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Abstract. The energy of a mechanical system as well as other invariants can be obtained using a complementary
variable formulation. This approach is extended here to systems with a dissipative force. The damping coefficient
depends linearly on the velocity, but is allowed to have an arbitrary time dependence. An invariant Qo is obtained
in terms of linearly independent solutions. A semipositive definite version of this quantity is the Ermakov invariant.

This scenario including damping, allow us to give a physical meaning to a closely related quantity £ = %mqoo,

which is the energy exchanged between the kinetic and potential energies per unit frequency, or £ = %/cqoo which

is the energy exchange per period. The ggo exchange energy is positive under light damping. Under critical or heavy
damping, when no oscillations occur, gq is either zero or negative. Thus, gog > 0 is a measure of the back and forth
energy exchange. This periodic energy transfer is compared with the usual oscillator energy of the damped system.
To this end, the kinetic energy is split into conservative and dissipative terms. The energy ripples superimposed
in the exponential decay are described by a dissipative modulation term. In the vein of Ermakov’s formalism,
the amplitude and phase nonlinear differential equations are derived for a time-dependent damped system. The

complementary variables and Ermakov formalisms are then compared.
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1. Introduction

The amplitude and phase time-dependent functions of
a vibrating object cannot be arbitrarily set: A real
potential function leading to an oscillation of the form
p (t) cos(g (1)) is physically attainable, if and only if the
product p? () ¢ (1) is constant [1]. This constant is the
orthogonal functions invariant [2], closely related to a
family of exact invariants. From this group, the Ermakov
invariant is found to be quite useful in various classi-
cal and quantum mechanical problems [3-7]. It is also
encountered in electromagnetic propagation in strati-
fied media and photonic crystals [8—11]. The Ermakov
invariant has been associated with the corresponding
Noether and Lie symmetries [12]. A historical account
is givenin [13]. The so-called ‘exact’ invariants, such as,
the Ermakov invariant [5,14] have led to arenewed inter-
est in mechanical systems with time-varying parameters
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[15]. In contrast with the adiabatic theory, where adia-
batic invariants only hold in the slowly varying limit,
exact invariants are constant even if the variation of the
time-dependent parameters is arbitrarily fast compared
to the characteristic period of the system. A convinc-
ing physical interpretation of the Ermakov invariant has
not been put forward. If an auxiliary orthogonal axis
is added to the one-dimensional motion, the invariant
can be viewed as angular momentum conservation in a
higher-dimensional space [16]. If the coordinate vari-
able of the oscillator x is transformed x — py, where p
is the amplitude function, the energy of the y oscillator
becomes the Ermakov—Lewis invariant [17,18]. These
possible interpretations are very interesting and each
has its own merits. However, the former interpretation
requires an auxiliary dimension while the latter shifts
the problem to understand the physical nature of the
transformation.
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The formulation of complementary variable provides
a set of invariants for non-autonomous second-order
differential equations. These invariants are bilinear
combinations of the complementary variables or their
derivatives. Similar invariants have been obtained in
several ways, depending on the context and the math-
ematical tools employed [19-24]. The invariants are
labelled here as Q,,;,, where the subindices indicate the
order of the derivative in each complementary variable.
For example, Q19 implies that v is a first-order deriva-
tive of the ODE solution and x a zeroth-order derivative
solution. If a former invariant is evaluated in different
circumstances when it is no longer constant, the variable
is written in lower case Latin letter, i.e. g19. The Q19
invariant has been shown to represent the energy con-
tent of a system including the energy stored in the field
even if the force acting on the system is time-dependent
[23]. For a linear force, in the absence of a time-varying
field, %m Q19 1s identical to the familiar sum of kinetic
and potential energies. The zeroth-order Qg invariant
is equal to the Wronskian of two linearly independent
solutions. In a coordinate-amplitude representation, the
square of Qqo is proportional to the Ermakov—Lewis
invariant [25]. A simple derivation of this relationship
is presented in §2.

In this communication, the zeroth- and first-order
invariants are obtained for an oscillator with friction.
Inclusion of damping provides the appropriate scenario
to elucidate the nature of the invariants. The physical
meaning of the Qg zeroth-order invariant, according to
the present results and interpretation, is a measure of the
periodic energy exchange between the two complemen-
tary forms of energy. The first-order Q¢ invariant will
be shown to be the total energy of the system including
the dissipation term. This approach gives an alternative
route to the evaluation of the oscillator’s energy loss.
The structure of the manuscript is the following: In §2,
the invariants in the undamped case are recalled. In §3,
the Qoo and Q¢ invariants are assessed with a damp-
ing coefficient linear in the velocity but with arbitrary
time dependence. The differences of evaluating the Qgo
invariant in the real or complex domain are discussed. In
§4, the invariants are evaluated using the analytic solu-
tions of the oscillator with constant damping. The origin
of the energy ripples superimposed on the exponential
decay is addressed. In §5, the amplitude and phase non-
linear differential equations with damping are derived.
The results are discussed in the last section.

2. Time-dependent harmonic oscillator invariants

The time-dependent harmonic oscillator equation is
a non-autonomous second-order ordinary differential
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equation
¥4+ Q% =0, (1)

where © (1) is the time-dependent parameter and the
overdots represent derivatives with respect to time. The
zeroth-order invariant to this equation is [26]

Qoo = (x2x1 — X2x1), (2a)

where x| and x» are linearly-independent solutions to
(1). The above expression may be written as

d [ x; d [x2
— 22 () 22 (22
Qoo =g, (x2> T (X1> '

The linear independence of x| and x3, in order to have a
non-vanishing invariant, is clear from these expressions.
By convention, the linearly independent solutions are
chosen so that Qg is positive in the undamped case, in
particular, for positive constants a, w, x; = a sin (wt),
X2 = a cos (wt). Recall that these solutions are not lin-
early independent in the complex domain, since x; =
iae™'" = ix,,for x, = ae~'*! . If the differential equa-
tion is solved in the complex domain ¢y € C, the Qgo
invariant can be defined in terms of complex conjugate
solutions

(2b)

1 . .

