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We describe the first-forbidden beta transitions by using Pyatov’s restoration method within the

framework of proton—neutron quasiparticle random phase approximation (pn-QRPA). A detailed formalism related
to how to obtain the energies and wave functions of the first-forbidden excitations is clearly given in the present
work. A comparison of the calculated results for various nuclei with the corresponding experimental data is given
to demonstrate an application of the present approximation.
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1. Introduction

Investigation of weak interaction processes remains a
prominent issue in the domain of nuclear physics and
also significantly contributes to the explanation of astro-
physical processes such as nuclear synthesis [1] and
supernova explosions [2,3]. The allowed spin—isospin
transitions (Gamow-Teller (GT) transitions) are the
most common weak interaction processes. In situations
where the allowed GT transitions are not favoured, first-
forbidden transitions become important, particularly for
medium and heavy mass nuclei. A theoretical study of
GT and first-forbidden transitions plays a significant
role in determining quantitative constraints for the ten-
sor force [4].

The theoretical description of single and double 8-
decay rates is still an open question for the nuclear struc-
ture theories [5]. As known, the mean-field approxima-
tion is not successful in reproducing the experimental
data related to decay observables due to the exclusion of
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two-body effective interactions. However, the proton—
neutron quasiparticle random phase approximation (pn-
QRPA) has been considered the most potent method
for single and double S-decay calculations [5—46]. The
behaviour of double S-decay amplitude was searched
using the pn-QRPA method [5-37,40,41,46]. The vio-
lations in isospin symmetry and spin—isospin symmetry
significantly affect double B-decay rates which are
obtained within the pn-QRPA [18,28,34,37,40,46]. The
first-forbidden contributions to 2v8~ B~ decay rates
were computed [23,41]. The contributions from the
allowed and first-forbidden transitions for single-g8-
decay rates were obtained [38,39,42-45]. Recently, the
allowed and first-forbidden S-decay processes have
been investigated using self-consistent approximations
in the framework of the pn-QRPA method [47-51].
The first-forbidden S-decay properties have been calcu-
lated by using gross theory [47]. The g-decay half-lives
and delayed neutron emission probabilities for double
magic "®Ni and 132Sn nuclei have been obtained using
Landau—Migdal interaction in the particle-hole channel
within a self-consistent continuum QRPA model [48].
A large-scale evaluation of B-decay rates of r-process
nuclei with the inclusion of first-forbidden transitions
has been given within a fully self-consistent microscopic
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theoretical framework [49]. The B~ -decay strengths for
axially-deformed nuclei have been computed using the
Skyrme finite-amplitude method, and the experimen-
tal data related to the B-decay rates and spin-dipole
resonance have been reproduced by fitting Skyrme
parameters [50]. The f-decay rates for neutron-rich
nuclei have been studied using Skyrme energy density-
functional theory [51].

Pyatov’s restoration method is an efficient way to
define effective interaction potential, which was ini-
tially introduced to restore broken Galilean invariance
of pairing interaction [52]. Then, it has been extended to
the restoration of symmetry violations which stem from
the mean-field approximation [34,37,40,46,53-68]. The
symmetry restoring treatment of the pairing potential
has been discussed in the case of a separable monopole
pairing potential on a quasiparticle basis [53]. A com-
parison between the effective interactions used in the
symmetry restoration methods is given for intrinsic exci-
tations in superfluid nuclei [54]. The broken Galilean
invariance in superfluid nuclei and its connection with
quadrupole pairing interactions are studied for even-
mass Sn isotopes [55]. The electric dipole (E1) and
magnetic dipole (M1) transitions have been investigated
within the translational and rotational invariant approxi-
mations, respectively [56-59]. The restoration of broken
isospin invariance of nuclear Hamiltonian makes an
important contribution to understand the isobar ana-
logue resonance and superallowed Fermi transitions
(AL = 0, AS = 0) [60-66]. The description of
spin—isospin transitions within the restoration of SU(4)
symmetry violations plays a significant role in under-
standing GT transitions (AL = 0, AS = £1) [67,68]
and double 8-decay [34,37,40,46].

