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Abstract. Quantum information technology largely relies on a sophisticated and fragile resource,
called quantum entanglement, which exhibits a highly nontrivial manifestation of the coherent
superposition of the states of composite quantum systems. In this paper, we study the interaction
between the general and even coherent fields with moving and stationary two two-level atoms. In
this regard, this paper investigates the von Neumann entropy and the atoms–field tangle as a mea-
sure of entanglement between the general and even coherent fields with the two atoms. Also, the
entanglement between the two atoms using concurrence and negativity during time evolution is
discussed. This paper examines the effects of multiphoton transitions and initial state setting on
the entanglement for the system under consideration. Finally, the results demonstrate an important
phenomenon such as the sudden death and birth of entanglement when the two atoms are initially
in entangled states.

Keywords. von Neumann entropy; concurrence; negativity; atoms–field tangle; sudden death and
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1. Introduction

Quantum entanglement is a property of correlations between two or more quantum sys-
tems [1] and it plays an important role in quantum information theory. It is worth mention-
ing here, that quantum entanglement has many applications in the emerging technologies
of quantum computing and cryptography [2,3] and has been used to realize quantum tele-
portation experimentally [4]. Also, it has been used in other important applications such
as superdense coding [5] and quantum metrology [6]. Several entanglement measures
such as concurrence [7], entanglement of formation [8], tangle [9] and negativity [10]
have been proposed in pure and mixed states. In this regard, the concurrence and nega-
tivity are used as entanglement measures for a mixed state, but for a pure state, the von
Neumann entropy of density matrix can also be used as a measure of entanglement [11].
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All these measures are used to test whether a given quantum state is separable or entan-
gled. Certain physical phenomena are observed as a result of an entanglement measure
such as the ‘entanglement sudden death’ (ESD) and ‘entanglement sudden birth’ (ESB)
[12] is the formation of entanglement where the initial unentangled qubits can be entan-
gled after a certain finite evolution time. The coherent field is a type of electromagnetic
field which has a minimum uncertainty and it is more of a classical field than being quan-
tum [13]. Other states of the electromagnetic field, such as squeezed states, even and odd
coherent states and so on, do not have minimum uncertainty and they are non- classical
states, and have more applications in quantum communications and weak signal detection
[14].

Considering the motion of the atoms, the Tavis–Jaynes–Cummings model (TJCM) with
two moving atoms has been investigated [15] and the researchers have shown that the ESD
and ESB [16] have also been experimentally observed for entangled photon pairs [17] and
the atom ensembles [18]. In addition to those, the entanglement of two moving atoms
interacting with a single-mode field via a three-photon process is also investigated [19].
The von Neumann entropy measurement is used to measure the amount of entanglement
between two moving atoms and a strongly squeezed field via four-photon transitions [20]
and the researchers have shown ESD and ESB. The geometric phase of a moving three-
level atom interacting with the field initially prepared in a coherent and even coherent state
has been investigated [21], where the results show that the atomic motion and the type of
coherent state play important roles in the dynamic geometric phase. In this investigation,
we focus on the study of entanglement between moving and non-moving two two-level
atoms interacting with a single-mode radiation field via multiphoton process (kth photon)
within a closed system and our main aim is to look for some important phenomena such
as ESD and ESB for the system under consideration and investigate the effects of atomic
motion parameter p, the photon transition parameter k, the atomic position θ and the
arbitrary constant r . Also, we want to be convinced whether these parameters have a real
effect on the interaction system or not.

This paper is organized as follows. In §2 the basic equations and relations for the
system under consideration are given. In §3 the entanglement measures like the von
Neumann entropy, concurrence, negativity and atoms–field tangle are investigated. In §4
the results are discussed. The main conclusion is summarized in §5.