Qi = o, (W™ =¥ = ¢ = p’w. (2¢)
This result is of course equally obtained if xp, x, are
requested to be complex conjugates in (2a). The last
equalities in (2c) are written in terms of the amplitude
p and phase ¢, that follow from the polar representation
of ¥ = pe~'¥; the angular frequency is defined as the
derivative of the phase, ¢ = w (¢). From (2¢), the phase
can be obtained from the amplitude function, since

dr
¢ =000 | -
0

If and only if Q2 is constant, w = 2, as will be clear from
the frequency differential equation discussed in §5. The
Schrodinger convention is followed with the negative
sign in the exponential shown explicitly. If x; and x;
are expressible in terms of trigonometric functions with
real arguments, i.e. x; — psing and x» — pcosg,
the Qoo invariant given by (2a) is also equal to p2¢.
The Ermakov-Lewis invariant is usually written as

Ermakov 1 X § . N2

T =—-|h—+ &xp—px)
2\ p?

with £ usually set equal to one [16,27]. This is a ‘mixed’

representation in terms of position and amplitude vari-

ables [25]. It is readily obtained from (2a), writing the
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solution x1, in terms of x, (or vice versa) and the ampli-
tude p from x% + x% = p?. The invariant is then

P . .
N (X2 — px2).
v p? — X5

Upon multiplication by the root and squaring of the
resulting equation, the usual form of the Ermakov-
Lewis invariant is obtained,

Qoo =

1 1 x2 .
7 Ermakov _ EQ%O — 5 (Q%OE + (xp — px)2> , (3)

where p satisfies the amplitude equation § + Q%p =
Q%O,o_3. This invariant is thus a somewhat disguised
form of the squared Wronskian of the functions x1, x3.
The £ = %m Q10 energy invariant has been shown to be
(23],

1 1 1
E=E&+Ep+Eur = Em)'cz + EKXZ —3 / x2de, (4)
where the first two terms are readily identified as kinetic
&k and potential £, energies, whereas the last term &y 7,
is the dynamic field energy

1
Ear = -3 / Kx2dr. (5)

&y represents the energy that the object gains (or looses)
and is equal to the energy that the field looses (or gains)
due to a change in the field’s coupling coefficient «,
where Q% = «/m. If the restitutive force coefficient x
is constant, this term vanishes and the energy is simply
the sum of kinetic plus potential energies £ = Epsc =
E+Ep.

3. Damped harmonic oscillator

Damping is included via a first-order derivative term,

d%x . dx L Q2 0 ©)
i - x =0,

a2 "V

where y is the damping coefficient and 2 is the resti-
tutive force over mass coefficient. Both coefficients are
allowed to be time-dependent. The damping is linear
with respect to the velocity.

3.1 Exchange energy

Following the orthogonal functions procedure [23],
allow for two linearly independent solutions xi, x».
These functions are now solutions to the harmonic oscil-
lator equation with damping (6) instead of (1). An
equivalent formulation accounts for absorption in wave
propagation [8]. The algorithm involves taking product
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of x, times eq. (6) evaluated for x;. The equation is
also evaluated for x = xp times x; and the difference
between the two expressions is appraised as

d2x1 d2x2 dxy dx,
sz—xl—-l-y xo——x1— ) =0. (7

The difference involving the second time derivatives
may be written as

d dx dxy
—x— —x1— ).
dt dr dr

Recalling the form of the invariant for the undamped
oscillator system (2a), introduce the exchange energy
bracket

dx dxp

1) = |x, =Xy — — x] —.
qoo (1) = [x2,x1] = x2 7 Mg

The Wronskian is described in a broader mathemat-
ical context as an operator bracket | f, g| between two
functions f, g in Appendix A. Equation (7) is then

(8a)

d

37400 (1) + ¥ qoo (1) =0,

where goo (¢) is clearly no longer an invariant in this
damped case. A lower case Latin letter is used for non-
constant quantities. From the solution to this equation

bs) —
g00 (1) = Qg eI 7,

the invariant Qg9 when damping is present, is obtained
as

Q00 = q00 (t)efydt = <X2 dx — X1 dﬁ) ol var,
(8b)

The capital Latin letter Q is used for invariant quantities.

We refer to £5F as the exchange energy and Z7* as the

exchange energy invariant in the presence of damping
X __

I, = (8c)

1
EX = —mqoo, mQoo,

2 2

where the scaling by %m is introduced to abide with the
energies presented in the next subsection. The %m factor
is assumed whenever we refer to goo or Qg as the energy
exchange. In the complex domain, linearly independent
solutions are given by complex conjugate solutions. We
use ¥ instead of x as the coordinate variable to stress the
complex nature of the solution. The polar representation
of ¥ is Y = pe~'%, where p, ¢ € R, are the amplitude
and phase variables respectively. From the difference
between

d>y* dy

d

*
S5ty YT =0

4
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and
d2
v* dtf+ v* l”Jrszzw Y =0,

the exchange energy equation with damping in the com-
plex formalism is

d
=0, 9
dt‘]00+VQO0 (9a)
where
1 . .
d00 = 5 W=y = p*% = pw. (9b)

The exchange energy invariant derived from the com-
plex solutions is

QgO _ qé%efydt _ pZ(/-)efydt‘

Although the real and complex formalisms are quite
similar and give the same results in an ample domain
(¢ € C\R), this is not always the case. Notice that if v
is real, q((% is zero. Nonetheless, ggg evaluated from the
real orthogonal functions x, xp, does not necessarily
vanish. This will be the case under heavy damping, as
we shall see.