First-forbidden beta transition probabilities (AL =
+1, AS = 0, 1) are sensitive to the violations in trans-
lational invariance since the corresponding transition
operator contains the dipole component (r). Charge-
exchange spin-dipole transitions (AL = 1, AS =
+1) show the sensitivity to the violations in both SU(4)
symmetry and translational invariance. Due to these
symmetry violations, the charge-exchange spin-dipole
operator does not commute with the total Hamiltonian
operator. It is well known that Coulomb and spin—orbit
terms in the Hamiltonian break the SU(4) symmetry.
Also, the kinetic energy part of the total Hamiltonian
does not commute with the charge-exchange spin-dipole
operator. In other words, the remaining part of the total
Hamiltonian besides these terms commutes with the
transition operator. However, this commutativity is bro-
ken in the mean-field level of approximation like other
symmetry properties. At this point, Pyatov’s restoration
procedure can be applied to restore a broken commuta-
tor correlation between the total Hamiltonian operator
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and the first-forbidden beta transition operator. Thus,
it becomes possible to give a theoretical description of
the first-forbidden transitions, which is free of effective
interaction strength parameters. A detailed explanation
of the restoration is given in the next section.

2. Model and method
2.1 Restoration of broken commutator correlation

2.1.1 Mean-field basis. The mean-field potential is
described in the following form:
Umf = Ucent + Ups + Uc. (D

The central part consists of the isoscalar (Up) and the
isovector (U;) terms as follows:
Ucent = UO + Ul,
Up=—Vof(r),
r-dependent isovector potential can be defined as

N—-Z
Vi(r) =2nVo f(r) 1
The distribution function is given by

1

r—=Rgy *

l1+e «

The isospin components for neutron and proton are writ-
ten as

Uy =Vi(nit,.

fr) =

t; = 1/2 (neutron), t, = —1/2 (proton).

The spin—orbit term is defined as

Uis = Vis(r){-s).

r-dependent spin—orbit potential can be defined as
1 dUcent

_S; dr

and the Coulomb term is given as

1
Uc = Vc(r)(§ — Z‘Z).

r-dependency in Coulomb potential can be introduced
as

Vo) = 2221 3 1/rY R
r)=e — — = =), r= ,
¢ r 2Rc 2\ Rc ¢

Vis(r) =

»Z —1
Ve(r)=e — r > Rc.
The Woods—Saxon potential with Chepurnov parametri-
sation [69] is usually suitable for single-particle levels.
Let us consider a system of nucleons in a spheri-
cally symmetric average field with pairing forces. In
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this case, the single quasiparticle Hamiltonian in the
second-quantisation representation is given by

ﬁsqp = Z &j (T)&;m (T)a]m (T)a

jm

T=n,p, (2)

where b?;m and @, are one-quasiparticle creation and
annihilation operators, respectively. The proton and neu-
tron pairing gaps are defined as A, = C,/ VA and
A, =Cy/ VA [70], respectively. The pairing strength
parameters C, and C, are chosen in such a way that the
experimental pairing gaps [71] are reproduced.

2.1.2 Charge-exchange spin-dipole transition opera-
tor. The charge-exchange spin-dipole operator for 8
transitions is defined as follows:

~+ . b o~ .
T = Z (Jnmullr (Y1 @ o) apljpmp)

JnMn jpmp

af o
XA m, Ajpmp s 3)

where Y] ® 5] is a tensor product of the spin and dipole
operators and ﬁ;ﬂmn (@j,m,) is a one-particle creation
(annihilation) operator, A and w are the correspond-
ing nuclear spin for the transition and its projection,
respectively. By means of Bogolyubov quasiparticle
transformations [72], it is possible to define the tran-
sition operator for even and odd-A nuclei separately.

