalised
(n, N — n)-fold DT, n denotes the number of spectral
parameters used, while N — n represents the sum of
the derivative orders of the Taylor expansion for eigen-
function ¥ (¢;) (i = 1,2,...,n). In this article, we
will establish higher-order lump and rich mixed interac-
tion solutions for system (4) by adopting the generalised
(n, N — n)-fold DT.
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Remarkl. Whenn = N,r; = 0( < i < N),
the N-fold DT included in the (N, 0)-fold DT and
the generalised (n, N — n)-fold DT will reduce to the
(N, 0)-fold DT, from which if we do not use Taylor
expansion at every ¢;, the soliton and breather solu-
tions will be obtained. The generalised (n, N — n)-fold
DT will reduce to the generalised (1, N — 1)-fold DT,
when n = 1 and ri{ = N — 1, and from the plane-
wave background, the lump solutions of system (4) will
be obtained. The generalised (n, N — n)-fold DT will
reduce to the generalised (2, N — 2)-fold DT. When
n =2and r +r = N — 2, we can certainly obtain
the mixed lump-breather interaction structures for sys-
tem (4). When 2 < n < N, we will certainly obtain
interaction phenomena with higher order and abundant
structures, but these phenomena will not be described
in this paper. With the help of this method, in the subse-
quent three sections we will generate some multisoliton,
higher-order lump and mixed interaction solutions from
the non-zero background and plane-wave background
for system (4), respectively.

4. Multisoliton solutions, asymptotic analysis and
soliton surfaces of system (4)

In this section, based on the constant seed solutions
and transformation (15), we will use (N, 0)-fold DT
to establish the multisoliton solutions of system (4)
and analyse its elastic interaction and related dynamic
characteristics. We consider the constant seed solutions
qo = 0 and fy = go = —1 of system (4), and substi-
tute the seed solutions into Lax pair (3) to obtain the
following form solution with { = &;:

—2ig2x—2¢t—(1+i)y

VYik € 2
Vie = Yo ) 2ic2x+2¢ +(+)y |’

e 28,

k=1,2,...,N. (18)

In the same background, in terms of transforma-
tion (15), we find that the shape and properties of f and
g are similar. Therefore, to save space, we only show
the multisoliton solutions of ¢ and f and analyse their
elastic interaction.

4.1 One-soliton solutions and dynamic analysis

When N = 1, ¢; = bi, where b is an arbitrary constant,
in terms of (15), we can obtain the following solutions:
g1 =2iBQ, f =

—1-2iA, (19)
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Table 1. Relevant physical quantities for one-soliton solution in the x, y direction.
Soliton Amplitude Velocity Wave number Width Primary phase Energy
7 12b| 5o =20 1201, ] |35 101 |4b1, 185
fivl 2 5261201, [ |35 101 351, [
(@3) (a4)

Figure 2. Surface (fop) and density (below) plots for one-soliton solutions ¢ and f using (20) with different spectral param-

eters: (al), (a2) ¢ = 2i; (a3), (ad) ¢ = 5.

where
Vil Yo ) ‘—Ellﬁn Va1
Ay = , AAY = ;
¥3 =V =Y —Y
ABO — Y =&y
Vo =&V,

For the convenience of analysing the relevant physical
properties of one-soliton, solutions (19) can be rewritten
as

. hil 2b%x — y — 2bt
q1 = 2be b sech — )
2b%x —y — 2bt>

b (20)

fi = —1 4 2sech? (

From (20), it is easy to observe that g is a bright one-
soliton structure, while f] is a bell-shaped one-soliton
structure. Relevant physical quantities propagating in

different directions are listed in table 1. For g and f, the
energies are defined as

o 2
/ lg|~dy,
—o0

Epi= [ 4 0Pans [+t

o0
E, = / lg)2dx +
—0o0

respectively. We can easily observe that the physi-
cal quantities of one-soliton solutions depend on the
spectral parameter ¢1. In figures 2(al) and 2(a2), the
bell-shaped one-soliton structure of §; and fi propa-
gating in the x direction are shown when ¢; = 2i (i.e.,

b = 2). In figures 2(a3) and 2(a4), ¢; and fl propa-
gating in the y direction are shown when ¢ = 5 (i.e.,
b=1.

2

4.2 Two-soliton solutions and their asymptotic
analysis

When N = 2, ¢; = byi, & = boi, where by and b, are
positive arbitrary constants, in terms of (15), we can get
the following solutions:

g =2iBV,  fr=—1-2iA, (1)
where
avn Y Gy 133
([ QY2 Y2 Y Yn
Tldvn vn —svl —vh |
GV Y —GYL Y
—CHn Y Qv Yo
s — Y Y LYn Yn
—ED 3 V3 g v |
—@D U5 V3~V —Vh
avi Y =Y v
ABD — Oy Y2 =Y Yn
VR Vh —@D) v v
G v —EH Y —vh
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The solutions (21) can be rewritten as
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vi z
4(b? - bd) [—blebl cosh(§2) + byeh2 Cosh(él)}

