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This study adopts generalized dispersion theory in one-dimensional advection–dispersion equation
(ADE), where time-dependent dispersion and velocity are considered. The generalized dispersion theory
allows mechanical dispersion to be directly proportional to seepage velocity with power n, where n is any
real number. Homotopy analysis method (HAM) that uses a simple algorithm is adopted to handle the
non-linearity that occurred in the ADE under the generalized dispersion. A point source is introduced to
the entry boundary and a line source is introduced to the entire model domain. Three time-dependent
point sources in the form of (i) exponentially decreasing function, (ii) linear function and (iii) sinusoidal
function, at the entry boundary are considered. Two-line sources are considered in the form of (i) linear
space-dependent function and (ii) nonlinear space-time-dependent function. Using the HAM, semi-ana-
lytical solutions for any power n are derived and semi-analytical solutions for n = 1 and n = 1.5 are
discussed in particular. Comparison with the analytical solution is discussed and found good agreement
for 6th order of solution obtained by HAM.

Keywords. ADE; time-dependent dispersion and velocity; generalized dispersion theory; semi-
analytical solution; HAM.

1. Introduction

Contaminant transport modelling in groundwater
systems plays an important role to understand
transport mechanisms and to design for ground-
water contamination mitigation (Batu 2006; Todd
and Mays 2007). For example, groundwater reser-
voirs can be directly contaminated from landBll
sites by industrial zones such as construction sites,
chemical sites, nuclear power plants, etc. Deep

wells can be contaminated by high-level toxic
wastes such as arsenic and Cuoride during agri-
cultural and waste disposal management. High-
level toxic wastes disposed under the ground can
directly enter aquifers through natural hydrologic
processes. Solute transport modelling still presents
a challenging task to researchers and scientists
working in the Beld of hydrogeology.
In the last few decades, dispersion theories

play an important role in the solute transport
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equation/porous medium, which relate the two
physical parameters, mechanical dispersion and
seepage velocity, in the 1-D ADE. Large number
of laboratory and conceptual experiments have
been investigated to assess the value of n in the
following expression D / un. Two possible rela-
tionships were proposed between dispersion coef-
Bcient (D) and seepage velocity (u); (i) D / u,
i.e., the dispersion coefBcient is directly propor-

tional to the seepage velocity and (ii) D / u2, i.e.,
the dispersion coefBcient is proportional to the
square of the seepage velocity (Scheidegger 1957).
A general dispersion theory in the porous media
was explored by Scheidegger (1961). However,
Ebach and White (1958) had found the value of
n = 1.54. Freeze and Cherry (1979) proposed
dispersion theory that dispersion coefBcient is
proportional to the nth power of the velocity,
where n varies between 1 and 2. Later on, Ghosh
and Sharma (2006) described that dispersion
coefBcient is proportional to the seepage velocity
with power ranging from 1 to 1.2, which is
depending upon the solute movement patterns
and porous medium. In the study of Bharati et al.
(2017, 2018), they considered the Bxed values of
n and obtained the solution of the system.
Whereas in the present study, authors are pro-
viding solutions with general n. The present
solutions which are mentioned in section 4 may be
able to address the different situations observed in
groundwater contamination modelling problem in
real life. Most of the publications available in the
literature are based on the theory of dispersion,
where dispersion is directly proportional to the
velocity or square of the velocity. The fractional
power of seepage velocity is still debatable among
the scientiBc community. The literature of 1-D
and 2-D solute transport models is given in
table 1.
From the above-mentioned literature review, it

is quite clear that most of the studies have con-
sidered dispersion to be directly proportional to
either velocity or square of velocity. However,
dispersion can be proportional to a power of
velocity between 1 and 2 (Freeze and Cherry 1979;
Ghosh and Sharma 2006). For the purpose of
generosity, we keep the general form D / Vn

(dispersion is proportional to the nth power of the
seepage velocity) in this study. Given the general
form, we may not be able to Bnd analytical solu-
tions by using the LTT or Fourier transform
technique. Instead, we may derive semi-analytical
solutions using the homotopy analysis method

(HAM). Specifically, the dispersion and velocity
coefBcients in this study are taken as linear, sinu-
soidal and exponentially decreasing functions, and
the point source of contamination at the entry
boundary is taken as a general function of time,
which can be implemented to study real problems.
Generalised dispersion theory has not been solved
by any other authors. Solution for speciBc values of
n, i.e., for 1, 1.5 and 2 has been solved, but the real-
life situation is not always as good as the values of
n considered. So it may be 1.2/1.1 in this present
solution, we provided the solution for any value of
n between (1, 2) hopefully this makes the present
paper quite interesting and helpful for the
researchers working in the Beld of hydrological
modelling.
Regarding the organization of the study, the

Introduction section reviews the solute transport
modelling under the generalized dispersion theory.
A mathematical formulation for 1-D ADE is con-
sidered with the generalized dispersion theory. The
background of homotopy analysis method section
presents the basic idea of the HAM for the semi-
analytical solution. Generalized solutions for any
power of n are derived in the semi-analytical
solution by HAM section. In the Result and dis-
cussion section, semi-analytical solutions for some
special cases are presented. Then, semi-analytical
solution is compared to an analytical solution
derived by the Laplace transform method for a
speciBc case. Finally, few conclusions are drawn
from the study.

