
J. Astrophys. Astr. (2018) 39:40 © Indian Academy of Sciences
https://doi.org/10.1007/s12036-018-9533-6

Calculation of the transport coefficients of the nuclear pasta phase
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Abstract. We calculate the transport coefficients of low-density nuclear matter, especially the nuclear pasta
phase, using quantum molecular dynamics simulations. The shear viscosity as well as the thermal and electrical
conductivities are determined by calculating the static structure factor of protons for all relevant density,
temperature and proton fractions, using simulation data. It is found that all the transport coefficients have similar
orders of magnitude as found earlier without considering the pasta phase. Our results are thus in contrast to the
common belief that the pasta layer is highly resistive and therefore have important astrophysical consequences.
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1. Introduction

Based on the composition a neutron star (NS) can be
divided into several parts. At the surface there is a
thin envelope containing mostly H and He ions and Fe
atoms. The outer crust starts at ∼104 g cm−3 when
atoms get fully ionized and form a Coulomb lattice
embedded in an electron gas. With increasing density
the nucleus become increasingly neutron-rich due to
electron capture process. At ∼4 × 1011 g cm−3, the
nucleus become so neutron rich that neutrons begin to
drip out of the nuclei (Baym et al. 1971; Rüster et al.
2006; Nandi & Bandyopadhyay 2011). This marks the
end of the outer crust and the beginning of the inner
crust. In the inner crust nuclei are immersed in both an
electron gas and a neutron gas (Haensel 2001; Nandi
et al. 2011). With further increase in density, nuclei
come closer and at ∼1014 g cm−3 they merge together
to form uniform matter of neutrons, protons, electrons
and muons. Just before the transition to uniform matter,
nuclei take various complicated shapes due to the com-
petition between Coulomb energy and surface energy.
These exotic shapes are collectively known as nuclear
‘pasta phase’ (Ravenhall et al. 1983).

The study of pasta phase is crucial to understand
various astrophysical phenomena. For example, the
scattering of neutrinos from the pasta phase in core-
collapse supervovae can significantly affect the neutrino
transport, that plays a critical role in the eventual

supernova explosion (Horowitz et al. 2004). On the
other hand, the electron-pasta scattering is supposed
to greatly influence the transport properties like shear
viscosity and thermal and electrical coductivities of NS
crust and therefore, can play a crucial role in understand-
ing the phenomena of cooling (Horowitz et al. 2015),
magnetic field decay (Pons et al. 2013), crustal oscilla-
tions (Chugunov & Yakovlev 2005), etc. of NS.

The pasta phase was initially studied by static meth-
ods using few specific shapes (Ravenhall et al. 1983;
Lorenz et al. 1993; Oyamatsu 1993; Newton & Stone
2009). However, since the shapes are not known a pri-
ori it is important to adopt dynamical approach that
allows arbitrary nuclear shapes. After the first work of
Maruyama et al. (1998), several authors have studied the
characteristics of pasta phase using molecular dynam-
ics simulation of different types (Horowitz et al. 2004;
Schneider et al. 2013; Dorso et al. 2012; Watanabe
et al. 2003; Nandi & Schramm 2016, 2017; Schramm
& Nandi 2017a, b). In this article, we study the trans-
port properties of the nuclear pasta phase using quantum
molecular dynamics (QMD) simulation.

2. Formalism

In QMD, the wave function of a nucleon is represented
by a Gaussian wave packet with time-independent
width. The interaction between nucleons is described by
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a Skyrme-like Hamiltonian (Nandi & Schramm 2018;
Chikazumi et al. 2001)

H= T+VPauli+VSkyrme+Vsym+VMD+VSurface+VCoul,

(1)

where T is the kinetic energy, VPauli is the phenomeno-
logical Pauli potential, VSkyrme is the Skyrme-like
interaction between nucleons, VMD denotes the
momentum-dependent part, Vsym is the isospin-
dependent part, VSurface is the potential that depends on
the density gradient and VCoul is the Coulomb interac-
tion. The explicit expressions for all the potentials can
be found in Nandi and Schramm (2018).

