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This study adopts generalized dispersion theory in one-dimensional advection—dispersion equation
(ADE), where time-dependent dispersion and velocity are considered. The generalized dispersion theory
allows mechanical dispersion to be directly proportional to seepage velocity with power n, where n is any
real number. Homotopy analysis method (HAM) that uses a simple algorithm is adopted to handle the
non-linearity that occurred in the ADE under the generalized dispersion. A point source is introduced to
the entry boundary and a line source is introduced to the entire model domain. Three time-dependent
point sources in the form of (i) exponentially decreasing function, (ii) linear function and (iii) sinusoidal
function, at the entry boundary are considered. Two-line sources are considered in the form of (i) linear
space-dependent function and (ii) nonlinear space-time-dependent function. Using the HAM, semi-ana-
lytical solutions for any power n are derived and semi-analytical solutions for n = 1 and n = 1.5 are
discussed in particular. Comparison with the analytical solution is discussed and found good agreement
for 6th order of solution obtained by HAM.

Keywords. ADE; time-dependent dispersion and velocity; generalized dispersion theory; semi-
analytical solution; HAM.

1. Introduction

Contaminant transport modelling in groundwater
systems plays an important role to understand
transport mechanisms and to design for ground-
water contamination mitigation (Batu 2006; Todd
and Mays 2007). For example, groundwater reser-
voirs can be directly contaminated from landfill
sites by industrial zones such as construction sites,
chemical sites, nuclear power plants, etc. Deep
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wells can be contaminated by high-level toxic
wastes such as arsenic and fluoride during agri-
cultural and waste disposal management. High-
level toxic wastes disposed under the ground can
directly enter aquifers through natural hydrologic
processes. Solute transport modelling still presents
a challenging task to researchers and scientists
working in the field of hydrogeology.

In the last few decades, dispersion theories
play an important role in the solute transport
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equation/porous medium, which relate the two
physical parameters, mechanical dispersion and
seepage velocity, in the 1-D ADE. Large number
of laboratory and conceptual experiments have
been investigated to assess the value of n in the
following expression D o u". Two possible rela-
tionships were proposed between dispersion coef-
ficient (D) and seepage velocity (u); (i) D o wu,
i.e., the dispersion coefficient is directly propor-
tional to the seepage velocity and (ii) D « u?, i.e.,
the dispersion coefficient is proportional to the
square of the seepage velocity (Scheidegger 1957).
A general dispersion theory in the porous media
was explored by Scheidegger (1961). However,
Ebach and White (1958) had found the value of
n = 1.54. Freeze and Cherry (1979) proposed
dispersion theory that dispersion coefficient is
proportional to the nth power of the velocity,
where n varies between 1 and 2. Later on, Ghosh
and Sharma (2006) described that dispersion
coefficient is proportional to the seepage velocity
with power ranging from 1 to 1.2, which is
depending upon the solute movement patterns
and porous medium. In the study of Bharati et al.
(2017, 2018), they considered the fixed values of
n and obtained the solution of the system.
Whereas in the present study, authors are pro-
viding solutions with general n. The present
solutions which are mentioned in section 4 may be
able to address the different situations observed in
groundwater contamination modelling problem in
real life. Most of the publications available in the
literature are based on the theory of dispersion,
where dispersion is directly proportional to the
velocity or square of the velocity. The fractional
power of seepage velocity is still debatable among
the scientific community. The literature of 1-D
and 2-D solute transport models is given in
table 1.

From the above-mentioned literature review, it
is quite clear that most of the studies have con-
sidered dispersion to be directly proportional to
either velocity or square of velocity. However,
dispersion can be proportional to a power of
velocity between 1 and 2 (Freeze and Cherry 1979;
Ghosh and Sharma 2006). For the purpose of
generosity, we keep the general form D oc V"
(dispersion is proportional to the nth power of the
seepage velocity) in this study. Given the general
form, we may not be able to find analytical solu-
tions by using the LTT or Fourier transform
technique. Instead, we may derive semi-analytical
solutions using the homotopy analysis method
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(HAM). Specifically, the dispersion and velocity
coefficients in this study are taken as linear, sinu-
soidal and exponentially decreasing functions, and
the point source of contamination at the entry
boundary is taken as a general function of time,
which can be implemented to study real problems.
Generalised dispersion theory has not been solved
by any other authors. Solution for specific values of
n, i.e., for 1, 1.5 and 2 has been solved, but the real-
life situation is not always as good as the values of
n considered. So it may be 1.2/1.1 in this present
solution, we provided the solution for any value of
n between (1, 2) hopefully this makes the present
paper quite interesting and helpful for the
researchers working in the field of hydrological
modelling.

Regarding the organization of the study, the
Introduction section reviews the solute transport
modelling under the generalized dispersion theory.
A mathematical formulation for 1-D ADE is con-
sidered with the generalized dispersion theory. The
background of homotopy analysis method section
presents the basic idea of the HAM for the semi-
analytical solution. Generalized solutions for any
power of m are derived in the semi-analytical
solution by HAM section. In the Result and dis-
cussion section, semi-analytical solutions for some
special cases are presented. Then, semi-analytical
solution is compared to an analytical solution
derived by the Laplace transform method for a
specific case. Finally, few conclusions are drawn
from the study.

