
International Journal on Interactive Design and Manufacturing (IJIDeM) (2019) 13:633–644
https://doi.org/10.1007/s12008-019-00537-y

ORIG INAL PAPER

Numerical simulation of thermally developing turbulent flow through
a cylindrical tube

Ali Belhocine1 ·Oday Ibraheem Abdullah2

Received: 5 November 2018 / Accepted: 8 January 2019 / Published online: 12 January 2019
© Springer-Verlag France SAS, part of Springer Nature 2019

Abstract
A numerical study was conducted using the finite difference technique to examine the mechanism of energy transfer as well
as turbulence in the case of fully developed turbulent flow in a circular tube with constant wall temperature and heat flow
conditions. The methodology to solve this thermal problem is based on the energy equation a fluid of constant properties
in an axisymmetric and two-dimensional stationary flow. From the mathematical side, a numerical technique for solving
the problem of fluid–structure interaction with a fully developed turbulent incompressible Newtonian flow is described. The
global equations and the initial and boundary conditions acting on the problem are configured in dimensionless form in order
to predict the characteristics of the turbulent fluid flow inside the tube. Using Thomas’ algorithm, a program in FORTRAN
was developed to numerically solve the discretized form of the system of equations describing the problem. Finally, using this
elaborate program, we were able to simulate the flow characteristics, for changing parameters such as Reynolds, Prandtl and
Peclet numbers along the pipe to obtain the important thermal model. These are discussed in detail in this work. Comparison
of the results to published data shows that results are a good match to the published quantities.
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List of symbols

Aj Coefficient in Eq. (36)
Bj Coefficient in Eq. (36)
Cj Coefficient in Eq. (36)
Cp Specific heat at constant pressure (J kg−1 K−1)
C1, C2 k–ε model constants
D Inner diameter (m)
Dj Coefficient in Eq. (36)
E Inner energy (J kg−1), dimensionless variable
f Fanning friction factor
F Function
k Turbulent kinetic energy (J kg−1)
L Tube length (m)
M Tridiagonal matrix of dimensions (N×N)
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NuD Nusselt number
NuiD Local Nusselt number
P Mean pressure (Pa)
Pr Prandtl number
Prt Turbulent Prandtl number
qω Heat transfer rate at the wall
r Radial coordinate (m)
R Dimensionless radial coordinate
ReD Reynolds number
t Time (s)
T Temperature (K)
Tb Bulk temperature (K)
Tc Centerline temperature (K)
Ti Initial/entrance temperature (K)
Tω Wall temperature (K)
T̄ Wall temperature (K)
uc Centerline mean velocity (m s−1)
ui Mean velocity component (m s−1)
ū Mean velocity (m s−1)
ūm Average velocity (m s−1)
U Dimensionless velocity
v̄ Radial velocity component (m s−1)
xi Cartesian coordinate (m)
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y + Dimensionless distance from cell center to the near-
est wall

z Axial coordinate (m)
Z Dimensionless axial coordinate

Greek symbols

α Thermal diffusivity (m2 s−1)
δij Kronecker symbol
ρ Density of fluid (kg m−3)
θ Dimensionless temperature
ε Turbulent dissipation rate (m3 s−2)
ph Eddy viscosity (kg m−1 s−1)
μ Dynamic viscosity (kg m−1 s−1)
μt Eddy viscosity (kg m−1 s−1)
Φ Scalar quantities
τω Wall-shear stress
λ Thermal conductivity (W m−1 K−1)

Subscripts

i, j, k Unit direction vector of Cartesian coordinates
local Local value
out Outlet
t Turbulence
wall Tube wall

1 Introduction

The interaction between a structure and a fluid in which it
is submerged or surrounding fluid flow is generally known
as Fluid Structure Interaction (FSI). FSI problems exist in
numerous applications of engineering such as the stability
and response of aircraft wings, the flow of blood through
arteries, the response of bridges and tall buildings to wind,
the vibration of turbine and compressor blades, the oscillation
of heat exchangers. The complexity of current engineering
problems leads engineers to model all the elements of their
environment with ever greater precision in order to improve
the performance of systems [1]. Visual fluid models have
many obvious applications in the industry including special
effects and interactive games. Ideally, good computer graph-
ics fluidmodel should both be easy to use and produce highly
realistic results. The simulation of a fluid can be split into four
main parts: advection, surface tracking, pressure projection
and fluid–solid interaction. Each of these parts has been the
focus ofmany research papers. Themodeling of fluid flows is
essential for mechanics and engineering, especially the fully
developed turbulent flow which is the most common flow in

circular pipes. Turbulence is an uncertain, chaotic, unsteady
and unpredictable phenomenon [2]. Simulating physically
realistic complex fluid behaviors in a distributed interactive
simulation (DIS) presents a challenging problem for com-
puter graphics researchers. In many applications, such as
simulations involving a dynamic terrain, fluid flow inter-
acts with the environment. Therefore, fluid conservation and
the interaction of the flowing fluid with its environment are
important issues to address. In addition to high visual quality
and stability, simulation algorithms used in interactive appli-
cations must have predictable and constant computation time
and robustness to all possible user inputs. Recently, Direct
Numerical Simulations (DNS) has examined high-speed tur-
bulent mixing layers and the interaction of shock waves with
turbulence [3]. The main purpose of DNS is to solve (to best
of our ability) for the turbulent velocity field without the use
of “turbulent modeling”.

