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This paper investigates the role of El Niño-Southern Oscillation (ENSO)-based climate variability in mod-
ulating multivariate drought risks in the drought-prone region of Western Rajasthan in India. Droughts
are multivariate phenomenon, often characterized by severity, duration and peak. By using multivariate
ENSO index, annual drought events are partitioned into three climatic states – El Niño, La Niña and
neutral phases. For multivariate probabilistic representation of drought characteristics, trivariate copu-
las are employed, which have the ability to preserve the dependence structure of drought variables under
uncertain environment. The first copula model is developed without accounting the climate state infor-
mation to obtain joint and conditional return periods of drought characteristics. Then, copula-based
models are developed for each climate state to estimate the joint and conditional probabilities of drought
characteristics under each ENSO state. Results of the study suggest that the inclusion of ENSO-based
climate variability is helpful in knowing the associated drought risks, and useful for management of water
resources in the region.

1. Introduction

In hydrological studies, drought is a climatic anom-
aly, caused by either sub-normal rainfall, erratic
rainfall distribution, higher water need or a com-
bination of all these factors. In a large country
like India where precipitation varies both in space
and time, drought is one of the most frequently
occurring natural calamities in various parts of the
country. About two-thirds of the geographic area
of India receives low rainfall (less than 1000 mm),
which is also characterized by uneven and erratic
distributions. Out of net sown area of 140 million
hectares, about 68% is reported to be vulnerable to
drought conditions and about 50% of such vulnera-
ble area is classified as ‘severe’, where frequency of
drought is almost regular (Murthy and Sesha Sai
2010).

As drought is a multivariate phenomenon char-
acterizing severity, duration and peak; drought
properties need to be modelled using effective
probability models. Recently, copulas have been
successfully applied in the field of hydrology for
multivariate analysis of hydrological systems, viz.,
flood frequency analysis and drought frequency
analysis (Kao and Govindaraju 2010; Mirakbari
et al. 2010; Wong et al. 2010). By using copulas,
some of the limitations of traditional multivariate
distributions can be relaxed as suggested in recent
studies (Favre et al. 2004; Genest and Favre 2007).
Shiau (2006) investigated bivariate joint distribu-
tion of drought properties severity and duration in
Southern Taiwan using standardized precipitation
index (SPI) and theory of copulas. Shiau et al. (2007)
performed bivariate frequency analysis of hydro-
logical droughts using monthly stream flow data
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of Yellow River basin employing theory of runs
and Archimedean class of Clayton copula. Laux
et al. (2009) analysed regional nature of droughts
in Volta basin using effective drought index cal-
culated from daily precipitation data in order to
assess drought properties of five different rainfall
regions within Volta basin. In their study, bivariate
Archimedean class of Clayton copula family is cho-
sen to construct joint distribution and associated
joint return periods. Serinaldi et al. (2009) mod-
elled four-dimensional joint distribution of drought
properties – mean SPI, duration, minimum SPI,
drought areal extent and computed joint return pe-
riods using elliptical class of Student’s t copula for
different degrees of freedom. Shiau and Modarres
(2009) employed Archimedean class of Clayton
copula to investigate the nature of S–D–F curves of
two different climatic regions in Iran due to its sim-
plified structure. Song and Singh (2010) modelled
bivariate joint probability distribution of drought
properties in Texas using meta-elliptical class of
copulas and found that meta-Gaussian copula per-
formed satisfactorily in modelling the dependence.
Kao and Govindaraju (2010) proposed copula-based
joint deficit index using precipitation and stream
flow marginals with window sizes varying from 1 to
12 months in Indiana watershed. The standardized
index is adopted for statistical analysis of hydro-
logic variables. The temporal dependence struc-
ture among hydrologic variables is modelled using
elliptical class of Student’s t copula due to large
number of variables involved in the study and its
ability to model tail dependence. Wong et al.
(2010) investigated effect of El Niño-Southern
Oscillation (ENSO) phenomenon on nature of mul-
tivariate drought frequencies using precipitation
data from two districts in New South Wales,
Australia. The performance of trivariate Gumbel–
Hougaard and Student’s t copulas were tested for
each climatic phase and limitations of each cop-
ula model was discussed. The trivariate Gumbel–
Hougaard copula has a limitation that weak
dependences are averaged in asymmetric trivari-
ate structure and there is a restriction in applica-
tion as the correlation between two pairs should
be identical and lower than the third pair. In
contrast, trivariate t copula has no such restric-
tion except that variance-covariance matrix has to
be positive definite. A small difference was ob-
served between Gumbel–Hougaard and Student’s t
copulas in distance-based goodness-of-fit measures
and the latter emerged as a better model. The fit-
ted models were then used to estimate annual re-
currence intervals taking into account at least
one of the three drought variables and all of the
three variables exceeding critical values. Madadgar
and Moradkhani (2011) investigated the effect of
climate change on drought characteristics using the

