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Abstract. In this paper, we have studied the anisotropic and homogeneous Bianchi type-VI0 Universe filled
with dark matter and holographic dark energy components in the framework of general relativity and Lyra’s
geometry. The Einstein’s field equations have been solved exactly by taking the expansion scalar (θ ) in the model
is proportional to the shear scalar (σ ). Some physical and kinematical properties of the models are also discussed.
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1. Introduction

The astronomical observation of SN Ia [1,2], galaxy
redshift survey [3] and cosmic microwave background
radiation (CMBR) data [4,5] convincingly suggest that
the rate of expansion of our Universe is positive,
i.e. we live in an accelerating expanding Universe.
The most surprising and counterintuitive result coming
from these observations is the fact that only ∼4% of
the total energy density of the Universe is in the form
of baryonic matter, ∼24% is non-baryonic matter and
almost ∼72% is of completely unknown component
with negative pressure. In literature, the component
with negative pressure is named as dark energy (DE)
that produces repulsive force which gives rise to the
current accelerating expansion of the Universe.
Einstein [6] in 1916 proposed his theory of general

relativity (GR) which provides a geometrical descrip-
tion of gravitation. Many physicists attempted to gener-
alize the idea of geometrizing the gravitation to include
a geometrical description of electromagnetism. One
of the first attempts was made by Weyl [7] who pro-
posed a more general theory by formulating a new kind
of gauge theory involving metric tensor to geometrize
gravitation and electromagnetism. But Weyl theory
was criticized due to non-integrability of the length of
the vector under parallel displacement.

Later, Lyra [8] suggested a modification of Rie-
mannian geometry by introducing a gauge function
into the structureless manifold which removes the
non-integrability condition. This modified geometry
is known as Lyra’s geometry. Subsequently, Sen [9]
formulated a new scalar–tensor theory of gravitation
and constructed an analogue of the Einstein’s field
equations based on Lyra’s geometry. He found that
the static model with finite density in Lyra’s mani-
fold is similar to the static model in Einstein’s general
relativity. Halford [10] has shown that the constant
displacement vector field β in Lyra’s geometry plays
the role of cosmological constant � in general relativ-
ity. He has also shown that the scalar–tensor treatment
based on Lyra’s geometry predicts the same effects,
within observational limits, as in Einstein’s theory [11].
Katore et al [12] studied the Einstein–Rosen bulk vis-
cous cosmological model with bulk viscosity and zero-
mass scalar field in Lyra’s geometry. Ghate [13], Asgar
and Ansari [14,15] and Das and Sharma [16] studied
the Bianchi type-V string cosmological model in Lyra’s
geometry with dark energy. SubbaRao [17] studied the
Kantowski–Sachs cosmological model in Lyra’s geom-
etry in the presence of bulk viscous string cosmological
fluid and Sahu et al [18] studied the Bianchi type-III
cosmological model in Lyra’s geometry.
There are many candidates of dark energy, among

which holographic dark energy (HDE) has recently
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been studied by many researchers. Li [19] has obtained
an accelerating Universe by considering event horizon
as the cosmological scale. The model is consistent with
the cosmological observations. Granda and Oliveros
[20] proposed a holographic density of the form ρ∧ ≈
αH 2 + γ Ḣ , where H is the Hubble parameter and
α, γ are constants which must satisfy the restric-
tions imposed by the current observational data. They
showed that this new model of dark energy represents
the accelerated expansion of the Universe and is con-
sistent with the current observational data. Granda and
Oliveros [21] have also studied the correspondence
between the quintessence, tachyon, k-essence and dila-
tion dark energy models with this holographic dark
energy model in the flat FRWUniverse. Chattopadhyay
[22], Farajollahi et al [23], Debnath [24], Malekjani
[25], Sarkar [26,27], are some of the researchers who
have investigated several aspects of holographic dark
energy. Recently, Kiran et al [28,29] have studied min-
imally interacting dark energy models in some scalar–
tensor theories. Rao et al [30] and Adhav et al [31]
have discussed interacting dark matter and HDE in
Bianchi type-V Universe. Rao et al [32] have discussed
the five-dimensional FRW holographic dark energy in
Brans–Dicke theory.
In this paper, we have studied anisotropic and homo-

