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Abstract. In the present proposal, the familiar method of the parameter expansion is combined with the multiple
scales to study the stability behaviour of the Riemann—Liouville fractional derivative applied to the cubic delayed
Duffing oscillator. The analysis of the modified multiple scale perturbation leads to a system of nonlinear differential-
algebraic equations governing the solvability conditions. The nonlinear differential equation was reduced to the
linear differential equation with the help of the algebraic one. The stability attitude of the periodic motion is
determined by the steady-state analysis. Such a periodic motion is needed to better understand the dynamics of the

fractional cubic delayed Duffing oscillator.
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1. Introduction

Fractional calculus was introduced in Newton’s time,
and it has become a very hot topic in various fields, espe-
cially in mathematics and engineering, where classic
mechanics was of no use to describe any phenomenon
on the porous size scale. The term ‘fractional calculus’
refers to integration and differentiation to an arbitrary
order. A complex analytic version of the fractional
differentiation/integration has been discussed by Sri-
vastava and Owa [1]. It is well known that the fractional
derivatives/integrals have been defined in a variety of
ways as [2,3] given by Riemann, Liouville, Griiunwald,
Weyl and others. There are too many definitions on
fractional derivative and new ones arise every day [4—
7]. Among all the fractional derivatives, He’s fractional
derivative [8,9] and the local fractional derivative [10]
are mathematically correct, has physical foundation and
practically relevant. Kolwankar and Gangal [11,12] have
proposed local fractional derivative operators through
the renormalisation of Riemann—Liouville definition.
Local fractional calculus has been implemented for
solving non-differentiable equations in various physi-
cal events [13-16].

The effectiveness of the fractional-order derivative
on the conduct of the nonlinear dynamical system

is very motivating and it is handled by numerous
researchers. Fractional derivatives appear in different
field such as biology, fluid mechanics and viscoelas-
ticity [17-20]. The homotopy analysis approach was
successfully applied to determine the approximate solu-
tion of the Van der Pol equation with the fractional
order. The fractional derivative is related to the Caputo
sense [21]. The vibrations of the Duffing oscillator
having quadratic and cubic nonlinearities have been
discussed by Dal [22]. The motion described by the
equation contains the fractional-order term. The analysis
depends on the multiple time-scales method. The calcu-
lation of the fractional-order derivative has employed
different analytical and numerical techniques includ-
ing averaging method [23,24]. Arikoglu and Ozkol
used the differential-transform technique for obtain-
ing the solution of fractional differential equations
[25].

The celebrated Duffing equation is a nonlinear dif-
ferential equation, with its applications in numerous
physical, engineering and biological problems [26-29].
The subharmonic resonance of the fractional Duff-
ing oscillator was discussed by applying the averaging
method [30]. The solution and the amplitude—frequency
equation were obtained approximately. The existing
condition of subharmonic resonance in the approximate
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solution was derived, and its stability condition was
obtained.

Differential equations containing delayed terms have
many applications such as in manufacturing processes,
biology, chemical kinetics, economics, control systems,
and other areas. At present, some researches had been
done in fractional-order and time-delay systems. For
example, Deng et al [31] calculated the stability of
n-dimensional time-delayed systems for the linear frac-
tional differential equation. Shi and Wang [32] gave the
stability condition of a delayed system with the frac-
tional order. Babakhani et al [33] investigated the pres-
ence of solutions near the equilibrium in fractional-order
delayed differential equations and the Hopf bifurcations.
Wabhi and Chatterjee [34] used the method of averaging
for conservative oscillators which may be strongly non-
linear, under small perturbations including delayed and
fractional derivative terms.

Due to the rapid development of nonlinear science,
different methods were used to solve nonlinear prob-
lems. Perturbation techniques are well instituted and
utilised for over a century to find approximate analytical
solutions for mathematical models. Differential equa-
tions, difference equations, integrodifferential equations
and algebraic equations and integrals can be solved
approximately using these perturbation techniques [35—
39]. Recently, El-Dib [40] proposed a new perturbation
method to handle strongly nonlinear systems. The
method combines multiple scales and the homotopy
perturbation method. The new method is applied to
free vibrations of a linear damped oscillator, undamped,
and damped Duffing oscillator. This new method can
effectively solve numerous harmonic forced non-linear
vibrations [40—44]. Ren et al [45] utilised some effective
modifications of this method to improve it, making the
method accessible to loose classes of nonlinear prob-
lems.