copula method in Oregon’s Upper Klamath River
basin. The performance of two trivariate copulas –
Gumbel–Hougaard and Student’s t were tested in
modelling joint distribution of drought properties –
severity, duration and intensity for analysing
streamflow-based drought indices. Results showed
that both Gumbel–Hougaard and Student’s t cop-
ulas performed similarly for historical (1920–2009)
time period. To evaluate potential impact of
climate change, five General Circulation Model
(GCM), outputs under A1B emission scenario were
used for multivariate drought analysis. The return
period analysis based on bivariate and trivariate
copulas showed that climate change causes an over-
all decline in drought severity and duration in
the Upper Klamath River basin during projected
time period 2020–2090. Lee et al. (2012) stud-
ied tail dependence of four different copula func-
tions – Gumbel–Hougaard, Frank, Clayton and
Gaussian copulas for bivariate drought frequency
analysis in Canada and Iran. Their study showed
that Clayton copula may not be suitable for mod-
elling droughts as dependence between two vari-
ables in the upper tail of Calyton copula was found
to be very weak and similar to the independent
case, whereas Frank and Gumbel–Hougaard copula
showed better performance for modelling bivariate
drought characteristics.

The present study investigates the role of ENSO-
based climate variability in influencing multi-
variate drought frequencies in the drought-prone
region of Western Rajasthan in India. The state
has the maximum probability of drought occur-
rence in India, with recurring droughts of about
3–4 years in a cycle of 5 years (Mall et al. 2006).
Studies conducted by Rathore (2004), identified 48
drought years of varied intensity in the state during
the period 1901–2002. During the year 2002, when
about 29% of the total area of the country was
affected by drought, seasonal departures of precipi-
tation for west and east Rajasthan were −71% and
−60%, respectively (RAPCC 2012). During the
year 2001, the total monsoon rainfall in Rajasthan
was 381 mm and 30,583 villages were affected by
drought, whereas in 2002, the monsoon rainfall was
only 173 mm and 41,000 villages faced drought
situation (Khera 2004).

2. Large-scale climatic phenomena – ENSO

Drought is a normal part of natural climate varia-
tions. Past research studies based on tree-rings and
other instrumental records have shown that many
major droughts which occurred over different parts
of the world are triggered by atmospheric telecon-
nection such as ENSO phenomenon (Dai 2011).
ENSO refers to oscillation between a warm phase
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(El Niño) characterized by abnormal warming of
surface ocean waters of the central and eastern
Pacific and enhanced convection in the atmosphere
above; and a cold phase (La Niña) characterized by
abnormal cooling of these waters and suppressed
convection in the atmosphere above (Gadgil et al.
2007). Several researchers have explored the links
between Indian monsoon rainfall and ENSO events
(Webster and Yang 1992; Rajeevan et al. 2004).
There have been many indices defined to repre-
sent ENSO events. Two well-known ENSO indices
are southern oscillation index based upon sea sur-
face pressure differences at Tahiti (18◦S 150◦W)
and Darwin (12◦S 131◦E) from 1880 onwards; and
the Niño index from 1950 onwards based upon sea-
surface temperature (SST) anomalies (◦C) of the
central and eastern equatorial Pacific.

A recent index for describing ENSO phenomena
is the multivariate ENSO index (MEI). Computa-
tion of MEI involves moving average of 2-months
for the time series under consideration. The MEI
represents the first unrotated principal component
(PC) of all six observed climatic parameters over
the tropical Pacific: sea-level pressure, north-south
component of surface wind, east-west component
of surface wind, SST, surface air temperature and
total cloudiness fraction of the sky (Wolter and
Timlin 2011). Inclusion of these climatic variables
helps MEI to explain the ocean–atmospheric inter-
actions better than the indices that rely on single
climatic variable. Large positive values of the MEI
represent El Niño, while negative values correspond
to La Niña episodes.

3. Copula

Copulas are parametrically specified joint distri-
bution functions obtained by linking marginal dis-
tribution of any form. If X = (X 1, . . . ,X d) is a
random vector with continuous marginal cumu-
lative distribution functions (CDF) F 1, . . . ,F d,
then joint distribution H(X ) can be expressed by
Sklar’s theorem (Sklar 1959) as:

H(X ) = C{F1(x1), . . . , Fd(xd); θ}, X∈Rd, (1)

where the function C:[0, 1]d→[0, 1] is called a d-
dimensional copula, with association parameter θ.
There exists different class of copulas in the liter-
ature, viz., Archimedean, Plackett, elliptical cop-
ulas, etc. Though Archimedean class of copulas
are simple and can be easily generated, exten-
sion to higher orders in symmetric form is limited
(Grimaldi and Serinaldi 2006). In this study, ellip-
tical class of Student’s t copula is chosen due to its
capability to model multivariate distribution with
asymmetric dependence structure and can capture
upper tail dependence quite well (Nelsen 2006).