2. Mathematical formulation

Let C be the solute concentration (ML�3) in the
liquid phase, DðtÞ be the time-dependent disper-
sion coefBcient (L2T�1), V ðtÞ be the time-depen-
dent velocity (LT�1), Gðx; tÞ ¼ gðx; tÞ=g1 be a
dimensionless coefBcient function for the source
term, where gðx; tÞ is a function of space and time
and g1 ¼ gð1; 1Þ, and c00 be the concentration rate
at sources (ML�3T�1). The 1-D ADE can be
written as:

oC

ot
¼ DðtÞ o

2C

ox2
� V ðtÞ oC

ox
þ c00Gðx; tÞ: ð1Þ

The dispersion theory was proposed by Freeze
and Cherry (1979) that the dispersion coefBcient is

proportional to either V 1 or V 2. In this work, we
consider a generalized dispersion theory, i.e.,
D / Vn, where 1�n� 2.
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Let V ¼ V0f ðk1tÞ and D ¼ D0ðf ðk1tÞÞn, where D0

is the initial dispersion coefBcient (L2T�1), V0 is
the initial seepage velocity (LT�1), f ðk1tÞ is a
function of time and k1 is the constant (T�1).
Substituting these terms in equation (1), we have:

oC

ot
¼ D0f

nðk1tÞ
o2C

ox2
�V0f ðk1tÞ

oC

ox
þ c00

gðx; tÞ
g1

:

ð2Þ

Initially, the model domain is considered solute-
free, and therefore the initial condition is
Cðx; 0Þ ¼ 0. A time-dependent generalized source
condition is considered at the entry boundary as
Cð0; tÞ ¼ b0tcðtÞ=bð1Þ, where b0 is the constant
concentration (ML�3), c tð Þ is a function of time,
and bð1Þ ¼ tcðtÞ is the function value at t = 1.
A weak boundary condition oC=oxjx¼L¼ 0 is
considered at the exit boundary at all times,
where L is the length of the model domain.

3. Background of homotopy analysis method
(HAM)

The basic idea of the HAM is adopted from the
concept of topology and has been widely used to
solve non-linear differential equations. HAM was
Brstly introduced byLiao (1992) in thePhD thesis to
solve the highly non-linear problems. This method
was adopted to handle a wide variety of non-linear
equations related to hydromechanics or Blasius Cow
and soon (Liao 1995, 2005; Liao et al. 2006; Yu et al.
2018a, b, 2019). The conventional mathematical
methods have proven to be of numerous beneBt: (i)
simplicity of the mathematical derivation without
complicated concept, (ii) permitting extremely
broad independence to choose linear sub-problems
equation form, simple solution mechanism and pre-
liminary guess, and thus (iii) an eDcient way of
obtaining approximate solutions with high correct-
ness and ensuring that solutions converge. The
HAM begins with the equation

N ½Cðx; tÞ� ¼ 0; ð3Þ

where N is the non-linear operator, x and t are the
independent variables, Cðx; tÞ is the unknown
function. Liao (1992) constructed a zeroth-order
deformation equation which is as follows:

ð1� qÞZ ½uðx; t; qÞ � C0ðx; tÞ� ¼ h0qN ½uðx; t; qÞ�;
ð4Þ

where Z is the linear operator, N is the nonlinear
operator, q 2 ½0; 1� is the homotopy embedded
parameter, h0 6¼ 0 is the non-zero control-conver-
gence parameter, C0ðx; tÞ is the initial guess of
Cðx; tÞ, and uðx; t; qÞ is the Maclaurin series with
respect to q. When q ¼ 0, uðx; t; 0Þ is the initially
guessed solution, i.e., uðx; t; 0Þ ¼ C0ðx; tÞ. When
q ¼ 1, uðx; t; 1Þ is the solution for the ADE, i.e.,
uðx; t; 1Þ ¼ Cðx; tÞ. So, it is clearly indicated that
the solution of uðx; t; qÞ varies from initial guess to
the original equation when q increases from 0 to 1.
The series expansion of uðx; t; qÞ with respect to

q is given as follows:

uðx; t; qÞ ¼ C0ðx; tÞ þ
X1

m¼1

Cmðx; tÞqm; ð5Þ

where

Cmðx; tÞ ¼
1

m!

omN ½uðx; t; qÞ�
oqm

����
q¼0

: ð6Þ

In equation (5), we select the initial guess,
auxiliary linear operator, and non-zero parameter
h0 is properly chosen in the right form, then the
approximate analytical solution series (5)
converges at q ¼ 1 and it gives rise to the new
form as follows:

uðx; t; 1Þ ¼ C0ðx; tÞ þ
X1

m¼1

Cmðx; tÞ: ð7Þ

Equation (7) is one of the solutions of the
original equation, which was proved by Liao et al.
(2006). The homotopy approximation can be
determined by higher-order differential equation.
Firstly, we deBne the vector

C~m ¼ C0ðx; tÞ;C1ðx; tÞ;C2ðx; tÞ; � � � ;Cmðx; tÞf g:

According to the HAM (Liao 1992, 2012)
differentiating (4) m times with respect to q with
setting q ¼ 0 and dividing by m!. Then the mth-
order deformation equation is obtained as follows:

Z ½Cmðx; tÞ � vmCm�1ðx; tÞ� ¼ h0dmðC~m�1ðx; tÞÞ;
ð8Þ

where Cmðx; tÞ is the mth-order homotopy
approximation, vm ¼ 0 for m ¼ 1 and vm ¼ 1 for
m[ 1 with

dmðC~m�1ðx; tÞÞ ¼
1

ðm � 1Þ!
om�1

oqm�1
N ½uðx; t; qÞ�ð Þ

����
q¼0

:

ð9Þ
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By applying inversion of the linear operator on
equation (8), Cmðx; tÞ can be derived as:

Cmðx; tÞ ¼ vmCm�1ðx; tÞ

þ h0Z
�1 1

ðm � 1Þ!
om�1

oqm�1
N ½uðx; t; qÞ�ð Þ

����
q¼0

" #
:

ð10Þ

The auxiliary linear operator Z, the initial guess
C0ðx; tÞ, non-zero parameter h0 and auxiliary
function N uðx; t : qÞ½ � are properly chosen. Then
equation (3) can be easily solved and the Mth order
approximation solution of Cðx; tÞ is

Cðx; tÞ �
XM

m¼0

Cmðx; tÞ; ð11Þ

h0 play an important role in the series solution of
HAM, because h0 provided a simple way to adjust
and control the convergence region of the series
solution. By plotting the h0-curve, the best value of
h0 can be chosen and selected from the proper
range of convergence region.

4. Semi-analytical solution by HAM

In this section, HAM applied for solving the one-
dimensional ADE with time-dependent solute dis-
persion and groundwater Cow velocity on the
assumption that dispersion is nth power of the
seepage velocity because of the non-linearity cause
in the mathematical formulation (equation 2). In
order to derive the solutions semi-analytically, a
general time-dependent source condition is con-
sidered at the inlet boundary condition and Cux
type boundary condition is assumed to be zero at
the end of the boundary.
An initial guess is considered as follows:

C0ðx; tÞ ¼ b0t ðx � LÞ2 þ cðtÞ
bð1Þ � L2

� �
: ð12Þ

This initial guess satisBes the designated initial
and boundary conditions for equation (2).
We consider the linear operator as follows:

Z � o

ot
; ð13Þ

with the property

Z ½j� ¼ 0; ð14Þ

where j is the integrating constant and the non-
linear operator as:

N ½uðx; t; qÞ� ¼ oC

ot
�D0f

nðk1tÞ
o2C

ox2

þ V0f ðk1tÞ
oC

ox
� c00

gðx; tÞ
g1

: ð15Þ

Using the above procedure described in section
3, the mth order deformation equation can be
written as follows:

Z ½Cmðx; tÞ � vmCm�1ðx; tÞ�

¼ h0
1

ðm � 1Þ!
om�1N ½uðx; t; qÞ�

oqm�1

����
q¼0

;
ð16Þ

with initial condition

Cmðx; t ¼ 0Þ ¼ 0; ð17Þ

where vm ¼ 0 for m ¼ 1 and vm ¼ 1 for m[ 1.
Applying inversion of the linear operator given

by equation (16), Cmðx; tÞ can be derived as:

Cmðx; tÞ ¼ vmCm�1ðx; tÞ

þ h0

Z t

0

1

ðm � 1Þ!
om�1N ½uðx; t; qÞ�

oqm�1

����
q¼0

" #
dt þ j;

ð18Þ

where j can be determined by using the initial guess
(equation 17).
In this section, we discuss three types of seepage

velocity in the form of V ¼ V0f ðk1tÞ, where f ðk1tÞ is
in the form of (i) linear, (ii) exponentially decreasing,
and (iii) a sinusoidal function. These three velocity
patternsareconsideredbecause theyareapplicable to
practical problems. Linear velocitymay exhibit in the
coastal regions. Groundwater velocity may decrease
exponentially in high mountainous regions, e.g., in
the Himalayan aquifer (Singh and Singh 2001; Singh
and Das 2018). Sinusoidal velocity patterns may
exhibit seasonal forcing to aquifers in tropical regions
(Kumar and Kumar 1998; Thangarajan 2006; Jain
et al. 2007; Singh et al. 2009). In order to derive semi-
analytical solutions, we conduct the following speciBc
cases to demonstrate the HAM.

4.1 Case I: Time-invariant linear line source

Let gðx; tÞ ¼ x be the time-invariant linear source.
Three time-dependent velocity patterns are discussed.

• Consider f ðk1tÞ ¼ e�k1t for exponentially
decreasing time-dependent velocity.

From equation (18), the Brst six semi-analytical
solutions are
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C1ðx; tÞ ¼ h0C0 �
2h0D0b0
n2k21

1� k1nte
�k1nt � e�k1nt

� �
þ 2h0V0b0ðx � LÞ

k21
1� k1te

�k1t � e�k1t
� �

� c00h0xt

g1
;

ð19Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ �
2h20D0b0
n2k21

1� k1nte
�k1nt � e�k1nt

� �

þ 2h20V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20V

2
0 b0

k31
1� e�k1t
� �

� h20V
2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20V
2
0 b0

k31
1� e�2k1t
� �

� h20V0c
0
0

g1k21
1� k1te

�k1t � e�k1t
� �

; ð20Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ �
2h20D0b0ð1þ h0Þ

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0ÞV0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �

þ 2h20ð1þ 2h0ÞV 2
0 b0

k31
1� e�k1t
� �

� h20ð1þ 2h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ 2h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0ÞV0c
0
0

g1
1� tk1e

�k1t � e�k1t
� �

; ð21Þ

C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ �
2h20D0b0ð1þ h0Þ2

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ2V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þð1þ 3h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ2V0c
0
0

g1k21
1� tk1e

�k1t � e�k1t
� �

; ð22Þ

C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ �
2h20D0b0ð1þ h0Þ3

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ3V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þ2ð1þ 4h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ3V0c
0
0

g1k21
1� tk1e

�k1t � e�k1t
� �

; ð23Þ
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C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ �
2h20D0b0ð1þ h0Þ4