(a) Even-A nuclei

The corresponding transition operator for 81 -decay can
be written as a combination of quasiboson creation and
annihilation operators

T = bapMWC), (k)
np
(=D by, (W) Crp (1, —p0). (4)

The transition operator for 8~ transitions is defined as
a Hermitian conjugate operator:

A~
T, =TI

One-quasiboson creation and annihilation operators are
given by

~ 20 +1 . : P
Chyw) = [ (jpmphpal juma)(=1)7r ="
2jn+1 =
ntttp
S
X ajnmnajp’_mp
and

Cup ) = [C, )]
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The reduced matrix elements (b,, p(A), bpp(L)) are given
as defined by Varshalovich et al [73]

Gnlllr (V1 @ GD el 1)

bppy(A) = Uy,

np( ) A+ 1 nVUp
by (1)

bnp()‘d) = v, UpUp,

where v and u are single-particle and hole amplitudes,
respectively.

(b) Odd-A nuclei

For odd-A nuclei, the scattering terms coming from
Bogolyubov quasiparticle transformations are also con-
sidered as follows:

~+ -
T)»/L = Z bnp (A)
np

X Gy )+ (= Dby, (W) Cp (A, —12)

+d,p (M) D}, (A1)
(=DM, () Dy (e, — 1) (5)
and
220+1 . . o~
D}, Gay=[ 552 D i phtt )@, @y, -
L :
Also,
Dy (0) = [}, 00)]
_ bup (1) bup(h)
dnp()‘) = Unv, UpUp, dnp()t) = v, UpUn

2.1.3 Effective interaction. A charge-exchange spin-
dipole operator can be defined as a combination of 8~
and BT decay operators in the following form:

- 1~ A_
Ffu = E(TW + p(—l)”“TA,_M), p ==+ (6)

Many-body Hamiltonian does not commute with the
charge-exchange spin-dipole operator because of
Coulomb, spin—orbit and kinetic energy terms:

[H, F,, 1= [Uc + U + P?/2m, F},,1. (7

In other words, the remaining part of the Hamiltonian
must commute with the transition operator.

[H — Uc — Uis — P*/2m, F},1 = 0. (8)

This commutativity is broken in the mean-field level of
approximation as follows:

[Hygp — Uc — Uss — P*/2m, F, 1 #0. ©)
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According to the mean-field potential defined in eq. (1),
eq. (9) can be rewritten in the following form:

[Ucent, F,,1 # 0.

Isoscalar potential already commutes with the transition
operator, and so the violation in commutator correlation
stems from the isovector term in the mean-field poten-
tial.

[0, F;,1# 0.

(10)

(1)

Hence, the nucleon—nucleon effective interaction poten-
tial should be considered in such a way that the broken

commutator correlation is restored.
[U) + 7" F,,]=0. (12)

The effective interaction potential consists of the particle—
hole (ph) and the particle—particle (pp) terms, and is
defined within Pyatov’s restoration method:

—~ 1
h* = § j

1
T Z 5= 2 UL Ty - 100, B lpp.
4ypp (1) 7

(13)

Z[Ul, Fo 0 - 101 F o

As seen in eq. (13), the commutator correlation in
eq. (12) contains two unknown strength parameters.
Hence, the particle-hole (yp’;(k)) and the particle—

particle (yp'% (1)) strength parameters can be determined
analytically using two different commutator correla-
tions, which are defined by adding a constant taking
valueas0 < ¢ < 1.

[t + Iy, Fy, 1 =0 (14)
[(1 — )Ty + 1}, Fp, 1 =0 (15)

N I PN 5 P
" _ ol 0
hioh = Z m Z[U" Fypulpn - UL FyJpn
0 ph 2
~

hpp:z
P

(U1, F,, 15 - (01, . lpp-
4)/&)()\) XM: rudpp Apdpp

The following expressions for particle—hole and particle—
particle strength parameters are obtained using the
commutator correlations in eqs (14) and (15), respec-
tively.

(=1} FH

S (GSOL F . F1IG.S.)

(16)

Von 0=
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(=D)AH =~ = =
(G.SU, Fy _,]pps F5,11G.S.).

