PRAMANA © Indian Academy of Sciences Vol. 67, No. 3
— journal of September 2006
physics pp. 415-428

Bianchi Type-V model with a perfect fluid and
A-term

T SINGH and R CHAUBEY

Department of Applied Mathematics, Institute of Technology, Banaras Hindu University,
Varanasi 221 005, India

E-mail: drtrilokisingh@yahoo.co.in

MS received 4 October 2005; revised 14 July 2006; accepted 3 August 2006

Abstract. A self-consistent system of gravitational field with a binary mixture of perfect
fluid and dark energy given by a cosmological constant has been considered in Bianchi
Type-V universe. The perfect fluid is chosen to be obeying either the equation of state
p = vp with v € [0,1] or a van der Waals equation of state. The role of A-term in the
evolution of the Bianchi Type-V universe has been studied.
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1. Introduction

In view of its importance in explaining the observational cosmology, many workers
have considered cosmological models with dark energy. In a recent paper, Kremer
[1] has modelled the universe as a binary mixture whose constituents are described
by a van der Waals fluid and dark energy. Zlatev et al [2] showed that ‘tracker field’,
a form of quintessence, may explain the coincidence, adding a new motivation for
the quintessence scenario. The fate of density perturbation in a universe dominated
by the Chaplygin gas, which exhibits negative pressure was studied by Fabris et al
[3]. Models with Chaplygin gas were also studied by Bento et al [4] and Dev et al [5].
These authors restricted their study to a spatially flat, homogeneous and isotropic
universe described by a FRW metric. Since the theoretical arguments and recent
experimental data support the existence of an anisotropic phase, it makes sense to
consider the models of the universe with anisotropic background in the presence of
dark energy. Saha [6,7] has studied the role of A-term in the evolution of Bianchi
Type-I universe in the presence of spinor and/or scalar field with a perfect fluid
satisfying equation of state p = «p. Saha [7,8] has studied the evolution of an
anisotropic universe given by a Bianchi Type-I space-time in the presence of a
perfect fluid obeying not only p = ~p, but also the van der Waals equation of state.
In the present work we have studied the evolution of Bianchi Type-V universe in
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the presence of a perfect fluid with equation of state p = yp or van der Waals fluid
[1] and dark energy given by a cosmological constant. We have followed the method
due to Saha [7-10] and Kremer [1].

2. Basic equation
The Einstein field equations are in the form
1 . .
R] — §5fR = kT} + 5/ A. (2.1)

Here R] is the Ricci tensor, R is the Ricci scalar, k is the Einstein gravitational
constant and A is the cosmological constant. A positive A corresponds to the
universal repulsion force, while a negative one gives an attractive force. Note that
a positive A is often taken to be a form of dark energy. We study the gravitational
field given by Bianchi Type-V cosmological model and choose it in the form

ds? = dt? — a? do? — ade ™" dy? — aje 2" dz? (2.2)

with the metric functions a1, as, ag being functions of ¢ only and m is a constant.

The Einstein field equations (2.1) for the Bianchi Type-V space—time, in the
presence of the A term, can be written in the form

a a G206 m

2.3 23_72:1@114“/\_ (2.3a)

a9 as asas ay

My 8, M9 T kT2 4A (2.3b)
aq as ajas a

L L Ry (2.3¢)

a1 ag aia9 ay

aia as2a asa 3m?
122 28 S T = KTY+ A (2.3d)
ajaz  azaz  asa;  aj
e o
22 % _ 241 (2.3¢)

a2 as ai

From (2.3e) we have azaz = a?.

Here, overhead dot denotes differentiation with respect to ¢. The energy—
momentum tensor of the source is given by

T/ = (p + p)usu? — pdl, (2.4)

where u? is the flow vector satisfying
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giju'u? = 1. (2.5)
Here p is the total energy density of a perfect fluid and/or dark energy, while p
is the corresponding pressure. p and p are related by an equation of state.
In a co-moving system of coordinates, from eq. (2.4) one finds

1) =p, T =T3=T;=—p. (2.6)

Now using eqs (2.3a)—(2.3e) and eq. (2.6) we obtain

a a asa m
£+i+ 23_72:_]@194,-‘/\ (2.7&)
a9 as az20a3 CLl
. . 2
a a, aja m
71+73+ 13——:7kp+A. (2.7b)
ay as aias ay
. . . . 2
a a a1 m
714_724'_ L 2_7:_kp+A, (2.7¢)

aq ag aipa9 a%

2

a1a aoa asa;  3m

122 2 S T —kp+ A (2.7d)
a1a9 az2a3 asal ai
asasz = a. (2.7¢)