geneous Bianchi type-VI0 Universe filled with dark
matter and holographic dark energy components in the
framework of general relativity and Lyra’s geometry.
The Einstein’s field equations have been solved exactly
by taking the expansion scalar (θ ) in the model as pro-
portional to the shear scalar (σ ). This paper is outlined
as follows: In §2, we consider Bianchi type-VI0 model
with HDE and some basic equations. In §2.1, we have
obtained the field equations in GR and discussed its
solutions and physical properties. Section 2.1.1 is the
case when n = 2 with its physical properties. In §2.2,
we have obtained the field equations in Lyra’s geome-
try and discussed the solutions and physical properties.
Section 2.2.1 is the case when n = 2 with its physi-
cal properties. Finally, the conclusions are summarized
in §3.

2. Metric and basic equations

The spatially homogeneous and anisotropic Bianchi
type-VI0 space–time is given by

ds2 = −dt2 + A2dx2 + B2e2xdy2 + C2e−2xdz2, (1)

where A,B and C are functions of time t only.

The energy–momentum tensors for dark matter and
HDE are respectively given by

Tij = ρmuiuj

and

T̄ij = (ρ∧ + p∧) uiuj + gijp∧, (2)

where ρm, ρ∧ are the energy densities of dark matter
(cold dark matter) and HDE respectively, p∧ is the
pressure of HDE.
Some physical parameters are defined as follows:
The generalized mean Hubble parameter (H ) is

given by

H = 1

3

(
Ȧ

A
+ Ḃ

B
+ Ċ

C

)
. (3)

The spatial volume (V ) is given by

V = ABC. (4)

The scalar expansion (θ ), shear scalar (σ ), anisotropy
parameter (Am) and deceleration parameter (q) are
defined as

θ = 3H =
(

Ȧ

A
+ Ḃ

B
+ Ċ

C

)
, (5)

σ 2 = 1

2

(
3∑

i=1

H 2
i − 3H 2

)
, (6)

Am = 1

3

3∑
i=1

(
Hi − H

H

)2

, (7)

q = −1 + d

dt

(
1

H

)
. (8)

2.1 General relativity

The Einstein’s field equation is given by

Rij − 1

2
Rgij = −(Tij + T̄ij ), (9)

where gij is the metric potentials, R is the Ricci scalar,
Rij is the Ricci tensor, Tij is the energy–momentum
tensor of dark matter and T̄ij is the energy–momentum
tensor of HDE.
In a co-moving coordinate system, the Einstein’s

field equations (9) for Bianchi type-VI0 space–time (1)
with the help of eq. (2) are

B̈

B
+ C̈

C
+ ḂĊ

BC
+ 1

A2
= −p∧, (10)

Ä

A
+ C̈

C
+ ȦĊ

AC
− 1

A2
= −p∧, (11)
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Ä

A
+ B̈

B
+ ȦḂ

AB
− 1

A2
= −p∧, (12)

ȦḂ

AB
+ ḂĊ

BC
+ ȦĊ

AC
− 1

A2
= ρm + ρ∧, (13)

Ḃ

B
− Ċ

C
= 0, (14)

where the overhead dot denotes derivative with respect
to cosmic time t .
Integrating eq. (14), we obtain

B = lC, (15)

where l is the constant of integration.
Using eq. (15) for l = 1, the field equations (10)–

(14) reduce to

2
B̈

B
+ Ḃ2

B2
+ 1

A2
= −p∧, (16)

Ä

A
+ B̈

B
+ ȦḂ

AB
− 1

A2
= −p∧, (17)

2
ȦḂ

AB
+ Ḃ2

B2
− 1

A2
= ρm + ρ∧. (18)

Solutions of field equations

In order to solve field equations (16)–(18) completely,
we assume that the expansion scalar (θ ) in the model
is proportional to shear scalar (σ ) as considered by
Thorne [33] and Collins et al [34], which leads to

A = Bn, n > 1. (19)

Following Granda and Oliveros [21] and Sarkar [26],
the HDE density is given by

ρ∧ =3
(
αH 2+γ Ḣ

)
with M−2

P =8πG=1. (20)

The equation of state for HDE is

p∧ = ω∧ρ∧. (21)

Subtracting eq. (16) from (17) and using eq. (19), we
obtain

B̈ + (n + 1)
Ḃ2

B
= 2

n − 1
B1−2n. (22)

Putting Ḃ = f(B), B̈ = ff ′, f ′ = df /dB in eq. (22)
and then integrating, we obtain

dt = dB√[1/(n − 1)]B2(1−n) + l1B−2(n+1)
, (23)

where l1 is a constant of integration.