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ4V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þ3ð1þ 5h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ4V0c
0
0

g1k21
1� tk1e

�k1t � e�k1t
� �

: ð24Þ

Authors approximate the series of concentration with respect to the homotopy embedding parameter q
as follows:

uðx; t; qÞ ¼ C0ðx; tÞ þ
X1

m¼1

Cmðx; tÞqm: ð25Þ

The above series converge at, q ! 1 where uðx; t; 1Þ is the sum of all Cmðx; tÞ terms, which represents a
semi-analytical solution for Cðx; tÞ. For the practical purpose, we may truncate the series up tom ¼ 6 and
the approximate solution can be written as follows:

Cðx; tÞ ¼ C0ðx; tÞ þ C1ðx; tÞ þ C2ðx; tÞ þ C3ðx; tÞ þ C4ðx; tÞ þ C5ðx; tÞ þ C6ðx; tÞ: ð26Þ

• Consider f ðk1tÞ ¼ 1þ k1t for linear time-dependent velocity. From equation (18), the Brst six semi-
analytical solutions are

C1ðx; tÞ ¼ h0C0 � 2h0D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �
þ 2h0V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
� h0c

0
0xt

g1
; ð27Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ � 2h20D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �
þ 2h20V0b0ðx � LÞ t2

2
þ k1

t3

3

� �

þ 2h20V
2
0 b0

t3

6
þ k1

5t4

24
þ k21

t5

15

� �
� h20V0c

0
0

g1

t2

2
þ k1

t3

3

� �
; ð28Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ � 2h20ð1þ h0ÞD0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0ÞV0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ 2h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0ÞV0c
0
0

g1

t2

2
þ k1

t3

3

� �
; ð29Þ

C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ � 2h20ð1þ h0Þ2D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ2V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þð1þ 3h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ2V0c
0
0

g1

t2

2
þ k1

t3

3

� �
; ð30Þ
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C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ � 2h20ð1þ h0Þ3D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ3V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þ2ð1þ 4h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ3V0c
0
0

g1

t2

2
þ k1

t3

3

� �
; ð31Þ

C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ � 2h20ð1þ h0Þ4D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ4V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þ3ð1þ 5h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ4V0c
0
0

g1

t2

2
þ k1

t3

3

� �
: ð32Þ

Similarly, the semi-analytical approximate solution is the same as equation (26).

• Consider f ðk1tÞ ¼ 1� sin k1t for sinusoidal time-dependent velocity. From equation (18), the Brst six
semi-analytical solutions are

C1ðx; tÞ ¼ h0C0ðx; tÞ � 2h0D0b0t
2 þ 2h0D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ h0V0b0ðx � LÞt2 � 2h0V0b0ðx � LÞ
k21

sin k1t � k1t cos k1tð Þ � h0c
0
0xt

g1
ð33Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ � 2h20D0b0t
2 þ 2h20D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20V
2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20V
2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20V0c
0
0

g1

t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
; ð34Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ � 2h20ð1þ h0ÞD0b0t
2 þ 2h20ð1þ h0ÞD0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20ð1þ h0ÞV0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20ð1þ 2h0ÞV 2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20ð1þ 2h0ÞV 2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20ð1þ h0ÞV0c
0
0

g1

t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
; ð35Þ
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C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ � 2h20ð1þ h0Þ2D0b0t
2 þ 2h20ð1þ h0Þ2D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20ð1þ h0Þ2V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20ð1þ h0Þ2V0c
0
0

g1

t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
; ð36Þ

C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ � 2h20ð1þ h0Þ3D0b0t
2 þ 2h20ð1þ h0Þ3D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20ð1þ h0Þ3V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20ð1þ h0Þ3V0c
0
0

g1

t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
; ð37Þ

C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ � 2h20ð1þ h0Þ4D0b0t
2 þ 2h20ð1þ h0Þ4D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20ð1þ h0Þ4V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20ð1þ h0Þ4V0c
0
0

g1

t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
; ð38Þ

The semi-analytical approximate solution is the same as equation (26).
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4.2 Case II: Time-dependent line source

Let gðx; tÞ ¼ xt be the space–time-dependent line source. We also consider the same three temporal
patterns for velocity.

• Given f ðk1tÞ ¼ e�k1t, from equation (18), the Brst six semi-analytical solutions are:

C1ðx; tÞ ¼ h0C0 �
2h0D0b0
n2k21

1� k1nte
�k1nt � e�k1nt

� �

þ 2h0V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
� c00h0xt

2

2g1
;

ð39Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ �
2h20D0b0
n2k21

1� k1nte
�k1nt � e�k1nt

� �

þ 2h20V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20V

2
0 b0

k31
1� e�k1t
� �

� h20V
2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20V
2
0 b0

k31
1� e�2k1t
� �

� h20V0c
0
0

2g1k
3
1

2� k21t
2e�k1t � 2k1te

�k1t � 2e�k1t
� �

ð40Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ �
2h20D0b0ð1þ h0Þ

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0ÞV0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ 2h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ 2h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ 2h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0ÞV0c
0
0

2g1k
3
1

2� t2k21e
�k1t � 2k1te

�k1t � 2e�k1t
� �

ð41Þ

C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ �
2h20D0b0ð1þ h0Þ2

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ2V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þð1þ 3h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þð1þ 3h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ2V0c
0
0

2g1k31
2� t2k21e

�k1t � 2k1te
�k1t � 2e�k1t

� �
ð42Þ

C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ �
2h20D0b0ð1þ h0Þ3

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ3V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þ2ð1þ 4h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ3V0c
0
0