i = , (22)
(b1 + b2)? cosh(&r — &) + (b1 — b2)? cosh(Er + &) — 4bybz cos (v4512)
4(by + b) (by — b)? [./Jl Tocosh (§ +& + 3 In94) + T Tycosh (& — & — S In )
i (b1 + by)[cosh(2&) + cosh(2&1) — 2]]
= 5 -1, (23)
[(b1+b2)2 cosh(€ — &) + (b1 — b2)? cosh(é) + &) — 4bybz cos (y452 )]
where e After the interaction (t — +00):
. 2z by + b
2b2X—y—2b1t 2b§x—y—2b2t qo> — nTZZblebl sech |:$1+1n (b] —b2>:|’
o= b 8~0 £ o, o
by —b N oL by + b
= —2(b1 + by) cos y ! 2 qr — 77;_ = 2b26b2 sech |:§2 + In ( 2 1):| s
blb by — by
b 52 ~ Ov El — —0OQ,
2(by — by)sin| y L=
201 = b2 by b2 where nfr, n; are the asymptotic expressions of ¢, after
b —b the interaction. ~
Jo = =2(b; + b2) cos (y L 2) (i1) The analysis of solution f5 is as follows:
b1b
) ! Z e Before the interaction (¢t — —o0):
11— b2
—2(by — b . by —b
(1 Z)Sm(y bibs ) fz+1—>v1:25ech2[sl+ln< ! 2)]
—b> b1—b bt
J3:2(b1—|—b2)[cos< - )—sin (y 11)—b 2)} & ~0, & — oo, . 25)
172 1 ]?2+1—>v2_=256ch2|:§2+1n<1_2>:|,
Js = 2by +b)| cos [y =22 ) psin (21202 br+ba
4 =2(b1+b2 Y pibs Yoy )| §~0, § — oo,

Asymptotic analysis is an extremely useful technique
to analyse the elastic collision of solitons [21-26].
According to solutions (22), to study whether the inter-
action between two solitons is elastic, we have the
following asymptotic analysis:

(i) The analysis of solution g3 is as follows:

e Before the interaction (¢t — —o00):

. _ bl [ by —by\ |
= 2byebt sech 1

g — n 1e21 sec _51 +1n <b1 +b2)_

§&1~0, & — +oo,

put
G» — n, = 2byeb2 sech

_S » (bz—bl)_

n s
_2 by + b1/ |
§~0, & — +oo,

where 7|, n, are the asymptotic expressions of g
before the interaction.

where v,", v, are the asymptotic expressions of fr4+1
before the interaction.

e After the interaction (f — +00):

- by +b
f2+1—>vf“=256ch2 & +1n 1+ ,
by — by

él ~ 09 52 — —0Q,

- b b
fr+1— v =2sech? |& +1n L+ 02 ,
by — by

(26)

& ~0, § — —oo,

where v1+, v; are the asymptotic expressions of fr+1
after the interaction.

After the above analysis (23)—(26), the relevant phys-
ical quantities of two-soliton ¢»> and f» + 1 are listed in
different directions in tables 2 and 3. By comparing these
physical quantities, we notice that the relevant physical
quantities of the two-soliton before and after the interac-
tion remain unchanged, but the phase is opposite, and so
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it is an elastic interaction. In order to understand these
physical quantities more intuitively, we show the rele-
vant images in figure 3 when the spectral parameters
¢t = 5 and o = 2iand t = —4,0, 4. In fig-
ure 3, we can easily observe the propagation and strong
interaction of two-soliton, which will not be described
here.

When N = 3, similar to the method of N = 1, 2,
we can certainly obtain the three-soliton solutions, but
the relevant dynamic features and physical properties
will not be described due to space constraints. When
the parameters {1 = 3, {2 = 2i, {3 = 3, we only plot
the structures of three-soliton as shown in figure 4.

4.3 Soliton surfaces

The soliton equation has many connections with differ-
ential geometries. Since the famous report of Gauss in
1827, the soliton theory has been widely applied to dif-
ferential geometry surfaces and soliton surface theory
developed by Sym can establish the general relation-
ship between integrable systems and geometry [27-29].
Meanwhile, soliton surface method provides a geomet-
ric interpretation for many integrable systems, such as
spin, vortex, chiral field and so on [30,31]. Recently,
research on soliton surface has become extremely popu-
lar. However, there are no studies on the soliton surfaces
of (2 + 1)-dimensional non-isospectral problem. In this
section, we will study the soliton surfaces of system (4)
according to the previous soliton solutions.

Based on the seed solutions gg = 0 and fo = go =
—1, we can get the eigenfunctions matrix of system (4)
as follows:

Pramana — J. Phys. (2024) 98:1
According to (14) and (27), we can determine that
®WNI(g) = T()P(¢) in (28). It is worth noting that
¢ satisfies the non-isospectral relation {; = 2¢¢,. When
N =1, 2, 3, we will give the soliton surface structures
satisfying the non-isospectral conditions as shown in fig-
ures 57, respectively. In figures 5(al)-5(a3), based on
the isospectral parameter { = 1, we show the structures
of one-soliton surface for t+ = —3, 0, 3, which have
pretty good symmetry. In figures 5(b1)-5(b3), based on
the non-isospectral parameter { = 23y_ :?, we show the
structures of one-soliton surface for t = —1, 0, 1. In
figures 6(al)-6(a3), based on the isospectral parameter
¢ = 1, we show the structures of two-soliton surface
for t = —3, 0, 3, which have pretty good symmetry.
In figures 6(b1)-6(b3), based on the non-isospectral
parameter { = %{ Z?, we show the structures of two-
soliton surface for t = —1, 0, 1. In figure 7, based on
the isospectral parameter ¢ = 1, we show the structures
of three-soliton surface for t+ = —3, 0, 3, which also
have pretty good symmetry.