2. Mathematical formulation

Let C be the solute concentration (ML) in the
liquid phase, D(t) be the time-dependent disper-
sion coefficient (L*T™"), V(t) be the time-depen-
dent velocity (LT™"), G(x,t) = g(z,t)/g be a
dimensionless coefficient function for the source
term, where g(z, t) is a function of space and time
and ¢ = ¢g(1,1), and ¢ be the concentration rate
at sources (ML >T~'). The 1-D ADE can be
written as:

o’C

oC
(t)W

oC
i - V(t)E—F Gz, t). (1)

The dispersion theory was proposed by Freeze
and Cherry (1979) that the dispersion coefficient is
proportional to either V! or V2. In this work, we
consider a generalized dispersion theory, i.e.,
D o V", where 1<n<2.
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Let V = Vof(k’l t) and D = Do(f(k‘l t))n, where D()
is the initial dispersion coefficient (L*T™"), V; is
the initial seepage velocity (LT '), f(kit) is a
function of time and k is the constant (T ).
Substituting these terms in equation (1), we have:

oC .. O oc
E—Dof (klt)@— Vof(kat)a“‘ <

9(z, 1)
g '
(2)

Initially, the model domain is considered solute-
free, and therefore the initial condition is
C(z,0) =0. A time-dependent generalized source
condition is considered at the entry boundary as
C(0,t) = boty(t)/p(1), where by is the constant
concentration (ML™%), y(t) is a function of time,
and B(1) = ty(t) is the function value at t = 1.
A weak boundary condition 0C/0z|,_,=0 is
considered at the exit boundary at all times,
where L is the length of the model domain.

3. Background of homotopy analysis method
(HAM)

The basic idea of the HAM is adopted from the
concept of topology and has been widely used to
solve non-linear differential equations. HAM was
firstly introduced by Liao (1992) in the PhD thesis to
solve the highly non-linear problems. This method
was adopted to handle a wide variety of non-linear
equations related to hydromechanics or Blasius flow
and soon (Liao 1995, 2005; Liao et al. 2006; Yu et al.
2018a, b, 2019). The conventional mathematical
methods have proven to be of numerous benefit: (i)
simplicity of the mathematical derivation without
complicated concept, (ii) permitting extremely
broad independence to choose linear sub-problems
equation form, simple solution mechanism and pre-
liminary guess, and thus (iii) an efficient way of
obtaining approximate solutions with high correct-
ness and ensuring that solutions converge. The
HAM begins with the equation

N[C(z, )] = 0, (3)

where N is the non-linear operator, z and ¢ are the
independent variables, C(z,t) is the unknown
function. Liao (1992) constructed a zeroth-order
deformation equation which is as follows:

(1= a)Z[e(z,t; q) — Co(z, )] = hogNlo(z, t; g)],
(4)

J. Earth Syst. Sci. (2022)131 131

where Z is the linear operator, N is the nonlinear
operator, ¢ € [0,1] is the homotopy embedded
parameter, hy % 0 is the non-zero control-conver-
gence parameter, Cy(z,t) is the initial guess of
C(z,t), and ¢@(z,t; q) is the Maclaurin series with
respect to ¢. When ¢ =0, ¢(z, t;0) is the initially
guessed solution, i.e., ¢(z,t0) = Cy(z,t). When
qg=1, ¢(z,t,1) is the solution for the ADE, i.e.,
o(z,t,1) = C(z,t). So, it is clearly indicated that
the solution of ¢(z, t; ¢) varies from initial guess to
the original equation when ¢ increases from 0 to 1.

The series expansion of ¢(z, t, ¢) with respect to
q is given as follows:

o(,t:0) = Go(, )+ 3 Cule, 4", (5)

where
1 0" N[o(z, t; q)]

Cm(x’ t) = m! aqm

(6)

q=0

In equation (5), we select the initial guess,
auxiliary linear operator, and non-zero parameter
ho is properly chosen in the right form, then the
approximate analytical solution series (5)
converges at ¢ = 1 and it gives rise to the new
form as follows:

(p(fﬁ, t; 1) = C()(I, t) + io: Cm(iﬁ, t). (7)

m=1

Equation (7) is one of the solutions of the
original equation, which was proved by Liao et al.
(2006). The homotopy approximation can be
determined by higher-order differential equation.
Firstly, we define the vector

Con = {Co(z, 1), Ci(2, 1), Co(z, 1), -, Cou(, 1)}

According to the HAM (Liao 1992, 2012)
differentiating (4) m times with respect to ¢ with
setting ¢ = 0 and dividing by m!. Then the mth-
order deformation equation is obtained as follows:

Z[Cm($, t) — Xm Cmfl(xy t)] = hﬂém(émfl (1’7 t)),
(8)
where Cp,(z,t) is the mth-order homotopy

approximation, y,, =0 for m =1 and y,, =1 for
m > 1 with
1 amfl

WW(NW(% t; q)]) .