2g1k31
2� t2k21e

�k1t � 2k1te
�k1t � 2e�k1t

� �
ð43Þ
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C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ �
2h20D0b0ð1þ h0Þ4

n2k21
1� k1nte

�k1nt � e�k1nt
� �

þ 2h20ð1þ h0Þ4V0b0ðx � LÞ
k21

1� k1te
�k1t � e�k1t

� �
þ 2h20ð1þ h0Þ3ð1þ 5h0ÞV 2

0 b0
k31

1� e�k1t
� �

� h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

2k31
1� 2k1te

�2k1t � e�2k1t
� �

� h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0 b0

k31
1� e�2k1t
� �

� h20ð1þ h0Þ4V0c
0
0

2g1k
3
1

2� t2k21e
�k1t � 2k1te

�k1t � 2e�k1t
� �

ð44Þ

• Given f ðk1tÞ ¼ 1þ k1t, from equation (18), the Brst six semi-analytical solutions are:

C1ðx; tÞ ¼ h0C0 � 2h0D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �
þ 2h0V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
� h0c

0
0xt

2

2g1
ð45Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ � 2h20D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �
þ 2h20V0b0ðx � LÞ t2

2
þ k1

t3

3

� �

þ 2h20V
2
0 b0

t3

6
þ k1

5t4

24
þ k21

t5

15

� �
� h20V0c

0
0

2g1

t2

2
þ k1

t3

3

� �
ð46Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ � 2h20ð1þ h0ÞD0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0ÞV0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ 2h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0ÞV0c
0
0

2g1

t2

2
þ k1

t3

3

� �
ð47Þ

C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ � 2h20ð1þ h0Þ2D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ2V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þð1þ 3h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ2V0c
0
0

2g1

t3

3
þ k1

t4

4

� �
ð48Þ

C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ � 2h20ð1þ h0Þ3D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ3V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þ2ð1þ 4h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ3V0c
0
0

2g1

t3

3
þ k1

t4

4

� �
ð49Þ

C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ � 2h20ð1þ h0Þ4D0b0
t2

2
þ nk1t

3

3
þ nðn � 1Þk1t4

8

� �

þ 2h20ð1þ h0Þ4V0b0ðx � LÞ t2

2
þ k1

t3

3

� �
þ 2h20ð1þ h0Þ3ð1þ 5h0ÞV 2

0 b0
t3

6
þ k1

5t4

24
þ k21

t5

15

� �

� h20ð1þ h0Þ4V0c
0
0

2g1

t3

3
þ k1

t4

4

� �
ð50Þ
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• Given f ðk1tÞ ¼ 1� sin k1t, from equation (18), the Brst six semi-analytical solutions are:

C1ðx; tÞ ¼ h0C0ðx; tÞ � 2h0D0b0t
2 þ 2h0D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �
� h0c

0
0xt

2

2g1
ð51Þ

C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ � 2h20D0b0t
2 þ 2h20D0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20V0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20V
2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �

� 2h20V
2
0 b0

k21

1

k1
� cos k1t

k1

� �
� k1

t

k1
sin k1t �

1

k21
cos k1t �

1

k21

� �

� t

2
� 3

8k1
sin 2k1t þ

t

4
cos 2k1t

� �

0
BBB@

1
CCCA

� h20V0c
0
0

2g1

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ

2

k31

� �
ð52Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ � 2h20ð1þ h0ÞD0b0t
2 þ 2h20ð1þ h0ÞD0b0n

k21
sin k1t � k1t cos k1tð Þ

þ 2h20ð1þ h0ÞV0b0ðx � LÞ t2

2
� 1

k21
sin k1t � k1t cos k1tð Þ

� �

þ h20ð1þ 2h0ÞV 2
0 b0

t3

3
þ t2

k1
cos k1t �

2t

k21
sin k1t �

2

k31
cos k1t þ
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C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ � 2h20ð1þ h0Þ2D0b0t
2 þ 2h20ð1þ h0Þ2D0b0n
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C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ � 2h20ð1þ h0Þ3D0b0t
2 þ 2h20ð1þ h0Þ3D0b0n

k21
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� �
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C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ � 2h20ð1þ h0Þ4D0b0t
2 þ 2h20ð1þ h0Þ4D0b0n

k21
sin k1t � k1t cos k1tð Þ
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� �
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5. Results and discussion

In this present work, authors consider distance unit
in km, contaminant concentration unit in mg/l,
and time unit in years. Following the available
literature (Singh and Kumari 2014) input data are
selected (D0 = 0.8 km2/yr, V0 = 0.83 km/yr, c00 =
1.0 mg/l-yr, b0 = 1.0 mg/l, k1 ¼ k2 = 1 yr�1).
The initial guess converges to theBnal solutionwhen

q=1, so authors use this condition in theBnal solution.
However, the series solution contains the non-zero
control convergence parameter h0. Therefore, we have
to Bnd the non-zero parameter h0 such that it ensures
convergence. The convergence region and rate of
convergence can be controlled by adjusting the
parameterh0 in theHAM.Inotherwords, thenon-zero
control convergenceparameterh0 canbe chosenby the
h0-curve. Figure 1 shows the valid range of h0 between
0 and�0.5. Thus, the analysis of h0-curve provides us

series solution convergence criterion for h0. Now we
select the parameter h0 =�0.03 (control convergence
parameter) for this study.
Three speciBc functions for cðtÞ at the inlet

boundary are considered in this study, which
are: (i) exponentially time-dependent function
cðtÞ ¼ expð�k2tÞ, (ii) sinusoidally time-dependent
function cðtÞ ¼ 1þ sinðk2tÞ, and (iii) linear time-
dependent function cðtÞ ¼ ð1þ k2tÞ.