Hence, the model (1) is reduced to

ds2 = − dB2

[1/(n − 1)]B2(1−n) + l1B−2(n+1)

+ B2ndx2 + B2[e2xdy2 + e−2xdz2]. (24)

After using the suitable transformation

B = T

and

dt = dT√[1/(n − 1)]T 2(1−n) + l1T −2(n+1)

eq. (24) transforms to

ds2 = − dT 2

[1/(n − 1)]T 2(1−n) + l1T −2(n+1)

+ T 2ndx2 + T 2[e2xdy2 + e−2xdz2]. (25)

For n = 1 a singularity arises. Therefore, for realistic
model we take n > 1 and l1 < 0.

Some physical properties

The physical parameters such as the Hubble param-
eter (H), the anisotropic parameter (Am), the shear
scalar (σ ), the expansion scalar (θ ) and the spatial vol-
ume (V ) of model (25), which are of cosmological
importance, are respectively given by

H = n + 2

3

[
1

n − 1
T −2n + l1T

−2n−4
]1/2

, (26)

Am = 2(n − 1)2

(n + 2)2
, (27)

σ 2 = (n − 1)2

3

[
1

n − 1
T −2n + l1T

−2n−4
]

, (28)

θ = (n + 2)

[
1

n − 1
T −2n + l1T

−2n−4
]1/2

, (29)

V = T n+2. (30)

We observe that the spatial volume V → 0 as T → 0.
Therefore, the model starts evolving at T = 0 and
expands with cosmic time. At T = 0 the spatial vol-
ume vanishes and other parameters θ, σ,H diverge.
Hence the model (25) has a Big Bang type of initial
singularity.
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The deceleration parameter (q) is found to be

q = −1 +
(

3

n + 2

)
([n/(n − 1)]T 4 + l1(n + 2))

([1/(n − 1)]T 4 + l1)
.

(31)

All the above results resemble the results of Asgar and
Ansari [14]. From eq. (31), we observed that q >0 for
T > [−(n + 2)l1]1/4 and q < 0 for T <[− (n+2) l1]1/4

(where l1 < 0). Our model is evolving from decel-
erating to accelerating phase. According to the recent
observations of SNe Ia, the present Universe is accel-
erating and the value of deceleration parameter is in the
range −1 < q < 0. In our model (25) the deceleration
parameter is consistent with the observations of type-Ia
supernovae [2,35–37].
Using eq. (26) in eq. (20), the HDE density is given

by

ρ∧ = k1T
−2n + k2T

−2n−4, (32)

where

k1 =
(

α(n + 2)

3
− nγ

)(
n + 2

n − 1

)

and

k2 =
(α

3
− γ

)
(n + 2)2l1.

From eq. (16), the pressure of HDE is given by

p∧ = n − 2

n − 1
T −2n + (2n + 1)l1T

−2n−4. (33)

Using eq. (32) in eq. (18), the energy density of dark
matter is given by

ρm =
(

n + 2

n − 1
− k1

)
T −2n

+ ((2n + 1)l1 − k2)T
−2n−4. (34)

Using eq. (21), the EoS parameter of HDE is given by

ω∧ = ((n − 2)/(n − 1))T 4 + (2n + 1)l1
k1T 4 + k2

. (35)

The behaviour of the energy densities depends on the
value of constant l1. From eqs (32) and (34) we observe
that the energy densities of dark matter and HDE are
decreasing functions of time. From eq. (33) it is also
observed that the pressure of HDE is a decreasing func-
tion of time. The obtained EoS parameter of HDE is
time varying and it is evolving with negative sign which
may be attributed to the current acceleration of the
expansion [38]. The EoS parameter of the HDE also
behaves like quintessence EoS.

