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Abstract. The Lie symmetry technique is utilised to obtain three stages of similarity reductions, exact invariant
solutions and dynamical wave structures of multiple solitons of a (3 + 1)-dimensional generalised BKP—Boussinesq
(gBKP-B) equation. We obtain infinitesimal vectors of the gBKP-B equation and each of these infinitesimals depends
on five independent arbitrary functions and two parameters that provide us with a set of Lie algebras. Thenceforth,
the commutative and adjoint tables between the examined vector fields and one-dimensional optimal system of
symmetry subalgebras are constructed to the original equation. Based on each of the symmetry subalgebras, the Lie
symmetry technique reduces the gBKP-B equation into various nonlinear ordinary differential equations through
similarity reductions. Therefore, we attain closed-form invariant solutions of the governing equation by utilising
the invariance criteria of the Lie group of transformation method. The established solutions are relatively new and
more generalised in terms of functional parameter solutions compared to the previous results in the literature. All
these exact explicit solutions are obtained in the form of different complex wave structures like multiwave solitons,
curved-shaped periodic solitons, strip solitons, wave—wave interactions, elastic interactions between oscillating
multisolitons and nonlinear waves, lump waves and kinky waves. The physical interpretation of computational
wave solutions is exhibited both analytically and graphically through their three-dimensional postures by selecting

relevant values of arbitrary functional parameters and constant parameters.
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1. Introduction

Nonlinear partial differential equations (PDEs) play
an essential role in the analysis of complex nonlin-
ear phenomena in nonlinear sciences. One needs to
obtain explicit closed-form solutions to these nonlinear
equations for a clear understanding of these complex
nonlinear phenomena characterised by nonlinear PDEs.
Nonlinear evolution equations are particular forms of
nonlinear PDEs, which describe many nonlinear phe-
nomena in the disciplines of nonlinear sciences and
engineering physics such as, optical physics, plasma
physics, water waves, chemical physics, fluid dynam-
ics, oceanography, hydrodynamics and so on. For a
deep understanding of such complex nonlinear phe-
nomena in nature, seeking exact closed-form solutions
of nonlinear PDEs play a crucial role in the study of
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nonlinear sciences. It is well known that numerous
analytical mathematical methods are developed by
researchers and mathematicians, to seek closed-form
solutions of nonlinear PDEs and each technique is pre-
cise for obtaining various forms of exact explicit solu-
tions. Here, our prime objective is to study localised soli-
tary wave solutions that can be described as a travelling
wave solution that maintains its shape while propagating
ata constant velocity. These solitons/solitary wave solu-
tions are obtained by cancelling dispersive and nonlinear
effects in the medium. A variety of efficient mathemat-
ical methods such as the auxiliary equation method [1],
Bécklund and Darboux transform [2,3], Lie symmetry
method [4-9], the exp-function methods [10,11], the
direct algebraic method and modified extended direct
algebraic method [12], the inverse scattering transform
[13], the F-expansion method [14], Lax pair [15], Hirota
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technique [16], Kudryashov method [17], extended sim-
plest equation method [18], bifurcation method [19], the
(G'/G)-expansion method [20], generalised exponen-
tial rational function method [21,22] and so on have been
proposed.

In nonlinear sciences, the Kadomtsev and Petviashvili
(KP) equation, which describes the nonlinear waves, is
introduced by Kadomtsev and Petviashvili [23], has the
bilinear form

(vr + 6VVy + Vyxx)x + 30y, =0 (D)

(DyD, + D} +3D}) f f =0. 2)

The generalised B-type KP (g-BKP) equation in (34 1)
dimensions [24-27] can be furnished as

Uty — Uxxxy — 3(vx Uy)x + 3vy; =0, (3)

wherev = v(x, y, z, t) is the wave amplitude along with
three spatial coordinates and one temporal coordinate
and subscripts denote the partial derivatives of v with
respect to the respective variables. The g-BKP equa-
tion describes the evolution of quasi-one-dimensional
shallow water waves, when the effects of viscosity and
surface tension are taken to be negligible [27]. The
g-BKP equation has a wide range of applications in var-
ious fields of mathematical physics such as non-linear
optics, oceanography, nonlinear waves, string theory,
Bose—Einstein condensation, etc. Wazwaz [24] obtained
multiple soliton solutions and multiple singular soliton
solutions of the generalised KP equation by utilising
the simplified form of Hirota”s method. Wazwaz and
El-Tantawy [25] achieved multiple soliton solutions for
the g-KP equation via the Hirota method. Ma and Fan
[26] constructed N-soliton solutions of the g-BKP equa-
tion (3) by using the linear superposition principle of
linear exponential travelling waves. Ma and Zhu [27]
gained multiple wave solutions of (3) by employing
the multiple exp-function algorithms via Hirota’s per-
turbation scheme. In this paper, we focus on studying
a new form of the (3 + 1)-dimensional generalised B-
type KP—Boussinesq (gBKP-B)equation [28-31] which
describes the severe effect on dispersion relation as
well as phase shift and enhanced by adding an extra
term (vs) to eq. (3) and this is introduced by Wazwaz
and El-Tantawy [29]. The gBKP-B equation has the
form

Uty — Uxxxy — 3(vy vy)x + vy + 3vx; = 0. 4

Deng et al [28] constructed the rational solution includ-
ing the semi-rational solutions and breather-type kink
soliton solutions of the (3 4+ 1)-dimensional B-type
KP-Boussinesq equation by using the bilinear method
and fusion and fission between lump waves and soli-
tons were also observed. Wazwaz and El-Tantawy [29]
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applied the simplified Hirota technique and established
1- and 2-soliton solutions, where the coefficients of
spatial variables were arbitrary, for the generalised
BKP-B equation (4). Gao and Zhang [30] obtained
the Lie symmetry reduction with the help of a one-
dimensional optimal system. Besides, they solved the
reduced equation via the tanh method and established
some exact explicit solutions of the gBKP-B equa-
tion (4). Recently, Khalique and Moleleki [31] obtained
symmetry reductions via the Lie symmetry technique
and then they solved the reduced equation through the
(G’ / G)-expansion method. Besides, conversation laws
were derived by applying the multiplier method via the
Ibragimov approach.

Lie symmetry technique [32—-35] was pioneered by
Sophus Lie (1842-1899), which is one of the best
techniques for obtaining exact analytic solutions of
nonlinear PDEs Lie symmetry technique is effective,
systematic and has been applied to many physical mod-
els and nonlinear PDEs [36-48]. This technique is
effective to get group-invariant solutions and dynamics
of localised solitary wave solutions of nonlinear PDE:s.

The prime objective of this study is to obtain localised
solitary wave solutions and exact analytic solutions
of the (3 4+ 1)-dimensional generalised B-type KP-
Boussinesq (gBKP-B) equation by employing the Lie
group method. It is remarkable that our newly formed
solutions are completely new and never have been
reported in the literature. In [31], a few exact solu-
tions were derived with the help of symmetry reduc-
tions, direct integration and (G’/ G)-expansion method
whereas in this work, we obtained abundant exact
closed-form solutions under ten symmetry subalgebras
via one-dimensional optimal system approach. There-
fore, in this article, we attained numerous explicit
solutions compared to the solutions obtained in [30,31].
The generated exact solutions are expressed explic-
itly including arbitrary independent functional and free
parameters which are useful and helpful to describe
the internal mechanism of complex nonlinear phenom-
ena. Furthermore, the dynamical analysis of soliton
solutions of the gBKP-B equation is discussed phys-
ically using their 3D graphics via numerical simula-
tion.