5.1 Case I: Time-invariant linear line source,
g x; tð Þ ¼ x

Wedepict the contaminant concentration proBles for
two exponent values,n ¼ 1 andn ¼ 1:5 at t ¼ 0:8 yr.
Figure 2(a) shows the concentration proBles at time

t ¼ 0:8 yr for velocity pattern f k1tð Þ ¼ e�k1t. We
observe that concentration at the entry boundary is
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approximately 0.9, 0.71 and 0.69 mg/l for the three
entry boundary functions cðtÞ, respectively. Simi-
larly, for f ðtÞ ¼ 1þ k1t, we observe that concentra-
tion at the entry boundary is approximately 1.01,
0.87, and 0.85 mg/l for the three entry boundary
functions cðtÞ, respectively, shown in Bgure 2(b). For
f ðk1tÞ ¼ 1� sin k1t, we observed that concentration
is approximately 0.88, 0.67, and 0.65, respectively,
shown in Bgure 2(c). For all these three cases, con-
centration decreases towards the exit boundary.

For a Bxed location at x ¼ 0:05 km, Bgure 3
shows the concentration proBles with respect to
time. The two Bgures, i.e., Bgure 3(a and c) shows
similar results that concentration rapidly increases
at the beginning of time (i.e., 0� t� 1 years) for

Figure 1. The h0-curve for the valid region of convergence in
the series solution: (a) for section 4.1 and (b) for section 4.2.

Figure 2. Concentration proBles at time t = 0.8 yr given
g x; tð Þ ¼ x, entry boundary source 1: cðtÞ ¼ expð�k2tÞ, entry
boundary source 2: cðtÞ ¼ 1þ sinðk2tÞ, and entry boundary

source 3: cðtÞ ¼ 1þ k2t for (a) f k1tð Þ ¼ e�k1t, (b) f k1tð Þ ¼ 1þ
k1t, and (c) f k1tð Þ ¼ 1� sin k1t.
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Figure 3. Concentration proBles at location x = 0.05 km given
g x; tð Þ ¼ x, entry boundary source 1: cðtÞ ¼ expð�k2tÞ, entry
boundary source 2: cðtÞ ¼ 1þ sinðk2tÞ, and entry boundary

source 3: cðtÞ ¼ 1þ k2t for (a) f k1tð Þ ¼ e�k1t, (b) f k1tð Þ ¼ 1þ
k1t, and (c) f k1tð Þ ¼ 1� sin k1t.

Figure 4. The concentration proBles for the three different
velocity patterns in section 4.1 (velocity 1: f ðk1tÞ ¼ expð�k1tÞ,
velocity 2: f ðk1tÞ ¼ 1þ k1t, and velocity 3: f ðk1tÞ ¼ 1� sin k1t)
at the entry source 1: (a) cðtÞ ¼ expð�k2tÞ), at the entry
source 2: (b) cðtÞ ¼ 1þ sinðk2tÞ, and at the entry source 3: (c)
cðtÞ ¼ 1þ k2t.
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Figure 5. Concentration proBles at time t = 0.8 yr given
g x; tð Þ ¼ xt, entry boundary source 1: cðtÞ ¼ expð�k2tÞ, entry
boundary source 2: cðtÞ ¼ 1þ sinðk2tÞ, and entry boundary

source 3: cðtÞ ¼ 1þ k2t for (a) f k1tð Þ ¼ e�k1t, (b) f k1tð Þ ¼
1þ k1t, and (c) f k1tð Þ ¼ 1� sin k1t.

Figure 6. Concentration proBles at location x = 0.05 km given
g x; tð Þ ¼ x, entry boundary source 1: cðtÞ ¼ expð�k2tÞ, entry
boundary source 2: cðtÞ ¼ 1þ sinðk2tÞ, and entry boundary

source 3: cðtÞ ¼ 1þ k2t for (a) f k1tð Þ ¼ e�k1t, (b) f k1tð Þ ¼
1þ k1t, and (c) f k1tð Þ ¼ 1� sin k1t.
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the case cðtÞ ¼ expð�k2tÞ, but after that time i.e.,
t = 1 year, the concentration rapidly decreases
with respect to time. At entry source 2 and 3, the
concentrations slowly increase at the beginning
of time and rapidly increase at a later time as
shown in Bgure 3(a and c). Figure 3(b) shows the
concentration proBles for the linear velocity
pattern at the entry boundary, concentrations
slowly increase at the beginning of time and
rapidly increase at a later time. Overall, con-
centration in these three cases increases towards
the exit boundary.

Figure 4(a) shows the concentration proBles for
all three velocity patterns at the particular time t ¼
0:8 yr. We observe that concentration at the entry
boundary is approximately 1.07, 0.9 and 0.88 mg/l
for all velocity proBles, respectively. The concen-
tration given the exponentially decreasing velocity
(f ðk1tÞ ¼ expð�k1tÞ) is lower than the linear veloc-
ity (f ðk1tÞ ¼ 1þ k1t), but higher than the sinusoidal
velocity (f ðk1tÞ ¼ 1� sinðk1tÞ). Similarly, from
Bgure 4(b), we observe that the concentration ini-
tially starts approximately at 0.9, 0.7, and 0.68 mg/
l, respectively, for all three velocity proBles at the
entry source 2. Furthermore, for entry source 3, we
observe that the concentration starts approximately
0.85, 0.7 and 0.65 mg/l, respectively, for all three
velocity proBles as shown in Bgure 4(c). The con-
centration proBles for all three cases decrease as
distance increases. The eAect of generalised theory
clearly shows that for the two velocity proBles
(f ðk1tÞ ¼ expð�k1tÞ and f ðk1tÞ ¼ 1� sinðk1tÞ), the
concentration value for n = 1 is higher than that for
n = 1.5. However, for the linear velocity proBle
(f ðk1tÞ ¼ 1þ k1t) the concentration value for n = 1
is lower than that for n = 1.5.