2. Basic equations and relations

We consider a cavity of length L, containing two identical atoms moving with velocity
vj for the j th atomic velocity, and the atomic motion is restricted in the z direction. We
consider that the atoms in their motion take the shape of the cosine curve. The shape
function of the cavity field-mode f (zj ) (j = A, B atoms) denote the mode structure of
the j th atom and take the following form [22]

f (zj ) → f (vj t) = cos

(
pvjπt

L

)
, (1)

where p represents the atomic motion parameter. These two moving atoms interact with
the single-mode quantized radiation field in a closed system. In other words, there are no
external fields (or external effects) that can act on the system. The interaction Hamiltonian
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of the two moving atoms interacting with a single-mode quantized electromagnetic field
via multiphoton transitions process (i.e., kth photon), in the rotating wave approximation
(RWA) can be given as [23] (set h̄ = 1)

ĤI =
2∑

j=1

λjf (vj t)
(
âkσ̂

(j)
+ + â†kσ̂

(j)
−

)
, (2)

where σ̂
(j)
± are the Pauli spin operators for the j th atom, â(â†) is the annihilation(creation)

operator denoting the cavity mode, λj is the atom–field coupling constant of the j th atom
and k is the transition parameter. Let A, B and F denote the first atom, second atom and
the radiation field, respectively. Considering that the two atoms have the same velocity,
f (zA) = f (zB), we assume that the two atoms are initially in an entangled state and the
field in the general coherent state, thus is

|�ABF (0)〉 = |�AB(0)〉 ⊗ |�F (0)〉

=
∞∑

n=0

Bn,r

[
cos θ |e1, e2, n〉 + sin θ |g1, g2, n〉] , (3)

where

Bn,r = qn

(
1 + r (−1)n

)
√(

1 + r2 + re−2n
) ,

where r is an arbitrary constant having three values r = 0, 1, and −1, representing a
coherent state, even coherent state and odd coherent state, respectively, and qn is the
coherent amplitude for the coherent field having the value [21]

qn = αn

√
n! exp

(
− |α|2

2

)
.

Hence, using the above initial conditions to obtain the wave function of the whole system
|�(t)〉 at t ≥ 0 it can be easily evaluated as

|�(t)〉 =
∞∑

n=0

[ψ1(n, k, t)|e1, e2, n〉 + ψ2(n, k, t)|e1, g2, n + k〉

+ψ3(n, k, t)|g1, e2, n + k〉 + ψ4(n, k, t)|g1, g2, n + 2k〉], (4)

where

ψ1(n, k, t) = Bn,r

n!(n + 2k)! + [(n + k)!]2
[cos θ

{
n!(n + 2k)! + [(n + k)!]2

}

× cos (ξnt) + (n + k)!√n! (n + 2k)! sin θ {cos (ξnt) − 1}], (5)

ψ2(n, k, t) = ψ3(n, k, t) = −iBn,rγ (t) sin (ξnt)

ξn

[√
(n + k)!

n! cos θ

+
√

(n + 2k)!
(n + k)! sin θ

]
, (6)
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ψ4(n, k, t)= Bn,r

n!(n+2k)!+[(n+k)!]2
[sin θ

{
n!(n+2k)! cos (ξnt)+[(n+k)!]2

}

+ (n + k)!√n! (n + 2k)! cos θ {cos (ξnt)− 1}], (7)

ξn = γ (t)

√
2n! (n + 2k)! + 2[(n + k)!]2

n! (n + k)! , (8)

and

γ (t) =
∫ t

0
f (vt ′)dt ′ = L

pvπ
sin

(
pvπt

L

)
. (9)

Thus, one can obtain the atomic density matrix ρ̂AB (t) as

ρ̂AB (t) = TrF (ρ̂ABF (t)) =

⎛
⎜⎜⎝

ρ11 ρ12 ρ13 ρ14

ρ21 ρ22 ρ23 ρ24

ρ31 ρ32 ρ33 ρ34

ρ41 ρ42 ρ43 ρ44

⎞
⎟⎟⎠ , (10)

where

ρii =
∞∑

n=0

|ψi(n, k, t)|2 , i = 1, 2, 3, 4, (11)

are atomic occupation probabilities of levels |e1, e2〉, |e1, g2〉, |g1, e2〉 and |g1, g2〉, respec-
tively, and

ρ12 =
∞∑

n=0

ψ1(n + k, k, t)ψ∗
2 (n, k, t),

ρ13 =
∞∑

n=0

ψ1(n + k, k, t)ψ∗
3 (n, k, t),

ρ14 =
∞∑

n=0

ψ1(n + 2k, k, t)ψ∗
4 (n, k, t),

ρ23 =
∞∑

n=0

ψ2(n, k, t)ψ∗
3 (n, k, t),

ρ24 =
∞∑

n=0

ψ2(n + k, k, t)ψ∗
4 (n, k, t),

ρ34 =
∞∑

n=0

ψ3(n + k, k, t)ψ∗
4 (n, k, t),

ρil = ρ∗
li . (12)