(9)

3.2 Energy and Qg invariant

Evaluate the derivative of (6),

d2v+ dv+92 +dy +d92 0.
— vVt —v+ —x =
a2 "V dr de

where v = x represents the velocity. Following the
second-order ODEs invariant algorithm [23], take the
product of (6) with v,

(10)

d2 dx
d — tyv d—-I-Q vx =0

and the product of (10) with x,

VN PN U v S (11b)
d2 yxd Xv ” Xv ” x2 =

The difference of eqs (11a) minus (11b) is

d dx dv n dx dv dy

— v_ J— J— —_— J—

dt dr * dr v dl dt dt

dQ?
dt
The terms in brackets can be seen as the w-bracket of
the position and velocity variables (see Appendix A).
The function gg is then defined as
dx dv

qgio = v, x] = UE _XE = v2+§22x2+yxv. (13)

(11a)

=0. (12)
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The invariant (4) suggests that g1 is the quantity that
should be associated with the oscillator’s energy in the

presence of damping. Multiplying (12) by el 74 we get

d
E[(v2 + Q%2 + yxv)e/ ”dt]
- d_yxv+ x2)elrd =0
dr d )

The Q19 invariant is then

010 = (V? + Q%2 + yxv)e) 74
d dsz2
—/ & v 428 2 ) ef rdigy,
dt dt

Include a %m factor to comply with the usual kinetic
&k and potential £, energy definitions. The total energy
of the system, including the energy dissipated and/or
transferred by the dissipative and restitutive forces is

1
E==
2mQ10
1 1 1
= ( Emv2 + Emﬂzxz + Emyxv)ef vde
N _—
& & g,

QZ
—tx2> el vdtgy, (14a)

Eaf
The third term represents the dissipative modulation
energy

& = -myxv. (14b)

2

This is a dissipative contribution to the total energy that
vanishes if the damping constant y is zero. It is pro-
portional to the frictional force Fpic = —myXx times
distance, since £, = %x (myx) = —%x Fic, which
is consistent with a dissipative force picture. The term
— [ yxvexp([ ydr)dt in (14a) can be associated with
the dissipative modulation or with the dynamic field
energy. Itis a dissipation term since it is zero if y is con-
stant or zero. However, it is also a dynamic field property
because it is proportional to the time-dependent absorp-
tion field. The last term

5df=—

as mentioned earlier, represents the energy that the
time-varying restoring force transfers to or from the
object. The time integration exhibits that the dynamic
field terms £;¢ have memory of the evolution of the
oscillator-field system.
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Table 1. Energies involved in the description of the damped harmonic oscillator with mass m and frequency wy =
Q% — y2/4. The energy of the system is the total energy including dissipation. £ and £¥ measure the energy that is

transferred back and forth between the kinetic and potential energies.

Label Description Relationships Complementary
invariants/variables
E Energy of the system %m Q10
A Energy of the system per unit frequency = w% %m Qoo
ZErmakov Semi-positive definite invariant o %Q%O
Er Kinetic energy Elfxcmnge + 5,? issipated
&p Potential energy
&y Dissipative modulation energy
Ea Dynamic field energy Time-dependent fields
s ;
0sC Oscillator energy E+Ep
Eoscy Oscillator energy + dissipative modulation E+E,+E, %mq 10
2,2

Stored energy (&p + & )cxchange _ _m;) VT
EX Exchange energy per period (& + Ey)exchange /7, Lieqoo
EX Exchange energy Eosc, per frequency Eoscy /@ 5Mqoo

The total energy £ of the system, from (14a) is

E=E+Ey+E))exp (f ydt)—i—gdf. (15)

If the energy of the oscillator is considered to be equal
to %mqlo, from (13),

maio = & + Ep + & = (€ = Eap)e™ 7.
(16)

| =

goscy

The £, dissipative modulation energy is then included as
part of the oscillator energy Eoscy , consistent with (13).
This choice is quite interesting because, as we shall see
in §4.2, it allows for a smooth exponential decay without
performing any averaging. However, the energy of the
oscillator is usually considered to be only the sum of
kinetic plus potential energies Eosc = E+E),. Todiscern
between these two possibilities, they have been labelled
Eoscy and Eogc. Various quantities defined in this paper
are abridged in table 1. The oscillator energy is then
equal to

Eosc = (5 — gdf) exp <—/ydt) — &y,

which, in terms of position and velocity, is
> (Qlo + / )}xvefydtdt) e~ Jrdi
1

——myxx.
B Y

Eose = =m

A7)

This expression involves three terms: (1) A smooth
exponential decay &exp(— [ ydr), (2) a temporally

modulated dissipation —&q r exp(— f ydr) and (3) adis-
sipative modulation term &, associated with the usual
exponential decay but modulated at twice the damped
frequency.

The present approach has allowed us to write the
energy of the oscillator £y in two ways:

(i) the sum of the kinetic and potential energies,

(ii) the total energy of the system times an exponential
decay minus the dissipated energy &, , as given by eq.
7.

