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Abstract. It is shown that conventional de Broglie–Bohm quantum theory is incompatible with the
standard quantum theory of a system unless the former is ergodic.
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Whereas a standard quantum mechanical system is usually ergodic, the corresponding
Bohmian system may not be so, leading to a difference between the space and time av-
erages of a suitably chosen observable over the ensemble in the Bohmian case. In this
paper I will give a simple example of this incompatibility.

Let us consider the familiar classical system of two identical simple pendulums of length
l1 = l2 = 1 and massm1 = m2 = 1 connected by a weightless spring whose length` is
equal to the distance between the points of suspension. Ifq1 andq2 denote the angles of
inclination of the pendulums, then for small oscillations the kinetic energy isT = 1

2(q̇
2
1+

q̇2
2) and the potential energy isU = 1

2(q
2
1 + q2

2+α(q1� q2)
2), whereα(q1� q2)

2 is the
potential energy of the elastic spring. Now define the normal coordinates
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q1+q2p

2
and Q2 =

q1�q2p
2

: (1)

Then,
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2) and U =

1
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1Q2
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2Q2
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whereω1 = 1 andω2 =
p

1+2α. So, the characteristic oscillations are:

1. Q2 = 0; i:e:; q1 = q2 and the two pendulums oscillate in phase with the original fre-
quencyω1 = 1, or
2. Q1 = 0; i:e:; q1 =�q2 and the two pendulums oscillate with opposite phase with the
increased frequencyω2 > 1.

The smooth phase-space manifoldM on which the motion occurs is the torusT 2, i.e., the
orbits are closed curves on this torus and the system is non-ergodic (i.e., the orbits are
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not everywhere dense on the torus) [1]. Therefore, the space and time means,F̄ andF�

respectively, of every complex-valued functionF onM cannot be the same [2].
If one regards the system as a two-dimensional oscillator rather than two one-

dimensional ones that are coupled, the system will still be non-ergodic providedω 1=ω2
is a rational number.

The corresponding system is described in standard quantum theory (SQT) by the two-
particle Schr¨odinger equation
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�
ψ(Q1;Q2): (3)

One can then construct two non-dispersive wave-packets oscillating aboutQ1 = a and
Q2 =�a [3]. Let

ψA(Q1; t) = (ω1=πh̄)1=4expf�(ω1=2h̄)(Q1�acosω1t)
2 (4)

�(i=2)[ω1t +(ω1=h̄)(2Q1asinω1t�
1
2

a2sin2ω1t)]g

be the packet initially centred aboutQ1 = a and

ψB(Q2; t) = (ω2=πh̄)1=4exp

�
� (ω2=2h̄)(Q2+acosω2t)

2 (5)
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ω2t +(ω2=h̄)(�2Q2asinω2t�

1
2
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��

the packet initially centred aboutQ2 =�a. Since

jψA(Q1; t)j2 = jψA0(Q1�acosω1t)j2;

jψB(Q2; t)j2 = jψB0(Q2+acosω2t)j2; (6)

the packets oscillate harmonically without change of shape between the angles�a.
Let the half-widthsσ1 = (h̄=2ω1)

1=2 andσ2 = (h̄=2ω2)
1=2 of the packets be small com-

pared tò , the distance between the points of suspension, so that the two packets do not
overlap initially. They will not overlap at any time if̀� 2(a+σ 1). We will assume this
to be the case. Then the two- particle wave function is given by

ψ(Q1;Q2; t) = ψA(Q1; t)ψB(Q2; t) = R(Q1;Q2; t)exp
i
h̄

S(Q1;Q2; t); (7)

and therefore the phase or action function by
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: (8)

The Bohmian trajectory equations are therefore
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P1 =
dQ1

dt
= ∂Q1

S(Q1;Q2; t) =�ω1asinω1t; (9)

P2 =
dQ2

dt
= ∂Q2

S(Q1;Q2; t) = ω2asinω2t; (10)

whose solutions are

Q1(t) = Q1(0)+a (cosω1t�1); (11)

Q2(t) = Q2(0)�a (cosω2t�1); (12)

whereQ1(0) andQ2(0) are the initial coordinates.
If one considers an ensemble of such oscillators, their centre points are distributed in a

Gaussian fashion.
The characteristic oscillations are again:

1. Q2(t) = 0, i.e.,q1(t) = q2(t), and the two particles oscillate in phase with the original
frequencyω1 (and hence with the length̀of the spring unchanged), or
2. Q1(t) = 0, i.e., q1(t) = �q2(t), and the two particles oscillate out of phase with the
increased frequencyω2.