Due to the complexities of fractional calculus, most
of the fractional-order differential equations do not have
the exact solutions, and as an alternative, the approx-
imate methods are extensively used for solving these
types of equations. Some of the recent methods for
approximate solutions of fractional-order differential
equations are the Adomian decomposition method, the
homotopy perturbation method, the variational iteration
method, homotopy analysis method, etc. In this paper,
the parameter expansion approach is adsorbed in the
multiple scales method to make the results more accu-
rate. One of the most significant features of the multiple
time-scale methods is to yield the amplitude of the wave
solution as a function of time, unlike the frequency
expansion method where the amplitude is assumed to
be constant in time. Due to this combination of the two
methods, the amplitude is controlled by a differential
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equation associated with the algebraic frequency
equation. The procedure will be applied to the fractional
nonlinear delayed Duffing oscillator.

2. The mathematical problem

The nonlinear oscillator has the following fractional-
damping delayed effect:

$(t) + 0dy(0) + 0y (1) = nD*y (1 — 1), (1)

with the initial conditions: y(0) = A, y(0) = 0, where
the coefficients n, Q and w% are real constants.

One of the greatest frequently utilised tools in the the-
ory of fractional calculus is prepared by the Riemann—
Liouville operators [2]. The Riemann—Liouville frac-
tional derivative can provide the physical interpretation
of the initial conditions needed for the initial value
problems involving fractional differential equations.
Moreover, this operator has the advantages of quick con-
vergence, better stability and best accuracy.

The Riemann-Liouville time-fractional derivative of
the function f of order 0 < o < 1 [2] is defined by

wpo_ L d o f)
Daf(t)_F(l—a)dt/,; (t—y)"‘dy’ 0<a<l.

2)

Observe the fact that the Riemann-Liouville fractional
derivative of f () = e, t € R,a — —o0 [2,46] is

Igooel'st — (is)—()leisl
and

o € R.

Dgooe”t — (l-s)OlelSl,
2.1 The modified multiple scale method

In the proposal adopted here, the modification is made
by adsorbing the parameter expansion technique with
the multiple-scale technology. This modification will
improve the analysis to solve the given problem.
According to the homotopy method, the following equa-
tion can be established:

$(t: p)+wgy(t: p)+o(0Y (1 p)—nD*y (t—13 p))
=0; pelo,1]. (3)

Consider the fast and the slow time scales which are
defined as

To=t, T\ =pt, Th=pt,...T, =p"t.

The time derivatives and fractional derivative are
expanded as the multiple scale method [35,40]
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d
a:D0+;oD1+pzDz+-~ )
d2
i D% +2pDyD; + ,OZ(D% + 2DoDz) +ee
o
3o = (Do+pDi+p?Dy+)" ®)

Applying Taylor expansion, we have
D* = D§ + paD§ ™' Dy + Jap*((@ — 1)D§ 2D}
+2D:D8 Y+ (6)

where D,, = 9/0T,,.
The expansion of the dependent variable y(¢; p) and
the variable y(t — t; p) are

Y(t; ) =Y p"yu(To, T1, T2) (7)

n

and

yit—1t;p) = anYn(TO — 1, T — pt, Th — p°1).
n

()
Applying Taylor expansion, we obtain
Yu(To — 7, Ty — p1. T2 — p*1)
=[1—ptDi + 3p*t(tD} —2D3) + -]
xYy(To — 7, T, T2). ©)

Substituting (4)—(9) into (3), and using the frequency
expansion

2

w:w%—i—,oa)lﬁ-,ozwz—l--'-, (10)

we get the equations in the zero order, the first order and
the second order in the form

v0(0, Ty, Tr) = A(Th, T»),
(1)

Diyo + w?yo = 0;