9)

Om(Co_1(z, 1)) =
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By applying inversion of the linear operator on
equation (8), Cy,(z,t) can be derived as:
qO] .

C’m(xa t) = Xync”rrhl(xa t)
(10)

1 amfl

Y agn 1 (Ne(z, t; 9)])

-1
+hoZ (m—1)

The auxiliary linear operator Z, the initial guess
Co(z,t), non-zero parameter hy and auxiliary
function N[p(z,t: q)] are properly chosen. Then
equation (3) can be easily solved and the Mth order
approximation solution of C(z,t) is

M
C(l‘, t) ~ Z Cm(x7 t)a (11)
m=0

ho play an important role in the series solution of
HAM, because hy provided a simple way to adjust
and control the convergence region of the series
solution. By plotting the hy-curve, the best value of
hyp can be chosen and selected from the proper
range of convergence region.

4. Semi-analytical solution by HAM

In this section, HAM applied for solving the one-
dimensional ADE with time-dependent solute dis-
persion and groundwater flow velocity on the
assumption that dispersion is nth power of the
seepage velocity because of the non-linearity cause
in the mathematical formulation (equation 2). In
order to derive the solutions semi-analytically, a
general time-dependent source condition is con-
sidered at the inlet boundary condition and flux
type boundary condition is assumed to be zero at
the end of the boundary.
An initial guess is considered as follows:

7(1) 2
ng,t:bot(x—L2+——L . 12
(@.1) = bot{ (e = L + 73 (12
This initial guess satisfies the designated initial
and boundary conditions for equation (2).
We consider the linear operator as follows:

0
Z:a,

(13)
with the property
(14)

where 7 is the integrating constant and the non-
linear operator as:
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oC N e
Nlo(z,t; q)] = 2 Dof" (ki) e
aoC / g(l’, t)
—+ V[)f(kl t) a — CO a . (15)

Using the above procedure described in section
3, the mth order deformation equation can be
written as follows:

Z[Cm(xa t) —Im Cmfl(xa t)]

~ 1 0" 'Nlgp(z, t; q)] (16)
a (m - 1)‘ aqul q=0 7
with initial condition
Cp(z,t=10)=0, (17)

where y,, =0 for m =1 and y,, = 1 for m > 1.
Applying inversion of the linear operator given
by equation (16), Cy,(z,t) can be derived as:

Om(.’L', t) = chmfl(x7 t)

o [(mil)!em- Mo tall |, .

aqm—l =0

(18)

where j can be determined by using the initial guess
(equation 17).

In this section, we discuss three types of seepage
velocity in the form of V = V,f(kit), where f(k?) is
in the form of (i) linear, (ii) exponentially decreasing,
and (iii) a sinusoidal function. These three velocity
patterns are considered because they are applicable to
practical problems. Linear velocity may exhibit in the
coastal regions. Groundwater velocity may decrease
exponentially in high mountainous regions, e.g., in
the Himalayan aquifer (Singh and Singh 2001; Singh
and Das 2018). Sinusoidal velocity patterns may
exhibit seasonal forcing to aquifers in tropical regions
(Kumar and Kumar 1998; Thangarajan 2006; Jain
et al. 2007; Singh et al. 2009). In order to derive semi-
analytical solutions, we conduct the following specific
cases to demonstrate the HAM.

4.1 Case I: Time-invariant linear line source

Let g(z,t) = z be the time-invariant linear source.
Three time-dependent velocity patterns are discussed.

e Consider f(kit) =e ™! for exponentially
decreasing time-dependent velocity.

From equation (18), the first six semi-analytical
solutions are
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Zho Dob , o 2hgVobe(z — L
Cl<$, t) = hOCO — % (1 _ klntefkmt _ €7k1nt) _'_% (1 _ kltefklt _ e*klt)
1 ' 19
B cohoxt (19)
g
2h2 Dyb
1
2h2 Vo b — L QM2 V2D, B2V2h |
2T (1 gyt o) 4 2R (1 ) BN (1 e o)
h ki 2k
hg V()QbO 9kt hg V006 ki kit
- b V) T Whtem—en 20
g e T ke e, (20)

B 2h2 Dobo(1 + ho)
n2k?

Cs(z,t) = (1 + ho) Ca(z, t) (1= kyntehint — ¢=hnt

2h5 (1 + ho) Vobo(z — L)
+ 2
kl
2h3 (1 + 2ho) Vi by
+ 3
1

(1 — klte_klt — e_klt)

RR(1+ 2h0) Vb
2%

(1 — efklt) (1 — 2k te 2t — efgklt)

_ hi (1 + 2ho) Vi by (1 _ e—zlm) _ hy (1 + ho) Vo (

1 _ tk —kit _ —kit 21
k3 9 ' ) ()

213 Doby(1 + o)’
n2k?

Cy(z,t) = (1 + hy) Cs(, 1) (1 — fynte Fmt _ gk "t)

N 2h2(1 + ho)? Vobo(z — L)