5. Higher-order lump solutions and
large-parameter asymptotic analysis for system (4)

In this section, we still only show the higher-order lump
solutions of ¢ and f and analyse them. According to (15)
and generalised (1, N — 1)-fold DT, higher-order lump
solutions of system (4) will be established based on one
spectral parameter. Subsequently, substituting (5) into
Lax pair (3), we get the following form solution for
system (4):

ik
" (Cle][x+iy+(2i§—m)t+8(8)] n Cze—l[x+iy+(2ig“—m)z+8(g)]) ew
Vo= < ) = " , (29)
—i(kx-my+ut
2 (Cym_ M Hy+QiIE=mt3()] | Oy o= IxHy+QiE—m)i+5(e)]) tttit)

—2ir2x—2¢t—(14i)y —2ic2x+2¢1+(1—i)y
2 2

¢ —e ¢
d(r)=
@) 2i¢2x 42014+ (1+)y 2i¢2x—20t—(1—i)y ’
e 2 e 2L

(27)

and det(®(¢)) = 2 cosh(X2L) £ 0, M, N € SU(2).

By applying Sym formula & ()~ % ®(¢) [31], we can
obtain the N-soliton surface (Fy, F2, F3) of system (4),
the analytic form of which is defined as

(iF3 + Fy iF — F )

d
M ()1 LoV () —
() O=\ir 45 —iF+ R

dg
(28)

with
2c
I’I’L:F = - ,
ik + 2i¢ F /—4c — k2 — dk¢ — 4¢2
V—4c2 — k2 — 4k¢ — 422
1= - ,

N
5() =Y (e +id)e”,

i=0

where ¢ is an extremely small parameter, usually refer
toejandd; (i =0,1,2,..., N) as real control param-
eters, while C; and C, are real numbers. According
to (29) and the (N, 0)-fold DT, we can certainly get
the breather solutions. However, the main goal of this
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Table 2. Relevant physical quantities for two-soliton solution g in the x, y direction.

Soliton Amplitude Velocity Wave number Width Primary phase Energy

0 1261 Ao Rbil A skl el m(BER) b 86
ny 26| L2k Rbal [kl okl bl W (BER) bl 1863)
nf 1261 Ao=2br o Rbil [E okl el m(BERE) 4n 18]
0y 1263 L= bl [ skl bl W (BER) bl 186

Table 3. Relevant physical quantities for two-soliton solution f> + 1 in the x, y direction.

Soliton Amplitude  Velocity Wave number Width Primary phase Energy
1 1 1 b1—b 8 16b
v; 2 o2 el gL Il e m(ER) IS e
- 1 1 1 bi—b 8 16b
o2 RN P NI (= S I E T
+ 1 1 1 bi+b 8 16b
v 2 Lo b |L sl ol (BER) | [
+ 1 1 1 bi+b 8 16b
v 2 Eo=2 bl gl gl b m(BR) |

Figure 3. Structural plots of the two-soliton solutions ¢ and f via the (22) with two spectral parameters {; = % =2
when t = —4, 0, 4.
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(al) (@3)

(b3)

-10 -10
Figure 4. Structural plots of the three-soliton solutions ¢ and f with three spectral parameters {; = % O =2 3 = %
when t = —4, 0, 4.

(al) ‘ t=-3 (a3) t=3’
2.5 v,' ” g 55 ,/
FI 9 Fl o
an.u 0. i 0. anrz 0. 0.4 0. 5,,-3
(b1) (b2) t=0 (b3) t=1
FI™> FI
Fj)..
-0.5 72 2 0.2

Figure 5. One-soliton surfaces for system (4) with isospectral parameters for t = —3, 0, 3: (al)-(a3) ¢ = 1, ¢ = 2i,
(x,y) € [-3,3] x [-3,3]. One-soliton surfaces for system (4) with non-isospectral parameters for t+ = —1, 0, I:

(bD~(b3) ¢ = 22 ¢ =2i, (x,y) e [-1, 1] x [-1, 1].
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(al)
| t=-3
FI o
P
0.25
05 Z02s ! i
¢ F3
F2
(b1) (b2)os
t=-1
" 0~
Fl
Fl | )
-0.5+
.
’ 0.5 .
-0.5
F2 o 0.5 &3

Figure 6. Double-soliton surfaces for system (4) with isospectral parameters for 1 =
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B 1 t=3
FI

*p2 S
(b3)

F2

-3,0, 3: (al)(a3) ¢ = 1,

L = %, & = 2i, (x,y) € [—3,3] x [—3, 3]. Double-soliton surfaces for system (4) with non-isospectral parameters for
1=—1,0, LOD-b3) ¢ =2, o =1, 0 =20 (x,y) el-1,11x[-1,1]

(a1) =3 (@3)
Bk ! FI o
NN/ K
-0.5 ! 1 -0.5 )y T
F2 F2
Figure 7. Three-soliton surfaces for system (4) with isospectral parameters for t = —3, 0, 3: (al)-(a3) ¢ =1, ¢ = %,

f =2, 3=14, (x.y) €[-3.3]x [-3.3].

section is to give the higher-order lump solutions and
analyse them. Thus, two forms of Taylor expansion
about spectral parameter { will be given later. Then,
we can set { = {1 + €2 in (29). Meanwhile, ¥ needs
to expand through Taylor series around ¢ = 0, and the
following expressions can be obtained:

o

v = v

=0
=y O 4y M2 Ly @ty Ocby. 0 (30)

where @ = (¢, YT (9 =0,1,2,...) can be
uniquely obtained through (16) and (29).