In the following section, we use the relations obtained earlier to investigate the
entanglement measures using certain statistical aspects such as von Neumann entropy,
concurrence, negativity and the atoms–field tangle for the system under consideration.
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3. Entanglement measures

To investigate the entanglement for the TJCM, numerous measures of quantum entangle-
ment that quantify the amount of entanglement are adopted. In this study the four chosen
entanglement measures are concurrence, negativity, von Neumann entropy measure and
the atoms–field tangle. These entanglement measures are discussed in the following
sections.

3.1 The von Neumann entropy

The quantum (von Neumann) entropy is used for studying the entanglement of pure states.
Now, we want to investigate the amount of entanglement between two atoms with a field
by using the two atoms density matrix given by eq. (10). Two-atom von Neumann entropy
takes the form [11]

SAB(t) = −Tr
(
ρ̂AB (t) ln ρ̂AB (t)

) = −
4∑

j=1

ηj (t) ln ηj (t), (13)

where ηj (t) is the eigenvalue of ρ̂AB(t).
The entanglement between two atoms and the field can be measured by the tangle. The

tangle of three qubits in terms of concurrence is termed as the three-way tangle [9]. For
the present system tangle τAB−F (t) is given by [24]

τAB−F (t) = 2
[
1 − Tr(ρAB(t))2

]
, (14)

where ρAB(t) is the atomic density matrix which is defined in eq. (10).
It is observed that for the system under study the tangle shows the same behaviour as

the von Neumann entropy during time evolution.

3.2 Concurrence and negativity

It is worth mentioning that, an entanglement between the atoms A and B exists regardless
of the presence of a field, and the optimal measures to quantify the degree of entanglement
between these atoms are concurrence and negativity. In the case of two-qubit [25,26]
mixed state defined in eq. (10), an analytical solution was developed by Wootters in terms
of concurrence [27] and the concurrence is given by

CAB(t) = max
{

0,
√

λ1 − √
λ2 − √

λ3 − √
λ4

}
, (15)

where λi is the eigenvalue of the non-Hermitian matrix ρ̂AB(t)ρ̃(t) and listed in the
decreasing order of ρ̂AB(t)ρ̃(t). ρ̃(t) is the spin-flipped state of the density operator
ρ̂AB(t),

ρ̃ (t) = (
σ̂y ⊗ σ̂y

) (
ρ̂AB(t)

)∗ (
σ̂y ⊗ σ̂y

)
, (16)

where
(
ρ̂AB(t)

)∗
is the conjugate of eq. (10) and σ̂y is the Pauli spin operator. The con-

currence has zero value, i.e., CAB(t) = 0 for unentangled atoms, whereas CAB(t) = 1
for the maximally entangled atoms. Negativity, the other measure of entanglement is
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based on the Peres–Horodecki criterion [28,29] (PPT criterion). We calculate the partial
transposition of the density matrix in eq. (10) with respect to the first atom A as

ρ̂TA (t) =

⎛
⎜⎜⎝

ρ11 ρ12 ρ31 ρ32

ρ21 ρ22 ρ41 ρ42

ρ31 ρ14 ρ33 ρ34

ρ23 ρ24 ρ43 ρ44

⎞
⎟⎟⎠ , (17)

where ρ̂TA(t) denotes the partial transpose of ρ̂AB(t) with respect to the first atom A, the
trace-normalized operator is defined to have the matrix elements [30]〈

iA, jB

∣∣ρ̂TA (t)
∣∣ kA, lB

〉 = 〈
kA, jB

∣∣ρ̂AB(t)
∣∣ iA, lB

〉
. (18)

Thus, the negativity is defined as

NAB(t) = max

(
0,−2

∑
m

βm

)
, (19)

where the sum is taken over the negative values, βm of relation (17). For the pure state, like
in the case of concurrence, NAB(t) = 1 for maximally entangled atoms and NAB(t) = 0
is for unentangled atoms.