A7)

0
P _
Yop(M)= 210

(a) The strength parameters for even-A nuclei
The commutator correlation between the isovector
potential and transition operator is obtained as follows:

(U1, Fydoh = Y 5,0, ()

np
+o(=1)*HCpp(h, =)

V
nl;y ) = l(r) (bnp (A) — pbpp(X)) (18)

and

(U1, Fm]pp = Z

+p(—1>”"cnp(x, —))

d,() = 1( B Gy 3) = pdup(i).

' G)(C L ()

19)

The double commutators for even-A nuclei (|G.S.) =
0))

(_ ))L-H/L

Vi) = (OI[[T. F;__,Jon. F3,110)  (20)

p(=D**H
2(1—¢)

are solved and the final expressions for strength param-
eters are obtained as follows:

o) = (O[O, F _,Jpp. F3, 1100 (21)

1
Vo) === 3 1 b5, () (22)
np
1
Vop) = —1— Z df, (Wbf, (M) (23)

and b p(A) 1s defined as

1 -
bﬁp(k) = E(bnp()‘) + pbnp()\))-

(b) The strength parameters for odd-A nuclei

For odd-A nuclei, the commutator correlation between
the isovector potential and transition operator is given
as

(U1, f)[:“]ph
=Y FC, ) + p (=1 TCp (h, =)
+d?, (WD), () + p(= DD, (0, —p))
(24)

and
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101, Fy, op
=Y dl, () (C), () + p(—=1)*THCpp (1, =)
np
+£0,0)(D}, (Ap)
+o (=)D, (00, — ). (25)

The double commutators for odd-A nuclei are given as

iy = 20
x (iempl U1, By _Jon. By ljkmi), — (26)

ooy P(=DH

Vpp()»)—m
x (emil (01, Fy _Jops By dljkme), (27

where the valence nucleon is represented by |G.S.) =
emi) =@, 10).

The final form of the strength parameter also contains
a core—nucleon interaction term as follows:

Yoy = —= Z £5,00b0, (1)
- Z df,(\)gf, () (odd-meutron) (28
yi )———Z ' (0)bY, (M)
+Y " f0()gk, () (odd-neutron)  (29)
»
Y = ——anp(x)b ™)
- Zd  (M)g", (1) (odd-proton) (30)
yﬁ},(x)z—:% ()b, ()
(31)

+3 £l () (odd-proton)
and g;fp () is defined as

1 -
glfp()‘) = E(dnp()\) + ,Odnp()\))-

2.2 First-forbidden excitations and transition rates

The collective Hamiltonian for the first-forbidden tran-
sitions can be defined as follows:

H), = qup + hy,. (32)
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The following equation is solved to determine the
corresponding energies and wave functions for the first-
forbidden excitations:

[Hy, U(M)]|G.S.) = U (1)|G.S.). (33)

2.2.1 First-forbidden excitations in even-A nuclei.
The first-forbidden excitations for even-A nuclei are rep-
resented by a phonon-creation operator in the following
form:

U (A)lg.s.) = OF (hw)[0)
= [Z X (WC, ()
np

H=DMHYE ) Crp (A, —m} 10). (34)

The commutator correlation between the phonon cre-
ation and annihilation operators is given by

[0i (), Q)] = 5.

The total Hamiltonian can be diagonalised by solving
the equation of motion:

(35)

[H;, O] (1,u)110) = w? Q) (h1)]0).

The orthonormalisation condition giving the forward

(X 5, p) and backward (Y,i p) amplitudes is obtained using
eq. (35):

3 (XL, ) X () — (¥, (00) Yy () = 85.
np

(36)

(37

2.2.2 First-forbidden excitations in odd-A nuclei. The
suitable version of the pn-QRPA for odd-mass nuclei is
called the proton—neutron quasiparticle phonon nuclear
model (pn-QPNM). According to pn-QPNM, the first-
forbidden excitations are represented by the following
operator:

U ()IG.S.) = (@ ))T10) = Npwal, 10)
+ [Z REY ) Gomydgel jimi) O )@}, ]|0>

iv

(38)

where k(v) indices correspond to valence nucleons
for the initial (final) nucleus as neutron (proton) or
proton (neutron). The corresponding energies for the
first-forbidden excitations in the neighbour nuclei are
determined by solving the equation of motion as

[H, (27 (0.)110) = &' () (QF (1)) T10). (39)
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Figure 1. Percentage contributions of charge-exchange
spin-dipole excitations in %>Cu.