In order to acquire the higher-order lump solutions
of system (4) by means of symbolic computation, let
M = —% = ci and consider the following two expansion

types:

Type I: Take C; = —C, = %, c=k=1 ¢ =
¢1 + €2 with ¢; = M and use Taylor series expan-
sion at ¢ = 0 for (29). Subsequently, the vectors

Y@ = (", y{")T can be obtained, which are poly-
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nomials containing x, y, ¢, and then the lump solutions
of system (4) can be acquired. Under this expansion
type, the related expansion of (29) are as follows:

Y9 = (=24 2)[B + i)t — iy — x —idy — €]
o o3 Oty
i = @ = 2)[B + i)t — iy — x —idy — g + 1]

% 2@ty

" 16 88.\ ; o
Y, = —?—F?l =4[+ T)x+G—=T)y

. . 2 1 .\ 2
+ (i — Tdo + (1 + Ti)eolt? — 8{(— 3 —1>x
+[2 -1y — 1+ 2ieg + (2 —Ddolx

1
+ <5 + i)y2 + [(2 — 1)eg + (1 + 2i)dy]y
2

3. I\

(1 —i)dg + (2 — 2i)(ieg + ix — y)ds

1
— (— + i)eg + (2 — i)doeo

— W[ DN oo

+ 5(1 —1)[8iegy + 8ixy + 46% + 8xeg
2
+dx? — 4y + 11dy — S+ ied

—2(1 —i)(ix — y)ed — 2[(1 +i)x?

1 1
20 —-yx—( +i)(y+§> (y — E) ]eo

l (A3 .2 2
—|—6(1 1) (—4ix” + 12ixy” + 12x“y
i
—4y® — 3ix + 12id; + 3y + 12e1)}e7<x+y+”,

Yl = {(1—6 - &)ﬁ +4[(1 4 Ti)x
303
+G—=T)y~+ (G —7do+ (1 +Tieyg — 1 — 7i]r?
+8{(%+i)d§+[(2—i)eo+(2—i)x—2
1
+i4 (1 +2i)yldo — (5 + i>eg
+ (=1 —=2i)x +1+2i+ 2 —1i)yleo

- (% +i)x2 +[142i4+ Q2 —1)ylx

Y (L I NI S ¥
g 2\ vy
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2
+30 - idg —2(1 — i) (ieg +ix — i — y)dg

NI 1,
—4(1 —1) Eeo—l-(ly—l—x—l)eo—iy

1, 5 2
+(1x—1)y+§x —x+§ d0+§(1+1)eo

+ (2 = 2i)(ix —i— y)e§ + 2{(—1 —i)y?

5 5
+ 1220+ (24 20x]y + 4 Ji

2
—I—(l+i)x2—(2+2i)x}eo+§(1+i)x3
e 2 . .2 5.
+ (24200 + y)x~+ (=2 + 2)x <1y — Zl

1
— Zy) U i)(—12iy? — 4y> + 12id,

i
. — = (x+y+1)
+31+15y+12e1)}e 2 )

(€29)
Typell: Take C; = —Co =c=k =1, ¢ =¢ + &2
with ¢ # M (e.g., {1 = M 4+ 1) and adopt Taylor series
expansion at & = 0 for (29).

If we choose Type-11, we will get periodic wave (PW)
solutions. However, this is not our main objective. In
this paper, we only choose M = —’% + ci and mainly
consider three cases: N = 1, 2, 3 based on Type I. To
facilitate the calculation, we only consider parameters
c=k=m=pu=1.

5.1 First-order lump solutions and maximal peak
amplitude

When N = 1, in terms of transformation (15), from
the seed solutions (5) and combining with the gener-
alised (1, 0)-fold DT, we can acquire the following two
expressions:

Gy = e h) 4 21O f = 1 —2ia” (32)
in which
(0) (0)
A0 _ AAT po _ ABT
Ay A
where
(0) (0)
Ar =1 oy %(0)* ,
l//2 _1/’1
0 0
AAO — _fll/fl( ) 1,02( :
- % (0)* |
_4'1 WQ _Wl
0 0
ABO — Wl() _gﬂ//l() .

0)* 0)*
AL VALY
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By using Type I, from (31) and (32), we get first-
order lump solutions of system (4) and rewrite solutions
(32) as

T | .M
a = (-l_; " l)el(Hyﬂ)’ A==

- 1,
T (33)

where

1 2
-[1=8i(y+d0—t)—8<x+eo—3t—§)
—8(y +dy —1)* +2,

l 2
-I2:4<x+€0—3t—5) +4(y+d0—t)2+1,

1
T3 =64(y+d0—t)(x+e()—3t— 5)

From this expression, we can see that there are two
parameters eg and dp, which can change the position
of the first-order lump. In figure 8, we exhibit relevant
structures of g and f, from which we can clearly see the
structures of first-order lump ¢ and f. They have sin-
gle peak and double troughs, double peaks and double
troughs, respectively. The position coordinate, maximal
peak amplitude of first-order lump are listed in table 4,
and ¢ is an arbitrary time. In figures 8(al)-8(a3) and
8(b1)—(b3), when the parameters ey = dyp = 0, we show
the propagation process at different time, and clearly
observe their propagation characteristics, which will not
be described here. In figures 8(a4) and 8(b4), when
time t+ = 0, we show the structures with parameters
eo = dp = 3, and find that the parameters can control
the position.