The remaining paper is organised as follows: In §2,
we obtain the Lie point symmetries of the (3 + 1)-
dimensional gBKP-B equation. In §3, a one-dimensional
optimal system of the governing equation is derived. We
obtain numerous closed-form invariant solutions with
the aid of symmetry reductions in §4. The dynamical
analysis of the gained exact solutions based on numer-
ical simulation is given in §5. Finally, §6 is devoted to
the concluding remarks.
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2. Lie point symmetries

In this section, we derive Lie point symmetries, infinites-
imal generator, commutative table, adjoint table and
closed-form invariant solution of the (3+1)-dimensional
gBKP-B equation (4). Assume one-parameter Lie group
transformations as follows and defined in [32,33]

x*=x+e&x,y,t,z,0)+ 0,
Y=y t+ed, vt z,0)+ 0,
F=z4ev(x,y,1,2,0) + O,
f=t+et(x,y,t,2,0)+ 0,
v =v+enx, y,t,z,0) + 0, )

where &, ¢, ¥, 7 and n are infinitesimal generators.
Therefore, the associated infinitesimal generator is

V=§3x+¢3y+1ﬂ3z+faz+n3u- (6)

The fourth prolongation Pr* of V to the gBKP-B (4)
equation is

] 0 d
PrV=V4py — 4 — + ¥ —
vy dvy O0Vyy
0 0
+9Y et — (7
3vxy avyt

Utilising this prolongation including invariant condi-
tions to the gBKP-B equation (4), one obtains

XXXy

' —n
- 3nyvxx - 3nxxvy + 77” + 3nxz =0, (8)

- 377xey — 3",

where the extended coefficients n*, n¥, n', n**, n*7,
n*¢, p¥t, Y and the total derivative operators D,
Dy, D, and D; are described in detail in [32,33].

We substitute the values of extended coefficients and
total derivatives into eq. (8), to obtain the desired deter-
mining equation as

(D =~

(D = ~@: + 5@ )y = ~E):,
(D1t = 3@z — 3(0)zc.

(O = 2o (0 =0, (1) =0,

G = 3@ G =0, E) = W),
)y =0, () = 0. (#)y = 0. (#), =0,

3
(¢)y = g(w)z» (W)t =0, (‘p)v =0, (W)x =0,
W)y =0,(¥):=0. ©)
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Afterwards, we solve the determining equations, the
desired infinitesimals generators of gBKP-B equation
(4) as follows:

3
e=Tr— D[+ A, ¢=cy+ i),
5¢i
Y= ?Z+Cz, T =cit + f5(2),

n= —63—111 + i) +1HE) — YAE) — Xfi@)
3 3
+ 30 A @) + %fsl(z) —Stt-nH@. 10

Consequently, we obtain the following vector fields of
gBKP-B equation (4) with the aid of (10):

yooXd 8 5ed
= 3%x "% T 3 a2
+t8 v 0
ar  39v’
0 0
Vo=—, Vi(f) = fild) —,
a9z v

0
V4(f2) =tf2(z)a—,
v
9 o
Vs(f3) = f3(Z)£ - yf3(z)%,
. 0,300 @
6(f1) = f4(2)5 + > f4 (z)% - Xf4(Z)£,
3,9 9
Vi(fs) = _Etfs(z)a_x + fs(Z)a

3 L x ., 9 .
—Ef(f—)’)f5(Z)£+5f5(Z)%- (11)

3. A one-dimensional optimal system of
subalgebras

We follow the same procedure to construct the one-
dimensional optimal system of symmetry subalgebras
as described in detail in [4,5,33,42]. We construct a
one-dimensional optimal system of symmetry subalge-
bras in this section. By means of commutation relations
between seven infinitesimal generators given in table 1,
these infinitesimals given in (11) can be written as a
linear combination of V; as follows:

V=o1Vi+aVy+a3V3+ a4Vy

4+ as5Vs + agVg + a7 V7. (12)

Moreover, we derive the adjoint relations as provided
in table 2. Using the Olver technique [33], the adjoint
relations of a (3 + 1)-dimensional gBKP-B equation
in table 2 are determined via computerised symbolic
computation for the commutator relations of those vec-
tor fields.
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Table 1. Commutator table.
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* Vi \f) V3 \Z! Vs Ve V7
Vi 0 —3Va  IVaGaf{+ f1) 3VaGfy) $VsGafi— 1) VeQ3afi— f) ViGafi— f5)
\CBEEA S 0 Vi) Va(f3) Vs(f3) Vo(f1) Va(£2)
Vi —3VaGzff  —Va(f) 0 0 0 0 0
+ /1)
Vi —3VuGzf)) —Va(fy) O 0 0 0 Vi(—f5/2)
Vs —3Vs(5zf; —Vs(f) 0 0 0 Vi(=f312) 5V3(f3f0)
- f3)
Vo —Ve(3zfi —Ve(fp) O 0 ~Via=fafp 0 SValfafd
- f) = 2fs £ = if9
Vi =Vi(3zfs —Vi(fy) 0 ~Vi(=fsf)  —3Va(fsf  —3Va(fafy 0O
— R 2510 = 1if)
Table 2. Adjoint table.
Ad Vi Vo V3 V4 Vs Ve V7
v v e¥V, e 5V, eIV, e Vs eV eV
\& Vi— %V, \& e V3 eV, e Vs e Vs e Vy
V3 Vi +5§V3 Vo +€V3 V3 V4 Vs Ve \%
V4 Vi + §V4 Vo +€Vy V3 V4 Vs Ve V7 —€V3
Vs Vi + %Vs V> 4+ €V;s V3 V4 Vs Ve — €V3 V7 —£V;
Ve Vi +€Vg Vi, 4+ €Vg V3 V4 V5 +€V3 Ve V7 — §V4
V7 Vi +€Vy Vo +€Vy V3 V4 —€V;3 Vs + %V3 Ve + %Vg@ V7
3.1 Formation of invariants ®; = 5063/31 _ §a1ﬂ3 ta3fr — arfa
To attain one-dimensional optimal system of Lie algebra + a7B4 — aaB7 + agBs — asBs
R’, thus there is a need to construct the invariant for 1 1
the suitable selection of representative factors/elements. + 5067,35 - 5065,37,
Thus, the desired matrix representations of ad(V;) can 5 5 3
be furnished as B4 = §a4,31 — a4 — §a1ﬁ4 + 50{7;36
Ad(exp(eW))(V 3
EREWIV) +aaps = Sashh
=e "Ve" =V —¢€[W,V] ] ]
1 O = — _ 2 _ ,
n 5éz[w’ (W.V]]— - 5 =3%5B1+aspy — g1 fs — aafs
: O =« -« — o + B,
=@ Vit +onVa) ®6 aﬁl + a2§6 ocli‘g; ofﬁz (14)
7 =07p] 7b2 — o p7 — a1 p7.
—€ep1Vi+---+ B, Vu, a1 Vi + ...
V O(e?
+anVal +0(€) Forany B8;,1 < j <7, itimposes
=@ Vi+-+a,Vn)
_€(®1V1 +"'+®nvn)a (13)
® 9¢ ® 99 ® 99 ® 9¢
where ® = O(«y,..., o, B1,..., B) are obtained 18711+ 287¢2+ 337¢3+ 437¢4
with the help of symbolic calculations via the com- A d¢ d¢
mutator table. The commutative relations of the seven- + ®58745 + 668746 + ®78747 =0. (15)

dimensional Lie algebra are expressed in table 1. Putting
V= 21'7:1 a;Viand W = 2321 B;V,;in(11)