Doyo(0, T1, T2) = 0,

D{y1 + @?*y1 = w1yo — 2D1Doyo
+nD§ Y, — Op:

y1(0, 71, T2) =0,

Doyi(0, Ty, T2) + D1yo(0, T1, T2) = 0,

D§y> + 0*y> = w2y + w1y1 — 2Dy Doy
—(D} +2Dy D) yo
—30y¢y1 + 3nDEYEYy
+T7(OID(O)[71 —tDY)D1Yg;

»(0, Ty, T2) =0,

Doy>(0, Ty, T2) + D1y1(0, Ty, T2)

+D2y0(0, Th, T2) =0,

12)

(13)
The solution of eq. (11) is

yo(To, T1, T2) = A(Ty, Tr) cos wTp. (14)
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Accordingly, we have

Yo(To — 7,11, T2) = A(T1, To) cosw(To — 7). (15)

Inserting (14) and (15) into (12), removing the secular
terms of the non-resonance case, yields

DiA +aj(w)A® =0,
w1 = b (w)A”.

(16)
17
The two solvability conditions (16) and (17) represent a
differential-algebraic system having two unknowns, the

amplitude function A(Ty, 72) and the correction in the
frequency w1, where the coefficients a; and b; are

! (18)

19)

a1 (w) = %na)"‘* sin(wt — %na),
bi(w) = %Q — %na)a cos(wt — §7a).
The solution of eq. (12) is derived as
y1(To, Ty, T2)

1
= ——DAsin wTy — A3 sin 2w Ty sin wTy
1)

0
1602

3¢ 3 o—2[o: 1
+1—6A nw [sm(2a)T0 — QBwt — Ena))

+sinBwt — 3ra)]sinoTp. (20)

Consequently, the function y;(Ty — t, 11, T>) is given
by

Y'/(To — 7, Th, Tr)

1
= ——DjAsin w(Ty — 1)
w

A3 sin 2w (Ty — 7) sinw(Ty — 1)

16w?

3(¥
+1—6A3na)°‘_2[sin(2a)To — Bwt — %na))
+sinBot — 1ra)]sinw(Th — 7). (21)
Substituting (14)—(17), (20) and (21) into (13) and
eliminate the source of the secular terms, after some
trigonometric simplification, we have

DrA + ax(w)A° = 0,
w2 = by(w)A*,

(22)
(23)

where the coefficients a> and b, are given below:

3
w(w) = = 0™’

128 {9[—a)r cosRwt — ) + ot

o
—asinRwt —mTa)] — 5 sin(4wt — 710:)}

3 43 . 1
+ﬁa)a Qn[3“ sinBwt — s7a)

+sin(ot — 17a)], (24)
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37720)20{—2
128
—18wt sin(Rwt — mar)

by(w) = [3(60+1)(—1+cosRut —7ar))

—%3“ (3cos(dwt — wa) — cos 2a)r)]

3 oa—2
+%(3“ cos(Bwt — %na)
30?7
1
+ cos(wt — 37a)) — 82" (25)

The uniform solution of eq. (13) is formulated as

1
v2(To, Ty, Tr) = ——DrAsinwTy —
w
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stability behaviour depends mainly on the solutions of
these equations. For this purpose, integrate eq. (16) par-
tially with respect to the variable 7. Then integrate eq.
(22) partially with respect to the variable 7>. In other
words, simply multiply eqs (16) and (22) by p and p?,
respectively. It follows that the partial differentiation
in these amplitude equations may be transformed into
dA/dt, by letting p — 1. Finally, one may establish the
following amplitude equation:

1
0% A’ (sin4wTy + sin 2wTp) sin Ty + — * "+ On A’ sin® 0T,

512% 256
3atl cos(wTo+3a)r—%noz)+2x3“ cos(a)To—3a)t—|—%na)+2 x 5¢ COS(Q)T()—SQ)‘L’-F%TL’O{)
+3“(3a)To—3wr+%na)+5°‘ cos(3wTo—5wr+%na)+3O cos(a)To—i—wr—%na)—33(a)To—a)r+%ﬂa)

—5%cos(wTy — 8wt + ) + % X 5% cos(BwTy — 8wt + war)

o

+

a)z‘”_“nzAs sin? wT, +3(ax — 5) cos(wTy — 2wt) + (% — 3a) cos(wTy — 4wt + )