4. Constant damping coefficient, time-independent
parameters

To allow for a tractable analytic solution, consider the
damping coefficient and the restitutive force parameter
to be time-independent. The complex solution to the
oscillator equation with constant damping is

U= poe(*%yt) exp (—i(,/QZ — }1)/2 r+ ¢0)> ,

(18a)

where the multiplicative non-imaginary part is the
amplitude variable and the argument of the imaginary
exponential excluding the minus sign is the phase,

! 2 1 2
/0=,0()6Xp<—§)/l‘>, =,/ _ZJ/ t + ¢o,
wg=¢ = Qz—lyz.

V 4

(18b)
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Figure 1. Energy exchange invariant Qgg as a function of
the damping coefficient, given by (19b) if y < 2 and (20)
inred or (21) in blue, if y > 2.

Due to the amplitude and phase indeterminacy for
real fields [28], these variables should be defined in the
complex domain, where they are unequivocally charac-
terised.

4.1 Exchange energy with constant damping

The exchange energy function under light damping is
the same in the real and complex formalisms (8a), (9a),

q00 = pj waexp (—yt), y <29Q. (19a)

The corresponding exchange energy invariant is

_ [ 1
Qoo = p*pe’ = pd,/Q2 — ZyZ, y <2Q. (19b)

This invariant is clearly constant in time for a given
damping value y. As a function of y for constant ampli-
tude pg, it decreases from ,0382 to zero as depicted in
figure 1. The exchange energy goo has an analogous
behaviour but exhibits an exponential time decay.
Under heavy damping, y> > 4Q?2, the phase is zero
and the solution only involves the amplitude function,

i Ot
——

1 1
Y = po exp((—iy F ZVZ _ QZ) t)e phase ¢ _

amplitude p

The invariant ng and the energy exchange qé():o, since
¢ = 0, are therefore zero,

qg{) = Pzﬁb =0, ng = ,02¢th =0, ify >2Q.
(20)

This result suggests that gog and Qg are measures of the
energy being periodically exchanged between the two
energy forms.

Under heavy damping x; and x; € R are no longer
expressible in terms of trigonometric functions with real
arguments. Qoo then differs from ng = 0. The linearly
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independent real solutions for y > 22 are

x1.2 = (p0)1,2 €Xp SV TV ,

where pp and the upper negative sign correspond to x7,
whereas pg2 and the lower sign to x3. qg% (t) evaluated
from these linearly independent real solutions for y >
2Q s

d [x; 1
00 = x%& (x—z) =—2po1 P02,/ ZVZ — Q2 exp (—y1)
and
R yt 1 2 2
Qo = qoo (1) €” " =—2po1 po2 4 —Q°, y > 2Q.

2D

Abiding to the convention that Qg is positive for
the undamped oscillator, if the Qqo invariant is zero
(ng) or negative (Q%QO) in the damped case, no energy
is exchanged back and forth between the kinetic and
potential energies. It is advantageous to use Qoo rather
than the Ermakov invariant given by (3), that is propor-
tional to the square of this quantity, because Qgp < 0
for the damped case has a clear-cut meaning regarding
the lack of a periodic energy exchange.

Let us delve further into the dynamics according to
this interpretation. Under light damping, when oscil-
lations take place, the kinetic energy transforms into
potential energy as the motion moves away from the
equilibrium position. And vice versa, from potential to
kinetic energy as the object moves towards the equi-
librium position. Under heavy damping, the energy no
longer flows back and forth between the potential and
kinetic energies. These assertions are illustrated in fig-
ure 2.

When the damping coefficient is ten times less than
the resonant frequency, the kinetic and potential ener-
gies are almost out of phase (they are exactly out of
phase if there is no damping). If the damping coeffi-
cient is larger, for example, when y = €2, the kinetic
and potential energies are no longer out of phase as
seen in the lower middle plot in figure 2. The kinetic
energy is largely being dissipated onto the damper and
only a small amount is returned to the potential. Beyond
y = 2, there is no longer any exchange in both
directions between the kinetic and potential energies.
The potential energy is slowly transformed into kinetic
energy and this in turn is dissipated. No kinetic energy
is transformed back into potential energy once the max-
imum amplitude is reached. This case is illustrated in
figure 2 for y = 3. As a consequence, the kinetic and
potential energy curves never cross in this regime if the
initial velocity is zero (maximum amplitude at initial
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Figure 2. Energy exchange: Perturbation in the upper row, kinetic (green curve) and potential (magenta curve) energies in
the lower row for different damping coefficients. From left to right columns: y = /10, y = Q and y = 3Q.

time). Therefore, if no energy is transferred to and from
the kinetic and potential forms, the exchange energy goo
and its corresponding invariant Qqg are zero (for com-
plex solutions, eq. (20)) or negative (for real solutions,
eq. (21)).

qoo has units of the perturbation squared over time,
as seen from (8a). If the perturbation is a displacement,
the exchange energy (8c) is obtained by a %m scaling.
For constant light damping, from (19a), the exchange
energy is,

1 1
£\ = 3mdoo = mpg waexp(=y1), y <29
(22)
In ST units,
1 _
(€] = [quoo} = [kgm®s~ '] = [Js].

These units, together with the amplitude and phase
expression p2¢, are akin to angular momentum if the
amplitude is associated with a radial distance and the
phase with an angle in two-dimensional space if an
auxiliary axis is introduced. For these reasons, the angu-
lar momentum interpretation has been appealing [16].
However, we should recall that the motion is strictly
one-dimensional. In contrast, the exchange energy inter-
pretation given here does not invoke an auxiliary dimen-
sion. Furthermore, if the oscillatory motion is extended
to two or three spatial dimensions, the exchange energy
interpretation still holds.