The coincidence parameter is

r̄ = ρ∧
ρm

= k1T
4+k2

((n+2)/(n−1)−k1)T 4+(2n+1)l1−k2
.

(36)

It is observed that coincidence parameter r̄ at very
early stage of evolution varies, but after some finite
time it converges to a constant value and remains con-
stant throughout the evolution, thereby avoiding the
coincidence problem (unlike �CDM).
The density parameter of dark matter (�m) and HDE

(�∧) are as follows:

�m = ρm

3H 2
, �∧ = ρ∧

3H 2
. (37)

Using eqs (26), (27), (32), (33), (34) and (35) in
eq (37) , we get the overall density parameter as

� = �m + �∧

= 3

(n + 2)2

[ [(n + 2)/(n − 1)]T 4 + (2n + 1)l1
[1/(n − 1)]T 4 + l1

]
.

(38)

From the above equation one can observe that the sum
of the energy density parameter approaches 3/(n + 2)
as T → ∞. So, at late times the Universe becomes
flat. Therefore, for sufficiently large time, this model
predicts that the anisotropy of the Universe will damp
out and the Universe will become isotropic. This result
also shows that in the early Universe, i.e. during the
radiation and matter-dominated era the Universe was
anisotropic and the Universe approaches isotropy as
dark energy starts to dominate the energy density of
the Universe.

2.1.1 A particular case for n = 2. For n = 2,
eq. (23) reduces to

dt = B3dB√
B4 + l1

. (39)

On integrating eq. (39), we get

B2 = [4(t − l3)
2 − l1]1/2, (40)

where l3 is the constant of integration.
Using eq. (40) and taking l = 1 in eq. (15), we get

C2 = [4(t − l3)
2 − l1]1/2. (41)

From eqs (19) and (40), we get

A2 = [4(t − l3)
2 − l1]. (42)

Therefore, metric (1) reduces to

ds2 = −dT 2 + [4T 2 − l1]dx2 + [4T 2 − l1]1/2

×(e2xdy2 + e−2xdz2), (43)

where t − l3 = T .
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Some physical properties

The physical parameters such as Hubble parameter
(H), anisotropic parameter (Am), shear scalar (σ ),
expansion scalar (θ ) and spatial volume (V ) of eq. (43),
are respectively given by

H = 8T

3
[4T 2 − l1]−1, (44)

Am = 1

8
, (45)

σ 2 = 4T 2

3
[4T 2 − l1]−2, (46)

θ = 8T [4T 2 − l1]−1, (47)

V = [4T 2 − l1]. (48)

It is observed that the spatial volume increases as time
increases. There is a point-type singularity in (43) at
T = l1/4 [39]. Equation (43) starts with a big bang at
T = l1/4 and the expansion in the model decreases
as time increases. In general, the model represents
an expanding, shearing and non-rotating Universe. As
σ/θ = constant, the model does not approach isotropy.
The deceleration parameter (q) is found to be

q = −1 + 3

8T 2
[4T 2 + l1]. (49)

The deceleration parameter q > 0 for T > [−3l1/4]1/2
and q < 0 for T < [−3l1/4]1/2.
Using eq. (44) in eq. (20), the HDE density is given

by

ρ∧ = 8

3
[4(2α − 3γ )T 2 − 3γ l1] [4T 2 − l1]−2. (50)

Using eqs (40) and (42) in eq. (16), the pressure of
HDE is given by

p∧ = 5l1[4T 2 − l1]−2. (51)

Using eq. (50) in eq. (18), the energy density of dark
matter is given by

ρm =
[(

16 − 32

3
(2α − 3γ )

)
T 2 + (8γ + 1)l1

]

× [4T 2 − l1]−2. (52)

Using eq. (21), the EoS parameter of HDE is given by

ω∧ = 15l1
8

[4(2α − 3γ )T 2 − 3γ l1]−1. (53)

We observe that the energy density of dark mat-
ter, energy density and pressure of HDE are decreas-
ing functions of time. The EoS parameter of HDE
is obtained as time varying and it is evolving with
negative sign which may be attributed to the current
acceleration of the expansion [38]. The EoS parameter
of the HDE also behaves like quintessence EoS.
The coincidence parameter is

r̄ = ρ∧
ρm

= 8

3

4(2α − 3γ )T 2−3γ l1

(16−(32/3)(2α−3γ ))T 2+(8γ +1)l1
.