128
—9wt sin(wTy — 4wt + wa) + 9wt sin(wTy — 2wt) — % x 3%t cos T
(26)
If the two iterations are enough, we substitute (14),
(20) and (26) into (7) and setting p — 1, yields
1dA 3¢
y(t) = Acoswt — o sin wt — 16Qa)2 A’ sin 2wTy sinwTy + EA3nw°‘*2[sin(2a)To — QBowt — %71’0())
1 1
+ sin(Bwt — %na)] sinwTy — STowt 0% A’ (sin4wTy + sin 2wTy) sin Ty + ﬁa)‘)‘*‘LQnA5 sin? w7
3¢t cos(wTy+3wt — %na)+2 x 3% cos(wTy— 3wt + %noc)—i—Z x 5% cos(wTp—Swt+ %rra)
X
| +3%BwTy—3wt+5ma)+5% cosBwTy—Swt +5ma)+30 cos(wTy+wt — 5ma) =33 (wTy—wT+ 57a)
30{
+ﬁa)20‘_4n2A5 sin? w7,

5% cos(wTy— 8wt —i—noz)—l—% X 5% cosBwTy—8wt+ma)+3(a—5) cos(wTy—2wt)

X9 -I—(% —3a) cos(wTp—4wt+ma)—9wt sin(wTy—4wt+ma)+ 9wt sin(wTy—2wt) (27)
—% x 3%t cosw Ty
In formulating the above approximate solution, the JA 3 s
amplification of the derivative (pD1+p>Dy)A(T1, T») — T a1(@)A” +ax(w)A” = 0. (28)

becomes dA /dt¢.

2.2 Construction of the amplitude and the frequency
equations

To construct the amplitude equation, the solvability con-
ditions (16) and (22), that are obtained in the first-order
and the second-order perturbations, need to be com-
bined into a one-amplitude equation. These equations
enable us to set the unknown function A in terms of
the slow time 7] and the slower time 7,. Besides, the

dr

The same procedure can be used to construct the fre-
quency equation from the other solvability conditions
(17) and (23) obtained from the first and the second-
order perturbations. Inserting into expansion (10) pro-
duces

* = W} 4+ b1 A% (1) + brA* (1), (29)

At this end, the expanded frequency w? is composed of
the amplitude function A which depends on the variable
t and is given by the nonlinear first-order equation (28).
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To relax this nonlinearity, one can remove A from eq.
(28) with the help of eq. (29) to yield

dA  a , 5 by 3
p” + by (w wi)A + (a1 azbz) (30)

Again, remove A3 from (30) with the help of (29) yields
the following non-homogeneous linear first-order dif-
ferential equation in A2:

dA? 5
— +2P(w)A* = 2K (w),

0 31

where the coefficients P(w) and K (w) are presented as

a, o o bifaiby—ab;
P = — — - ——, 32
(w) by (w wg) by ( b ) (32)

aiby — azbl) (a)2 — a)g)

. 33
b b (33)

K(w) = —(

It is suitable to recall the unknown function A2(¢) as
B(t) ineqgs (31) and (29). Thus, we have

B
5 T2P@B =2K (@),

w® = w} 4 b1 B(t) + by B> (1).

(34)
(35)

The above equations represent a differential-algebraic
system in two unknowns B(¢) and the frequency w.
Equation (34) is a linear first-order equation which has
an integrating factor in the form of I = g2/ Py
Therefore, it is an exact solution which has the form

t
B(r) = e 2/ Pl f 2K (w)e ) P@dvgy, - (36)

0

It is difficult to evaluate the above integration until the
transcendental functions P(w) and K (w) are relaxed.

Assuming that the frequency w is very close to wg so
that w? — a)(z) = A, then the above integration will lead
to

—A(a1by — axby)

(1 _ e—ZP(a))l‘)‘
arbry A — by(a1by — axby)

B() =

(37

Clearly, the amplitude function A (¢) will be bound when
P > 0,1i.e.
bra)A — bi(a1br — aray) > 0. (38)

The small value A can be formulated by inserting (37)
into (35), to yield
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1 —2Pt
A = —T[azblbz(azbl —aiby)(1+e )
2a5b5

—(arby — axb)*(1 —e 2P

1 _
t——{lazbiby(arby — a1b2)(1 +e>"")
2a5b;
—(azby — arb)*(1 —e2M1)2)?
—4a3bib3(arby — arby)’e P12, (39)
This is a very complicated transcendental frequency
equation which depends on the damping term e =27,
In other words, if the solution of the quadratic equa-
tion (35) is inserted into eq. (34) the result will not
depend on time. This refers to the steady-state solution.