However, the particles moving in the oscillating packets are not conservative systems [3],
because the sum of their kinetic and potential energies evaluated along the trajectories
(11,12) is not conserved, i.e.
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unlessQ1(0) = a andQ2(0) =�a. Nevertheless, the motion is still on a torusT 2 in each
case (1 and 2) with the size of the torus oscillating in time about a mean value. Since the
motion is periodic, the system is non-ergodic. This means there is at least one observable
of the system whose space and time averages are different.

The corresponding SQT system is, however, ergodic by von Neuman’s theorem [4]. A
simple proof is given in the next section [5]. Hence the space and time averages of every
observable of the system must be the same.

I will now show that the joint detection of the oscillating particles is an observable whose
space and time averages are different in the de Broglie–Bohm theory (dBB). One can define
the joint distribution functionf (q; p; t) in dBB by

f (q; p; t) = P(q(t))δ (p�∇S(q; t)); (14)
Z

f (q; p; t)dqdp= 1; (15)

whereP(q(t)) is the real statistical probability density in dBB that is equivalent to the
quantum mechanical probability densityR2(q; t). Take any functionF(q; p) on phase-
space. Its space average is defined by
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F̄ =

Z
F(q; p) f (q; p; t)dqdp

=

Z
F(q;∇S)P(q(t))dq: (16)

Let the mid-point of the points of suspension of the oscillators be taken as the origin.
Let us further assume thatσ2� 2a. Then, sinceσ1 > σ2, the wave-packets are non-zero at
all times in the intervals(�`=2�a;�`=2+a) and(`=2�a; `=2+a). Let us consider two
detectors D1 and D2 of sized much smaller than these intervals, one in each of them, and
separated by a distanceD 6= ` and placed asymmetrically about the origin. Then the joint
detection probability as space and time means are respectively given by

P̄12(dBB) =

Z
D1;D2;t

dQ1dQ2P(Q1(t);Q2(t)) = P̄12(SQT) 6= 0; (17)

P�12(dBB) = lim
N!∞

1
N

N�1

∑
n=0

P(φn
t Q)jD1;D2

= 0; (18)

whereφ n
t : M !M is a one-parameter group of measure preserving diffeomorphisms, and

Q= (Q1;Q2) such that

φn
t Q= (Q1(tn);Q2(tn))

1
δ (0)

[δ (Q1(tn))+δ (Q2(tn))]: (19)

These two averages are clearly different in dBB because the system is non-ergodic. Notice
that without the constraints imposed by the delta functions in (19), the two averages would
be the same.

Now, the space averagēP12(SQT) = P̄12(dBB) by construction, and the space and time

averages are the same in SQT (P̄12(SQT) = P�12(SQT)) because the SQT system is ergodic.
This completes the demonstration of incompatibility between dBB and SQT in the case
of two coupled one-dimensional simple harmonic oscillators (and equivalently one two-
dimensional harmonic oscillator with commensurate frequencies).

I will now give a simple proof of ergodicity for two-particle systems in SQT which
can be easily generalized ton-particle systems. LetΨ(x1;x2; t) = exp(�iHt=h̄)ψ(x1;x2)

be a normalized solution of the time-dependent Schr¨odinger equation, and letψ(x 1;x2) =

∑ncnφn(x1;x2), whereφn(x1;x2) are a complete set of orthonormal energy eigenfunctions.
Consider the time average of any observableF̂ in the stateΨ(x1;x2; t):
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T!∞

1
T

Z T

0
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Z
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c�ncmei(En�Em)tφ�n (x1;x2)φm(x1;x2)

�

= ∑
n
jcnj2

Z
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= Tr(ρ̂F̂)

= F̄; (20)
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whereρ̂ is the reduced density matrix. This is independent of time. This makes clear the
conditions under which ergodicity holds in SQT.