We follow the method used by Saha [7] to solve egs (2.7a)—(2.7d) and use azasz =
a?. Subtracting eq. (2.7b) from eq. (2.7a), we get

d(@l_@)+(a1_@>(m+@+a3):0, (2.8)
de¢ ay a2 aq as a1 a9 as
Let V be a function of ¢ defined by

V= a1a-2as. (29)
Then from eqs (2.8) and (2.9) we have

d (& ap i a\V

(2t e a—) 2.10

dt <a1 az) + (a1 CL2> 14 ( )
Integrating the above equation, we get

dt
“u_ dy exp <x1 / V> , di = constant, x; = constant. (2.11)
as

By subtracting eq. (2.7¢) from (2.7a) and eq. (2.7a) from (2.7b), we get
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dt
“_ ds exp (12 / > , do = constant, xy = constant, (2.12a)
as \%4

dt
92 _ dz exp <x3 / V> , d3 = constant, x3 = constant, (2.12b)
as

where ds, ds, T2, T3 are integration constants.
In view of the relations V' = ajasas we find the following relation between the
constants di, ds, ds, T, T2, T3.

d2 = dldg7 To = X1 + xIs3.

Finally from eqgs (2.11) and (2.12), we write a1 (t), a2(t), and as(t) in the explicit
form.

; dt
al(t) = Dl‘/l/‘3 exp <X1 / ‘/(t)> , (213&)
as(t) = DV 3 exp( X, / dt (2.13b)
V(t)) '
as(t) = DsV/3 exp( X3 / dt (2.13¢)
V(t)) '
where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;DsD3 = 1 and
X1+ X+ X3=0.
From eq. (2.7e) we get
X;=0, Xo=-X3=X, Dy=1, Dy=D;'=D. (2.14)
Then eq. (2.13) can be written as
ar (t) = V13, (2.15a)
as(t) = DV exp X/ dt (2.15b)
V(t)) '
as(t) = D7V 3 exp —X/ dt (2.15¢)
V(t)) ‘

where X and D are constants.
Now, by adding eqs (2.7a), (2.7b), (2.7¢c) and three times eq. (2.7d), we get

. . . . . . . . . 2
ai as  as a1Qa2  QoG3 G301 6m
—+ =+ =] +2 + + - —3
aq a9 as a1as asas azaq aj

- L(p{ D) | 3. (2.16)
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From eq. (2.9) we have

V.  (a G @ a1az  a2G3 | Gz
:<1+2+3)+2( 1 2+ 23+ 31>. (2.17>
ay as as a1a9 asas aszaq

From eqgs (2.16), (2.17) and (2.15a) we obtain

Vo 6m®  3k(p—p)
vopaEs g Tl (2.18)

On the other hand, the conservational law for the energy—-momentum tensor gives

p=—V o) (2.19)

From (2.18) and (2.19) we have
V2 =3(2kp+ ANV +9m?VA3 £ 0y (2.20)
with C7 being an integration constant. Let us define the Hubble constant as

V. ar | ax a3

=—4+ =4+ = =3H. 2.21
Vv a1 * ag + as ( )

From eqgs (2.20) and (2.21) we have

3 2 3m2 A Cl
kp = 2H Vs 3 Gve (2.22)
It should be noted that the energy density of the universe is a positive quantity.
It is believed that at the early stages of evolution when the volume scale V' was
close to zero, the energy density of the universe was infinitely large. On the other
hand, with the expansion of the universe, i.e., with the increase of V', the energy
density p decreases and an infinitely large V' corresponds to a p close to zero. In
that case, from eq. (2.22), it follows that

3H?> - A — 0. (2.23)

As seen from eq. (2.23), in this case A is essentially non-negative. We can also
conclude from (2.23) that in the absence of a A term, beginning from some value of
V the evolution of the universe becomes standstill, i.e., V' becomes constant, since
H becomes zero, whereas in the case of a positive A the process of evolution of the
universe never comes to halt. Moreover, it is believed that the presence of the dark
energy results in the accelerated expansion of the universe. As far as negative A is
concerned, its presence imposes some restriction on p, namely, p can never be small
enough to be ignored. It means in that case there exists some upper limit for V as
well.

From eqgs (2.21), (2.22), and (2.18), we obtain

. k 2m? A C
H=—Z(p+p)— :
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Let us now go back to eq. (2.20). It is in fact the first integral of eq. (2.18) and
can be written as

V = £/Cy + 3(2kp + A)V2 4+ 9m2V 3, (2.25)
On the other hand, rewriting (2.19) in the form

o 1%
=7 (2.26)

and taking into account the pressure and the energy density obeying an equation
of state of type p = f(p), we conclude that p and p, hence the right-hand side of
eq. (2.18) is a function of V' only.