5 5
0;=0, O= —§a2ﬁ1 + 5011,32,

Equating the various coefficients of different powers of
B; in eq. (15), we obtain seven differential equations
with ¢ (a1, oz, ..., 07) as
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Sar 0
2228
2 dop

a3 0 Say 0 a5 ¢
3 das 3 doy 3 das

ad ad
+ 6%4‘@7%:0,
Sa; 0 ad d
B2 %a—d) 3£+a4£
+ 5@4‘ 6%4-“7%:0,
B3 —(%—1—0[2)572 0,
d 5 d
Ba 0!7%—(% )aT(izo,
ﬂsi(%Jras);Ti—(%—%az)%:O,
563—a58—¢+3a78—¢

a3 2 007

0
— (g +062)—¢ =0,
dog

9 99
B7 - (2 Jr014)80[3
a6 9 9 _

o1
2 doy 0oy

(16)

Solving system (16), one obtains ¢ (o1, o2, o3, o4, 5,
a6, a7) = F(a1) which is also called the general invari-
ant function of Lie algebra R’, where F is an arbitrary
function of «1. As a result, the governing equation (4)

has one basic invariant only.

3.2 Calculation of the adjoint transformation matrix

For F} : g — g defined by V — Ad(exp(¢;V;) - V)
is a linear map, for i = 1,2, ..., 7. The matrix Af of
Ff i =1,2,...,7 with respect to basis {Vy, ..., V7}

are given and defined in [33,42] as follows:

1 0 0 0 0 0
0 ei 0 0 0 0
0 0 e 0 0 0

Ai=lo o o0 e39 0 0
0 0 0 0 e 3 0
0 0 0 0 0 e
0 0 0 0 0 0
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1—26200000
0 1 o 0 0 0 0
o 0 e 0o 0o 0o o
A2=o o 0 e©2 0 0 0
0 0 0 0 e2 0 0
0 0 0 0 0 e 0
0 0 O 0 0 0 e=©
10%30000
01 ¢ 00 0 0
. oo 1 0000
A3=10 0 0 1 0 0 0]
00 0 010 0
00 0 00 1 0
00 0 00 0 1
100%64000
01 0 e 000
oo 1 o o0 o0
A=100 0 1 00 0}
000 0 1 00
000 0 010
00 e 0 00 1
1000%500
01 0 0 é 0 0
00 1 0 0 00
Ai=lo 0o 0o 1 0 0 0],
00 0 0 1 00
00 —s 0 0 1 0
€3
00 -2 0 0 0 1
2
1 00 0 0 e 0
01 0 0 0 € 0
001 0 00 0
sw_J0oo0o 0 1 00 0
6710 0 ¢¢6 O 1 0 O}
000 0 0 1 0
00 0 % o o 1
2
10000067\
01 0 0 0 0 e
00 1 0 00 0
oo e 1 000
=100 2 0o 10 o0
236
00077010
00 0 0 00 1

Hence, we obtain the global adjoint matrix using these
seven matrices as
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5 € 5 5 5 \
l —ze Az Ay 3~ 36265 €6 — 36266 €7 — 56267
;),61 5€¢] RS S€q
0 e A3 Aog €3 €5 €3 €g €3 ey
0 0 e 3@ 0 0 0 0
A == €1 S¢1 9 (17)
0 0 e 3 %¢g e 3 © 0 0 0
0 0 As3 0 e~ 3@ 0 0
0 0 —e €14 Aey 0 e €17 0
0 0 A7z —3e 17 0 0 e 1@
1 6
where ve = a6 + gases + <o,
1 €3 €5  Sees 1 1 €
A =—3da6+ =+ (? A y1 =07 +ager — gases —%04365—62664%?7,
S5€4  Sepey 1 (€5 Seres (19)
33 )9\ T )
S ; S which must have solutions for ¢;’s fori = 1,2,...,7
Ay =e S e3+e s eseo+ed eser (assuming €; = 0).
n 165%6 c Case 1: For 1 = 1, the representative element V = Vi.
2 €T Substituting y; = 1 into eq. (19) we get
€ 1 €
Asy =™ 3%+ ~e T3 2, 1 5
2 € =0, = —5(5013), €4 = —§(aza3 —ay),
A7z =e "% — Se 1 %es 5
; 2 e =7 (2503 — 25304 + 4ass)
— e T %6y, 5
2 €6 = — (Sazas — 16ag), €7 = S(apag — a7).
S5¢p¢€6 96

1 5S¢
Ay = —556264 22

3 €
3 T2\
3 5

—e 3 €q€7,
2

).

Se
Ay = eTl €4 +
3
Apy = =€ 17 ¢y,
64 ) 7
3.3 One-dimensional optimal system for the gBKP-B
equation

The general transformation equation to the generalised
gBKP-B equation (4) is

(Y1, ¥2, V3, V4, V5, Y6, V1)

= (o1, 02, @3, 04, 005, U, A7) - A, (18)

where A is the global matrix which is already derived
above.

2¢€3
VI =0a1, Y2=0)— €, V3=Ot3+?,
3
V4=a4—0¢362+a263—§€4,
1 apes +eses + (—Deres + =
= —0l4€ €3€. — —€2€ —€ o3 — —,
V5 5+ 506 + a6 Al KSRy

Case 2: Let us consider the representative element V =
Vi + V3. Wesubstitute ¢y = a3 =land y; = 3 =1
into eq. (19), to get

5
2=, e3=0, ¢4 = —5(062 —a4),
5
€5 = —— (25ar — 2504 — 61t5), €6 = ——ag,
6 6
5
€ = 18 (48arag — 12500 + 125a4 + 3005 — 487) .

Case 3: Consider the representative element V=V, +
V7. Substituting «; = o7 = 1 and y; = y7; = 1 into eq.
(19), we get

Sa3 ( )
€ =0p, €3 = ———, €4 = —— (203 — 4),
2 2, €3 2 4 3 2003 4
5
€5 = — (25a203 — 250304 + dais)

4

5
€6 = _9_6 (5“30[5 - 160[6) ’ €7 = Sazaé'

Case 4: We take representative element V=V 1+Vo+
V4. Substituting oy = ap = a4 = l and y; = y» =
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y4 = 1 into eq. (19), we get
Sas 25

€ =0, &= o =T,

5
€5 = ~1 (2503 — 4as) ,
€6 = > (5 16a6)
6 = 2 a30U5 ae6) ,
5
€7 = —9—6 (25305 — 80atg + 9607) .

Case 5: For ap = 1, the representative element V= Vs.
By substituting y» = 1 into eq. (19), we get

e3=0, € =—a7.