= e—klt) + 2h3(1 + hO)(l + 3h0) Vo2b0 (1 _ 6—k1t>
1

1 — kyte Ml —
( 1l€ ki’y

g (14 ho) (1 4 3ho) Vi bo R (14 ho) (1 4 3ho) Vi bo

—2ky —2k —2ky
Zkf (1—2k1te L t) kf’ (1—6 t)
h2(1 Vo, ,
(1 + h02) Vocy (1- the Rt — e—m)7 (22)
glkl
2h2 Dy by (1 s
Cs(z,t) = (14 hy) Cy(z, t) — =2 07?2(14124_ o) (1 — kynte Mt — e_k”’t)
1
2h3(1 SVobo(z — L . 2h3(1 (14 4ho) V2b
N (14 ho) AL o(z )(1_k1tefk1t_ ) + o1+ ho) (3 + 4ho) Vs D (1 — ¢ty
K ki
2 2
_ h(2)(1 + )" (1 + 4h) V()2b0 (1 — Oy et _ e—zklt) _ h(21(1 + ho)"(1 + 4ho) Vo2bO (1 o e—let)
213 k}
h2(1 Vod,
o ¢(L+ho)” Vo (1 — otk et — e—klt)7 (23)

i kf



J. Earth Syst. Sci. (2022)131 131 Page 9 of 24 131

213 Doby(1 + hy)*

Oﬁ(f, t) = (1 + ho>05(1', t) (1 _ klnte—klnt o e_kl”t)

n2k?
2h2(1 YWobo(z — L , 2h2(1 31 25,
+ U( + hO) 2V0 0(5” ) (1 N kltefklt . e—klt) + 0( + hﬂ) (3 + 5}70) Vo 0 (1 N e—klt)
K ki
2 3 2 2 3 2
1 1
(1A ho) (13+ 5ho) Vg bo (1 — 2k te 2t — ¢~2hr) _ hy (1 + ho)™( 3+ 5ho) Vi'bo (1 — e 2ht)
2k; k3
2 1 4 /
B hg(1+ ho2) Voe (1 ~ ke Rt — 6—k1t)‘ (24)
glk1

Authors approximate the series of concentration with respect to the homotopy embedding parameter ¢
as follows:

o0

o(7,t q) = Co(,t) + Z C(z,t) g™ (25)

m=1

The above series converge at, ¢ — 1 where ¢(z, t; 1) is the sum of all C,,(z, t) terms, which represents a
semi-analytical solution for C(z, t). For the practical purpose, we may truncate the series up to m = 6 and
the approximate solution can be written as follows:

C(z,t) = Co(z, t) + Ci(z, t) + Co(x, t) + Cs(x, t) + Cy(z, t) + Cs(z, t) + Cs(z, t). (26)

e Consider f(kit) =1+ kit for linear time-dependent velocity. From equation (18), the first six semi-
analytical solutions are

2 nkt n n(n — 1)kt

2 t3 hochat
01(117, t) = h()C() — 2h0D0b0 <2+ 3 3 ) —1—2]7{) V()b()(SC— L) (2—1— ]{,‘1 3) — g? , (27)
2 ky t3 — Dk t* 2 3
Co(z,t) = (1 + hy) Cy(x, t) —2h(2)D0b0<§+n§ +n(n 8) 1 >+2h§VObO(:):—L)<§+k1§>
t3 5t o W Vyc, [t 3
2172 2 0 0%
— b S, — — 2
+2hOVOb0<6+k124+k15> 7 <2+k13>, (8)
2 nkt3 — Dk t?
Cs(xz,t) = (1 + ho) Co(, t) —2h§(1+h0)D0b0<5+ﬂ§ +n(n - )k )
) 2 £ ) o, ([t 5th P
+ 2h5 (1 + ho) Vobo(z — L) 5+k1§ + 2h5(1 + 2h) V5 bo E+klﬁ+klﬁ
h2(1 4+ hy) Vo, (12 3
I gfllo) 0<% <5+k1§>, (29)

12 ki 3 — Dk t*
Cule.) = (14 o) Caa, ) = 2031+ ) Dot 5+ 5=+ )

2 3

L ¢ £ 5t £
+212(1 + ho) Vibo(z — L) <§ + ky §> + 215 (1 + ho) (1 + 3ho) V' bo (E-i‘ b+ K 1—5>

h2 1 2 / t2 t3
— 0( +h(]) VOCO _+ k,l_ , (30)
g1 2 3
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nkit>  n(n—1)kt*
3 * 8

Cs(x, 1) = O+%ﬂﬂx®—2#ﬂ+%)&%<ﬂ

2

2P B 5t L
+2%O+mﬁWde—m<—+m§>+mﬂ1+%fu+4mn@%<_+h__+ﬁ_a

2 6 24 15
W2 (1 + ho)* Vod) (12 £
— —thy— 31
7 2 + 1 3 ) ( )
2 k — Dk t*
Cs(z, t) = (1 + ho) C5(z, t) —2h3(1+h0)4D0b0 <§+n§ +n(n g L )
) A t2 3 ) 3 5. [t 5tt 0 L
+ 2hg (1 + ho)” Vobo(z — L) <5+ k1 §> +2hy(1 4+ ho)"(1 + 5ho) V b0<6 thio+h 15)
h2(1+ h)* Ve t*
— + k 32
. 2 13 (32)