.3k
V= 7(p—p)v+3Av+6m2v1/3 = F(V). (2.27)

From the mechanical point of view, eq. (2.27) can be interpreted as equation of
motion of a single particle with unit mass under the force F'(V'). Then the following
first integral exists:

V =12[e-U(l)]. (2.28)

Here € can be viewed as energy and U (V) is the potential of the force F'. Comparing
eqs (2.25) and (2.28) we find e = C}/2 and

3 9
U\V)=- {2(1@,0 + AV 5m?v4/3 . (2.29)

Finally, we write the solution to eq. (2.25) in quadrature form

/ av
\/Cl +3(kp + A)V2 4+ §m2V4/3

=t +1o, (2.30)

where the integration constant ¢ty can be taken to be zero, since it only gives a shift
in time.
Essentially we have followed the method due to Saha [7].

3. Universe filled with perfect fluid

In this section we consider the case when the source field is given by a perfect fluid.
Here we study two possibilities: (i) The energy density and the pressure of the
perfect fluid are connected by a linear equation of state and (ii) the equation of
state is a nonlinear (van der Waals) one.
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3.1 Universe as a perfect fluid with ppr = vyppr

In this subsection we consider the case when the source field is given by a perfect
fluid obeying the equation of state

DPF = YPPF- (3.1)

Here + is a constant and lies in the interval € [0, 1]. Depending on its numerical
value v describes the following types of universe.

v=0 (dust universe) (3.2a)
~v=1/3 (radiation universe) (3.2b)
~v€(1/3,1) (hard universe) (3.2¢)
v=1 (Zeldovich universe or stiff matter). (3.2d)

In view of eq. (3.1), from eq. (2.19) for the energy density and pressure one
obtains

ppp = (3.3)

PPF Vit

~ Po
=y

where pg is a constant of integration. For V from eq. (2.30) one find

dv
=t. (3.4)
VC1 + 3(kpoV1I=7 + AV2) + 9m2V4/3
In the absence of the A term one immediately finds
v —t (3.5)

VC1 + 3kpo V17 + 9m2V4/3

3.2 Universe as a van der Waals fluid

Here we consider the case when the source field is given by a perfect fluid with a

van der Waals equation of state in the absence of dissipative process. The pressure

of the van der Waals fluid p,, is related to its energy density py [1] by

_ 3Wpy
3 — pPw

Pw

—3p2

W

(3.6)

In (3.6) the pressure and the energy density are written in terms of dimensionless
reduced variables and W is a parameter connected with a reduced temperature.
Inserting eq. (3.6) into (2.24), on account of eq. (2.22) we find
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(3.7)

It can be easily verified that eq. (3.7) in the absence of A term and C; = 0 and
k = 3, reduces to

V2/3 s
1/, m?\\ 2m?
G-y
4. Some particular cases
Case I. v =1/3 (disordered radiation)
For Cy =0, eq. (3.4) reduces to
dv
=t (4.1)
V/3kpoV2/3 + 3AV2 4+ 9m2V4/3
which gives
- 3/2 4
2 [ 3 2kpo Im
V= lem [t - hen A = 4.2
_e oo 3m2] ,  when Tepy” (4.2a)
[ kp 9m*\ /2 A 3m? 32 9m*
V= (22 inh(2/=t] - = hen A
<A 4A2> Sm( 3) oA | VR Tk
(4.2b)

V=

4 1/2 A 273/ 4
<i7\12 — XO> cosh (2 —t] — sm” ,  when A < Im

We consider these subcases separately.
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Case I(a). A = 9m*/4kpy
Then from eqs (2.15) and (4.2a), we obtain

ar(t) = (€% — Cy)'/?, (4.3a)

ag(t) = D(GCQt — 03)1/2

X e 2X ! tan ! Cs
~<p | 22
Pl Gy \ VEs (%t —Cy) w/i oGzt — G,
(4.3b)
ag(t) = Dil(ecﬁ — 03)1/2
X e 2X ! tan ™~ Cs
<p | — -2 | 3
PI7 ey \ VG (%=t — Cy)
_ L (4.3¢)
(e“2! — Cs)
where
2
Cy =m? 3 and Cs3 = kpo.

kpo
From egs (3.3) and (4.2a), we have

-2
m2 |/ 3 2/45[)0
P = po [e %t — 3m2 :| (44&)

-2

and

(4.4D)

3

o [y (3, 2
p= kpo 3m?

The physical quantities of observational interest in cosmology are the expansion
scalar #, the mean anisotropy parameter A, the shear scalar o2 and the deceleration
parameter q. They are defined as

0 = 3H. (4.5)

:§Z<A§) (4.6)

i=1

1 3
o2 == H? —3H? | = ZAH?. 4.
- (z 3 ) 2 )
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q= % <;I> ~ 1. (4.8)

In this case these quantities are

3m? [ 3 N oo
0= — = (4.9)
2 kpo em2 Fogt  2kpo
3m?
a_ 3
8X m?
A= Ca (4.10)
e kpo
q___
o2 = X2 {e’”z Rt %’ﬂ (4.11)
3m
O
— 14 Fhpo o gt 4.12
q

3m?2

For a finite value of ¢, pressure and density tend to infinity. Therefore, the model
has a future singularity in finite time.