4.2 Energy with constant damping

If the restitutive force and damping coefficient are time-
independent, from the Q¢ energy invariant (14a),

£ = (Ec+Ep+E,)e? = %(v2+92x2+yxv)e7’[. (23)

This constant of motion has been obtained earlier
using other methods, such as canonical transformations

[29,30] and Lie groups, leaving the algebraic structure
unchanged [31]. In [31], this constant was interpreted
as the pseudoenergy. Nonetheless, a physical interpre-
tation as the initial energy of the system for certain
initial conditions (x = 0, x = 0) has been recently put
forward in connection with the Bateman Hamiltonian
[32]. The present results show that £ represents the total
energy of the system including the kinetic, potential and
dissipative energies for arbitrary initial conditions. The
inclusion of the &, term in (23), allows for yxv # 0 at
the initial or any later time. The oscillator energy (17)
can be written as

1
=-—mQoe 7" — Emyxv.

gosc == ge_yt - g 2

(24)

This is a significant result, because in the usual
description of the damped oscillator, the energy lost by
the system can only be obtained from the sum of the
kinetic and potential energies. Several results can be
readily obtained from (24). The average energy of the
oscillator for light damping is o = %m Q10e ", since
xX averages to zero. From the time derivative of (24),

dosc —m)/X2

dr

in accordance with the usual monotonic decay [33, eq.
(3.10)].

4.3 Kinetic and potential energy exchange: Kinetic
energy splitting

It is possible to separate the energy of the oscillator into
a part that is being exchanged between the kinetic and
potential energies and another part that is dissipated. To
this end, consider the position real trigonometric solu-
tion in amplitude and phase variables,

X = po e~ 27" cos (wg t + o), (25a)



221  Page 8 of 14

where

1
Q2 — —y2.

Rd
The amplitude pg and the initial phase ¢g are specified
as usual by the initial conditions. For example, at ¢ = 0,

if the position is xg and the velocity is zero,

wg =

y Q

¢o = —arctan | — |, po = xo— (25b)

2wy Wy
since
cos arctan(L) i

2w4 Q
The potential energy is
1 1

Ep = Efcxz = Empg e 7'Q%cos® (wgt + o), (25¢)

where ¥ = mQ?. The velocity is

_vy
v=—ppe 2
x (g COs (g 1 + o) + wg sin (wg f + ¢0)> . (25d)

From this velocity, it is straightforward to obtain the
kinetic energy,

m
E = —ple V!
k 2,00

Y . 2
X <5 cos (wg t + ¢o) + wg sin (wg t + d)o)) .

(25¢)

The problem is which part of the kinetic energy (25€) is
exchanged with the potential energy. The clue is given
by the form of the potential energy (25c). The corre-
sponding kinetic term must be equal to the potential
energy but temporally displaced 7 out of phase. This
contribution comes from the second term squared in the

binomial (25e). The kinetic energy contributions can

exchange dissipated
£ &

then be separated as & = &, +

>

1
& = Empge—yf Q2 sin® (wg t + ¢o)

g:xchange

1
+Zmp§e—wy Qsin Qug t + 2¢0 + v0),  (25f)

S;lissipated

where the square velocity has been rewritten so that

the kinetic energy exchanged with the potential energy

SEXChang < &), is separated from the rest. The phase

(35)
Yo = arctan | —
2wq
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arises from the grouping of

2 1
yZ cos (2wg t + 2¢0) + Eywd sin Qwg t + 2¢0)

in a single term, as shown in Appendix B. The remaining

Elflssmated term in the kinetic energy accounts for the

non-conservative part that is lost, as we shall presently
confirm. The dissipative modulation energy is

& =t =gmeye”
)2 1
N~

frequency downshift dissipative modulation

(26)
where the trigonometric functions product
cos (wq t + o)
X <g cos(wgt + ¢g) + wg sin (wg t + ¢0))

has been written in terms of the double angle. The last
term in (26) is identical to the remaining term in the
kinetic energy (25f), but with opposite sign,

2 .
—yt J/_ _ 5d1551pated
4 7k '

Thus, the non-conservative loss of kinetic energy goes
gdissipated P
k — Cy-

1
& = —Empge (27)

into the dissipative modulation energy

The total energy of the system £ = e?’Eyycy is

£ —=ert 1.2 —rt Q2 LI —VIV_Z 28
= 2m,ooe 2m,ooe 7 ) (28a)

exchange dissipated
Eptey &

+&

where the first term on the right-hand side comes from
the sum of the kinetic energy that is being exchanged
with the potential energy. The second term comes from
the sum of the kinetic energy that is being dissipated
plus the dissipative modulation energy. In this latter
term, only the frequency downshift term of the dissi-
pative modulation energy &, survives. The energy of
the system from (28a), is then

Loafe2 72 129

The dependence on y of the total energy, may be
somewhat surprising. If at the initial position and time
(x0, to) all energy is potential,

1 1

E=E, = EKXZ = Emﬂzxg,
and thus independent of the damping coefficient. How-
ever, this initial condition requires, from (25b), pg =