Before concluding, I will discuss another system for which dBB and SQT are incom-
patible. Consider a source of two momentum-correlated identical particles of massm (de-
scribed by wave packets) set up in such a fashion that a large number of them simultane-
ously pass through two point slitsA andB situated on they axis and separated by a distance
2a. Let only one pair of packets pass through the slits at a time. Let the line bisecting the
line joining the two slits be thex axis (i.e.,y= 0; x� 0). It is a natural symmetry axis of
the system. After passing through the slits, the two probability amplitudes propagate with
uniform speedv in spherical waves. In a region in which these waves do not overlap, the
normalized two-particle wave function in thexyplane is given by

ψ(r1A; r2B; t) =
1

2π
eik(r1A+r2B)

r1Ar2B

δ (r1A�vt)δ (r2B�vt)

δ (0)
; (21)

wherer1A =

q
x2

1+(y1�a)2 andr2B =

q
x2

2+(y2+a)2 are the radius vectors of points

on the wave fronts measured from the two slits. This wave function is symmetric under
reflection about thex axis together with the interchange of the particle labels 1$ 2. The
phaseS(r1A; r2B; t) of the wave function is

S(r1A; r2B; t) =h̄k(r1A+ r2B)jr1A=r2B=vt: (22)

It is clear from this that the Bohmian trajectories fan out radially with the slits as the initial
positions. (Note that a spherical wave function is singular at its origin. Hence, the point
nature of the slits must be understood in the sense of a limit. This is also necessary because
otherwise one would get a single trajectory corresponding to a single initial position rather
than trajectories normal to every point of the spherical wave front, corresponding to a Gibbs
ensemble of initial positions at the slit. This is necessary for the compatibility of dBB and
SQT for Gibbs ensembles.) Thex andy components of the Bohmian velocities are given
by

vx1
=

1
m

∂S
∂ r1A

∂ r1A

∂x1
=

h̄kx1

mr1A

����
r1A=vt

; (23)
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=

1
m

∂S
∂ r2B

∂ r2B

∂x2
=

h̄kx2

mr2B

����
r2B=vt

; (24)

vy1
=

1
m

∂S
∂ r1A

∂ r1A

∂y1
=

h̄k(y1�a)

mr1A

����
r1A=vt

; (25)

vx2
=

1
m

∂S
∂ r2B

∂ r2B

∂x2
=

h̄k(y2+a)

mr2B

����
r2B=vt

: (26)

One therefore obtains

vx1
�vx2

=
d(x1�x2)

dt
=

1
t
(x1�x2) (27)
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and

vy1
+vy2

=
d(y1+y2)

dt
=

1
t
(y1+y2): (28)

Solving these equations and using the initial conditionx1(t0) = x2(t0) = 0 andy1(t0) +
y2(t0) = 0, one obtains

x1(t) = x2(t); (29)

y1(t) =�y2(t); (30)

at all timest. (The choice of the plus sign in eq. (27) would have led to the solution
x1(t) =�x2(t) which is unacceptable because the motion occurs in the regionx� 0.) This
shows that the trajectories of the two particles are at all times symmetrical about thex axis.

If one considers the region where the two spherical waves overlap, and the particles are
bosons, the wave function (21) must be replaced by

ψ(r1; r2; t) =
1
N

�
eik(r1A+r2B)

r1Ar2B

δ (r1A�vt)δ (r2B�vt)

δ (0)

+
eik(r1B+r2A)

r1Br2A

δ (r1B�vt)δ (r2A�vt)

δ (0)

�
; (31)

whereN is a normalization factor,r1B =

q
x2

1+(y1+a)2 andr2A =

q
x2

2+(y2�a)2. This

is separately symmetric under reflection about thex axis and the interchange of the two
particles. It follows from the conditionsr 1A = r2B = vt andr1B = r2A = vt which must
be satisfied simultaneously that the conditions (29) and (30)) must still hold. Hence, the
Bohmian trajectories of the two particles are symmetric about thex axis in this case too.