Case 6: Select a representative element V= V3 + Vi.
Substituting y» = 3 =1,y =0,i =1,4,5,6,7 and
ar = a3 = 1 into eq. (19), we obtain the solution

o al
€ =€3= —Sa—, €4 =-2|as— 32—2 s
5 Ols

—8uZ — w5
€s =0, € = 6—57'
o5
Case 7: For ap = a4 = 1, the representative element
V = V; + V4. By substituting y» = 34 = 1 into eq.
(19) we get

€3 = 0, €6 = —U7.

Case 8: Select a representative element V= Vo+V3+
Vs. Substituting y; = 0, = 3 = 5 = 1,y =
0,i =4, 6, 7and op = @3 = a5 = 1 into eq. (19), we
obtain the solution

€ = o4 — 8ag, €3 = —8ag, €4 = 6401%,
€5 =0, € = (g — 8ap)ag — 7.

Case 9: Select a representative element V= Vo+Vs+
V. Substituting y» = y5 = y6 = 1,y = 0,i =
1, 3, 4, 7and ap = a5 = a6 = 1 into eq. (19), we
obtain the solution

€e3=0, € = —a7 + €.

Proceeding as above, we can find the value of ¢;’s for
certain members of optimal system.

Eventually, an optimal system of one-dimensional
symmetry subalgebras for a gBKP-B equation is fur-
nished in the following way:

i T =V
(i) Ty = VI +V3
(i) T3 = VI +Vy
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(iv) T4 = Vi+ Vo +Vy
V) T5 =V,

(vi) T = V2+ V3

(vil) 7 = Vo, +Vy
(viii) T3 = Vo, +V3+ V5
(ix) T9 = V2 + V54 Vg

(x) Fio = V2 +V4+Vs (20)

4. Exact invariant solutions

This section constructs a variety of closed-form invari-
ant solutions for the corresponding symmetry subalge-
bras by solving the Lagrange’s characteristic equation
[33]

dx dy dz dr dv

—=—=_=—=—. @1)

& ¢ ¥ T

4.1 Subalgebra T, =V, = %L _|_y% + %8% +rd
va

BEED)

The Langrange’s system (21) becomes
dx dy dz dr dv

- — - = = (22)
x/3 y 5z/3 t —v/3
which gives the similarity solution
VX,Y, T
v,y 2, = LD 23)
z5

with

b y t
X:_l’ Y:—3 and T:—3

z3 z5 z5

Putting (23) into (4), we get
3 9
Vxxxy +3VxVxy +3VyVxx + gXVXX + g(TVXT

6
+YVxy) + gVX — (Vrr + Vyr) =0. (24)

To get the group-invariant solution, apply the Lie group
method again which results in new infinitesimal gener-
ators:

9
Ex = ——a1T + a3,

0 by =ar, &7 =a
and
—-18( T2 + 1(50 18a;Y)T
ny = 30 a —az 30 a4 aj
3 3 1
+ —a1 X — —ap X — =a3Y + as, (25)

10 5 5
where a;’s (1 <i < 5) are arbitrary constants.
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Case (1): When a; # 0 and other constants are zero
From eq. (25), the associated characteristic equation
becomes

dx ~ dy dT
—9/10T 0 1
dv

= (18/50)T2 — (18/50)YT + (3/10)X (26)

Solving eq. (26), we obtain

3
VX, Y, T)=G(R, )+ 1T (7T — 6TY + 10X),

27)
with

972

R=X+—— §=7.
+20

Using eq. (27) into (24), we get the following (1 + 1)
nonlinear partial differential equation:

3 9
GRrrrs +3GRrGRrs +3GsGRrr + gRGRR + gSGRS
3

9
ZGr4 —5=0.
T109k T 35

Infinitesimals of (28) are

(28)

1
SRZ—EblR-i—bz, E&s=Db1S

and

1 1
nG = —ng2+§b1G+b3. (29)

On simplifying (29), we obtain

G(R,S) = S%H(w) — % (A28 +5A43) (30)

with w = S%(R —2A»), and Ay = by/by and A3 =
bz /b1 are constants. Using eq. (30) into (28), we get

25wH® + 100H® + 15H'(7 + 10H' + 10wH")

+45wH" +15Qw +5H)H" +18 =0 (31)
which gives the solutions
2 8 3
Hw)=6 ——-w and Hw) = — — —w, (32)
5 w10

where 81 and & are arbitrary constants.
Accordingly, we derive exact-invariant solution of
¢BKP-B (4)

y  3tx 2183 —36t2y 245y
s Vo 7t =8 - Py
vy 20 1\/:+IOZ+ 10022 52
2 (5A3 «x
——(53+—y>, (33)
5\Jz  z
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21122t — 3y)  3x(t—y) N VA

v(x,y,z,t) =

200z2 10z 5.5
208 2A
2 — 25 39
(xz —40Apz5 +912)  5z5

Case (i1): When a; = a» # 0 and other constants are
Zero

From eq. (25), the associated characteristic equation
becomes

dX dy dT

—9/10T 1 1
B av
~ Z(18/50)YT — (3/10)X

Solving eq. (35), we obtain

(35)

V(X,Y,T)=G(R,S) — 1(3)—0T (T% +6TY +10X)
(36)
with
R=x+ﬁ, S=Y-T.
20

Using eq. (36) into (24), we get the following (1 + 1)
nonlinear partial differential equation:

3 9
GRrrrs +3GRrGRs +3GsGRrpr + gRGRR + gSGRS
3

9
2 Gr+—S=0.
T 109kt 35

Infinitesimals of (37) are

(37)

1
Er = —EblR +by, &s=0b1S

and

1 1
ng = —§Sb2+§b1G+b3. (38)

On simplifying (38), we get

G(R.S) = S?H(w) — % (A2S +543), (39)

with w = S%(R —2A3), and Ay = by/by and A3 =
b3 /by are constants.
Using eq. (39) into (37), we get

25wH® + 100H® +15H'(7 + 10H' + 10wH")

+45wH” +15Qw +5H)H" +18=0 40)
which gives the solutions
Hw) = 85 — — d Huy =243 (41)
w) =083 — —w an w)=———w,
770 w10

where &3 and &4 are arbitrary constants.
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Accordingly, we derive exact invariant solutions of
¢BKP-B (4) as

( 9 2143 63yt>  3xy iy y—t
vix, Yy, <, - T AAAN 9 A
YT 5002 T 2002 10z TPV 2
(y—1 2A3
+—FA - —, (42)
5z5 z5
3 2
Y, 2,1 = 1~ + 6t 10
v(x,y,z,t) 10012( + 61y + 10x2)
2084z
912 + 20xz — 404525
2(y - 1) 3(y—-0
— Ay — .
SZS 200Z
2 6 2A3
x (97 420wz — 404528 ) - =2,
75
(43)
4.2 Subalgebra Tr:=V|+ V3
Lagrange’s equation for subalgebra %5 is
d d dz dr d
x _dy dz v (44)

X3y 523 1 fi@-w3)

On that account, eq. (44) furnishes the similarity form

VX,Y,T 3 z
v(x,y, 2, 1) = # + = f1_§>dz (45)
z5 5z5 Z5
with
X y t
X=—1,Y=7 and T=—3
z3 Z§ z5

Taking the similarity solution v from (45) into (4), we
acquire the newly diminished equation

S5(Vrr + Vyr) — 6Vx — 15(Vx Vy)x
—9(TVxr +YVxy) =3XVxx —5Vxxxy =0.
(46)

Again, employing LST on eq. (46), new infinitesimals
are given as

by =7y
X = 10 a37

1
ny = %(18(11 — 18a)T?