The subject of fluid–structure interaction is immensely
vast and can cover almost any field of modern engineering.
The main factors, which characterize fluid–structure interac-
tion, are the geometry of the tube, the incompressibility of
the fluid and the rigidity of the tube. The numerical solution
of the resulting equations of the fluid–structure interaction
problem poses great challenges since it includes the features
of structural mechanics, fluid dynamics and their coupling.
García et al. [4]. performed CFD simulation of complex phe-
nomena in batch mode on large high performance computing
(HPC) systems. Cucinotta et al. [5]. investigated, with a pre-
liminary numerical study by means of Computational Fluid
Dynamics (CFD), the Air Cavity Ships technology. Cher-
rad and Benchabane [6] proposed an interactive numerical
process to control the evaporating temperature of refrigerant
for solar adsorption cooling machine with a new correla-
tion. Bahar et al. [7]. presented a CAD transfer method to
visualize thermal simulation results in a virtual environment
in order to optimize building design determined by energy
efficiency. Amaya et al. [8]. developed a mathematical and
numerical model of flow and combustion process for spark
ignition engines using the principles of the first and second
law of thermodynamics. Zhang et al. [9]. simulated the tem-
perature change of the sinusoidal surface milling process by
using the three-dimensional modeling software, Matlab and
finite element analysis software.

Afzal [10] analyzed the open equations of thermal tur-
bulent boundary layer subjected to pressure gradient by the
method of matched asymptotic expansions at large Reynolds
number. Gbadebo et al. [11]. developed an empirical corre-
lation for local and average Nusselt numbers in the thermal
entrance region of steady and pulsating turbulent air-flows in
a pipe. Yan et al. [12]. investigated theoretically the turbulent
flow in rectangular channels in ocean environment usingCFD
code FLUENT.Yan et al. [13]. investigated theoreticallywith
CFD code FLUENT, the turbulent flow and heat transfer in
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triangular rod bundles. Weigand and Wrona [14] analyzed
the heat transfer characteristics in the thermal entrance region
of concentric annuli for laminar and turbulent internal flow.
Habib et al. [15]. experimentally investigated heat transfer
characteristics to turbulent pulsating pipe flows under a wide
range of Reynolds number and pulsation frequency under
uniform heat flux condition. Hui and Liejin [16] investi-
gated numerically a three-dimensional turbulent developing
flow in a helical square duct with large curvature. Roy et al.
[17]. conducted a numerical study of turbulent axisymmetric
radial compressible channel flow between a nozzle and a flat
plate. Eiamsa-ard and Changcharoen [18] also investigated
numerically the heat transfers and flow characteristics in a
channel with repeated ribs on one broad wall.

Taler [19] analyzed the heat transfers in turbulent pipe
flow. Tian et al. [20]. analyzed the effects of Prandtl num-
bers on heat transfers of supercritical pressure fluids. In
Taler’s later works resulted in a valid engineering model
for flows subjected to uniform heat flux through a circular
tube [21] for different Reynolds numbers Re Prandtl Pr, of
which the number of Nusselt Nu was expressed as a func-
tion of friction factor ξ (Re). Belhocine and Wan Omar [22],
and Belhocine [23] conducted a study to investigate the dis-
tribution of temperature in the pipes for a fully developed
laminar flow. More recently, Belhocine and Wan Omar [24]
solved the problem of convective heat transfers in circular
pipes, whose solutions were in the form of the hypergeomet-
ric series. Belhocine andAbdullah [25] then used a similarity
solution and Runge–Kutta method to visualize analytically
the thermal boundary layer in the vicinity of the inlet of the
circular pipe.

In this paper, a two-dimensional heat transfer in a fully
developed turbulent flow in a circular duct is numerically
investigated. The work utilizes a FORTRAN code which
applied the finite difference method to solve thermal prob-
lems on two boundary conditions. The situation is relevant
as an asymptotic case in several application fields in engi-
neering design, as heat transfer and chemical catalysis. The
interaction between a simple circular conduit and a fluid flow
under turbulent, well-defined, uniform and fully developed
inlet and outlet flow conditions was investigated. The work
consisted of studies with constant wall temperature and sur-
face heat flux with fully turbulent axisymmetric flow. The
numerical results of the model were validated by comparing
them with some results available in specialized literatures.
The comparisons give good agreements with published data.