Similarly, the semi-analytical approximate solution is the same as equation (26).

e Consider f(kit) =1 — sin kit for sinusoidal time-dependent velocity. From equation (18), the first six

semi-analytical solutions are

2hyDyb, .
01(517, t) = h() G)(I, t) — 2h4]D()b()t2 + w (sm klt — kltCOS ]ﬂlt)

1
2ho Vobo(z — L ! ot
%(sin kit — kit cos ki t) — fo o
K 9N
2h2 Dyb
@@ﬁ:%LHMQWJ%J%QmE+—%%ﬂ@mh%%ﬁmﬁﬂ
1

(33)

+ ho Vobo(z — L) —

£ 1
+ 2h(2) Vobo(z — L) <§ k2 (sin kit — kitcos /mﬁ))

2

G 2t 2 2
+h(2)1/02b0<§+k—lcosklt k%mnklt k1COSk1t+k3>

1 coskt 1 1
- _ —k kit — kit —
2hi Vi bo (lﬁ k1 ) 1<kl sk k o kQ)
k? t
1 _<§—8ikls1n2k;1t+4c082klt>
ALY
ogOCO <§_ﬁ(sm kit — kytcos /ﬁt)), (34)
1
2h3 (1 + ho) Dybyn
K

03(111, t) = (1 + h())CQ(ZE, t) - th(l + h{))D(]b()tQ + (SiH kit — kitcos k’lt)

2

t 1
+ 203 (1 + ho) Vobo(z — L) <5 k2 (sin kit — kytcos k’lt)>

2

ot 2t 2
+h(2)(1+2m))V§b(,(§+k—lcosk1t k%smklt klcosklt+kl>

(1 COSklt) k(ts kit — 1coskzt 1)
— = — n
220Vl [ AR R N TR TR

k? t 3
_<§—71s1n2k1t+40082k1t>

WL+ ho) Voo (£ 1
_ % (5 — k12 (sin kit — kit cos klt)> (35)
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2h2(1 + ho)> Dobon

Cy(z,t) = (1 + ho) Cs(, t) — 2h2(1 + ho)* Dybyt® + =
1

(sin kit — kytcos ki t)

21
+2h3 (1 + ho)Q Vobo(z — L) <§ k2 (sin kit — kytcos ky t)>

2

5 5 (Bt 2t 2 2
+ hg(1 4 ho)(1 4+ 3ho) Vi bo §+—cosk1t sin k¢t — 3 cosk1t+k3
1

ky i
1 fent 1 1
(__cos 1 ) —/€1< sin kit — —cos kit — 2)
2B (Lt ho)(L+3h0) Vil [\ R b g :
K — E—ism%ﬁ—k cos 2kt
2 kT geeRem

h2 1 2 V / t2 1
_ O( +h'0) OCO ___Q(Sinklt—kltcosklt) 5 (36)
g1 2k

202(1 + ho)” Dobyn

Cs(z,t) = (1 + ho) Ca(x, t) — 2h2(1 + ho)” Dobyt® + e
1

(sin kit — kytcos ki t)

2

t 1
+2h3 (1 + h0)3 Vobo(z — L) <5 k:2 (sinkyt — kytcos klt)>

2

£t 2t 2 2
+B2(1 + ho)? (1+4h0)V2b0 +-—cos kit — —5sinkit ——scoskit+—5
k 2 K3 5

1 coskt t 1 1
2 o — ki —sinkit — 5cos kit ——
2O+ h) (Lt 4h) Vil | \Fr R oy 2 p

k3 t 3
1 _<§_8—]ﬁs1n2k1t+4cos2k1t>

BS(L+ ko)’ Vocy (£ 1
B o1+ ho)" Vo = — 5 (sinkit — kytcos kit) ), B7)
0 2 K

2h2(1 + ho)* Dybon
ki

Co(z,t) = (1 + ho) Cs(, t) — 2h2(1 + ho)* Dybyt® + (sin kyt — Kyt cos ki t)

21
+ 2hg(1 + h0)4 Vobo(z — L) <§ k2 (sin kyt — kytcos ky t)>

2

ot 2t 2 2
+ B2(1 + ho)* (1 + 5ho) V2bo | = + —cos kit — —5sinkjt ——scos kit +—=
3k 2 i3 i

1  coskt t 1 1
3 — = — k| ——sinkit — —<coskit ——
2L+ o)’ (L+ 5ho) Vil |\t 2 & 2

k3 t 3
_<§_8_lclsm2k1t+4COS2klt>
h,2 1 4 / t2 1
k(L +ho) Vogy —— S (sinkit — kitcoskit) |, (38)
a1 2k

The semi-analytical approximate solution is the same as equation (26).
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4.2 Case II: Time-dependent line source

Let g(z,t) = a2t be the space-time-dependent line source. We also consider the same three temporal
patterns for velocity.

e Given f(kit) = e M! from equation (18), the first six semi-analytical solutions are:

2hoDyb
01 (m, t) = hOCO _ % (1 _ klntefklnt _ efklnt)
2ho Vobo(x . L) chhot? (39)
- ~ 7 1_kt_klt_ -ty %
" 7 (1= hate™" = ™) == =,
2h2 Dyby

Cy(z,t) = (1 + hy) Cy(z, t) — (1 — kynte hint — ¢~hint)

272
n*ky

2h2 Vobo(z — L ) : 202 V2h
+ 0 vO0 ]32(x ) (1 _ k‘lteiklt _ e*klt) + Uk30 0 (1 _ e*klt)
1 1
h(2) V02 bo —2ky t —2ky t hg V02 bo —2ky t
— Qkiﬁ) (1 — 2k te —e ) — 7}{? (1 —e )
hg Voch 2,2 It It kit
- 200K (2= kjtPe M — 2kyte Mt — 27 M) (40)

202 Dob(1 + ho)

Cs(z, t) = (1 + hy) Ca(z, t) (1 — kante b — ¢hint)

n2k?
2h2(1 —L 2h2(1+2 2
n hi ( +h0);/050($ )(1 e L hy(1 + 3h0)Vo b (1— et
k k
1 1
hi (14 2ho) Vi bo Coht —omny Mo (14 2ho) Vb 2kt
— 2]{:? (1 — 2k te Mt — ¢ ’) — kf (1 —e f)
- h(2)(1 + hO) VOC/O (2 . t2k2€—k1t o lete—klt . 2e—k1t) (41)
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2h2 Dybo(1 + hy)* et ki
Cy(z,t) = (1 + hy) C3(x, t) — =2 0732(k2 o) (1 — kynte Mt — e7hint)
1
2h2(1 2Vobo(z — L 2h2(1 1 25
+ o(1+ ho) 2V0 o(z ) (1 — Fyte Bt — e—klt) + o (1 + ho)( 3+3h0) Vi bo (1 _ e—klt)
K ky
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2k K
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213 Dobo(1 + hy)*

Co(x, 1) = (1 + ho) C5(x, 1) (1 — kynte=hint — ¢~hint)

n2k?
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e Given f(kit) =1+ ki t, from equation (18), the first six semi-analytical solutions are:
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(44)

(47)
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131 Page 14 of 24 J. Earth Syst. Sci. (2022)131 131

e Given f(kit) =1 —sinkt, from equation (18), the first six semi-analytical solutions are:

2hy D,
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2h(2)(1 + h())3D0 bon
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Cs(z,t) = (1 + ho) Cy(z, t) — 2h2(1 + ho)” Dybyt® + = (sin kyt — Kyt cos kyt)
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5. Results and discussion

In this present work, authors consider distance unit
in km, contaminant concentration unit in mg/l,
and time unit in years. Following the available
literature (Singh and Kumari 2014) input data are
selected (Dy = 0.8 km?/yr, Vy = 0.83 km/yr, ¢} =
1.0 mg/l-yr, by = 1.0 mg/1, ky = ky = 1 yr ).
The initial guess converges to the final solution when
g= 1, so authors use this condition in the final solution.
However, the series solution contains the non-zero
control convergence parameter hy. Therefore, we have
to find the non-zero parameter hg such that it ensures
convergence. The convergence region and rate of
convergence can be controlled by adjusting the
parameter hy in the HAM. In other words, the non-zero
control convergence parameter hy can be chosen by the
hg-curve. Figure 1 shows the valid range of hy between
0 and —0.5. Thus, the analysis of hg-curve provides us

series solution convergence criterion for hy. Now we
select the parameter hy = —0.03 (control convergence
parameter) for this study.

Three specific functions for y(¢) at the inlet
boundary are considered in this study, which
are: (i) exponentially time-dependent function
p(t) = exp(—kyt), (ii) sinusoidally time-dependent
function y(t) =1+ sin(ket), and (iii) linear time-
dependent function y(t) = (1 + kqt).

5.1 Case I: Time-invariant linear line source,
g(z,t) =

We depict the contaminant concentration profiles for
two exponent values,n = landn = 1.5at t = 0.8 yr.
Figure 2(a) shows the concentration profiles at time
t=0.8 yr for velocity pattern f(kit) = e !, We
observe that concentration at the entry boundary is
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Figure 1. The hy-curve for the valid region of convergence in
the series solution: (a) for section 4.1 and (b) for section 4.2.

approximately 0.9, 0.71 and 0.69 mg/1 for the three
entry boundary functions y(t), respectively. Simi-
larly, for f(t) = 1 + ki t, we observe that concentra-
tion at the entry boundary is approximately 1.01,
0.87, and 0.85 mg/1 for the three entry boundary
functions y(t), respectively, shown in figure 2(b). For
f(kit) = 1 — sin ki t, we observed that concentration
is approximately 0.88, 0.67, and 0.65, respectively,
shown in figure 2(c). For all these three cases, con-
centration decreases towards the exit boundary.