The wave-function amplitudes are found from the fol-
lowing normalisation condition:

INF O+ D IR = 1.

iv

(40)
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Figure 2. Percentage contributions of charge-exchange
spin-dipole excitations in “°Nb.

2.2.3 Transition rates. Generally, the 8-decay proba-
bilities are given by the following formula:

B(J; = Jy) =

(T p 11 Mg ;) |2 (41)

2J; + 1
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spin-dipole excitations in ''8Sb.

The f-decay matrix elements are usually defined as fol-

lows:

Mps(J; = Jp. 0o ) = (T | T ). (42)

Page 7 of 11 121

60
120 -

o 1205p(07)

40

304

(@)(%)

(=)
BSD

N

o

10

w(MeV)

60
1205h(17)
50
40

30 +

BSH(w)(%)

204

10+

w(MeV)

10§
’1208b(2-)

So(w)(%)

0 ! ! :
15

0 5 10
w(MeV)

20 25

Figure 4. Percentage contributions of charge-exchange
spin-dipole excitations in 20Sb.

First-forbidden S-decay matrix elements are computed
by using &-approximation [70]. According to this
approximation, the decay matrix elements for A™ = 0~
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Figure 5. Percentage contributions of charge-exchange
spin-dipole excitations in '>*Sb.

and AT = 1~ transitions consist of relativistic and non-
relativistic terms:

Mp+(07) = FM*F(pa, 2 = 0)

'm;csMi(jA, K =1,%=0)

(43)

—l1
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and

Mp(17) = M*(jv,c = 0,2 = 1, )

Fi S EME(py, h =1, )
l voA= 10
V3h
C[2mec .
37 M Ua e =12=1w. (44)
The total decay rate can be given as follows:
Jot(B(J; = Jy, 2 =0)
Dg%/
' o4

The transition probabilities B(A" = 07, 17; ,Bi) are
specified by

B(J; — Jy, A =0)

_2Ji+1|<‘lf||Mﬁi(0 MIFA (46)
and
B(J; — ]f,)»: 1)
|<Jf||Mﬁi(1_)||J,-)|2. (47)

T2+ 1
Finally, the non-relativistic matrix element for A7 =

27 is specified by

Mge(27) =M (L =2,k =1, ja, . (48)

Transitions with A7 = 27 are referred to as unique
first-forbidden transitions and their decay rates can be
expressed as

3 Dg2
fitB(Ji = Jp, A =2) = Z—MV, (49)
where
B(J; > Jf, A =2)
(Tl Mg= )12, (50)

T2 +1

D = 6250 s and the effective ratio of the axial and vector
coupling constants is taken as (g4/gv) = —1.24.

The relativistic and the non-relativistic S-decay mul-
tiple operators [70] for various excitations are given as
follows:

For J7™ = 0~ excitation,

8A

M*(pa, 2 =0) =
c 4

Y T (k) (ox - )
k

M*(ja ik =1,4=0)=ga Yy _®r(Y1Fh)owo.
k
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Table 1. The centroid energies for the charge-exchange spin-dipole transitions.

Transition ® (07) @ (17) ®(27) o(AL =1,AS = 1) [74]
02Ni —%2Cu 22.23 17.65 15.25 ~20

07y —%ONb 23.42 17.34 15.82 ~20

1185y —118gp 23.32 18.81 14.08 ~20

1209y 5 120gp 22.55 19.13 14.58 ~20

1245y —1248p 24.84 19.90 14.50 ~20

The energies are given in unit of MeV.

Table 2. The 8~ decay log ft values for some odd-A nuclei.