5.2 Case II: Time-dependent source,
g x; tð Þ ¼ xt

For the case of f k1tð Þ ¼ e�k1t, Bgure 5(a) shows
concentration proBles at t = 0.8 yr for the three c tð Þ
functions, respectively, given n ¼ 1 and n ¼ 1:5.
The concentration proBle at the entry boundary is
0.9, 0.71, and 0.68 mg/l, respectively, for the three
c tð Þ functions as shown in Bgure 5(a). The concen-
tration decreases when distance increases for all
three entry boundaries. Concentration proBle for
f k1tð Þ ¼ 1þ k1t and f k1tð Þ ¼ 1� sin k1t are shown
in Bgure 5(b and c), respectively. Overall, in all
three cases, concentrations rapidly decrease towards
the exit boundary. The concentration breakthrough

Figure 7. The concentration proBles for the three different
velocity patterns in section 4.2 (velocity 1: f ðk1tÞ ¼ expð�k1tÞ,
velocity 2: f ðk1tÞ ¼ 1þ k1t, and velocity 3: f ðk1tÞ ¼ 1� sin k1t)
at the entry source 1: (a) cðtÞ ¼ expð�k2tÞ at the entry source
2: (b) cðtÞ ¼ 1þ sinðk2tÞ, and at the entry source 3: (c)
cðtÞ ¼ 1þ k2t.
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curves at a Bxed location x = 0.05 km are shown in
Bgure 6, which are very similar to Bgure 3.
It has been known that dispersion theory plays

an important role in solute transport modelling.
Although this study only provides Bgures to show
solutions for the power n = 1 and 1.5, the gener-
alised solutions for any exponent value of n be-
tween 1 and 2 are given in section 4. The
concentration values are higher at each of the
positions for n = 1 than n = 1.5 as shown in
Bgures 2(a, c) and 5(a, c) at particular time t = 0.8
yr. But in Bgures 2(b) and 5(b), the concentration
values are higher at each of the positions for n =
1.5 than n = 1 at the same particular time. Simi-
larly, for the particular location x = 0.05 km,

concentration values are either higher or lower for
n = 1 and 1.5 with respect to time as shown in
Bgures 3 and 6, respectively.
In Bgure 7, the concentration proBles are depic-

ted for all three velocities at the entry source 1, 2,
and 3. For entry source 1, concentration values are
1.05, 0.9, and 0.86 mg/l, respectively, for all
velocity proBles as shown in Bgure 7(a). Similarly,
for the entry sources 2 and 3, the concentration
proBles are shown in Bgure 7(b and c). From
Bgure 7, it was found that the concentration value
for the exponentially decreasing velocity
(f ðk1tÞ ¼ expð�k1tÞ) is lower than the linear
velocity (f ðk1tÞ ¼ 1þ k1t) and higher than the
sinusoidal velocity (f ðk1tÞ ¼ 1� sinðk1tÞ). How-
ever, after the distance x ¼ 0:7 km, the linear
velocity (f ðk1tÞ ¼ 1þ k1t) is lower than the expo-
nentially decreasing velocity (f ðk1tÞ ¼ expð�k1tÞ)
and higher than the sinusoidal velocity
(f ðk1tÞ ¼ 1� sinðk1tÞ). The concentration proBles
are depicted for two different values n ¼ 1 and n ¼
1:5 at t ¼ 0:8 year. Overall, the concentration
rapidly decreases as distance increases as compared
to Bgure 4.

5.3 Solution comparison by Laplace transform
method

In this section, authors consider a particular case to
compare the semi-analytical solution (HAM) with
the analytical solution derived by the Laplace
transform method. Now we consider n ¼ 1, c00 ¼ 0,
and f ðk1tÞ ¼ 1 in equation (2) with the entry
boundary condition C 0; tð Þ ¼ t.
The governing equation, the initial condition

and the boundary conditions are:

oC

ot
¼ D0

o2C

ox2
� V0

oC

ox
; ð57Þ

Cðx; 0Þ ¼ 0 at t ¼ 0; ð58Þ

Cðx; tÞ ¼ t at x ¼ 0; ð59Þ

oC

ox
¼ 0 at x ! L: ð60Þ

Also using the values k1 ¼ 0, b0 ¼ 1 and c00 ¼ 0
in our solution (sections 4.1 or 4.2, 2nd point), we
obtain the six-approximate homotopy terms as
follows:

C1ðx; tÞ ¼ h0C0 � h0D0t
2 þ h0V0b0ðx � LÞt2; ð61Þ

Figure 8. The h0-curve for section 5.3.