3.1 Student’s t copula

If
∑

∈ Rd for x ∈ Rd denotes a symmetric positive
definite shape matrix, then multivariate Student’s
t copula for marginals u = (u1, . . . , ud) ∈ [0, 1]d
with ϑ degrees of freedom is defined as (Mashal
and Zeevi 2002)

C(u1, u2, u3; ϑ, Σ) = td
ϑ,Σ(t−1

ϑ (u1), t−1
ϑ (u2), t−1

ϑ (u3))

=
∫ t−1

ϑ (u1)

−∞

∫ t−1
ϑ (u2)

−∞

∫ t−1
ϑ (u3)

−∞

Γ((ϑ + d)/2)

Γ(ϑ/2)(ϑπ)d/2 |Σ|1/2

×(1 + yT Σ−1y/ϑ)−(ϑ+d)/2dy1dy2dy3, (2)

where d = 3; y = {y1, y2, y3}; ϑ and
∑

are para-
meters of Student’s t copula.

The parameter of t−copula is estimated using a
two-step transformation procedure. The shape par-
ameter matrix

∑
consists of elements σ̂i,j, which

are functions of rank correlation coefficient. For
trivariate case, the elements of shape parameter
matrix

∑
∈ {σ11 σ12 σ13; σ21 σ22 σ23; σ31 σ32 σ33},

and the elements σ̂i,j are estimated using the rela-
tionship σ̂i,j = sin

(
π
2
τ̂ij

)
, where τ̂ij is the pair-wise

Kendall’s dependence measure or rank correlation
coefficient. Obtaining

∑̂
in a three-dimensional

case involves computing σ̂ij for i, j ∈ {1, 2, 3}.
Then, a numerical search technique is employed for
estimating ϑ

l(ϑ̂) = arg max
ϑ∈(2,∞]

n∑

i=1

ln
[
cθ

{
(Ui,1, Ui,2, Ui,3)|ϑ̂, Σ̂

}]
,

(3)

where Ui,d denotes empirical CDF of dth random
variable, and cθ is the copula density.

3.2 Testing suitability of the copula family

After fitting copula, theoretical (fitted copula model)
and observed probabilities (empirical observations)
are compared. The empirical copula can be
defined as (Genest and Favre 2007)

Cn (u1, u2, u3)

=
1
n

n∑

i=1

1
(
Ûi,1 ≤ u1, Ûi,2 ≤ u2, Ûi,3 ≤ u3

)
,

u1, u2, u3 ∈ [0, 1]. (4)

Apart from distance-based test, the parametric
and non-parametric tail dependence tests are per-
formed for the fitted copula model. The tail
dependence coefficient (TDC) of copulas pro-
vides a measure of strength of dependence in the
tails of a bivariate distribution (McNeil et al.
2005). The parametric upper TDC of Student’s
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t copula with ϑ degrees of freedom and
∑̂

∈
{σ11 σ12 σ13; σ21 σ22 σ23; σ31 σ32 σ33} is given by

λparam
Uij

= 2 − 2tϑ+1

(
√

(ϑ + 1)

√
(1 − σij)
(1 + σij)

)

, (5)

where tϑ+1 is CDF of Student’s t distribution with
ϑ+1 degrees of freedom. For non-parametric tail
dependence test, Capéraá-Fougéres-Genest (CFG)
estimator (Capéraá et al. 1997; Frahm et al. 2005)
is employed. If {(u1, v1) , . . . , (un, vn)} are random
samples obtained from Copula C (•), the bivariate
upper TDC using CFG estimator (λCFG

U ) is given
by

λ̂CFG
U =2−2 exp

[
1
n

n∑

i=1

log

{√

log
(

1
ui

)

log
(

1
vi

)

/

log
(

1
max (ui, vi)

2

)}]

. (6)

3.3 Trivariate frequency analysis of droughts
using copulas

Multivariate frequency analysis is helpful in under-
standing critical behaviour of drought charac-
teristics. As drought events may last for more
than a year, drought characteristics can be anal-
ysed as a partial duration series (PDS) of indepen-
dent events. The univariate return period of drought
for a specific drought variable (say severity) can
be computed by (Kim et al. 2003)

Ts =
N

n(1 − Fs(s))
=

δ

1 − Fs(s)
, (7)

where δ=N/n and N = total length of SPI time
series (years), n = number of drought events, Fs(s)
is the univariate CDF of drought severity.

By following the above definition, the copula-
based trivariate return period of drought for
exceeding thresholds of any one of the drought
variables (in OR-case) without accounting climatic
state is given by

T∪
SDI =

δ

1 − FSDI(s, d, i)
=

δ

1 − CSDI(s, d, i)

=
δ

1 − P∪
SDI

, (8)

where P∪
SDI = P (S ≤ s ∪ D ≤ d ∪ I ≤ i) denotes

joint probability of occurrence of any one of the
drought variables, i.e., either severity (S ) or dura-
tion (D) or peak (I ).