5.2 Second-order lump solutions and large-parameter
asymptotic analysis

When N = 2, interms of transformation (15), from seed
solution (5) and adopting the generalised (1, 1)-fold DT,
we can acquire the following two expressions:

~ : . 1 ~ -4 (D
qr = el(x+y+t) + 21B( ), f2 =—1- 21Ay , (34)
in which

1 1
A(l):AA() (I)ZAB()

Ar ’ Ar ’

where

¢ wgf; w(,‘;))* ¢ wé‘();)* wéf;)*

2 (1*1;/’2 ©) %m _<1f; e _w<11)
§l"/’1 +1/f1 wl §l‘/f2 +1/f2 Wz

n* 0)* n* n* 0)* *
R T S

AAD and ABWM can be obtained by determinant A;
replacing its first and third columns by the vector
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T Nt T R TR A e N AR T G
=25y )T

Because the second-order lump solutions are very
complex, we will not give its specific form here. From
(34), by using Type I, the second-order lump solu-
tions can be acquired for system (4). According to
(29), its solutions will contain four arbitrary parameters
ej, dj (j = 0,1), which control the position and split
shape. As shown in figure 9, we can not only observe the
propagation characteristics of the second-order lump at
different times and strong interaction, but also clearly
see that it splits into triangles.

However, as the parameters e1, d; increase, we find
that the first-order lumps after splitting are very similar
in shape. Large-parameter asymptotic is an extremely
effective method to explore whether the first-order
lumps after splitting are the same when the parame-
ters ey and d; tend to infinity [32]. Thus, we have the
following large-parameter asymptotic analysis:

(i) Large-parameter asymptotic analysis about d is
as follows:

For solution g; in (34), we take

t=ey=¢e; =dy=0,
d; =‘L’1d3+1’2d2+‘f3d+1'47
,eR, i=1,23,4,

where d is the new control parameter we introduce. For
¢», under the first transformations x = X + ad and
y =Y + bd (a,b € R), we can obtain the following
governing polynomial:

Fi(a, b) = 16a°® + 48a*b* + 484%b* + 16b°

+48a’1) — 144ab’t) + 3617 (35)

The roots of the governing polynomial (35) are related
to the central positions of the separated first-order lump.
So we define these roots as the central point of the cor-
responding first-order lump. Therefore, we can control
the central positions of the separated first-order lump by
adjusting central point (a, b) and 7;. Equation (35) is a
polynomial of degree 6, which allows three double roots
to exist. However, these central points are arbitrary, but
we find that the limits at any central points are the same
when d tends to infinity. In order to study the prop-
erties of the separated first-order lump at infinity, we
will give the three specific double roots and analyse the
asymptotic behaviour of the separated first-order lump
as follows:

When t; = —18, for governing polynomial (35), we
can get three sets of values for a, b. Let central points
(a,b) =(aj,bj) (j =1,2,3). We get

3%)

(a1, b1) = (3,0), (az,b2)=<—§, >
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Table 4. Coordinate and maximal peak amplitude for lump solutions (33).

Solutions  Peak coordinate Trough coordinate Maximum Minimum

lq| (Bt —eo+ 3. t —do, 1) Gt—eo+ 113, t—dy, 1) 3 0

f Gt—eo+i V2, 1—do£iV2, 1) Gr—ep+ 12, 1—dyFiv2, 1) 1 -3

and In terms of (5) and (34), we have the following asymp-
3 33 totic limit expression for the three double roots:

(a3, b3) = (_5’_T>’ —8i¥ — 4

respectively. For (a1, b1), we take

T —

X=X— and Y =Y.

For (a», by), we take

. 1 — 18 .3
Xof_ TR 4 y_p_Yim
36 36
For (as, b3), we take
~ 1 ~
xog_ 2t y_p_Yim
~36 ~36

Parameter 7o can adjust the central point of the lump
slightly and its role will be shown later. In terms of (5)
and (34), we have the following asymptotic limit expres-
sion for the three double roots:

. (G —qo —8iY —4
lim - = — ~ .
d—oo \ elry) 4X2 4472+ 1

When t; = 18, for governing polynomial (35), we

can also get three sets of values for a, b. Then, we can
get

(36)

3 3V3
(a1,b1) =(=3,0) or (a2,b2) = |5, ——
202
or
3 33
7b - ~ A |
(a3, b3) (2 > )
respectively. For (ay, b1), we take
~ -9 A
Xx=x-2 and ¥ =7.
For (a», by), we take
N 18 A 3
x=g_ 2t iy p_ YT
-36 —-36
For (a3, b3), we take
. —Tp— 18 N 3
x=g_ 218 4 y_p_Yu

36 36

T gt U I — (37)
d—oo \ elx+y) 4X2 44Y2 4+ 1
(i1) Large-parameter asymptotic analysis about e; is as
follows:
For solution g, in (34), we take
t=e=dy=d; =0,
el = t5d°> + 16d® + 17d + 13,
(TQ € Rv Q = 57 6373 8)3
where d is the new control parameter introduced by us.
For ¢», under the first transformations x = X + ad
and y = Y + bd (a, b € R), we obtain the following
governing polynomial:
Fala, b) = 16a® + 484*b* + 484%b* + 16b°
+48b%ts — 144a’bts 4 3672
When t5 = —18, for governing polynomial (38),

we get three sets of values for a, b. Let (a,b) =
(aj,bj) (j =1,2,3), we get

(ar,b1) =(0,3) or (az,br)
= (ﬁ —§> or (az, b3)

(38)

272
(33 3
B 2 2)
respectively. For (ay, b1), we take
A 1 A T6
X=X4+=- and Y=Y — —.
2 18

For (a», by), we take

X:f(—(ﬁ%—l)

~ ‘[6
dY=V+2
36 2) +

36

For (a3, b3), we take

. NEI7 s T6

X — d Y=Y+ —.
+( 36 + 2) an + 36

76 has the same effect as 7». In terms of (5) and (34), we
have the following asymptotic limit expression for the

X
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three double roots:
o (dr—qo —8iY — 4
lim - = — ~ .
d—oo \ elx+) 4X2 +4Y2 +1

When t5 = 18, for governing polynomial (38), we
also get three sets of values for a, b. Then, we get

(39)

3V3 3

(a1,b1) =(0,-3) or (az,b2) =\—7> 3
2 2

or

3V3 3
7b - - T A Al
(a3, b3) ( 5 2)
respectively. For (ay, b1), we take
A 1 A T6
X=X+- and Y=Y — —.
2 18

For (a», by), we take

X = X+(\/_T6+2) and Yzl?—i-z.