2.3 Steady-state response

The frequency—amplitude equation (35) is transcenden-
tal and very complicated. Furthermore, the integration
(36) cannot be, in general, obtained analytically. We
shall study the steady case, which is more serious and
significant in vibration engineering. Letting dB/dt = 0
into eq. (34), yields the steady-state solution By in the
form

By = Ks/Ps» (40)

where the suffix s denotes the steady-state response, and
K and P; are given as

aj bl
Py = — (b1 + b2 Bs) By — (a1bz — azbl)_zv (41)
by b5
1
K = —ﬁ(ale — axby) (b1 + b2 Bs) By, (42)
2
where the following relation is used:
a)? = a)(z) + b1 By + szsz. (43)

The above relation is derived from (35) corresponding
to the steady-state response. Inserting (41) and (42) into
(40) gives

J— (44)
a
Substituting (44) into (41)—(43) yields
1
Py(w) = —= (azby — arbhy)?, (45)
ai(axby — arby)?
KS(wS) = - 2,2 s (46)
ayby
2
albl a b2
W = w5 — — + —5-. (47)

a ay
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Now, return to the integration of (36) we have

ay (wy)

(e—ZP(w_Y)z _ 1)
az(wy)

B() = (48)

The steady-state frequency wg is given by the tran-
scendental equation (47). Therefore, it is worthwhile to
obtain an approximate value for it. We shall apply the
homotopy perturbation technique to evaluate an approx-
imate value for w;. For this, we bring the homotopy
parameter ¢ € [0, 1] such that the algebraic homotopy
equation is established as

2
albl abz
wgzwg+g<__+ 2).
az as

(49)

Accordingly, the frequency w; can be perturbed as

ws = wo + €wy, (50)

where wy represents a small deviation from wg. Utilising
(50), the homotopy equation (49) is presented in the
form

(wo + £wq)?

ai(wo + ewq)
az(wo + ewq)
a?(wo + £wq)

a3 (wo + 860d)>.

= w% + 8(—[91 (wo + ewy)
+by(wo+ cwy) (28]

Applying Taylor expansion and linearising in €, yields

2
2 (wp) (“’0)>. (52)

a3 (o)

_ aj (o)
w4 = 2w ( bl(wO)az(wo) b

Substituting (52) into (50) and letting ¢ — 1, we obtain

The above approximate frequency is in the autonomous
case. It is seen from (48) that the function B(t) is a
damping function when P > 0, which requires that
ar > 0, 1i.e.

nza)o{lS[—a)or cos(2wot — ma) + wotT
—a sinQwot — 7a)] — 3% sin(4wot — ) }
+Qna)(1)_“ [3“ sin(Bwgt — %na)

+ sin(wopt — %rroz)] > 0. 54)
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3. Conclusion

In this article, we discussed the combined concept of
the multiple scales method with the frequency expan-
sion approach. This technique is applied to solve the
fractional of the nonlinearity delayed Duffing oscilla-
tor which is presented in the three time-scales domain.
In this approach, three perturbation levels are presented
which yield two groups of solvability conditions. Each
solvability condition consists of a nonlinear differential
equation of the amplitude associated with an algebraic
form for the frequency correction. These two groups
are converted into a single nonlinear differential equa-
tion in the amplitude function. Moreover, the collected
frequency expansion, which depends on the powers of
the amplitude function, is presented. This is a very
complicated system. The nonlinearity of the amplitude
equation was converted into a linear amplitude equation
with the help of the equation of nonlinear frequency. The
stability criteria have been discussed using the appli-
cation of the steady-state response. The steady-state
solution has employed the nonlinear frequency equation
which is solved using a homotopy perturbation tech-
nique. The attractive property of the modified multiple
scales method is that it is implemented directly in a
straightforward manner for discussing very complicated
problems.
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