Similarly, multivariate return period of drought
for exceeding thresholds of all drought variables
simultaneously (in AND-case) without accounting
climate state is given by

T∩
SDI =

δ

1 − Fs(s) − FD(d) − FI(i) + FSD(s, d)
+ FDI(d, i) + FSI(s, i) − FSDI(s, d, i)

=
δ

1 − Fs(s) − FD(d) − FI(i) + CSD(s, d)
+ CDI(d, i) + CSI(s, i) − CSDI(s, d, i)

=
δ

1 − P∩
SDI

, (9)

where CSD (s, d), CDI (d, i) and CSI (s, i)
are the joint distributions obtained from bivari-
ate copula for severity-duration, duration-peak and
severity- peak combinations, respectively; P∩

SDI =
P (S ≤ s∩ D ≤ d ∩ I ≤ i) denotes joint prob-
ability of occurrence of all the drought variables
simultaneously.

By using Bayes rule for obtaining total proba-
bility (from three ENSO state conditional prob-
abilities) and concepts from Willems (2000), the
mean annual multivariate return period of drought
accounting climate state information (i.e., com-
pound return period) in OR-case can be written as

T∪,Climate
SDI =

δ

1 −
(
pEl NiñoP

∪
SDI{{El Niño}

+ pLa NiñaP
∪
SDI{La Niña}

+ pNeutralP
∪
SDI{Neutral}

)

, (10)

where P∪
SDI{El Niño}, P∪

SDI{La Niña} and P∪
SDI{Neutral}

denote joint probability of occurrence of any one
of the drought variables at El Niño, La Niña and
neutral climatic phases, respectively; pENSO State

denotes probability of occurrence of drought in
a particular climate episode; ENSO State = {El
Niño, La Niña, Neutral}. The pENSO State can be
obtained by dividing the number of drought events
occurring at a particular climate state by the total
number of drought events during the period of
study. Similarly, mean annual recurrence interval
of drought in AND- case incorporating climate
episode can be written as

T∩,Climate
SDI =

δ

1 −
(
pEl NiñoP

∩
SDI{El Niño}

+ pLa NiñaP
∩
SDI{La Niña}

+ pNeutralP
∩
SDI{Neutral}

)

, (11)

where P∩
SDI{El Niño}, P∩

SDI{La Niña} and P∩
SDI{Neutral}

denote joint probability of occurrence of all variables
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simultaneously at El Niño, La Niña and neutral
climatic phases, respectively.

3.4 Conditional return periods of drought
characteristics

The copula-based joint distribution can be used to
obtain conditional return periods of drought char-
acteristics. For example, joint return period of drought
severity and duration conditional on drought peak
(TS, D|I) can be obtained from

TS,D|I =
δ

(1 − FS,D|I(s, d|I ≤ i′))
, (12)

where
FS,D|I = P [S ≤ s, D ≤ d|I ≤ i′]

=
FS,D,I(s, d, i′)

FI(i′)

=
CSDI(s, d, i′)

FI(i′)
.

Similarly, equivalent formula for conditional return
period of drought severity and peak, given drought
duration (TS, I|D), and conditional return period of
drought duration and peak, given severity (TD, I|S)
can also be obtained.

3.5 Conditional probability of drought
characteristics under each ENSO state

Conditional distribution of drought characteristics
under a particular ENSO state can be derived from
copula-based joint distribution function fitted for
drought characteristics in that climate state, which
can be helpful in studying the influence of one
dependent variable on another. The conditional
probability of drought severity, given drought
duration and peaks exceeding certain thresholds
d′ and i′, respectively (under a specific climate
state), is expressed as

P (S ≤ s|D ≥ d′, I ≥ i′)

=
FS (s)−FSD (s, d′)−FSI (s, i′)+FSDI (s, d′, i′)

1−FD (d′) − FI (i′) + FDI (d′, i′)

=
FS (s)−CSD (s, d′)−CSI (s, i′)+CSDI (s, d′, i′)

1−FD (d′)−FI (i′)+CDI (d′, i′)
(13)

P (S ≤ s, I ≤ i|D ≥ d′)

=
FSI(s, i) − FSDI(S, d′, i)

1 − FD(d′)

=
CSI(s, i) − CSDI(s, d′, i)

1 − FD(d′)
. (14)

4. Application

4.1 Study area and data

Western Rajasthan with an area of 196,150 km2

occupies 57.31% of India’s total arid zone area.
The climate is characterized by low, highly variable
and ill-distributed rainfall, high wind speed, high
evaporation losses, and extremes of seasonal tem-
peratures. Rajasthan has only 1% of the country’s
total surface water resources. The monsoon period
is short (about 2 to 3 months, July–September),
resulting in annual rainfall ranging from 150–900
mm in different parts of the state (average annual
precipitation 576 mm) and temperature varies from
5◦–45◦C in different seasons (RACP 2012).

The monthly area-weighted precipitation data
of nine rainfall stations in western Rajasthan
meteorological subdivision for about 110
years (from 1896 to 2005) is obtained from
Indian Institute of Tropical Management, Pune
(http://www.tropmet.res. in). Map of the study
area showing locations of the rain gauge stations
is presented in figure 1. Relevant data for MEI of
about 135 years (from 1871 to 2005) are obtained
from NOAA website (http://www.esrl.noaa.gov/
psd/enso/mei.ext/index.html#data). MEI values
before 1950 (extended back to 1871) are based on
Hadley Centre sea-level pressure and SST (Wolter
and Timlin 2011).