(28b)
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Xx0(€2/wq). Substitution of this amplitude in (28b) shows
that the total energy is indeed w, independent. In ampli-
tude and phase variables, from the substitution of the
coordinate x — p cos ¢ and its derivative in the invari-
ant equation (23), the energy of the system is
&= %leo = %m,oza)zeyt,

reproducing (28b) in a straightforward way. However,
the separation of the kinetic energy in conservative and
dissipative terms is concealed in the amplitude and phase
procedure. The p?w?> dependence of the total energy is
preserved in the presence of light damping. The fre-
quency is downshifted from o = 2 in the undamped
case to

wq =/ Q> —y?/4

under light damping. The exponential factor e’’’ cancels
out the e’ decay coming from the square amplitude
in order to have a constant total energy. The oscillator
energy

(28¢)

1
<5‘oscy = qulo =&+ EP + 67/

has a smooth exponential decay. Separating the exchange
and dissipated kinetic parts,

exchange dissipated

the oscillator energy is

2
glfxchan ge -tV

1
+ &, — —mple (28d)

2

The oscillator energy Eosc, including the dissipative
modulation term £, thus amounts to adding the potential
energy with the kinetic energy that is being exchanged
and &, cancels out the part of the kinetic energy that is
being dissipated. However, £, also introduces the down-
shift coefficient —y2 /4, that together with Q2 establish
the damped frequency of the oscillator. From the ampli-
tude and phase solutions (18b),
Eoscy = lmewfl = lm,o(z, wie !,

2 2

consistent with (28d). The various energies used in this
description are summarised in table 1.

goscy =

(29)

4.4 Exchange energy per period

Consider a scaling of gog by %K = %mQZ, one half the
restitutive force coefficient of the harmonic oscillator.
The exchange energy (with subindex ¢) from (25e),

1

EX = —kqoo = =k (X% — X2x1) ,

3 3 (30)
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then has units of energy over time [J s~ 11, since [x] =
[N/m]. I* = %K Qoo is the corresponding exchange
energy invariant in the presence of damping. £ has
the appropriate units for the physical interpretation of
energy exchanged per time interval. If light damping
at a constant rate y takes place, exchange energy &
decreases exponentially as seen from (29), for y < 2,

1 1 / 1
P —— —_ QZ 2 e—yt’ —/o2_ 2.
t 2’“]00 2m Py @Wd wq 4)/

€2y

Recall that the out-of-phase oscillations between the
kinetic and potential energies evince the energy that is
being exchanged between them. The sum of these two
terms from (25¢) and (25f) is

1
gp + gkexchange — (gp + gk)exchange — Em'og e—)/tQZ‘

(32)

The potential energy can always be tagged with the
‘exchange’ label because all the potential energy is
transformed into kinetic energy but not the other way
around, if damping is present. Dissipation is velocity-
dependent but the potential energy does not involve
motion, and thus it cannot contribute to dissipation. Sub-
stitution of (32) in the exchange energy expression (31)
gives & = (€p + & )xehange ), The exchange energy
ESX can then be written as

(gp + 5k)exchange

Td

_kinetic and potential energy exchange (33)
N one period )

ex __
& =

Therefore, £* represents the total energy that is being
exchanged between the kinetic and potential energies
per period, more precisely per damped period. This
derivation confirms the interpretation that the zeroth-
order bracket gop (8a) is a measure of the energy
exchange between the position and velocity vector fields
as proposed in §4.1. In the limit of critical damping
and beyond, the period tends to infinity and £ is zero.
Then, no energy is exchanged back and forth between
the potential and kinetic energies.

Let us now return to the exchange energy £ =
%mqoo (with subindex w) defined in (8c). This quan-
tity can be viewed merely as a scaling of the previous
exchange energy, £ = Q2. However, if £ is
multiplied and divided by wy, then

2
£eX — &, + gk)exchange%i
(] P QZ w4 ’
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that can be written as

£eX — &, + gk)cxchange 1— ly_z L
@ P 4Q2) wy

But note that

hange 1y?
(Ep + E)ne (1 - Z@)
=&+ Ep+E = Eosey-
Thus,
EX = goscy‘

Wd

Therefore, £ is the oscillator energy Eqsc,, per damped
frequency wy.
The Eyscy energy loss, from (29) is

dgoscy
dr

and the energy lost in one period is (d€yscy, /dt)74. The
well-known quality factor Q for an oscillator with light
damping is then

= - ygoscy

energy stored

0=2n - -
|energy loss in one period|

PR )

‘dgoscy /dt‘ d 14
Since the energy was evaluated with Eysey = & +
&y + &, including the &, term, the kinetic energy dissi-
pative oscillations at twice the frequency are cancelled
out. Thus, there is neither the need to make the usual
assumptions of very light damping (y < 2£2) nor aver-
aging of the energy function (£ + &) to obtain this
factor. Moreover, this result suggests that the energy
stored is Eqscy , that as we have seen, removes the kinetic
energy part that is dissipated.

(34)

4.5 Energy ripples

The present description neatly separates the exponen-
tial decay from the ripples of the oscillator’s energy as
a function of time [34,35]. The kinetic, potential and
dynamic dissipative energies are depicted in figure 3.
The ripples in the sum of kinetic and potential energies
are clearly seen in the red curve. This modulation of
the exponential decay is necessary because the dissi-
pation is velocity-dependent and it must be zero when
the kinetic energy is zero. Thus, the sum of kinetic and
potential energies must be constant (i.e. with zero slope)
when the kinetic energy is zero [36]. This behaviour is
clearly seen in figure 3. When the £, term is added to
Ex+Ep, the energy exhibits a smooth exponential decay.
The oscillating part of £, cancels out the ripples. For

(2022) 96:221
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Figure 3. Energyripplesfory = Q/5. & (dot—dashed green
curve), & + &, (red curve) exhibit ripples, & + £, + &,
(dashed blue curve) has a smooth exponential decay and &,
(brown curve on the abscissa) depicts the dissipative modu-
lation energy that oscillates at 2wg with a —y2/4 offset.

this purpose, it seems advantageous to include the dis-
sipative modulation term with the kinetic and potential
energies, & + &, + &,. The v, x] w-bracket (13) also
suggested this grouping. In contrast, to achieve this even
decay in the standard approach, an averaging process is
necessary [33]. The averaging needs to be judiciously
performed to iron out the wiggles but retain the expo-
nential decay. In the present description, the averaging
is completely avoided.