36 36

For (a3, b3), we take

X:)?—(ﬁt6—l>

nd Y= Y+—.

36 2 36

In terms of (5) and (34), we have the following asymp-
totic limit expression for the three double roots:

Gy — —8iY — 4
lim ($2-40) _ T % (40)
d—o0 \ elry) 4X2 4472+ 1
i) avy’ )
12 w() . Clw() . w(l)
flw()+2§1//() Iﬁ() 1/’() 1//()

F s+ 267

§1W(2)+2§ 1//(1)4_1!/(0) 1p(l) ‘/’(2)

o 1//(2)

1 0 1*
glwz() _{_w() Iﬁ()

2 1 0 2 1 2 * 2 1)* 0)* 2 1H*
eyl +2§11/f2() +w“ iyl +w§) Y2 2 wl” +2crw1" +wf’ ey +w1”
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of the lumpon y = % at (%, 10) and (%, —30), respec-
tively by adjusting slightly. In figures 10(a2) and 10(a4),
we can fix the central point of the lump on the x-axis
at (15,0) and (—15, 0) by adjusting slightly. Concur-
rently, we can clearly find that the lumps are symmetric
about y = % in figures 10(al) and 10(a5), while the
Iumps are symmetric about the x-axis in figures 10(a2)
and 10(a4). In figure 10(a3), we show the strong interac-
tion structure and fix the central point at (%, 0). We also
notice that the shape and size of these lumps are iden-
tical with the increase in d in figure 10. Certainly, we
can also obtain the expression of the asymptotic limit
of the separated first-order lump by the above analy-
sis for f>. We will not describe it again due to space
constraints.

5.3 Third-order lump solutions and large-parameter
asymptotic analysis

When N = 3, from transformation (15) and plane-wave
seed solutions (5) and combining with the generalised
(1, 2)-fold DT, we can acquire the third-order lump solu-
tions

Gy = ety L 2@ f— ziAgz), 41)
in which
2) 2)
A3 A3
where
2yl oy ¥
8"1//(0“ —ryp @y ©
¢ z/f“l’ faow vy 1//“’1) Zh
2 1,,,(> —2w“ —w” 1,,,(> 1',,<>
C w(Z) _’_2{ 1//(1) +‘/’(0) ¢ w(Z) 1/,(1) 1/,(2)
w{”*

By this analysis, based on the specific double roots,
when 75 = 0 or t¢ = 0, we can find that the spe-
cific central point of the separated first-order lump is
(ad + %, bd). According to (36), (37), (39) and (40),
we can find that the shape and properties of the sep-
arated first-order lump are identical when d tends to
infinity for g; in (34). In order to observe the properties
of these separated first-order lump more intuitively for
g» in (34), we show the relevant images under the spe-
cific parameter d in figures 10(al)-10(a5). For example,
in figures 10(al) and 10(a5), we can fix the central point

AA® and AB® can be obtained by the determinant
A3 replacing its first and fourth columns by the vector

(— CM”(O)’ —i w(o)’ éhlw(l) 3§1¢(0)’ *W(l)*
—3¢7 1/,(0)’ §11ﬁ(2) 3§lw(1) —3q 1‘0(0)’ —¢ 1/,(2)

=3¢y =3¢y

By using Type I, in terms of (41), it is easy for us
to obtain the third-order lump solutions for system (4).
According to (29), its solutions will contain six arbi-
trary parameters e;, d; (j = 0, 1,2), which control
the position and split shape. As shown in figure 11, we
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(@2) @3) (a4)

2 =0 =
2 . . L =2 t=0
e 3
= - -
0

o
|al

(b2)

10 -5
X 15-10 ¥y

Figure 8. Surface (fop) and density (bottom) plots for the first-order lump solutions (32) with different control parameters
and time: (al)—(a3) and (b1)-(b3) ¢y = dp = 0, (ad) and (b4) with eg = dy = 3.

(b3)

Figure 9. Surface (top) and density (bottom) plots for the second-order lump solutions (34) with different control param-
eters and time: (al), (b1), (a3), (b3) ¢; = d; = 0 (j = 0,1) except ey = 100; (a2), (b2) e; = d; = 0; (ad), (b4)
ej=d;=0(j=0,1)exceptd; = 100.

Figure 10. Density plots for the second-order lump solution ¢ via (34) based on different large-parameters ey, d; when
t=0(alts=-18 w=11=153=0,d=2 (@21 =-18 n=n3=u5=0d=2, (a3)d=0,(ad)
=18, n=n3=14=0, dz%and(aS)t5=18, =17=13=0, d =10.
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can clearly see the propagation, strong interaction and
arrangement shape of the third-order lump with different
parameters at different time.

We know that ep and dy can control the position
change of the third-order lump, e¢; and dj can control
splitting and arrange into triangles, e; and d» can con-
trol splitting and arrange into pentagons. Next, we will
only conduct large-parameter asymptotic analysis for e>
and d; to explain the shape and properties of the sepa-
rated first-order lump when d tends to infinity.