4. Numerical results and discussion

In this section, we obtain the numerical results which describe the dynamics of the quan-
tum system for the interaction between moving and stationary two two-level atoms with
a general coherent field (i.e., r = 0) or with an even coherent field as a special case of
the general coherent field (i.e., r = 1), all from relation (3). The numerical results are
represented using the entanglement measures such as the von Neumann entropy SAB, con-
currence CAB, the negativity NAB and the atoms–field tangle given by relations (13), (14),
(15) and (19), respectively, and we consider the effects of different parameters such as
the number of photon transitions k, the atomic motion parameter p, the atomic posi-
tion θ and the arbitrary constant r , as the coherent parameter α = 6 and the results are
shown in figures 1–4. On the other hand, we present a comparison between the gen-
eral coherent field (r = 0) and even coherent field (r = 1) because the fields interact
with two identical atoms which are initially prepared in two atomic superposition states
(i.e., θ = 0 and π/3) by controlling an arbitrary constant r , and this interaction results
in the phenomena, ESD and ESB. However, in figures 1–4 the statistical quantities like
the von Neumann entropy SAB (solid line), the concurrence CAB and the negativity NAB

(dashed line) are plotted with the scaled time t and the first observation is that the con-
currence and the negativity give the same result, i.e., CAB = NAB, for all cases under
consideration.

The mechanism of interaction between the general coherent field or the even coherent
field with the excited atoms is the transition of one photon (i.e., k = 1) in the absence of the
atomic motion which are represented in figures 1a and 1b. In figure 1a, we can observe the
excited atoms interacting with a general coherent field for r = 0 and this interaction gives
an opposite relation between the behaviour of SAB and CAB implying that the atoms–field
entanglement is minimum and atom–atom entanglement is maximum and the interaction
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Figure 1. The time evolution of the von Neumann entropy SAB(t) (solid line), con-
currence CAB(t) (dashed line) for two two-level atoms interacting with a coherent
field (i.e. r = 0) in (a, c) and an even coherent field (i.e. r = 1) (b, d). The other
parameters are α = 6 and k = 1. When the atomic motion parameter p is neglected,
the atoms are initially in an excited state for θ = 0 in (a, b) but in (c, d) the atoms are
initially in an entangled state for θ = π/3.

is reverse at 0 ≤ t ≤ 3π , but SAB and CAB show irregular and non-periodic behaviour
with the time evolution t because t ≥ 3π . This behaviour is considered chaotic. In
figure 1b, the excited atoms interact only with the even coherent states, and take the same
behaviour as in figure 1a but with different oscillations in the time interval 2π ≤ t ≤ 4π ,
and the amplitudes for SAB and CAB are limited between 0.2 and 0.9. Figure 1c exhibits
the maximum value of SAB increasing with the time evolution t because the atoms are in
superposition state and there is death of entanglement between atoms in CAB as π/2 ≤
t ≤ 5π . Also, at the moment t = 5π , there is the fast appearance of ESB in concurrence,
the maximum value of which is 0.55, then abruptly falls to zero at 7π resulting in ESD.
We have noted that the ESD and ESB decrease with the time evolution t , such that the
system in the interval 0 ≤ t ≤ 20π is in the entangled state, but since t ≥ 20π , the
interaction system will have chaotic behaviour. The even coherent field interacting with
the entangled atoms and exhibiting the same behaviour for SAB and CAB are shown in
figure 1d but with different oscillations in the time interval 3π − ε ≤ t ≤ 3π + ε, where
ε � 1 and the amplitudes for these oscillations are between 0 and 0.8.

In figure 2, we can see the effect of the two-photon transitions on the interaction
between two atoms and field with the same initial conditions as in figure 1. Figure 2a
depicts that, the interaction system exhibits a regular periodic and an opposite behaviour
between atoms and the field which is represented by SAB and CAB, occurring in the
periodic interval mπ (m = 1, 2, 3, ...). Besides, for every periodic time t = mπ , we
detected that SAB = CAB = 0. At this particular moment, the system is in the sep-
arable state and A–B and atoms–field entanglements are absent. But, as r = 1 as in
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Figure 2. The same as in figure 1, but for k = 2.