4.2 Drought modelling using standardized
precipitation index

Drought events are identified using standardized
precipitation index, which is a commonly used indi-
cator for drought assessment. Calculation of SPI
for any location and time scale (such as 3, 6,
9 and 12 months) involves fitting a probability
distribution function (generally Gamma or Pear-
son Type III distribution) for long time series
of aggregated precipitation which is then trans-
formed into a standardized normal distribution so
that the mean SPI for the location and desired
period is zero. In this study, 6-month aggregated
precipitation data is fitted with Gamma distribu-
tion function and used for SPI computation. A
drought period is identified when SPI value reaches
20 percentile or below threshold level (Svoboda
et al. 2002). Drought duration (D) is taken as the
number of consecutive intervals (months), where
SPI remains below the specified threshold value.
Drought severity (S) is the cumulative value of SPI
within the drought duration. For convenience, the
severity of drought event i, is taken as positive and
given as Si = −

∑D

t=1 SPIi,t, ∀i = 1, . . . ,n. Drought
peak (I) is the absolute value of the minimum value
taken by the SPI over the duration of the drought.

http://www.tropmet.res.in
http://www.tropmet.res.in
http://www.esrl.noaa.gov/psd/enso/mei.ext/index.html#data
http://www.esrl.noaa.gov/psd/enso/mei.ext/index.html#data
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Figure 1. Location map of the study area showing rain gauge stations.

Figure 2 illustrates the definitions of drought char-
acteristics. More details on SPI and definitions of
the drought characteristics and their computation
are well-documented by Janga Reddy and Ganguli
(2012).

For data of the present study region, it is noticed
that SPI-6 time series reaches 20 percentile limit
at −0.8; hence it is taken as a threshold level
for drought identification. Monthly SPI-6 series
were calculated and 87 drought events were identi-
fied. The time series plots of SPI-6 and MEI time
series are shown in figure 3. From figure 3a, it
can be observed that the region had experienced
major drought events during 1899–1900, 1901–
1902, 1905–1906, 1911–1912, 1915–1916, 1918–
1919, 1920–1921, 1939, 1946–1947, 1968–1970,
1973 and 2002–2003.

The three climate states (El Niño, La Niña and
neutral phases) are assumed to be mutually exclu-
sive and exhaustive during the study period so that
each year belongs to one particular ENSO episode.
Every year from 1896–2005 is given an ENSO clas-
sification based on May–November MEI index

(Wolter and Timlin 2011). The non-parametric
Spearman’s rank correlation is computed between
MEI and SPI-6 time series at each ENSO phase
year during 1896–2005. The rank correlations
between SPI-6 and MEI time series at El Niño,
La Niña and neutral phase years are found to
be −0.14, −0.30 and −0.14 with corresponding
p-values 5.11e−4, 2.3e−8 and 0.008, respectively.
All correlations are statistically significant at 5%
significance levels as tested by standard two-
tailed t test, which indicates that drought in the
study region is responsive to ENSO phenomenon.
Figure 4 presents scatter plot of SPI-6 against
MEI time series at each climate phase, which
depicts the strength of association between the two
time series. Using SPI-6 time series, a total of 87
drought events were identified during the study
period. Among 87 drought events, 41 are classi-
fied under El Niño and 23 are classified under La
Niña and the remaining under neutral episodes.
Table 1 presents summary statistics of drought
without and with accounting ENSO state. From
table 1, it can be noticed that the droughts in
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Figure 2. Illustration of drought characteristics using SPI.

Figure 3. Time series plot of (a) SPI-6 and (b) MEI during study period (1896–2005).

El Niño episodes are longer and severe in nature,
whereas the opposite is observed for La Niña year
droughts. Neutral phase droughts lie in between
El Niño and La Niña episode droughts in terms
of severity and duration. Table 2 presents associ-
ation between drought properties using Pearson’s
linear correlation and the two non-parametric

dependence measures – Spearman’s ρ and
Kendall’s τ with and without accounting ENSO
phases. In all cases, corresponding p-value is less
than 0.0001, indicating significant positive associ-
ation between drought variables. Figure 5 presents
scatter plots of pair-wise dependent drought
variables at each ENSO state.
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Figure 4. Scatter plot between SPI-6 and MEI time series at each ENSO phase during study period (1896–2005): (a) El
Niño, (b) La Niña, and (c) neutral phases.

Table 1. Drought characteristics without and with accounting ENSO climate phases.

Climate Drought Standard Skewness

state characteristics Mean Max deviation coefficient

Without ENSO Severity 4.1 30.7 5.9 2.8

Duration 2.7 18 2.9 2.4

Peak 1.4 4.3 0.7 2

El Niño Severity 5.6 30.7 7.5 2.1

Duration 3.6 18 3.7 1.8

Peak 1.5 4.3 0.8 1.8

La Niña Severity 2.3 9.5 2.2 1.8

Duration 1.8 6 1.3 1.7

Peak 1.3 2.8 0.6 1.3

Neutral Severity 3.3 17.3 4.3 2.4

Duration 2.2 10 2.2 2.4

Peak 1.5 4.2 0.8 2.2

Table 2. Strength of dependence between pair-wise drought characteristics without and with
accounting ENSO climate phases.