(54)

It is observed that coincidence parameter r̄ at very
early stage of evolution varies, but after some finite
time it converges to a constant value and remains con-
stant throughout the evolution, thereby avoiding the
coincidence problem (like �CDM).
Using eqs (50) and (52), we get the overall density

parameter as

� = �m + �∧ = 3

4
+ 3l1

64
T −2. (55)

Sum of the energy density parameter approaches 3/4
as T → ∞.

2.2 Lyra’s geometry

The Einstein’s modified field equation in normal gauge
for Lyra’s manifold obtained by Sen [8] is given by

Rij − 1

2
Rgij + 3

2
φiφj − 3

4
gijφkφ

k

= −(Tij + T̄ij ), (56)

where φi is the displacement vector defined as φi =
(0, 0, 0, β(t)).
In a co-moving coordinate system, the modified

Einstein’s field equation (56) for Bianchi type-VI0
space–time with the help of eq. (2) are

B̈

B
+ C̈

C
+ ḂĊ

BC
+ 1

A2
+ 3

4
β2 = −p∧, (57)

Ä

A
+ C̈

C
+ ȦĊ

AC
− 1

A2
+ 3

4
β2 = −p∧, (58)

Ä

A
+ B̈

B
+ ȦḂ

AB
− 1

A2
+ 3

4
β2 = p∧, (59)

ȦḂ

AB
+ ḂĊ

BC
+ ȦĊ

AC
− 1

A2
− 3

4
β2 = ρm + ρ∧, (60)
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Ḃ

B
− Ċ

C
= 0, (61)

where the overhead dot denotes derivative with respect
to cosmic time t .
The conservation of the right-hand side of eq. (56)

leads to(
R

j
i − 1

2
Rg

j
i

)
;j

+ 3

2
(φiφ

j );j − 3

4
(g

j
i φkφ

k);j = 0.

(62)

Equation (62) is reduced to

3

2
φi

[
∂φj

∂xj
+φl�

j
lj

]
+ 3

2
φj

[
∂φi

∂xj
−φl�

l
ij

]

−3

4
g

j
i φk

[
∂φk

∂xj
+φl�k

lj

]
− 3

4
g

j
i φk

[
∂φk

∂xj
−φl�

l
kj

]
=0,

(63)

leading to

3

2
ββ̇ + 3

2
β2

(
Ȧ

A
+ Ḃ

B
+ Ċ

C

)
= 0. (64)

Integrating eq. (61), we obtain

B = lC, (65)

where l is a constant of integration.

Solutions of field equations

Using the same conditions (19) and (20) we have
solved the field equations (57)–(61).
Using eqs (19) and (65) for l=1, subtracting eq. (57)

from (58), we obtain

B̈ + (n + 1)
Ḃ2

B
= 2

n − 1
B1−2n. (66)

Thus, we get the model (25).

Some physical properties

The physical parameters such as Hubble parameter
(H), anisotropic parameter (Am), shear scalar (σ ),
expansion scalar (θ ), spatial volume (V ) and deceler-
ation parameter (q) are found to be the same as in the
previous general relativity model.
The displacement vector (β), the HDE density (ρ∧),

the pressure of HDE (p∧), energy density of dark mat-
ter (ρm) and the EoS parameter of HDE (ω∧) are given
by

β = l2T
−(n+2), (67)

ρ∧ = k1T
−2n + k2T

−2n−4, (68)

p∧ = n − 2

n − 1
T −2n +

(
(2n + 1)l1 − 3

4
l22

)
T −2n−4,

(69)

ρm =
(

n+2

n−1
−k1

)
T −2n+

(
(2n+1)l1−k2− 3

4
l22

)

× T −2n−4, (70)

ω∧ = ((n − 2)/(n − 1))T 4 + (
(2n + 1)l1 − (3/4)l22

)
k1T 4 + k2

,

(71)

where l2 is a constant of integration,

k1 =
(

α(n + 2)

3
− nγ

)(
n + 2

n − 1

)

and

k2 =
(α

3
− γ

)
(n + 2)2l1.