2 The flow governing equations

In a flow, the governing equations are the continuity, momen-
tum and energy equations:
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where λ is the thermal conductivity and E is the total energy
expressed by.

E � cpT − P/ρ + u2/2

From the momentum equation a transport equation for the
Reynolds stress tensor can be derived [26] as

∂
(
ρu′

i u
′
j

)

∂t
+ Ci j � DT ,i j + DI ,i j + Pi j + �i j + εi j (4)

where Ci j , DT ,i j , DI ,i j , Pi j , �i j and εi j are respectively
the terms of convection, turbulent diffusion, molecular dif-
fusion, shear stress production, stress–strain and viscosity
dissipation.
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For computational stability, DT ,i j , �T ,i j and εT ,i j which
are defined as follows.
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where σk � 0.82 and μt is the turbulent viscosity, and

φi j � φi j,1 + φi j,2 + φi j,w (12)

with φi j,w, φi j,1 and φi j,2 are respectively the surface reflec-
tion term, slow term, and the rapid term. The last two terms
are defined as follows

φi j,1 � −C1ρ
ε

k

(
u

′
i u

′
j − 2

3
δi j k

)
(13)

φi j,2 � −C2

(
Pi j − 2

3
Pδi j

)
(14)

where C1 � 1.8 and C2 � 0.6.
As for the viscosity dissipation, the large-scale vortex is

essentially engaged in the transport ofmomentum. Neverthe-
less, it was considered that dissipation was generated only in
a small-scale isotropic vortex. So the equation for εi,j has
been reduced to the following expression

εi j � 2

3
ρεδi j (15)

3 Simplifying assumptions used
in the turbulent flow analysis

The governing equations for convective heat transfer flow as
presented above together form a very complex set of simul-
taneous partial differential equations. Analytical solutions to
this set of equations could be realized for a few, relatively
very simple cases. Numerical solutions for these equations
for three-dimensional flow solutions may be relatively large
and would require substantial computer resources.

The following two types of flow are, from a practical view-
point, are probably the most important. For these two flows,
some simplifying assumptions can be adopted.

In the case of flow inside a duct, it can be assumed that the
flow is fully developed. Basically, this means that it can be
assumed that certain properties of the flowdonot changewith

distance along the duct. Real duct flows well away from the
entrance or other fittings could be said to be fully developed.
Understanding the entrance length is important for the design
and analysis of flow systems. The entrance region will have
different velocity, temperature, and other profiles than exist
in the fully developed region of the pipe.

For fully developed duct flows, it can be assumed that the
fluid properties are constant, and the form of the velocity and
temperature profiles does not change with distance along the
duct. Such a condition could be presented in Fig. 1. If the
velocity and temperature profiles are expressed in the form,
then in fully developed flow, the velocity and temperature
profile functions f and g are independent of the distance along
the duct.

(
u

uc

)
� f

( r

D

)
,

(
T − Tc
Tω − Tc

)
� g

( r

D

)
(16)

This means that the velocity at any distance y from the
center line of the duct remains constant with distance along
the duct, and that the temperature at the same position, will
vary relative to the center line and wall temperatures.

As such (T − Tc)/(Tω − Tc) remains constant. In fully
developed flow, since u does not change, it follows that the
velocity components in the radial and tangential directions
will be zero.

4 Numerical procedure of the thermal
problem

4.1 Thermally developing pipe flow

In this analysis, there is initially no thermal transfer until the
flow is fully developed. Then only the heat transfer would
begin, but the properties of the fluid are initially assumed
to be constant [27]. Thus, the velocity field will not vary in
this region. In our simulation, we had limited the thermal
problem to the case of constant fluid properties, such that the

Fig. 1 Thermally developing
pipe flow

123



International Journal on Interactive Design and Manufacturing (IJIDeM) (2019) 13:633–644 637

corresponding equation for turbulent flow in the tube is given
as [28]:

ū
∂ T̄

∂z
+ v̄

∂ T̄

∂r
� 1

r
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[
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]
(17)

The radial velocity component (ῡ) is zero as explained
before. The energy equation describing the thermal problem
is then given by the following form:
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4.2 Boundary and initial conditions

The form of the governing equations used is quite parabolic
while neglecting the longitudinal heat flux and considering
only the radial flux. The mean velocity, ū is independent of z
and varies according to r. We can then write Eq. (18) in this
form
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ε
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The initial and boundary conditions applied to this equa-
tion are such that

when z � 0, T̄ � Ti
when r � d/2, T̄ � Tω,
when r � 0, ∂ T̄

∂r � 0.