Climate state Drought variables Pearson’s r Kendall’s τ Spearman’s ρ

Without ENSO Severity-duration 0.95 0.79 0.90

Duration-peak 0.74 0.61 0.76

Severity-peak 0.85 0.85 0.94

El Niño Severity-duration 0.95 0.84 0.93

Duration-peak 0.81 0.70 0.83

Severity-peak 0.91 0.87 0.95

La Niña Severity-duration 0.93 0.75 0.87

Duration-peak 0.76 0.59 0.71

Severity-peak 0.92 0.87 0.95

Neutral Severity-duration 0.94 0.76 0.87

Duration-peak 0.69 0.51 0.63

Severity-peak 0.87 0.80 0.90
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Figure 5. Scatter plots of drought variables: (a) severity-duration (b) severity-peak, and (c) duration-peak pairs for three
ENSO climate states – El Niño, La Niña and neutral phases.

Table 3. Estimated parameters for marginal distribution of drought variables.

Climate Drought Probability Shape Scale

states characteristics distribution parameter parameter

Without ENSO Severity Weibull 0.88 3.8

Duration Exponential – 2.74

Peak Log normal 0.41 0.27

El Niño Severity Weibull 0.83 4.97

Duration Exponential – 3.58

Peak Log normal 0.43 0.29

La Niña Severity Log normal 0.78 0.52

Duration Exponential – 1.83

Peak Log normal 0.39 0.19

Neutral Severity Log normal 0.89 0.69

Duration Exponential – 2.17

Peak Log normal 0.41 0.31

4.3 Marginal distribution of drought variables

To fit marginal probability distributions for
drought variables from each climatic phase,
several parametric distributions are applied and
their performance is evaluated using Akaike
Information Criterion (AIC). It is found that
the drought characteristics duration and peak are
best represented by exponential and log-normal

distributions, respectively for all the cases (i.e.,
for droughts with and without ENSO phase con-
siderations). Drought severity is best modelled
by Weibull distribution for the case of without
ENSO and El Niño phase data, log-normal distri-
bution for La Niña and neutral phase data. Valid-
ity of each model is tested using Kolmogorov–
Smirnov (KS) goodness-of-fit test. Table 3 lists
the distributions and their associated parameters
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Figure 6. Marginal distribution fit of drought variables: (a) severity, (b) duration, and (c) peak without accounting ENSO
phase information.

used for fitting marginal distributions of drought
characteristics. Figure 6 presents marginal distri-
bution fit of drought variables – severity, dura-
tion and peak without accounting ENSO phase
information. Figures 7 and 8 present Probabil-
ity Density Function (PDF) and CDF plots of
marginal fit of drought variables under three ENSO
states. The probability distribution plots of drought
variables show good match between theoretical and
empirical distributions.

4.4 Dependence modelling using copulas

Student’s t copulas with 2 degrees of free-
dom are found to be adequate for fitting
drought variables with and without account-
ing ENSO climate state information. The asso-
ciated shape parameter matrix of Student’s t
copulas is listed in table 4. The root mean
square error (RMSE) between parametric Stu-
dent’s t and empirical copulas for entire drought
data (i.e., without considering ENSO stratification)
is found to be 0.031; and the RMSE values for El

Niño, La Niña and neutral phase models are 0.035,
0.053 and 0.056, respectively. Figure 9 shows P–P
plots of trivariate copulas fitted for joint distri-
bution of drought characteristics considering with
and without ENSO state information. The P–P
plot gives the relation between empirical copula
Cn(•) and parametric Student’s t copulas C∑

,ϑ.
From figure 9, it can be seen that the scatter plots
between parametric and empirical copulas are close
to the 45◦ line, which shows that a good corre-
spondence exists between theoretical model and
empirical distributions. To test the performance
of the Student’s t copula in modelling upper tail
dependence, pair-wise TDC (for both parametric
and non-parametric estimates) are computed and
used for evaluation of copula model efficacy. The
parametric upper TDC

(
λ̂param

U

)
of Student’s t co-

pula is computed using equation (5) and the non-
parametric upper TDC

(
λ̂CFG

U

)
is computed using

equation (6). The non-parametric TDC is com-
puted both for observed samples (denoted by λ̂obs

U )
and for copula-simulated data (denoted by λ̂CFG

U ).
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Figure 7. Marginal distribution fit of drought variables: (a) severity, (b) duration, and (c) peak, show PDF plots of fitted
distributions for each phase of ENSO state.
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Figure 8. Marginal distribution fit of drought variables: (a) severity, (b) duration, and (c) peak, show CDF plots of fitted
distributions for each phase of ENSO state.
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Table 4. The elements of shape parameter matrix (σ̂i,j) of Student’s t copula for different climate states. In
σ̂i,j , i and j takes values of {1,2,3}, which represents three drought characteristics severity, duration and peak,
respectively.