Furthermore, they components of the velocities of the particles are given by

vy1
=

h̄
m

Im
∂y1

ψ(r1; r2; t)

ψ(r1; r2; t)
; (32)

vy2
=

h̄
m

Im
∂y2

ψ(r1; r2; t)

ψ(r1; r2; t)
; (33)

and therefore

vy1
(x1(t);y1(t);x2(t);y2(t)) =�vy1

(x1(t);�y1(t);x2(t);�y2(t)); (34)

vy2
(x1(t);y1(t);x2(t);y2(t)) =�vy2

(x1(t);�y1(t);x2(t);�y2(t)): (35)

This shows that by virtue of condition (30) they components of the velocities of the par-
ticles must vanish on thex axis. This implies that the trajectories of the particles are not
only symmetrical about thex axis, they also do not cross this axis in this case.

This has nontrivial empirical consequences. If two detectors D1 and D2 are placed any-
where perpendicular to thex axis such that they are asymmetrical about this axis, the joint
detection probability as a time average will vanish, and
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P�12(dBB) = lim
N!∞

1
N

N�1

∑
n=0

P(φn
t Y)

����
D1;D2

= 0; (36)

whereY = (y1;y2). On the other hand, the space average is non-vanishing:

P̄12(dBB) =

Z
D1;D2;t

dy1dy2P(y1(t);y2(t)) = P̄12(SQT) 6= 0: (37)

This shows that the Bohmian motion in this case is also non-ergodic, and therefore incom-
patible with SQT.

What we have shown above is generic. One can, in fact, state a general theorem:

Theorem. Conventional dBB is incompatible with SQT unless the Bohmian system corre-
sponding to an SQT system is ergodic.

I must emphasize that this theorem holds only for conventional dBB as originally pro-
posed by Bohm [6] and elaborated, for example, by Holland [3]. The key feature of this
theory is the ontology of unique deterministic trajectories of particles corresponding to
given initial positions. An extension of this theory has been proposed [7] that randomizes
the position coordinates and claims to make the theory consistent with SQT for every ex-
periment. Since ‘absolute uncertainty’ is built into this extended theory, its interpretation
must be very similar to the standard one, except that position is given an ontology. In any
case, its spirit is very different from that of Bohm who did not wish to make his theory
completely equivalent to SQT in every conceivable situation. This is clearly borne out by
the following statement of his about the standard interpretation of quantum theory and his
own interpretation [6]:

“An experimental choice between these two interpretations cannot be made in
a domain in which the present mathematical formulation of the quantum the-
ory is a good approximation; but such a choice is conceivable in domains, such
as those associated with dimensions of the order of 10�13 cm, where the ex-
trapolation of the present theory seems to break down and where our suggested
new interpretation can lead to completely different kinds of predictions.”

The fact that the particular domain referred to by Bohm still continues to be described very
accurately by SQT is irrelevant in this context. What is significant is that even in domains
where SQT is supposed to be an excellent theory, dBB can be in conflict with it, and that
this difference can only be discovered through time averages of observables whenever the
Bohmian system is non-ergodic, a feature of his own theory that Bohm seems to have
ignored. Such experiments in the time domain have not been done so far, but one is under
preparation at Pavia.

Acknowledgement

I am grateful to Anilesh Mohari for many helpful discussions on ergodicity, and to the
Department of Science and Technology, Government of India, for a research grant that
enabled this work to be undertaken.

Pramana – J. Phys.,Vol. 59, No. 2, August 2002 423



Partha Ghose

References

[1] V I Arnold, Mathematical methods of classical mechanics, second edition (Springer-Verlag,
1989)

[2] V I Arnold and A Avez,Ergodic problems of classical mechanics(Addison-Wesley, 1989)
[3] P R Holland,The quantum theory of motion(Cambridge University Press, 1993) section 4.9
[4] W Parry,Topics in ergodic theory(Cambridge University Press, 1981) p. 21

D E Evans,Comm. Math. Phys.54, 293 (1976)
A Frigerio,Comm. Math. Phys.63, 269 (1978)

[5] A Mohari, private communication
[6] D Bohm,Phys. Rev.84, 166 and 180 (1952)
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