§y =az, &1 =ay,

1 3
—(—18Y 50a)T + —X
+ 50( ay + 50a4)T + 0 al

3X ! Y +
5 az 5613 as,

where a;’s (1 < i < 5) are arbitrary constants.

(47)
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For a; = a> # 0 and all other constants are zero.
From eq. (47), we get the characteristic system as

dx  dr dT dv

—(9/10)T 1 1 —(18/50)YT — (3/10)X
(48)

which gives

V(X,Y,T)=F(R,S) — 1%T(T2 + 10X 4+ 6TY)
(49)
with
R=X+9—T2,S=Y—T.
20
Using (49) and (46), we have the reduced equation

50FrRrrs + 150(FsFr)gr + 30RFRrR

+ 15FRr +90SFgrs + 185 = 0. (50)

Again, applying the Lie symmetry method on eq. (50),
the new infinitesimals are

1
§r = _EblR + by, &5 =018,

1 1
np =—=S8bhy + EblF + b3, (1))

5

where b;’s (1 < i < 3) are arbitrary constants. The
characteristic system for (51) is

dR _ds
—(1/2)b1R+by b1 S
dF
= (52)
—(1/5)Sby + (1/2)by F + b3
that gives the similarity form
2
F(R,S) =~/SH(w) — S(SB2+5B3) (53)

withw = +/S(R — 2B,), and B, = by/b; and B3 =
b3 /b are constants. Using (53) and (50), we get an ODE

25wH® + 100H® + 15H(7 + 10H' + 10wH")

+45wH" + 15Qw +5H)H"” + 18 = 0. (54)

On solving (54), we have
3

Hw) =8 — —

(w) =65 0¥
and
Hwy =22 (55)

w)=———w,

w 10

where &5 and 8¢ are any two arbitrary constants.
Accordingly, we obtain the following solutions of the
¢BKP-B (4):
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Figure 1. Three distinct complex structures of elastic interactions between curve-shaped lumps and oscillating multisolitons
for solution (43) with parameters A> = 1.7, A3 = 31,84 = 15.7and y = 0.7.

( N 2183 63t%y  3xy
v(x, y, <, = Ay A~ T T A
vz 200:2 ~ 20022 10z
[—t+ —t+y)B
+ 55 y +( 3’) 2
z 5z5
3 Z 2B
O [y 2B (56)
5z5 z5 z3
3 z
v(x, y,z,1) = — fig)dz
5z5 z3
! (t* + 6ty + 10x2)
— X
10072 Y ¢
2086z
(912 + 20x7z — 4025 By)
3(y—1) 2 6
— 9t“ +20xz — 40z5 B
20022 (9t +20xz 25 B?)
2Br(y —t) 2Bj3
— 7 - —. 57
5z5 z5
4.3 Subalgebra %3 := V| + V7 when f5(z) = Az
The related Lagrange’s system is interpreted as
dx dy dz dr dv
- L = (58)
3A 5 A
-3ty ¥ 1t Ar gx—g
Equation (58) produces
VX,Y, T
U(xay,Z,t) = ¥
z35
3 2
+ aA(lSAt + 16x — 9A“7), (59)
with

16x +9A(4r — 3Az)
X = 1 ,
16z5

2t —3Az
3 I'=s——5—.
z3 2z5
We obtain a new reduction equation on solving (59)
and (4)
5(Vrr + Vyr) —6Vx — 15(VxVy)x — 9(T'Vxr
+YVxy) —=3XVxx —5Vxxxy = 0. (60)

By the application of Lie symmetry method on eq. (60),
the desired infinitesimals are

—9a,
Ex = 10 T +a3z, §y=ay, &r=a,
1 1
ny = %(1&11 —18ax)T? + %(—181@1 +50a4)T
+ 3 % 3x Ly + (61)
—Xay — -Xay — —-a as,
10 1 5 2 5 3 5

where a;’s (1 <i < 5) are arbitrary constants.
Suppose a; = a» # 0 and all other constants are zero.
By eq. (61), the characteristic equation becomes

dx dy dT
—9/10T 1 1
av
~ Z(18/50)YT — (3/10)X

which provides

(62)

3

V(X,Y,T) = F(R,S) — ﬁT(T2 + 10X +6TY),
(63)

with

972

R=X+—, S=Y-T.
+20

Using (63) and (60), we get the following equation:

50FgrRrrs + 150(FsFRr)r +30RFgrg + 15Fg

+ 908§ Fgrs + 185 = 0. (64)
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Figure 2. Three distinct complex structures of lump wave solitons for solution (57) with parameters ap = 4,

By, =1.7, B3 =31, 8¢ =157, y =11 and f1(z) = apz.

Applying Lie symmetry method on eq. (64) again, we
get the set of infinitesimals as

—1
Er = 7b1R+b2, Es =D S,

-1 1
ng =—3Sby + EblF + b3, (65)

5

where b;’s (1 < i < 3) are arbitrary constants. Charac-
teristic equation for (65) is

dR _ds
—(1/2)b1R+by ~ by S
dF
- : (66)
—(1/5)Sby + 3bi F + b3
which derives the similarity form
2
F(R,S) =+/SH(w) — 5(SB2+5B3) (67)

with w = v/S(R — 2B,), and By = by/by and Bz =
b3 /b are constants. Using (67) and (64), we get an ODE

25wH® +100H® + 15H'(7 + 10H' + 10wH")

+45wH" + 15Qw +5H)H" + 18 = 0. (68)
We solve (68), to get
Hw)=9$§ 3
w) = &7 1Ow
and
33 3
H =— — —w, 69
(w) > 0% (69)

where &7 and g are any two arbitrary constants.
Group-invariant solutions of the gBKP-B equation (4)
with the help of back substitution are:

93 637y  189r%A
400z2  200z2 400z

v(x,y,z,t) =

2(y —t)+3Az  27At
5 Ay +23A
+ 7\/ 2z + 007 B T A

2y —1)+3Az) By 3«
NCCEUEEICT N P
10z5 20
27A2(6 1 23A72) 2B (70)
—_— y Z R _’
800 .

27 5
v(x,y,z,t) = —3—2A (t—Az)

1
— ——(16x — 27A%z + 36A1)(6f + 5z — 144Az)
320z

@2y —-1+3A79)B,
5z

(SR

N 20832

(1812 — 27A222 + 36 Atz + 40xz — 80Byz%)
— 2t —3Az)%(21 + 6y — 3A

80022( 2)°(2t + 6y 2)

2B3; 3 2y —t+3Az2)

s 20 z3

x (1812 — 274272 4+ 36 A1z + 40x7 — 80BazS).
(71)

4.4 Subalgebra¥y .=V +Vy+Vy

The associated Lagrange’s system of %y is
dx dy dz

x/3 vy (5z/3)+1

_dr dv
t th) = (v/3)

The similarity form of eq. (72) is

V(X,Y, T)

(3452

(72)

v(x,y,z,t) =
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Figure 3. Three distinct complex structures of elastic interactions between curve-shaped lump wave solitons and oscillating
multisolitons for solution (71) with parameters A = 0.16, B, = 1.37, B3 = 1.2, g =5and y = 0.11.