5. Ermakov approach

It is also possible to write from the outset, the damped
oscillator differential equation (6) using the complex
polar representation, x — pe~'¢. The real part of the
differential equation is

P _@+ylia?=o
P o

(35)

whereas the imaginary part (¢ + 2¢pp~ ") + y¢ = 0,
upon multiplication by p?exp( [ ydt) can be readily
integrated to obtain

Qoo = p*¢el 7. (36)

This result was obtained in §3.1 using the complex
conjugate solutions and the ODEs invariant procedure
in (9¢). Qoo is denoted in this context as the decoupling
constant leading to the amplitude and frequency non-
linear differential equations. The amplitude nonlinear

differential equation with time-dependent damping is

L Qfpe >/ 7
pHyp+Q2p = OOT. (37)

This equation can also be viewed as an anharmonic
damped oscillator [37]. The evaluation of the amplitude
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first and second derivatives from the invariant relation-
ship (36) yield

0 1o
P ( 20"
respectively. Subsequent substitution in (35) gives the
frequency nonlinear differential equation in the presence
of time-dependent damping,
1o 30* 1 , 5 5
- - Q°=0.

2w de? 3l T

This procedure is akin to the Ermakov approach, that
originally led to the Ermakov invariant in the undamped
case. The usual amplitude and phase solutions for con-
stant ¢ can be obtained from the amplitude and phase
differential equations. The former requires a rescaling
of the amplitude by

(38)

Y Y
e_ffdt =e 27,

The latter is straightforward if a constant w is considered
(&0 = @ = 0). The solution to (38) is then

1
w? = QZ—Z)/Z =a)§.

General solutions with time-dependent amplitude and
phase functions can be obtained via the nonlinear super-
position principle [38,39]. Even if y is constant, the
frequency is not necessarily constant since for a phase

¢ = /wdt = arctan (7 tan (wg4t)) .

The frequency

n
cos? wqt 4+ n? sin wyt

with constant n = B/A, is also a solution to the fre-
quency differential equation (38). This assertion can be
verified by direct substitution, noticing that

_ n(1 — n?) sin Quwgt) Wl
(cos? wat + n? sin’ wqt)?

and

2n(1 — )2 sin® Qwgt) 4
Wy

" (cos? wgt + n?sin? wgt)?
2n(1 — n?)cos Qwat) 4
) de.

(cos? wyt + n? sin” wyt)

The system’s energy can also be written in amplitude
and phase variables via the transformation x = p cos ¢.
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The Eosey = %mqlo energy function (13) is then

1
goscy = 5””/020)2
1+ 22 Gn g+ L (2) cos?
X ——= S1n —F=— | — ] COS .
2 w? P72 di \w ¢

(40)

where the expression for the frequency w and its deriva-
tive in terms of £ and y is given by the solution to the
differential equation (38). If the frequency is constant,
the usual %m,oza)2 dependence is recovered. The trans-
formation x — (x/p) viewed in terms of the bracket
expression

_nd (s
Lf,gJ—fdt(f>,

derived in the Appendix, explains the p? time scal-
ing proposed by [17]. The role of the invariant as the
energy function in the transformed coordinates has been
pointed out before [17,24,40]. In the quantum version,
this invariant can be used in an equivalent fashion as the
Hamiltonian in the time-independent case, i.e., to obtain
evolution operators, to cast the equations of motion of
different operators in commutative expressions and to
produce a phase shift with its exponential form [41].

6. Discussion and conclusions

The complementary or orthogonal functions rationale
has been used to derive various conserved quantities.
The energy as well as the energy exchange emerge from
Wronskian operators, referred here as w-brackets. The
general case that was undertaken is a one-dimensional
time-dependent harmonic oscillator with damping. The
time-dependent restitutive and damping coefficients
give rise to dynamic field energies, &y, in eq. (14a),
that keep memory of the system’s evolution.

The damped harmonic oscillator problem provides
a clear-cut scenario to give a physical meaning to the
zeroth-order w-bracket goo. The exchange energy

1 Eosc
EX — i — Y
w 5 q00 py

represents the periodic transfer between two energy
forms per unit frequency, the kinetic and potential ener-
gies in this case. If the exchange energy qqo is scaled by
k = mQ?, as proposed in eq. (30), the physical interpre-
tation of £7* is the energy exchanged between the kinetic
and potential energies per period. In either case, if ggo
is zero or negative, that is, at critical or heavy damping,
there is no periodic exchange between the two forms of
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energy but, at most, only a non-periodic transfer between
them.

In the absence of damping, the total energy of the
system &, the energy of the oscillator

1
Eosc = oscy — Emp(% Qz

and the energy exchanged between the kinetic and
potential energies

1

are the same, except for the constant factor €2. This
degeneracy is lifted when damping is present, allow-
ing for a clear distinction and physical interpretation of
these quantities.