The dominant contribution to transport properties
like shear viscosity (η) and thermal and electrical con-
ductivities (κ , σ ) of pasta phase comes from electron-
ion scattering as electrons are the most important carri-
ers of charge and momentum in this condition. All these
transport coefficients can easily be calculated when the
static structure factor (Sp(q)) that describes correlation
between protons is known. We calculate Sp(q) from the
autocorrelation function (Nandi & Schramm 2018)

Sp(q) = 1

Np
〈ρp(q, t)∗ρp(q, t)〉, (2)

where ρp(q, t) is the Fourier transform of proton
number density, which is calculated using positions of
the nucleons at time t . The average is taken over sim-
ulation time as well as all the directions of momentum
transfer q = 2π

L (l, m, n), where l, m, n are inte-
gers and L is the length of the cubic simulation box
determined from the number of nucleons used in the
simulation and the density as L = (N/ρ)1/3. To incor-
porate long-range (small q) correlations among protons
one needs to have enough number of particles. We take
4096 nucleons at ρ = 0.1ρ0 (ρ0 = 0.168 fm−3 is the
nuclear saturation density), and increase it with density
keeping L fixed at 62.47 fm. Therefore, for the highest
density (0.6ρ0) considered here we have 24,576 parti-
cles. To keep the simulation runtime within reasonable
limit, we perform simulation using GPU platform.

3. Results

We calculate Sp(q) and subsequently transport
coefficients for various density, temperatures and proton
fraction (Yp) relevant for various astrophysical scenar-
ios. In Fig. 1, we plot Sp(q) as a function of q for
symmetric nuclear matter at ρ = 0.1ρ0 and tempera-
tures T = 1−5 MeV. The Sp(q = qpeak) is proportional
to the size of the clusters but get corrected by the nuclear
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Figure 1. Static structure factor versus momentum transfer
for protons at ρ = 0.1ρ0,Yp = 0.5 and different temperatures
(T = 1–5) MeV.
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Figure 2. Same as in Fig. 1, but for Yp = 0.3 and ρ =
0.4ρ0.

form factor and the screening effects of other ions.
At ρ = 0.1ρ0, nucleons form spherical clusters. With
increasing T more and more nucleons evaporate from
clusters making the system increasingly uniform and
hence lead to smaller Sp(qpeak). An interesting behavior
of Sp(q) is seen in the pasta phase region (ρ � 0.2ρ0).
In Fig. 2, we plot Sp(q) for asymmetric nuclear mat-
ter (Yp = 0.3) at ρ = 0.4ρ0. From the figure, we
see that Sp(q) increases very sharply at T = 2 MeV.
This is because cylindrical structures found at this den-
sity at low T merge together to form almost perfect
equidistant slabs at T = 2, as can be seen from the
snapshot shown in Fig. 3. With further increase in T ,
these slabs gradually merge to form bubble phase and
Sp(q) decreases, as a consequence. In Fig. 4, we plot
Sp(q) for all density and temperatures considered here.
A careful observation shows that at low-density Sp(q)

decreases with temperature for all three values of Yp.
However in the pasta phase region (ρ � 0.2ρ0), the
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Figure 3. Simulation snapshot for neutron (green) and proton (red) distributions at ρ = 0.4ρ0, Yp = 0.3 and T = 2 MeV.
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Figure 4. Sp(q) as a function of density for Yp and T .

Sp(q) rises at intermediate temperatures as discussed
before in connection to Fig. 2.

Using the calculated structure factors we finally
calculate the transport coefficients. In Fig. 5 and Fig. 6,
we display the results of shear viscosity and thermal
conductivity for asymmetric nuclear matter with Yp =
0.3 and Yp = 0.1, which are typical values for super-
nova matter and neutron star inner crust, respectively.
It is observed that although there are irregularities in
the pasta phase region both the transport coefficients
generally increase with density and temperature. Most
importantly, the order of magnitude of both the coeffi-
cients are same as found earlier without considering
the pasta phase (Flowers & Itoh 1976; Nandkumar
& Pethick 1983). Similar behavior is also found for
electrical conductivity.

4. Conclusion

We have calculated the transport coefficients namely
shear viscosity and thermal and electrical conductivities
of low-density nuclear matter at various astrophysical
conditions, using quantum molecular dynamics simu-
lations. Under these conditions the electrons are most
important carriers and their transport is limited mainly
by electron–ion scattering, which we calculate by deter-
mining the static structure for protons (Sp(q)) using our
simulation data. Although Sp(q) shows some irregular-
ities in the pasta region, all the transport coefficients
are found to have similar orders of magnitude as found
without considering the pasta phase. Our results there-
fore contradict the speculation that the pasta layer
is highly resistive and bear important astrophysical
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Figure 5. Shear viscosity and thermal conductivity of nuclear matter as a function of density and temperature at Yp = 0.3.
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Figure 6. Same as in figure 5, but with Yp = 0.1.

consequences. However, longer and larger simulations
are required to confirm these findings.
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