(i) Large-parameter asymptotic analysis about e is as
follows:

For solution g3 in (41), we take

t=e=e1=dy=d; =dr) =0,
ey = ‘L’1d5+‘L’2d4+1’3d3 +‘[4d2+‘1,'5d—|—‘lf6
(Tl ER’ i= 1’2’ 3’4’ 5’ 6)’

where d is the new control parameter introduced by us.
For g3, under the first transformations x = X + ad
and y = Y + bd (a, b € R), we obtain the following
governing polynomial:

Fs(a, b) = 32(a® + b*)(16a'° + 80a®p?
+ 160a°b* + 160a*b° + 80a%b®
+ 16560 — 360477 + 3600a°b%1,

— 1800ab*t| +20251}). (42)
Equation (42) is a polynomial of degree 12, which allows
the existence of six double roots. Similarly, in terms of
the correlation analysis of second-order lump, we define
these roots as the central point of the corresponding
lump. However, these central points are also arbitrary,
but we find that the limits at any central points are the
same when d tends to infinity. In order to study the
properties of the separated first-order lump at infinity,
we will give five specific double roots and analyse the
asymptotic behaviour of the separated first-order lump
as follows:

When t; = %, for governing polynomial (42), we get
five sets of values for a, b. Let central points (a, b) =
(aj,bj) (j=1,2,3,4,5,6). We get

(a1,b1) = (0,0), (a2,b2) = (1,0),

@ b):( NG ﬁ\/2ﬁ+5>
YTV s+ )

@ b)=< NG _ﬁ\/2ﬁ+5)
4, D4 S+ U5 515 ,

@ b)=< NG \/—10«/§+25>
5, D5 N NG
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and

” b)_( V5 —10J§+25>
6, 06) = «/5—5’ \/—_5 )

respectively. Because of the complexity of the latter four
roots, we only analyse the first and second roots here.

For (ap, by), we take X = X + % and Y = Y and for
(ap, by), we take X = X + (2% + %) andY = Y. In
terms of (5) and (41), we have the following asymptotic
limit expression for the three double roots:

(ég —qo) 8V —8X2—8Y2+2

lim
d— 00

- 43
el 4X2 +4Y2 41 @

(ii) Large-parameter asymptotic analysis about d; is as
follows:
For solution g3 in (41), we take
t=ey)=¢eq 262:d0=d1 =0,
dy = 17d° + t8d* + 19d> + T10d* + T11d + T12
(o eR, 0=7,8,9,10, 11, 12),

where d is the new control parameter introduced by us.
For g3, under the first transformations x = X + ad
and y = Y 4+ bd (a,b € R), we obtain the following
governing polynomial:

Fula, b) = 32(a® + b>)(16a'° + 80a3H* + 160a°b*
+ 160a*b% + 80a%b® + 16b'°
— 1800a*bt7 + 3600a’b3 7

— 3606777 + 202577). (44)

When 77 = %, for governing polynomial (42), we get
five sets of values for a, b. Let central points (a, b) =
(aj,bj) (j=1,2,3,4,5,6). We get
(a1,b1) =(0,0), (a2, b2)=(0,1),

ViV2/5+5 W5 )

(a3, b3) = (

545 5445
(a4,b4)=<_\/§v2\/§+5’ NE] )
5445 5445
(as b5)=( “10V5+25 5 )
’ V5i-5 J5-5
and
(ae b6)=<— Cl0V5+25 5 )
’ Vi-5 V5-5)

respectively. Because of the complexity of the latter four
roots, we only analyse the first and second roots here.

For (ay, by), we take X = X+ % and Y = Y and for
(ap, b)), we take X = )A(—l-% and Y = ?+94ﬁ.ln terms
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of (5) and (41), we have the following asymptotic limit
expression for the three double roots:
(c}s—qo)ZSiY—ASXZ—ASY2+2. 4s)

elr+y) 4X2 4+ 4Y2 41

By the above analysis, based on the specific double
roots, when parameters 7o = 0 or tg = 0, we can find
that the specific central point of the separated first-order
lump is (ad + %, bd). According to (43) and (45), we
find that the shape and properties of the separated first-
order lump are identical when the parameter d tends to
infinity for g3 in (41). In figure 12, the density plots
of the separated first-order lump are displayed for g3 in
(41). The related symmetry, strong interaction and shape
size can be easily observed from these figures, and so
we will not describe them again.

lim

d— 00

6. Mixed interaction phenomenon of different
localised waves

In this section, for fundamental solution (29), we will
use the generalised (2, N — 2)-fold DT and only adopt
two spectral parameters to exhibit the interaction phe-
nomenon of different localised waves for system (4).
According to the control parameters e¢p and dy, we can
regulate the intensity of the interaction. Next, we will
only consider two cases: N = 2 (the generalised (2, 0)-
fold DT) and N = 3 (the generalised (2, 1)-fold DT).
To facilitate calculation, we only consider parameters
c=k=m=u=1.

6.1 Application of the generalised (2,0)-fold DT

When N = 2, we will use the generalised (2, 0)-fold DT
and only adopt two spectral parameters ¢; and ¢;. In this
application, we know that there are three cases: (i) Using
Taylor expansion for two spectral parameters, (ii) using
Taylor expansion for only one spectral parameter and
(iii) neither spectral parameter uses Taylor expansion.

In Case (i), when using Type I at ¢; and Type II at
{», interaction structures of first-order lump and first-
order PW will be produced. When using Type II at ¢;
and ¢y, interaction structures of two first-order PWs will
be produced. In Case (ii), when using Type I at | or
£, the interaction structures of one-breather and first-
order lump will be generated. In Case (iii), two-breather
rather than novel interactions will be produced. In the
following, for Case (ii), we only consider the interaction
structures between one-breather and first-order lump.
Subsequently, we will use Type I at ¢; and choose {» =
2i.