A scheme of the energies involved and their inter-
action for a damped oscillator with time-independent
parameters, is summarised in figure 4. The energy of the
system is composed of three parts: kinetic, potential and
dissipation modulation energies. Recall that contrary to
our approach, dissipation is often described via open
systems, where the dissipated energy is no longer part
of the system. The total energy in the present conceptu-
alisation, is given by the sum of these three contributions
times an exponential function, and is measured by the
first-order invariant £ = %m 010. The transformation of
kinetic into potential energy and vice versa is evaluated
by the zeroth-order goo exchange energy. To this end,

the kinetic energy & has been separated in two parts,

h . . .
5;:xc 8¢ i converted into potential energy whereas

Elflsmpated is lost by dissipation. The dissipative mod-

ulation energy &, has an oscillating contribution that
cancels out the dissipative part of the kinetic energy.
The inclusion of this term circumvents the necessity of
averaging, an asset that is particularly useful close to
critical damping. The remaining frequency offset y2 /4
term, together with Q? from the potential plus the non-
dissipative kinetic energy, add up to w(zl, the damped
frequency squared.

The Ermakov amplitude and phase equations with
damping have been derived. The Q¢ decoupling invari-
ant has been obtained in two ways: via the com-
plementary functions and in the more conventional
Ermakov approach. To the best of our knowledge,
the frequency nonlinear differential equation (38) with
time-dependent damping has not been presented before.
The position (6), amplitude (37) and frequency (38)
differential equations form the so-called Ermakov triplet
[23] for the time-dependent damped harmonic
oscillator.
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&t = %mQZQOo

gosc'y = %m%o - gk + gp + g’y

Figure 4. Energy scheme for a harmonic oscillator with con-
stant damping. The exchange energy £ represents the energy
flow between the kinetic and potential forms per period. The
invariant £ = %leo = e"'(& + &, + &) evaluates the
total energy of the system including the dissipated energy.

Appendix A: w-brackets

Let V be the vector space of all differentiable functions
of a real variable ¢ over a field K. Let f,g,h € V
be at least class C? analytic functions. The Wronskian
operator written as a bracket of two functions f, g is
dg df
fogl=fg 8o
This w-bracket is anticommutative | f, g|=—|g, f],
and thus | f, f] = 0. For a constant scalar A € K,
LAfoh] = Lf.Ah]l = ALf,h]. Also, |f +g.h] =
Lf, h] + Lg, h]. The w-bracket is thus bilinear. Eval-
vate | fg, k], this bracket can be written in two ways
depending on how the terms are grouped back:

(A.1)

dg
Lfg.h]=Lf.h]lg— hfg,

d
b = L. bl —hg S

From the difference of these two equations, the follow-
ing identity is obtained:

Lfihlg+Lh, gl f+ g flh=0.

From this identity, a Leibniz-like product rule is sat-
isfied, | f,h]l g = g, h] f + Lf, gl h. The w-brackets
also satisfy the Jacobiidentity | f | g, k]| +1g LA, f1]1+
Lh Lf, g]] = 0, as can be seen from direct substitution.

Suppose that g is the sum of a linearly dependent
function of f and a linearly independent part g = Af +

(A.2)
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h, from the anticommutativity and bilinearity properties

Lfsgl =LA Af +h] =Lf Rl

The w-bracket singles out the linearly independent addi-
tive part of function g. A non-vanishing w-bracket is
thus a test of linear independence of differentiable func-
tions. Nonetheless, if the Wronskian is zero, linear
dependence is not always assured [42]. Consider a func-
tion g that can be written as a product of the function f
and another function /&, g = Afh. The w-bracket is then

dh
Lfigl = Lf Afh] =)»f25.

This result only involves the derivative of &, the
linearly independent factor of f. Since an arbitrary func-
tion g can always be written as f(g/f), the |f, g]
bracket can also be written as

5 ()
e \ f /)~

w-brackets can be extended in several ways: (i) They
can be generalised to functions of several variables. Con-
tinuity equations obtained from the scalar wave equation
is an example [43], (ii) extended to complex algebra. For
example, eq. (9a) and (iii) they can also be generalised
to vector functions. Angular momentum conservation
equations in electromagnetic theory provide one such
case [44].

Lfs gl =

Appendix B: Kinetic energy splitting for the damped
oscillator

The kinetic energy & = %m v? from (25d) is given by

1
& = Em,oge_’”

X <% cos (wg t + ¢o) + wg sin (wg t + (1)()))2 .

Evaluate the squares and single out the term involving
the ©2 coefficient in

15\
wj sin® (w1 + ¢o) = (92 - Zyz) sin (wq 1 + o) .

! 1
& = Ema%—wgz sin? (wq t + ¢o) + Empge_yt

2
X (VT (cos® (@ t + o) — sin® (wa t + o))

+ywg sin (wg t + ¢g) cos (wa t + ¢p)) .
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The remaining terms are written in terms of the double
angle

1
& = 5mpge—w<sz2 sin® (wg 1 + ¢o)

2
1 )
+VT cos (204 1420)+ 57 @a sin 2wy 1+240) )

The two terms with double angles can be written as a
single sine function with phase yy = arctan(y /2wq),

1
& = Empge—yf(sﬁ sin? (wg t + ¢o)

1
+—y Qsin | 2wg t 4+ 2¢9 + arctan r .
2 2w4

In the particular case of zero initial velocity,

¢o = — arctan (L> .
2wq

Then, yp = —¢o in (25f) and the kinetic energy is

1 .
& = Empge_”t (QZ sin? (wgt + ¢p)

1
+57 Qsin<2a)dt +¢0>).
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