BE Jn = Jp PW Exp.
SSr 1/t - (1/2)~ 6.311 6.161 [75]
137xe (7/2)~ = (7/2)* 6.831 6.567 [76]
1398, (7/2)~ — (1/2)+ 6.811 6.845 [77]
205Hg 1/2)~ = (1/2)* 5.455 5.257 [78]
209pp 9/2)t — (9/2) 5.869 5.534 [79]
211pp 9/2)t = (9/2) 6.08 5.99 [80]

BE stands for beta emitter and PW stands for present work.

For J”™ = 1~ excitation,

. gv ~
ME(y,k=0,A=1,p) = § 2 (k) (9%)

Jv n e d + () (D)1
M py. b= 1,1) = gv ) T (Y1, (i)

k
ME(Ga, k=1, =1, 1)

=ga Y (Or (Y1 F)o0) 14
k

For J™ = 2~ excitation,
M*E(ja, ke = 1,0 =2, 1)
=ga Y _ () (Y1(F)0R)2p-
k

2.3 Application of various isotopes

Charge-exchange spin-dipole 8~ strength distributions
for ©2Ni, 0Zr and 118-120.1245p jsotopes are illustrated
in figures 1-5. Let us note that the horizontal axis
shows the calculated energies with respect to the ground
state of the neighbour odd-odd nuclei. As seen, the
first-forbidden 2~ excitations in odd—odd nuclei show
more fragmentation than the 0~ and 1~ excitations. The
strength distributions for A = 17 excitations are usu-
ally obtained in a narrow energy region. The energy
spectra for A = 1~ excited states do not exhibit a peak
above 20 MeV except for the '>*Sb isotope. It can be
concluded that the 8~ transition strength for A7 = 1~
excitations shifts to higher energies for heavier Sb iso-
topes. The decay strength for A™ = 0~ excitations is

concentrated in a higher energy region than 1™~ and 2™
excitations. The energy spectra for A™ = 0~ excitations
do not show a peak below 10 MeV except for “°Nb,.
The first-forbidden 0~ excited states in °Nb exhibit
more fragmentation than other O~ spectra. For these
isotopes, the experimental data, which were obtained
from (®He,t) reactions at E(°He) = 450 MeV, show a
charge-exchange spin-dipole resonance around 20 MeV
[74]. To make a comparison with the experimental data,
the centroid energies for three components (0, 1~ and
27 states) of the spin-dipole transitions are calculated
according to the following formula:

Z,‘ a)i|M;;3—|2

w= R
Zi |Mﬂ,|

The calculated centroid energies are tabulated and
presented in table 1. The last column shows the exper-
imental data for spin-dipole resonance. It is possible to
say that the calculated centroid energies usually show a
good agreement with the experimental position of spin-
dipole resonance.

Another application of the present method is an
investigation of the first-forbidden transitions for odd-A
nuclei. In this respect, a comparison of the calculated
B-decay log ft values for various odd-A nuclei with the
corresponding experimental data is given in tables 2 and
3. These tables demonstrate that the calculated log ft val-
ues are usually close to the corresponding experimental
values.
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Table 3. The 8T -decay logft values for some odd-A nuclei.

BE Jp = Jn PW Exp

191 Ay 3/2)t = (3/2)~ 6.2 6.9 [81]
19771 1/2)F = (1/2)~ 5.96 6.42 [82]
1997 1/t = (1/2)~ 5.91 6.54 [83]
201 1/t - (1/2)~ 5.90 6.09 [84]

BE stands for beta emitter and PW stands for present work.

3. Conclusion

Charge-exchange spin-dipole transitions are described
by using Pyatov’s restoration method within the frame-
work of pn-QRPA method. The mathematical formalism
is provided to be free of effective interaction strength
parameters by following the restoration procedure. The
present formalism is applied for the 8~ decay strength
distributions of ©2Ni, 207, 1188, 1205y 1245 isotopes
and B-decay log ft values of some odd-A nuclei. It can
be said that the present approximation is successful in
reproducing the experimental data related to charge-
exchange spin-dipole transitions.

In the near future, the calculations will be extended to
other decay emitters. We predict that applying Pyatov’s
restoration procedure for restoring a broken commutator
correlation will ensure a good motivation to describe the
electric or magnetic multiple transitions, which have no
relation with any symmetry property.
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