3¢
n 1 ) _dz
(34 52)5 (34 52)5
with
e Xy
(3+52)5 (3+52)3
and
t
T=—. (73)
(34 5z2)5
On substitution of v from (73) in (4), we get
Vxxxy +6Vx +3(VxVy)x +9(TVxr + Y Vxy)
+3XVxx — (Vrr + Vyr) =0. (74)

For eq. (74), the set of infinitesimals can be provided as

—9a,

Ex = T +as, & =a, &r=a,

3
ny = 5(611 —2a)X — (9T a +a3)Y

+97%a, — 9T?ay + Tas + as, (75)

where a@;’s (1 < i < 5) are arbitrary constants. Let
a1 # 0 and the remaining constants are zero.
For eq. (75), the characteristic equation becomes

dX dy dT dv

/T = . 76
—%T 0 1 3/2)X —9TY +9T?2 (76)
Similarity form for eq. (76) is
3RT 9ST?> 1573

VX,Y, T)=F(R,S) + > - >

(77)
with

972

R=X+—, §S=Y.

4

With the help of (77) and (74), we find a PDE

3
Frrrs +3(FsFgr)r +3RFRrr + EFR
+9SFgrs +9S =0. (78)

Now, apply LSM on eq. (78), then we derive the appro-
priate infinitesimals

1
Er = _EblR +by, &5 =08,

1
ng = —Sby + EblF + b3, (79)

where b;’s (1 < i < 3) are arbitrary constants.
For eq. (79), the characteristic equation becomes
dR _das dF
—(1/2)biR +by  b1S ~ —Sby + (1/2)b F + b3’
(80)

Similarity solution for eq. (80) is presented as follows:

F(R,S) =~/SH(w) — ,%(sz + b3) (81)

with

w = JE(R —2%).

1
On combining (81) and (78), we can promptly obtain

wH® +4H® + 6wH'H" +3HH"

+ 15wH" + 6(H')> + 21H' + 18 = 0. (82)
On solving (82), we have
H((w) =69 — %w
and
Hw) = % — zw, (83)

2
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where 89 and §1¢ are arbitrary constants.
On solving by substitution, we get the general solu-
tions of the gBKP-B (4):

3t ()
G+57)5) 34525

61 (7t> — 6ty + 21 (3 + 52)x) y
+ 89
34572

8(3 + 52)2
2 ba 6
~ 555 (97 4G+ 50 +3,-(+ 508
1
by 2y b3 2
bi (34575 b1 (34575
3t / £ @)
G+505 ) 34523
(153 = 3612y)  3t(912 4+ 4(3 + 52)x)
8(3 + 52)2 8(3 4 57)5
by 2 3y
by (3+5Z)% 8(3 + 5z2)2

v(x,y,z,t) = dz

(84)

dz

v(x,y,z,1) =

2 by 6
x| 9t +43 +52)x — Sb—(3 + 572)5
1
by 2y

b1 3 + 52)
4810(3 + 52)

+ .
(9r2 +4(3+59x — 8233 + 52)5)

(85)

4.5 Subalgebra T5 =V, = 3%

The associated Lagrange’s system reads as

(86)
which gives
v(x,y,z, 1) =V(X, Y, T) &7

with invariants

Using (87) into (4), we thus obtain the (2 + 1)-
dimensional reduced nonlinear PDE:

Vxxxy +3VxVxy +3VyVxx — Vrr — Vyr =0
(88)

which has the general solution
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VX,Y, T)=c3

C%Y
+2cptanh [ 1T + ¢ X — — 3 +cq4 ], (89)

c1 —4c;

where ¢, ¢2, c3 and ¢4 are constants of integration.
Therefore, the resulting solution of the gBKP-B equa-
tion (4) is

v(x,y,z,t) =c3
2
cry
+ 2cptanh | ¢4 4+ ¢t + cox — — . (90)
c1 —4cy
Further, Let us take
V(X,Y,T) = H(w), ©On

where w = aX + bY + cT.
Here a, b and c are arbitrary constants. Taking (91)
into (88), we have

a*bH® + 64*bH'H" — c(b+ ¢)H" = 0. (92)
The primitives are
c(b+c)
H(w) =11 +dpw, Hw) =383+ —5—
6a-b

and

2a¢ cb+c
Hw) =84+ = 4 L2129, ©3)

w 6a-b

where 811, 812, 613 and 814 are arbitrary constants.
Hence, we acquire the following exact invariant solu-
tions of gBKP-B (4):

v(x,y,z,t) =811 + 812 (ax + by +ct), (94)
c(b+c)
v(x,y,z,t) =813+ 3 (ax + by +ct), (95
6a“b
( 1) =814+ 2a
v x’ 9 9 = TN
ye < 14 (ax + by +ct)
c(b+c)
W (CZX + by + C[) . (96)
4.6 Subalgebra T¢:=Vy+ V3 = 38—1 + fi (Z)a%
Lagrange’s system reads as
d d d dt d
>_o__d_ W 97)
0 0 1 0 f1(@)
which gives
vy =V T+ [ Ao 98)

with invariants X =x, Y =y, T =t.
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Substituting (98) into (4), we thus obtain the (2 4 1)-
dimensional reduced nonlinear PDE:

Vxxxy +3VxVxy +3VyVxx — Vrr — Vyr =0
(99)

which has the general solution

V(X,Y,T) =c3

+2crtanh | ;T + 2 X —
c1 —4c;

C%Y
—tey). (100)

where c1, ¢2, ¢3 and ¢4 are constants of integration.
Therefore, the resulting solution of the gBKP-B equa-
tion (4) is

v(x,Vy,2z,t) = c3+ 2cp tanh

clzy
Xf\eatcet+ox ————s
c1 — 4o,

+ / f1(z) dz. (101)
Further, we consider that
V(X,Y, T) = H(w), (102)

where w = aX + bY +cT.
Here, a, b and c are arbitrary constant parameters.
We substitute (102) into (99), to obtain

a>bH® + 64’bH'H" — c¢(b+c)H" =0. (103)
The primitives are

H(w) = 815 + 16w

and

Hw =+ 2+ 010, (104)

where 415, §1¢ and 817 are arbitrary constants.
Hence, we acquire the following exact-invariant solu-
tions of gBKP-B equation (4):
vk, 32 1) = dis +dis (ax + by +en + [ fiaydz,
(105)
2a
(ax 4+ by + ct)

(ax + by + ct) + / fi1(z) dz.

v(x,y,z,t) =817 +

c(b+c)
6ab

n (106)

4.7 Subalgebra T7 := V), 4+ V,

Lagrange’s system for 7 is
dx dy dz dr dv
0 0 1 0 th@

(107)
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Equation (107) provides the following similarity solu-
tion:

v(ix,y,z, ) =V(X,Y, T)+ t/ f2(2)dz (108)

with invariants X = x, Y = yand T =1¢.
After substitution of (108) into (4), we find a new
reduction equation as

Vrr + Vyr —3VxVxy —3VyVxx — Vxxxy =0
(109)

that provides the general solution

V(X,Y,T) =c3

C%Y
+2cptanh [ o X + 1T — ——— tca, (110)

c1 —4c;

where c1, ¢z, ¢3 and ¢4 are arbitrary constants of inte-
gration.