Figure 9. The P–P plots of trivariate copulas, show the scatter plot between empirical copula (Cn) and Student’s t copulas
(C∑

,ϑ): (a) without ENSO-state, (b) at El Niño, (c) at La Niña, and (d) at neutral ENSO phase droughts.

The λ̂obs
U is computed for data of observed samples,

and the λ̂CFG
U is computed for 1000 samples gen-

erated from copulas. The non-parametric TDC for
copula models is repeated for hundred runs and the
corresponding mean μ̂

(
λ̂CFG

U

)
and standard devi-

ation σ̂
(
λ̂CFG

U

)
values for various combinations of

drought variables are presented in table 5. It can
be seen from the table that Student’s t copula is
able to capture the observed upper tail dependence
satisfactorily.

4.5 Analysis of trivariate return periods
conditional on ENSO-state

The use of tele-connections between ENSO and
regional droughts is of great importance for plan-
ning and management of water resources projects
in the region, as ENSO is one of the major sources
of atmospheric variability in global scale. Hence,
this study uses the climate tele-connection between
ENSO and SPI-6 for ENSO-conditioned mete-
orological drought-risk analysis for the Western
Rajasthan region. The drought probabilities during
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Table 5. Upper tail dependence coefficient of Student’s t copulas for pair-wise dependent
drought variables at each ENSO-state drought condition.

λ̂CFG
U

ENSO state Drought variables λ̂param
U λ̂Obs

U μ̂
(
λ̂CFG

U

)
σ̂

(
λ̂CFG

U

)

Without ENSO Severity-duration 0.78 0.82 0.84 0.006

Duration-peak 0.62 0.65 0.69 0.012

Severity-peak 0.83 0.84 0.87 0.005

El Niño Severity-duration 0.83 0.86 0.87 0.005

Duration-peak 0.70 0.74 0.77 0.009

Severity-peak 0.87 0.87 0.90 0.004

La Niña Severity-duration 0.74 0.79 0.80 0.008

Duration-peak 0.60 0.65 0.67 0.014

Severity-peak 0.85 0.89 0.89 0.005

Neutral Severity-duration 0.74 0.78 0.80 0.008

Duration-peak 0.54 0.59 0.60 0.016

Severity-peak 0.77 0.83 0.82 0.007

Table 6. Comparison of trivariate return periods (in years) of drought characteristics with-
out and with accounting ENSO state conditions. The first column gives univariate return
period (T ) of drought characteristics.

Drought property

quantile value at T Without ENSO With ENSO

T S D (months) I T∪
SDI T∩

SDI T∪, Clim
SDI T∩, Clim

SDI

2.5 2.48 1.88 1.31 2.10 3.13 2.10 3.24

5 5.47 3.78 1.73 3.89 7.30 3.88 7.94

10 8.69 5.69 2.11 7.46 16.31 7.12 17.15

20 12.05 7.59 2.47 14.67 35.05 12.88 34.41

25 13.15 8.21 2.59 18.35 45.27 15.53 42.63

30 14.07 8.71 2.68 21.94 55.07 18.07 50.66
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Figure 10. Contour plots of conditional return periods (years) of droughts without accounting ENSO state information:
(a) conditional return periods of drought severity and duration at given peak, TS, D|I , (b) conditional return periods of

drought severity and peak at given duration, TS, I|D, and (c) conditional return periods of drought duration and peak at
given severity, TD,I|S . Historical droughts events are shown as black dots.
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El Niño, La Niña and neutral years are found
to be 0.47, 0.26 and 0.26, respectively. Table 6
presents univariate return periods and its associ-
ated drought quantiles, and joint return periods
computed using OR as well as AND-case utilizing
with and without ENSO state information. Due to
limited data on La Niña and neutral years (each
have 23 drought events), analysis is restricted to
only shorter return periods. From table 6, it can
be noticed that the return period in AND-case is
always greater than that of the return period in
OR-case. A small difference in return periods is
observed on accounting without and with climatic
state information, which shows that the developed
models are consistent, and the uncertainty associ-
ated with models (and its associated parameters)
are handled satisfactorily.

The joint return periods of drought variables
conditional on third drought property – TS,D|I ,
TS, I|D and TD, I|S are computed using equation (12)
(without considering ENSO states) and the corre-
sponding contour plots are presented in figure 10.

This figure also shows the superimposed histori-
cal (or observed) drought variables, which indicates
that most of the historical drought events have
shorter return periods. At the same time, there are
few historical drought events, which have return
periods of more than 100 years.