Figure 9. The concentration proBles at t = 0.8 yr for n ¼ 1,
V0 = 0.83 km/year, and D0 = 0.8 km2/year derived by the
Laplace transform method and the HAM.
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C2ðx; tÞ ¼ ð1þ h0ÞC1ðx; tÞ � h20D0t
2

þ h20V0t
2ðx � LÞ þ h20V

2
0

t3

3
; ð62Þ

C3ðx; tÞ ¼ ð1þ h0ÞC2ðx; tÞ � h20ð1þ h0ÞD0t
2

þ h20ð1þ h0ÞV0ðx � LÞt2

þ h20ð1þ 2h0ÞV 2
0

t3

3
; ð63Þ

C4ðx; tÞ ¼ ð1þ h0ÞC3ðx; tÞ � h20ð1þ h0Þ2D0t
2

þ h20ð1þ h0Þ2V0ðx � LÞt2

þ h20ð1þ h0Þð1þ 3h0ÞV 2
0

t3

3
; ð64Þ

C5ðx; tÞ ¼ ð1þ h0ÞC4ðx; tÞ � h20ð1þ h0Þ3D0t
2

þ h20ð1þ h0Þ3V0ðx � LÞt2

þ h20ð1þ h0Þ2ð1þ 4h0ÞV 2
0

t3

3
; ð65Þ

C6ðx; tÞ ¼ ð1þ h0ÞC5ðx; tÞ � h20ð1þ h0Þ4D0t
2

þ h20ð1þ h0Þ4V0ðx � LÞt2

þ h20ð1þ h0Þ3ð1þ 5h0ÞV 2
0

t3

3
: ð66Þ

Clearly, this series solution (HAM) contains the
non-zero control convergence parameter h0. The
non-zero control convergence parameter h0 can be
chosen and selected by using Bgure 8. The valid
range of h0 is between 0 and �0.2 (the plateau).
Now we select the control convergence parameter
h0 = �0.11 for this case.

Using the transformation Cðx; tÞ ¼ Pðx; tÞ �

exp V0x
2D0

� V 2
0 t

4D0

� �
in equations (57–60), location

beyond 1 km is treated as inBnite. The analytical
solution obtained by the Laplace transform method
is:

where B1 ¼ V 2
0

4D0
.

In Bgure 9, the input values from the existing
literature (Gelhar et al. 1992; Singh and Kumari
2014) were used. Gelhar et al. (1992) showed the
eAect of scale-dispersivity relationship in the
aquifer and its range may vary from 10�3 m to 104

m. The semi-analytical solutions for different
orders of m with respect to the LTT analytical
solution are shown in Bgure 9. A good agreement
(\5%) is observed between LTT and HAM at the
6th order solution. The accuracy of the obtained
results is calculated by using the root mean square
error (RMSE) method, which is deBned as:

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

DCij j2
vuut ; ð68Þ

where DC ¼ Canalytical � C semi-analytical and N is the
number of data. The root mean square error is
0.0118.

6. Conclusions

The generalized semi-analytical solutions are
derived by the HAM for one-dimensional
advection–dispersion equation with generalised
time-dependent dispersion theory. The derived
semi-analytical solutions are applicable to any
(real number) value of power n, which is the
most generalization. In this present work, the
impact is shown for 1\n\2. The solutions are
mostly applicable for any fractional value of
n (e.g., n = 1.3 or 1.78). So, these solutions add
advancement to the existing literature in the
Beld of contaminant transport in aquifers.
Although this is the main conclusion of the
work, we also have some general concluding
remarks as follows:

Cðx; tÞ ¼

1

4
ffiffiffiffiffiffi
B1

p 2
ffiffiffiffiffiffi
B1

p
t � xffiffiffiffiffiffi

D0

p
� �

exp B1t �
ffiffiffiffiffiffi
B1

p xffiffiffiffiffiffi
D0

p
� �

erfc
x

2
ffiffiffiffiffiffiffiffi
D0t

p �
ffiffiffiffiffiffiffiffi
B1t

p� �

þ 1

4
ffiffiffiffiffiffi
B1

p 2
ffiffiffiffiffiffi
B1

p
t þ xffiffiffiffiffiffi

D0

p
� �

exp B1t þ
ffiffiffiffiffiffi
B1

p xffiffiffiffiffiffi
D0

p
� �

erfc
x

2
ffiffiffiffiffiffiffiffi
D0t

p þ
ffiffiffiffiffiffiffiffi
B1t

p� �

0
BBB@

1
CCCA

� exp
V0x

2D0
� V 2

0 t

4D0

� �

ð67Þ
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(1) The eAective and valid region for semi-analytical
solutions was obtained by plotting the h0-curve
as shown in Bgures 1 and 8. It was found that h0
plays an important role in the convergence of the
series solution because h0 provides a convenient
way to control and adjust the convergence region
of the series solution obtained by the HAM.

(2) Due to the eAect of generalised dispersion
theory, the concentration is lower for the
exponentially decreasing and sinusoidal veloc-
ity proBles for n = 1.5 than n = 1. However, for
the linear velocity proBle, the concentration is
higher for n = 1.5 than n = 1.

(3) The comparison of the velocity proBles clearly
indicates that the concentration for the exponen-
tially decreasing velocity proBle is lower than the
linear velocity proBle and higher than the sinu-
soidal velocity proBle. Similarly, we observed that
the comparison of the velocity proBles for some
distance are the same, but after a certain distance
(e.g., x = 0.7 km), the linear velocity proBle is
lower than the exponentially decreasing velocity
proBle and higher than the sinusoidal velocity
proBle.

(4) The obtained solution shows that the contam-
inant concentration proBles change with frac-
tal power. The power of velocity has a
significant inCuence on the obtained solution.

(5) For a simpliBed case, the semi-analytical
solution is validated with the solution obtained
by the LTT and good agreement is found for
6th order of solution obtained by HAM.

(6) The study concludes that the HAM is an
eDcient and Cexible method to solve highly
non-linear solute transport equations with
general initial conditions.
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