Therefore, the resultant solution of the gBKP-B equa-
tion (4) is

v(x,y,z,t) =c3

2
cry
+ 2cptanh | cox + ¢t — ——— ta
c1 —4c;
e f fa(2)dz. (a1
Moreover, let
V(X,Y, T) = H(w), (112)

where w = aX +bY +cT, and a, b and c are arbitrary
constant parameters.

Taking (112) into (109), we acquire the following
reduced ODE:

a*bH® + 64*bH'H" — c(c + b)H" = 0. (113)
The primitives are
c(c+b)
H =34 _
(w) =818 + ey ¥

and

2a c(c+b

w 6a-=b

where 613 and 819 are arbitrary constants.

Finally, we obtain the following solutions of the
gBKP-B equation (4):
c(c+b)

6a%b

+t/f2(z)dz,

v(x,y,z,t) =818 + (ax + by + ct)

(115)
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Figure 4. Three distinct complex structures of lump waves for solution (106) with parameters a = 191, b = 3,
¢ =10.3,6817 =10,z = 0.019 and fi(2) = z.
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Figure 5. Three distinct complex structures of multiple lumps and kinky solitons for solution (116) with parameters
819 =10, a =10, b =12, c =2, z=1.3and fo(z) = z.
2a

Substituting (118) into (4), we thus obtain the (24 1)-
(ax + by +ct) dimensional reduced nonlinear PDE:
c(c+b)

W(ax +by +Ct)

v(x,y,z,t) =819 +

Vxxxy +3VxVxy +3VyVxx — Vrr — Vyr =0
(119)
Hfﬁ@& (116)

which has the general solution
VX, Y, T)=c3

4.8 Subalgebra ¥y .=V, + V3 4+ V5 = 2y
+ 2c¢o tanh (clT + X — 1—3 + C4> , (120)

BROE+ L+ (1@ -y

c1 —4c;

For simplification, we assume fi(z) = —dao f3(2)- where ¢, ¢2, ¢3 and ¢4 are integration constants.

In this case, the related Lagrange’s equation reads as Therefore, the resulting solution of gBKP-B equation

dx dy dz (4)is
f3(2) 0 1 v(x,y,2,t) =c3 + 2cp tanh

S (117) cly

0 —(O+aof; X <C4+61t+czx —62/f3(z)dz— m)
2

which gives — (v +a) f52). (121)
v(x,y,z,1) = VX, Y, T) — (y + ao) f3(2) (118)

Further, we consider that

with invariants X = x — [ f3(z)dz, Y =y, T =1. V(X,Y,T) = H(w),

(122)
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where w = aX 4+ bY +¢cT and a, b and c are arbitrary
constant parameters. Putting (122) into (119), we have

AbH® +6a’bH'H" — c(c + b)H" = 0. (123)
Primitives are
c(b+c)
H(w) =6 +diw, HWw) =08+ —>5—
6a-b

and

2a cb+c
Hw) =683+ —+ ( 3 )w, (124)

w 6a*b

where 829, 821, 622 and 8,3 are arbitrary constants.
Hence, we acquire the following exact invariant solu-
tions of gBKP-B equation (4):

v(x,y,z,t) =60

+ 821 (ax + by +ct —a/ f3(2) dz)

— (y +ao) f3(2), (125)
v(x,y,z,t) =8
% (ax +by+ct—a / f3(2) dz)
— (y +ao) f3(2), (126)

2a
ax+by+ct —a [ f3(z)dz)
cb+c)
+ e (ax+by+ct—a/f3(z)dz)
— (v +ao) f3(2).

Again, we use the group-theoretic technique to obtain
generators of (119)

v(x,y,z,t) :523+ (

(127)

a
Ex = ?1X+a4, &y = a1Y + as,

a
fr=aT +a. nv=—7V+taT +a. (128)
where a;’s (1 < i < 6) are arbitrary constants.
Then, the associated Lagrange’s system is
dx _dy dT
(a1/3)X + aa S aY4+az aT+a
dv
(129)

T Z@/3)V +asT +ae’

Let us suppose a and as are non-zero and others are
zero. On solving eq. (129), we have the following sim-
ilarity form:
aS 2
VIX,Y, T)=—T"+ F(R,S) (130)
2an

withR=Xand S =Y.
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Substituting (130) into (119), we thus obtain the (1 +
1)-dimensional PDE as

a
Frrrs +3FRrFrs +3FsFrr — a_S =0.
2

(131)

Applying Lie symmetry method on eq. (131) again, the
set of infinitesimals is

—1
Er = TblR +b3, &5 =015+ by,

1
nr = ZFbl + by, (132)

where b;’s (1 < i < 4) are arbitrary constants.
Suppose b; # 0 and all others are zero. Then, char-
acteristic equation for (132) is

dR _dS _ dF

_ = = (133)

—(1/HR S (1/4HF

which derives the similarity form

F(R,S) = STH(w) with w = SR. (134)

Using (134) and (131), we get an ODE

wHY + 40 + 6H'(H' + wH")

+3HH — 42 =0 (135)
ap

which gives
2as

H(w) =64 — | 7w, (136)
3ap

where 824 is an arbitrary constant.
Exact invariant solutions of the gBKP-B equation (4)
with the help of back substitution is
ast 2

v(x,y,z2,t) = ——+
(x, ¥, 2,1) 02

1 2as5 1
+ y@ |:324+‘/—y4 (—x+/f3(z)dz)}
3ap

— (y +ao0) 3(2). (137)

4.9 Subalgebra T9 := V, + V5 + Vg

For simplification, in this case, we assume f3(z) =
fa(2). Lagrange’s system (21) for T is

dx dy  dz

1@ fam) 1
_ dr dv

T0 T GRAAR- G+ AR

Equation (138) provides the following similarity solu-
tion:

(138)
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Figure 6. Three distinct complex structures of elastic interactions between curve-shaped multiple lumps and oscillating
multisolitons for solution (127) with parameters 23 = 11, ag=1, a=19, b=5, c =7, y=1and f3(z) = z.

mL%anzwaTﬂéﬂﬁ@
— (x + ) fa(2)

withX =x— [ f4(z)dz, Y = y— [ fa(z)dzand T =1t.
After substitution of (139) into (4), we find a new
reduction equation as

(139)

Vrr + Vyr =3VxVxy —=3VyVxx — Vxxxy =0
(140)

that provides the general solution

V(X,Y,T) =c3

C%Y
+2crtanh | 2 X + 1T — —— 5 tal, (141)

c1 — 40

where c1, ¢, ¢3 and ¢4 are arbitrary constants of inte-
gration. Therefore, the resultant solution of the gBKP-B
equation (4) is

v(x,y,z,t) =c3

2
cry
+ 2¢ptanh | cox + ¢t — ——— ta
c1 —4c;

3
+ 52 1@ = (4 9 fal). (142)
Moreover, we consider that
V(X,Y, T)= H(w), (143)

where w = aX+bY +cT.Here, a, b and c are arbitrary
constants.