For a fixed location at z = 0.05 km, figure 3
shows the concentration profiles with respect to
time. The two figures, i.e., figure 3(a and c) shows
similar results that concentration rapidly increases
at the beginning of time (i.e., 0<¢<1 years) for
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Figure 2. Concentration profiles at time ¢t = 0.8 yr given
g(z,t) = z, entry boundary source 1: y(t) = exp(—kt), entry
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the case y(t) = exp(—kyt), but after that time i.e.,
t = 1 year, the concentration rapidly decreases
with respect to time. At entry source 2 and 3, the
concentrations slowly increase at the beginning
of time and rapidly increase at a later time as
shown in figure 3(a and c). Figure 3(b) shows the
concentration profiles for the linear velocity
pattern at the entry boundary, concentrations
slowly increase at the beginning of time and
rapidly increase at a later time. Overall, con-
centration in these three cases increases towards
the exit boundary.

Figure 4(a) shows the concentration profiles for
all three velocity patterns at the particular time ¢ =
0.8 yr. We observe that concentration at the entry
boundary is approximately 1.07, 0.9 and 0.88 mg/1
for all velocity profiles, respectively. The concen-
tration given the exponentially decreasing velocity
(f(k1t) = exp(—kit)) is lower than the linear veloc-
ity (f(k1t) = 1 + Ky t), but higher than the sinusoidal
velocity  (f(kit) =1 —sin(kit)). Similarly, from
figure 4(b), we observe that the concentration ini-
tially starts approximately at 0.9, 0.7, and 0.68 mg/
1, respectively, for all three velocity profiles at the
entry source 2. Furthermore, for entry source 3, we
observe that the concentration starts approximately
0.85, 0.7 and 0.65 mg/1, respectively, for all three
velocity profiles as shown in figure 4(c). The con-
centration profiles for all three cases decrease as
distance increases. The effect of generalised theory
clearly shows that for the two velocity profiles
(f(k‘lt) = exp(—klt) and f(klt) =1- Sil’l(kﬁlt)), the
concentration value for n = 1 is higher than that for
n = 1.5. However, for the linear velocity profile
(f(k1t) =1 + ki t) the concentration value for n =1
is lower than that for n = 1.5.

5.2 Case II: Time-dependent source,
g(z,t) = at

For the case of f(kt) = e ™! figure 5(a) shows
concentration profiles at ¢t = 0.8 yr for the three y(?)
functions, respectively, given n =1 and n = 1.5.
The concentration profile at the entry boundary is
0.9, 0.71, and 0.68 mg/1, respectively, for the three
p(t) functions as shown in figure 5(a). The concen-
tration decreases when distance increases for all
three entry boundaries. Concentration profile for
f(kait) =14 kit and f(kit) =1 —sink ¢ are shown
in figure 5(b and c), respectively. Overall, in all
three cases, concentrations rapidly decrease towards
the exit boundary. The concentration breakthrough
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Figure 7. The concentration profiles for the three different
velocity patterns in section 4.2 (velocity 1: f(kit) = exp(—Fkt),
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Figure 9. The concentration profiles at ¢ = 0.8 yr for n = 1,
Vo = 0.83 km/year, and Dy = 0.8 km?/year derived by the
Laplace transform method and the HAM.

curves at a fixed location z = 0.05 km are shown in
figure 6, which are very similar to figure 3.

It has been known that dispersion theory plays
an important role in solute transport modelling.
Although this study only provides figures to show
solutions for the power n = 1 and 1.5, the gener-
alised solutions for any exponent value of n be-
tween 1 and 2 are given in section 4. The
concentration values are higher at each of the
positions for n = 1 than » = 1.5 as shown in
figures 2(a, ¢) and 5(a, ¢) at particular time ¢t = 0.8
yr. But in figures 2(b) and 5(b), the concentration
values are higher at each of the positions for n =
1.5 than n = 1 at the same particular time. Simi-
larly, for the particular location z = 0.05 km,
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concentration values are either higher or lower for
n = 1 and 1.5 with respect to time as shown in
figures 3 and 6, respectively.

In figure 7, the concentration profiles are depic-
ted for all three velocities at the entry source 1, 2,
and 3. For entry source 1, concentration values are
1.05, 0.9, and 0.86 mg/l, respectively, for all
velocity profiles as shown in figure 7(a). Similarly,
for the entry sources 2 and 3, the concentration
profiles are shown in figure 7(b and c). From
figure 7, it was found that the concentration value
for the exponentially decreasing velocity
(f(kit) = exp(—kit)) is lower than the linear
velocity (f(kit) =1+ kit) and higher than the
sinusoidal velocity (f(kit) = 1— sin(kit)). How-
ever, after the distance z =0.7 km, the linear
velocity (f(kit) =1+ kit) is lower than the expo-
nentially decreasing velocity (f(kit) = exp(—kit))
and higher than the sinusoidal velocity
(f(k1t) =1 —sin(kit)). The concentration profiles
are depicted for two different values n = 1 and n =
1.5 at t=0.8 year. Overall, the concentration
rapidly decreases as distance increases as compared
to figure 4.