From eq. (67) it is noted that the displacement vec-
tor (β) is a decreasing function of time, which is
corroborated with Halford as well as with the recent
observations (Perlmutter [2,40,41]; Reiss [1,35]) lead-
ing to the conclusion that � (cosmological constant)
is a decreasing function of time t . From eq. (70) it is
observed that the energy densities of dark matter is a
decreasing function of time. From eq. (69) it is also
observed that the pressure of HDE is a decreasing func-
tion of time. The energy density of HDE in Lyra’s
geometry is similar to the energy density of HDE in
GR. The EoS parameter of HDE is obtained as time
varying and it is evolved with negative sign and its
range is in good agreement with large scale structure
data. The EoS parameter of the HDE behaves like
quintessence EoS.
The coincidence parameter is

r̄ = ρ∧
ρm

= k1T
4+k2

((n+2)/(n−1)−k1)T 4+((2n+1)l1−k2−(3/4)l22)
.

(72)

It is observed that coincidence parameter r̄ at very
early stage of evolution varies, but after some finite
time it converges to a constant value and remains con-
stant throughout the evolution, thereby avoiding the
coincidence problem (like �CDM).
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The overall density parameter is obtained as

� = �m+�∧ = 3

(n+2)2

×
[
[(n+2)/(n−1)]T 4+((2n+1)l1−(3/4)l22)

[1/(n−1)]T 4+l1

]
.

(73)

The sum of the energy density parameter approaches
3/(n + 2) as T → ∞.

2.2.1 A particular case for n = 2. For n = 2, we
get the same eqs (40)–(50) as in the case of n = 2 in
general relativity model in §2.1.1.
The displacement vector is given by

β = l4[4T 2 − l1]−1, (74)

where l4 is a constant of integration.
From eq. (57), the pressure of HDE is given by

p∧ =
(
5l1 − 3

4
l24

)
[4T 2 − l1]−2. (75)

Using eq. (50) in eq. (60), the energy density of dark
matter is given by

ρm =
[(
16− 32

3
(2α−3γ)

)
T 2+

(
(8γ +1)l1− 3

4
l24

)]

× [4T 2−l1]−2. (76)

Using eq. (21), the EoS parameter of HDE is given by

ω∧ = 3(5l1 − (3/4)l24)

8
[4(2α − 3γ )T 2 − 3γ l1]−1.

(77)

The coincidence parameter

r̄ = ρ∧
ρm

= 8

3

4(2α−3γ )T 2−3γ l1

(16−(32/3)(2α−3γ))T 2+((8γ +1)l1−(3/4)l24)
.

(78)

It is observed that coincidence parameter r̄ at very
early stage of evolution varies, but after some finite
time it converges to a constant value and remains con-
stant throughout the evolution, thereby avoiding the
coincidence problem (like �CDM).
The overall density parameter is

� = �m + �∧ = 3

4
+ 3

64

(
l1 − 3

4
l24

)
T −2. (79)

The sum of the energy density parameter approaches
3/4 as T → ∞. So at late times the Universe becomes
flat.

3. Conclusion

In this paper, we have studied the Bianchi type-VI0
cosmological models with HDE in the framework of
GR and Lyra’s geometry. The exact solutions of field
equations have been obtained by assuming that expan-
sion scalar (θ ) in the model is proportional to shear
scalar (σ ). For n = 1, our models do not survive.
The physical parameters such as Hubble parameter,
anisotropic parameter, shear scalar, expansion scalar,
spatial volume and deceleration parameter are found to
be equal in GR and Lyra’s geometry. The matter den-
sity, the pressure of HDE, the EoS parameter of HDE,
the coincidence parameter and overall density parame-
ter in Lyra’s geometry slightly differ by the term β from
GR. It is found that if the displacement vector β → 0,
the Lyra’s geometry tends to GR in all respects. Also,
we have discussed a specific case n = 2 for both the
GR and Lyra’s geometry.
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