The conditional probability P (S ≤ s |D ≥ d′,
I ≥ i′) of drought severity, given drought dura-
tion and peaks exceeding certain thresholds, d′

and i′ are computed using equation (13). These
conditional probabilities are computed for each
ENSO state, where d′ takes values of dura-
tion at 50th, 75th and 90th percentile levels,
and i′ takes values of peak at 50th and 75th
percentile levels and are shown in figure 11.
From the plots in figure 11, it is possible to
know the conditional non-exceedance probabil-
ity of drought severity, given drought duration
and peak exceeding certain values. For all three
cases, the skewness of conditional probability
curves shows increasing trends. These results
can be helpful in assessing drought risks during
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Figure 11. The conditional probabilities P
(
S ≤ s

∣
∣D ≥ d′, I ≥ i′

)
of drought severity, given drought duration and peak

exceeding certain thresholds d′ and i′, respectively for each ENSO state (where d′ takes values of duration at 75th, 90th and
95th percentile levels, and i′ takes values of peak at 50th and 75th percentile levels). First row (a) shows the conditional
probability curves for i′ taking values of peak at 50th percentile level, and second row (b) shows the conditional probability
curves for i′ taking values of peak at 75th percentile level for El Niño, La Niña and neutral state droughts.
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Figure 12. Conditional probabilities P
(
S ≤ s, I ≤ i

∣
∣D ≥ d′

)
of drought severity and peak, given duration exceeding certain

threshold d′ for El Niño, La Niña and neutral state droughts. First row (a), second row (b), and third row (c) give the
conditional probabilities at drought duration exceeding 50th, 75th and 90th percentile values. Here d′1, d′2 and d′3 correspond
to values of drought duration at 50th, 75th and 90th percentiles.

Table 7. Conditional probabilities of drought characteristics for different ENSO state
droughts. PSI|D≥d denotes conditional probability of drought severity and peak for given
duration exceeding certain threshold.

Drought property quantiles

Percentile
at different percentiles

ENSO state levels S D (months) I PSI|D≥d

El Niño 50th 1.31 1 1.11 0.073

75th 7.95 6 1.78 0.080

90th 13.29 7 2.39 0.251

95th 26.42 10 3.35 0.702

La Niña 50th 1.11 1 0.98 0.109

75th 3.54 2 1.74 0.697

90th 5.02 4 2.05 0.760

95th 7.76 5 2.70 0.907

Neutral 50th 1.55 1 1.34 0.215

75th 3.26 3 1.58 0.344

90th 8.53 5 2.48 0.763

95th 15.64 8 3.40 0.883
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different phases of ENSO. For example, for a
given data of drought properties: severity s =
7, duration d = 4 months and peak i =
1.45, the corresponding conditional probability
P (S ≤ s |D ≥ d′, I ≥ i′ ) values estimated for El
Niño, La Niña and neutral state droughts are 0.15,
0.66 and 0.44, respectively.

Similarly, the conditional non-exceedance proba-
bilities P (S ≤ s, I ≤ i |D ≥ d′ ) of drought severity
and peak for a given duration exceeding certain
threshold at 50th, 75th and 90th percentiles levels
are computed using equation (14) and the corre-
sponding surface plots are presented in figure 12
for each ENSO state condition. Table 7 presents
conditional probability P (S ≤ s, I ≤ i|D ≥ d′) of
drought variables at different percentile values of
drought properties for three ENSO state droughts.
From table 7, it can be observed that the magni-
tude of drought properties are always higher for
El Niño phase as compared to La Niña and neu-
tral phases. Also, the conditional probability is
increasing in nature for different percentile val-
ues of drought variables. Thus, the conditional
probabilities of drought characteristics under dif-
ferent ENSO state conditions can be useful for
analysing the associated drought risks. The copula-
based trivariate modelling of drought character-
istics is very useful in estimation of multivari-
ate return periods and probabilistic assessment of
drought risks, since the conventional univariate
risk analysis of drought characteristics may lead to
overestimation or underestimation of associated
risks. Thus, by using the information on ENSO-
based climate variability in modulating drought
risks, it is possible to effectively plan agriculture
and manage water resources in the region.

5. Conclusion

This study investigated the influence of ENSO-
based climate variability on multivariate drought
risks in drought-prone region of Western
Rajasthan, India. Using multivariate ENSO index,
the drought events are partitioned into three
climatic states – El Niño, La Niña and neutral
episodes. It is observed that during the study
period (1896–2005), El Niño year droughts were
more severe and longer than La Niña and neutral
phase droughts. Different probability distributions
are employed for fitting marginal distributions for
drought variables and the best-fitted models are
selected based on goodness-of-fit test and AIC
criteria. To construct multivariate joint distribu-
tion of drought characteristics, the elliptical class
of trivariate Student’s t-copula family is adopted
and used for deriving multivariate return periods

of drought properties in two cases, i.e., without
and with accounting ENSO state information.
Then, the conditional probabilities of drought
characteristics are analysed under three ENSO
states – El Niño, La Niña and neutral phases.
It is found that the droughts during El Niño
state are more severe than the other two states.
The results of the study suggest that: (i) the
conventional univariate risk analysis of drought
characteristics may lead to overestimation or
underestimation of associated risks, hence, the
copula-based estimation of multivariate return
periods can be used for effective risk assessment
of droughts; (ii) the ENSO-based climate vari-
ability can be used for assessing drought risks
and appropriate planning of agriculture and water
management in the region.
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