Putting (143) into (140), one obtains
a’bH™ 4+ 6a*bH'H" — c(c +b)H" =0 (144)
which generates

H(w) = d5 + drew,

c(c+b)
H =4 .
(w) = 827 + 2D

and

c(c+b)

—w,
6aZb

where 625, 826, 627 and §»g are arbitrary constants.

Finally, we derive exact solutions of the gBKP-B
equation (4) as

2a
H(w) = - + 68 + (145)

v(x,y,2,1) =85 — (x +y)fa(2)

+ [Ct +ax +by — (a +b) / f4(z)dz} 526

3
+5ﬂﬁ@x (146)
v(x,y,2,1) =87 — (x+y)fa(2)
+ [Ct +ax +by — (a+b) / f4(Z)dZ} w
6a<b
3
+§ﬂﬁ@x (147)
v(x,y,z,1) =88 — (x +y)fa(2)
n 2a
[ct +ax +by — (a+b) [ fa(z)dz]
3
+ Efzfzi(z)
+ |:ct 4+ ax 4+ by — (a + b) f f4(z)dzi| &1—6)
6a<b
(148)

410 Subalgebra T19:=Vy+ V4+ V5

For simplification, we assume f2(z) = ag f3(z). As we
have demonstrated already, we can find the exact solu-
tions for %1.
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Figure 7. Three distinct complex structures of elastic interactions between curve-shaped lumps and parabolic solitons for
solution (148) with parameters d>3 = 10, a = 11.5, b =2, ¢ =0.72, y =3 and f4(z) =1 + z2.

The solutions are as follows:

v(x,y,z, t) = C4

+ 2¢5 tanh (C3 + <x — / f3(2) dz)
c1y
J— t_ -
“l ( cl —4c%>>

+ (=y +tao) f3(2), (149)
c(b+c)
v(x,y,Z,f) =829+W
X (ax + by + ct — a/ f3(2) dz)
— (y — tap) f3(2), (150)

2a
ax + by + ct —aff3(z)dz)

v(x,y,z,1) =830 + (

b
% (ax + by + ct —a/fg(z)dz)
— (y — tao) f3(2), (151)
N as 12
v(x’ysz’ ) — ZE
1 2a5 1
+y? |:531 +‘/%y4 (—x +ff3(2)d2>:|
— (y — tao) f3(2), (152)

where cy, ¢, ¢3, c4, 829, 830 and §31 are constants.

5. Physical interpretation of soliton solutions

The nature of mathematical expressions can be made
more predictable through their physical analysis. Graph-
ical representation of the explicit solutions are much
beneficial to explain the physically meaningful behaviour

of the system. Also, it provides vital information to
understand the phenomena physically. Numerical sim-
ulations have been performed to obtain the best view
of graphical representations. Solitons are solitary wave
packets and are known for their elastic scattering prop-
erty that they do not change their shapes and amplitudes
after mutual collision. Moreover, they play a prevalent
role in the propagation of light in fibre, optical bista-
bility and many other phenomena in plasma and fluid
dynamics. In this section, we have analysed solutions
(43), (57), (71), (106), (116), (127) and (148) of the
g-BKPB equation (4) using their graphical structures.
The graphical representations of the generated solutions
describe the characteristics of multiple solitons. Various
types of solitary wave solutions such as multiwave soli-
tons, parabolic waves, quasiperiodic solitons and lump
waves solitons have been exhibited. The choice of arbi-
trary constants and arbitrary functions contributes to the
physically meaningful profiles.

Figure 1 describes curve-shaped elastic multisolitons
observed for solution (43). This graphical representation
is obtained by taking suitable values to the arbitrary con-
stants as A, = 1.7, A3 = 31,84 = 15.7and y = 0.7
for =20 < x <20and —10 <t < 10.

Figure 2 depicts lump-type solitons for expression
(57). The appropriate values of the introduced arbitrary
constants are taken as ag = 4, By = 1.7, By = 31,
8¢ = 15.7, y = 11 and arbitrary function as fi(z) =
apz, for =10 < x < 10,1 <t < 5. The study of lump
waves has a widespread application in many fields such
as oceanographic engineering, non-linear optics, etc.

Figure 3 represents the elastic behaviour of curved-
shaped multisoliton structure/characteristic of solution
(71). The profile is plotted by considering suitable values
of parameters as y = 0.11, for —10 < x < 10, —10 <
t <10,A=0.16, B = 1.37, B3 = 1.2 and 63 = 5.

Figure 4 reveals wave profile of the lump-type solitons
in three-dimensional space of solution (106) that was
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observed via numerical simulation for —10 < x < 10,
—10 <y <10,a =191,b = 3,c = 10.3, 817 = 10,
z=0.019 and f1(z) = z.

Figure 5 is plotted by choosing suitable arbitrary con-
stants asa = 10, b = 12, ¢ = 2,z = 1.3, §19 = 10
and function as f>(z) = z in the particular solution
(116). These three figures are traced at t+ = 1,19 and
35 for =50 < x < 50, =50 < y < 50. These figures
show lump-type soliton behaviour in the spatial profile.
Lump-type solitons are localised in almost all directions
in space.

Figure 6 shows elastic interactions between curved-
shaped multisolitons and lumps are exhibited in this
figure for the solution via eq. (127). The profile shows
interaction between multisolitons and lumps by taking
suitable values of arbitrary functional as f3(z) = z and
remaining parameters asa = 19, b =5,¢c =7,y =1,
823 = 11 and ag = 1. This profile is traced at t = 0.07,
5and 37 for —10 < x <10, —10 < z < 10.

Figure 7 represents the annihilation of parabolic
curved-shaped profile of eq. (148) in 3D graphics.
Interesting intersections of both lump-type solitons and
parabolic solitons are observed for v in this figure at
z =075 z=1landz =15V—-10 < x < 10,
—10 < r < 10. This profile is traced by taking the val-
ues of constants as §g = 10,a = 11.5,b = 2,¢ = 0.72,
y = 3 and arbitrary function as f4(z) = 1 + z>.

6. Conclusion

In summary, we have investigated the generalised
BKP-Boussinesq (gBKP-B) equation using the sym-
metry reduction method, which is a robust, productive,
impressive and strong mathematical tool for solving
nonlinear PDEs. Lie point symmetries of the gBKP-
B equation were considered and then used to derive a
one-dimensional optimal system of symmetry subalge-
bras. Subsequently, three stages of symmetry reductions
of the governing equation were carried out using the
obtained symmetry subalgebras. The gBKP-B equa-
tion was transformed into various nonlinear ODEs
which were then solved to attain the exact closed-
form solutions of the equation. The solutions obtained
have rich localised physical structures as there are
five arbitrary independent functions and two param-
eters that are involved in the infinitesimal genera-
tors. The graphical analysis of the newly established
solutions has been done by using MATHEMATICA
codes via numerical simulation. The different dynam-
ical features and characteristics of multiple solitons
of the considered equation are especially analysed
based on the suitable selection of arbitrary parame-
ters and arbitrary independent functions. Some of the
newly established solutions are more important and
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useful to explain various nonlinear complex physical
phenomena, which makes this work more physically
meaningful.
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