Case I(b). A > %

Then for small ¢ (i.e. near singularity ¢ = 0),

sinh (2\/§t> ~ 2\/§t. (4.13)

Then eq. (4.2b) reduces to

3/2
2 om\ "% 3m2

V3

From egs (2.15) and (4.14), we obtain

a1 (t) = (Cyt — C5)'/2, (4.15a)
2X
t) = D(Cyt — C5)'/? - 4.15b
o) = DCut =" || )
2X
t) = DY (Cyt — C5)'/? {} 4.15
a3() ( 4 5) exp C4m ) ( C)

where
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9 4\ 1/2 2
Cy= = (kpo - 9m> and Cy = oM

V3 4A 2A
From eqgs (3.3) and (4.14), we have
2 9m4 12 3m? -
P = Po 7 (kpo - 4A) t— A (4.16a)
and
1/2 21~
_ |2 _ ! _3m7
p=7 [ﬁ (kpo m > t 2 (4.16b)
With the use of egs (4.5)—(4.8) we can express the physical quantities as
1/2
V3 (kﬂo - %)
0= - — — (4.17)
{ﬁ (kpo — 55) "t = 2A}
8x2 [ 2 om\?  3m2]’
=22 (kpo— 2 4.1
342 \/§<”° 4A> 2A (4.18)
2 om\'"?  3m?
2 - x2 | 2 koo — - 4.1
q=1 (4.20)

For a finite value of ¢, pressure and density become infinite. Therefore, the model
has a future singularity in finite time.

Case I(c). A < 2,2’;1

Then for small ¢ (i.e. near singularity ¢ = 0),

A A
cosh <2\/;t> ~1+4+ §t2. (4.21)

Then eq. (4.2c) reduces to

3/2
V =

o (4.22)

(- prA>1/2 e (e ’fﬂo)”z 3m?
4 9

4A2 A

From egs (2.15) and (4.22), we obtain
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ay(t) = (Cgt — C7)'/2, (4.23a)

as(t) = D(Cet — C7)/? exp

X Cet?  \?
4.23b
Crv/Cs <C6t2 +C7) ’ ( )

Clg(t) = Dil(C(jt — 07)1/2 exp

X Cst2 2
— 4.2
C7/Cs (Cgtz + C7> ’ ( 30)

where

oo (Mt kAP (mt ko) sm?
67\ 4 9 T \4Ar A 20

From egs (3.3) and (4.22), we have

ot RN fomt ko 3m? ]
P=roi\ 4 9 4A2 T A 2A

(4.24a)

and

—2
_ M m74_/€poA 1/2t2+ %_@ 1/2_% (4.24b)
P=3 11 " 402 T A oA |
With the use of egs (4.5)—(4.8) we can express the physical quantities as

3(%4 _ kﬁ;A)l/Qt

6= (4.25)
m A m m
(57 — B+ (s — B/ — 5
2X?
A= , (4.26)
307~ BRI — e ¢ (S~ ) - ]
X2
2
g = . - (4.27)
[(mT4 _ kpgoA)1/2t2 + (% _ %)1/2 _ %]3
4 2
IR UL R o
T -

This model has no singularity.

Case II. v = —1

For Cy =0, eq. (3.4) reduces to
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dv
V3(kpo + A)VZ + 9m2V1/3

=t (4.29)

which gives

3m2 192 Tpo - A 57
V= [2(1¢p0+AJ [cosh (2,/ 03 t) - 1] . (4.30)

For small ¢ (i.e. near singularity ¢ = 0)

/ A A
cosh (2 kp();_t> ~1+ (k‘po3+ >t2. (4.31)

Then eq. (4.30) reduces to

m3

V=——t 4.32
e (4.32)
From egs (2.15) and (4.32), we obtain
mt
a(t) = —, 4.33a
mit V2X 1
ot V2X 1
as(t) =D 7 exp( el (4.33c)
From egs (3.3) and (4.32), we obtain
P = po (4.34a)
and
P = —po- (4.34b)
With the use of eqgs (4.5)—(4.8) we can express the physical quantities as
3
o=", (4.35)
t
16X2
8X?2
2 _
qg=0. (4.38)

This model has no singularity. The anisotropy and shear die out as t — oo.
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5. Conclusion

The Bianchi Type-V universe has been considered for a mixture of a perfect fuid
and dark energy given by cosmological constant. The solution has been obtained
in quadrature form. The particular cases of disordered radiation and inflation have
been studied in detail. Their singularities have also been studied.
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