5.3 Solution comparison by Laplace transform
method

In this section, authors consider a particular case to
compare the semi-analytical solution (HAM) with
the analytical solution derived by the Laplace
transform method. Now we consider n = 1, ¢, = 0,
and f(kit) =1 in equation (2) with the entry
boundary condition C(0,t) = t.

The governing equation, the initial condition
and the boundary conditions are:

oC o*C oC

R R (57)
O(z,0)=0 at t=0, (58)
Cz,t)=t at 2=0, (59)
%:O at ¢ — L. (60)

Also using the values & =0, bp =1 and ¢, =0
in our solution (sections 4.1 or 4.2, 2nd point), we
obtain the six-approximate homotopy terms as
follows:

Cy(x,t) = hoCo — hoDot* + ho Vobo(z — L)#, (61)
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Co(w,t) = (1 + hy) Cy(z, t) — b2 Dot?

t3
+hi Vot*(z — L) + hg V(?g,

Cs(w,t) = (14 ho) Co(w, t) — h3(1 + hg) Dot*
+ B3 (1 + ho) Vo(z — L)#*
3
I+ 200) VR
Cu(z, ) = (1 + ho) Cs(z, t) — h2(1 + ho)* Dyt>
+B2(1 + ho)? Vo(z — L)

t3

+h§(1+im)(1+3ho)V§§, (64)

Cs(x,t) = (1+ ho) Ca(z, t) — (1 + ho)’ Dot

+ B2+ ho)* Vi(z — L)#
3

FRO RS, (69)

Co(x, t) = (1 4 hg) Cs(x, t) — (1 + hy)' Dot*
+ hy(1+ ho) ' Vo(z — L) 2

t3

+ h2(1 + ho)*(1 + 5hg) V(,Qg.
Clearly, this series solution (HAM) contains the

non-zero control convergence parameter hy. The

non-zero control convergence parameter hy can be

chosen and selected by using figure 8. The valid

range of hy is between 0 and —0.2 (the plateau).

Now we select the control convergence parameter

hp = —0.11 for this case.

Using the transformation C(z,t) = P(z,t) x

(66)

2
exp(%—%) in equations (57-60), location

beyond 1 km is treated as infinite. The analytical
solution obtained by the Laplace transform method
is:
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where B; = Vi
1= 1D
In figure 9, the input values from the existing
literature (Gelhar et al. 1992; Singh and Kumari
2014) were used. Gelhar et al. (1992) showed the
effect of scale-dispersivity relationship in the
aquifer and its range may vary from 10 m to 10*
m. The semi-analytical solutions for different
orders of m with respect to the LTT analytical
solution are shown in figure 9. A good agreement
(<5%) is observed between LTT and HAM at the
6th order solution. The accuracy of the obtained
results is calculated by using the root mean square
error (RMSE) method, which is defined as:

RMSE = (68)

Ly mar
N =1

where AC = Canalytical - Csemi—analytical and N is the
number of data. The root mean square error is
0.0118.

6. Conclusions

The generalized semi-analytical solutions are
derived by the HAM for one-dimensional
advection—dispersion equation with generalised
time-dependent dispersion theory. The derived
semi-analytical solutions are applicable to any
(real number) value of power n, which is the
most generalization. In this present work, the
impact is shown for 1<n<2. The solutions are
mostly applicable for any fractional value of
n (e.g., n = 1.3 or 1.78). So, these solutions add
advancement to the existing literature in the
field of contaminant transport in aquifers.
Although this is the main conclusion of the
work, we also have some general concluding
remarks as follows:

1 x x x
v (VB e (B VB e - VB

Clx,t) =

1 €T x
vz (VA e (B VB (5 B

" Yoz _ Vit
*P\aop, 1D,

X

(67)
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(1) The effective and valid region for semi-analytical
solutions was obtained by plotting the hy-curve
as shown in figures 1 and 8. It was found that hy
plays an important role in the convergence of the
series solution because hy provides a convenient
way to control and adjust the convergence region
of the series solution obtained by the HAM.

(2) Due to the effect of generalised dispersion
theory, the concentration is lower for the
exponentially decreasing and sinusoidal veloc-
ity profiles for n = 1.5 than n = 1. However, for
the linear velocity profile, the concentration is
higher for n = 1.5 than n = 1.

(3) The comparison of the velocity profiles clearly
indicates that the concentration for the exponen-
tially decreasing velocity profile is lower than the
linear velocity profile and higher than the sinu-
soidal velocity profile. Similarly, we observed that
the comparison of the velocity profiles for some
distance are the same, but after a certain distance
(e.g., x = 0.7 km), the linear velocity profile is
lower than the exponentially decreasing velocity
profile and higher than the sinusoidal velocity
profile.

(4) The obtained solution shows that the contam-
inant concentration profiles change with frac-
tal power. The power of velocity has a
significant influence on the obtained solution.

(5) For a simplified case, the semi-analytical
solution is validated with the solution obtained
by the LTT and good agreement is found for
6th order of solution obtained by HAM.

(6) The study concludes that the HAM is an
efficient and flexible method to solve highly
non-linear solute transport equations with
general initial conditions.
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