Based on the generalised (2, 0)-fold DT and combin-
ing with plane-wave seed solutions (5), we can acquire
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the following two expressions:

g =elttytn poipM - F— 1 2iAl" (46)
where A and B(" can be determined by
TO @)y O @) =0, 7
T (&)Y (52) =0,
in which
(1 (1
Ay Ay
where
0 0 0 0
av v avy)
Ay = |G =g =y
oY Y $2Y21 Y21
LV Yo GV Y

AAM and ABWM can be uniquely determined by deter-
minant A; replacing its first *and third columns by the
vector (—¢2y\”, —c¥ s, —Gvn, —g vt
where Y11 = Yile=¢,» Y21 = V2le=s,-

By symbolic computation, from solutions (46), we
know that there are two parameters eg, do in the solu-
tions that control the position. Then, the interaction
structures between first-order lump and one-breather
will be obtained. To save space, we will no longer show
complex analytical solutions here, but we will only show
the interaction structures of ¢ as shown in figure 13
based on appropriate parameter combinations. From fig-
ure 13, we can clearly see the propagation characteristics
and strong interaction of the breather and lump under
different parameters at different time.

6.2 Application of the generalised (2,1)-fold DT

When N = 3, we will use the generalised (2, 1)-fold
DT and only adopt two spectral parameters ¢ and &>.
In this application, we know that there are two cases:
(1) Using Taylor expansion for two spectral parameters
and (ii) using Taylor expansion for only one spectral
parameter.

However, this paper will mainly discuss Case (ii).
For Case (ii), we obtain the new interaction structures
between one-breather and second-order lump. Subse-
quently, we will use Type I at ¢; and choose {, = 2i.
Now, from plane-wave seed solutions (5) and combin-
ing with the generalised (2, 1)-fold DT, we can acquire
the following two expressions:

G =e@h+ L 2ig®  F = 1 - 2iAQ, (48)
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(a1) s (@2)

100 -10

Figure 11. Surface (fop) and density (bottom) plots for third-order lump solutions (41) with different control parameters and
time: (al), (bl)t =e; =d; =0(j =0,1,2);(a2),(b2)t =1, ¢; =d; =0;(a3),(b3)t =e; = d; = 0 except e; = 6000;
(ad), (bd)t =e; =d; = Oexcepteg =4, dy =2, di = 600.

Figure 12. Density plots for third-order lump solution g via (41) based on different large parameters e¢2, d» when ¢ = 0 and
same control parameter d = 20 and other parameters 7; = 7, = 0 except (al) 77 = %, (a2) 1 = %, (ad) 1 = —% and (a5)
77 = —%. All parameters of (a3) are 0.

- 0
X X

Figure 13. Surface (fop) and density (bottom) plots of interaction structures between one-breather and first-order lump for ¢
via (47) based on different control parameters: (al)—(a3) eg = dy = 0; (ad) eg = dp = 3.

where A® and B@ need to be obtained by the following ~ in which

equations: AAD o AB o)
- . B =

2) _
TO@) O ) =0, AT =74, = A

TOey V@) + TV eny @@ =0, (49)
T(&2)¥ (%) =0,

where
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Figure 14. Surface (fop) and density (bottom) plots of interaction structures between one-breather and second-order lump
for f via (48) based on different control parameters when t = 0. (al) e; = d; = 0 (j = 0, 1); (a2) e; = d; = 0 except

e; = 100; (a3) e; = d; = 0 except d; = 100.

vy avi”

i 200”9 )

I S L
s w2cpul” o el gl
422*1#11 &Y V11

é‘2 ‘/I;I gikl/fékl wikl

(2 G0
o ey b
—Z g —” ™
i 2w g e
3y 5221 Y21
_;22*1/,111 =&Y —v

AA® and AB® can be determined by determinant A3
replacing its first and fourth columns throu*gh the vecto:
(et =i =3¢ e o
= 38y, —gdvn, = yg)T, where vy
Vile=g» Y21 = ¥2le=g.

By symbolic computation, from solutions (48) and
(49), we know that there are four control parameters
ej,dj (j = 0,1). Then, the interaction structures
between one-breather and second-order lump will be
acquired. Similarly, we will omit the expression of com-
plex solutions and only show the related structures of f
in figure 14.

Conclusions

In this paper, we have studied the (2 + 1)-dimensional
non-isospectral CD system (4), which may describe
many physical phenomena in nonlinear optics, fluids
and Bose—Einstein condensates. The main results of this
paper are summarised as follows:

(i) MI, excitation principle and regional distribution
of different localised waves were analysed and
marked as shown in figure 1.

(i1) Generalised (n, N — n)-fold DT was successfully
extended to non-isospectral (2 + 1)-dimensional
CD system (4) for the first time.

(iii) Using the (N, 0)-fold DT, multisoliton solutions
were established and relevant structures are shown
in figures 2—4. The relevant dynamic character-
istics are given using the asymptotic analysis
technique in tables 1-3. Meanwhile, we have given
the relevant figures of soliton surface (see fig-
ures 5-7).

(iv) Using the generalised (1, N — 1)-fold DT, higher-

order lump solutions based on parametric control

were acquired and analysed using the large-
parameter asymptotic analysis method, and rele-

vant structures are shown in figures 8—12.

Using the generalised (2, N — 2)-fold DT, the

mixed interaction structures between the breather

and lump were obtained, and relevant structures

are shown in figures 13 and 14.

(v)

The above results are reported for the first time. We
hope that the results in this paper will help to explain
some novel physical phenomena.
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