figure 2b, the results show that the even coherent field shows the same behaviour and
gives the same information for the general coherent field in the interaction with the
excited atoms but in a shorter periodic time mπ/2 (m = 1, 2, ...). On the other hand,
we note in figure 2c that the dynamical system exhibits a regular periodic behaviour in
periodic interval mπ (m = 1, 2, ...) for SAB, the concurrence CAB exhibits a ESD for
the range mπ/2 ≤ t ≤ (m + 1)π/2 (m = 0, 1, 2, ...) and in the same range, the von
Neumann entropy SAB describes that there is a maximum value between two minimum
values. Furthermore, CAB reveals the ESB and ESD at the periodic time for the range
(mπ/2) − ε ≤ t ≤ (mπ/2) + ε, where ε � 1. The results in figure 2d show the same
behaviour but with different time intervals, the concurrence predicts the appearance of
ESB and ESD at the periodic time for the range (mπ/4) − ε ≤ t ≤ (mπ/4) + ε, where
ε � 1 (m = 1, 2, ...). Also, there is a death entanglement in CAB at periodic interval
mπ/4 (m = 1, 2, ...). On the other hand, the von Neumann entropy SAB has a regular
periodic behaviour for the periodic interval mπ/2 (m = 1, 2, ...), all in the absence of
motion of atomic centre-of-mass.

Further, we investigate the interaction system in the presence of the atomic motion by
setting p = 1 and the results are presented in figures 3 and 4 using the same parameters
as in figures 1 and 2. In figures 3a and 3b, it is noticed that there is a regular periodic
behaviour in periodic intervals mπ (m = 1, 2, ...) for both CAB and SAB. Also, there is a
separable state, i.e., CAB = SAB = 0, in the same periodic time mπ (m = 1, 2, ...), and
the system is in the entangled state at the maximum value of the von Neumann entropy
is 0.66 for r = 0 as seen in figure 3a. But, as r = 1, the maximum value for SAB equals
one with more oscillations which appear in figure 3b for SAB. In figures 3c and 3d as the
system is in a mixed state by setting θ = π/3, we have found that the dynamical system of
the atomic motion exhibits a regular opposite and periodic behaviour in periodic intervals
mπ (m = 1, 2, ...) for both CAB and SAB. Also, SAB shows that there is a separable
state between two moving atoms with the general coherent field in figure 3c and with the
even coherent field in figure 3d for periodic time mπ (m = 1, 2, ...) and there are more
oscillations in figure 3d because r = 1.

However, figure 4 depicts important features for moving atoms and pairs of photons. In
figures 4a and 4b, the same behaviour is observed for both the general coherent field and
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Figure 3. The same as figure 1, but the atomic motion parameter is considered (p = 1).

even coherent field in the interaction with the excited moving atoms where both CAB and
SAB exhibit regular and opposite periodic behaviour between them for the periodic time
mπ (m = 1, 2, ...) and the results show that there is a separable state, i.e., CAB = SAB =
0, as t = mπ (m = 1, 2, ...). Also, the von Neumann entropy and concurrence have
maximum values entangled equal to 1 and 0.5, respectively. Furthermore, if the atoms
are initially in mixed state, i.e., θ = π/3, we observe a regular periodic behaviour for
periodic interval mπ (m = 1, 2, ...) for both r = 0 and 1 in figures 4c and 4d. Besides,
we have obtained the ESD and ESB presented by the evolution of the concurrence in the
periodic interval mπ (m = 1, 2, ...), where in figure 4d the ESD appears three times in
every periodic interval mπ (m = 1, 2, ...) in the case of even coherent field state (i.e.
r = 1).
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Figure 4. The same as figure 2, but the atomic motion parameter is considered p = 1.
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5. Conclusion

We have studied the moving and non-moving atom–atom entanglement and the entangle-
ment between two atoms with the coherent and even coherent fields. We have focussed
our attention on the effects of initial state setting of the two atoms on the entanglement of
each atom and field. Our results show that some new important and interesting features
such as entanglement sudden birth and sudden death can be obtained when the two atoms
are initially in the entangled state. On the other hand, we have found that the system
becomes separable at the periodic time. Also, the results show that the even coherent field
shows the same behaviour of the general coherent field with different oscillations bccause
the interaction depends on one-photon process.

It is well known that the study of the physical properties of the atom–field interaction
is an important topic in quantum optics and information. In this regard, our results show
that the interaction between two atoms and the field in the presence of atomic motion
provides a more elaborate structure than in the absence of atomic motion. An important
future investigation will be the study of the effect of decoherence of the dynamics of
even and odd coherent fields interacting with two atoms in the presence of decoherence,
considering phase damping.
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