4.3 Derivation of dimensionless formulas

For simplification purposes, it is important to convert this
equation to a dimensionless form in order to solve the prob-
lem. For this reason, we will use the following variables:

R � r

D
, U � ū

ūm
, E � ε

υ
, Z � z/D

ReDPr
(20)

where ReD is the Reynolds number of the average velocity
ūm through a tube of diameter D, defined as

ReD � ūm D

υ
(21)

The wall temperature is considered uniform and equal to
Tω. Thus the dimensionless temperature is defined as

θ � T̄ − Ti
Tω − Ti

(22)

where Ti is the initial fluid temperature before the heating
is triggered. The substitution of dimensionless variables into
Eq. (19) gives

U
∂θ

∂Z
� 1

R

∂

∂R

[
R

(
E

Pr

PrT
+ 1

)
∂θ

∂R

]
(23)

For our problem, we obtained the following boundary and
initial condition

Z � 0 : θ � 0, R � 0.5 : θ � 1, R � 0 :
∂θ

∂R
� 0.

(24)

4.4 The Thomas algorithm

The tridiagonal matrix algorithm is used for the resolution of
a systemwith a tridiagonal matrix that was first developed by
Llevellyn Thomas who bears his name (Thomas algorithm)
and is a way to solve implicitly three diagonal system equa-
tions. We seek to solve a tridiagonal matrix system of the
form:

MU � D (25)

where M is a matrix of dimensions N ×N tridiagonal, that
is to say a matrix whose all elements are null except on the
main diagonal, the diagonal upper and the diagonal lower.
⎛
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⎜⎜⎜⎜⎜
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. (26)

The vectors U and D, of dimension NX1, are written:
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In this algorithm, we first calculate the following coeffi-
cients:

c′
1 � c1

b1
(28)

c′
i � ci

bi − ai c
,
i−1

for i � 2, 3, . . . , N − 1 (29)
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Fig. 2 Subroutine Thomas written in FORTRAN 95

And

d ′
1 � d1

b1
(30)

d ′
i � di − aid ′

i−1

bi − ai c′
i−1

for i � 2, 3, . . . , N (31)

The unknowns u1, u2, …., uN are then obtained by the
formulas:

uN � d ′
N (32)

ui � d ′
i − c′

i ui+1 for i � N − 1, N − 2, . . . , 2, 1 (33)

In CFD solution techniques, the algorithm in question
is directly coded in the resolution process in contrast to
machine-optimized subroutines that are used on a specific
computer. A simple example of a FORTRAN program to
adapt this algorithm is well illustrated in Fig. 2.

4.5 The numerical method

Notice that the variations of the quantities U and E with R
are known, as long as the fluid velocity is fully developed.

Fig. 3 Nodal points used in obtaining finite-difference solution

The equation obtained will now be processed numerically
by the finite difference method since it is better adapted to
a medium with a wall temperature that varies according to
the longitudinal coordinate Z. This method is simple in its
concept but effective in its results, as such it is often used in
heat transfer problems.

Figure 3 represents the nodal points used in the numerical
simulation. Here, the finite difference method of approxima-
tions is introduced, and an explicit backward order of order
1 in the direction (i) is used where the variable U does not
change, to evaluate values at the spatial coordinate (Z).
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By replacing the derivatives by its finite difference approx-
imations obtained from Eq. (23), we obtain an equation in
the following form:

A j θi, j + Bj θi, j+1 + C j θi, j−1 � Dj (36)

The coefficients Aj, Bj, Cj and Dj resulting from the cal-
culations are obtained from the mining form
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Dj � Uj θi−1, j

�Z
(40)

Insertion of boundary conditions into the equations for this
problem leads to θi,2 � θi,1 and θi,N � 1. By exploiting this
boundary conditions and applying at all “internal” points (j�
1, 2, 3,…,N − 2,N − 1) in Eq. (36), a system ofN equations
forN unknown θ could be summarized in the following form.

θi,1 − θi,2 � 0
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Or in matrix form
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whereQ is a tridiagonalmatrix. This can be effectively solved
by Thomas’s algorithm for tridiagonal matrix. For any value
of Z, we can estimate the local heat transfer rate as follows:
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where qω is derived from

qωD

k(Tω − Ti )
� ∂θ

∂R

∣
∣∣∣
R�0.5

(45)

This implies that

NuiD � ∂θ

∂R

∣∣
∣∣
R�0.5

(46)

where NuiD is the local number. Then

NuiD � qωD

k(Tω − Ti )
. (47)

However

∂θ

∂R

∣∣
∣∣
i,1

� θi,N − θ1,N−1

�RN
, (48)

which means replacing Eq. (48) into Eq. (46) would result in

NuiD � θi,N − θ1,N−1

�RN
(49)

This Nusselt number is based on the spacing between wall
temperatures and local average temperatures, the flow via the
pipe is practically considered, so we draw

NuD � qωD

k
(
Tω − T̄m

) � qωD

k
Nu (50)

where Nu is the averaged local Nusselt number. This can be
expressed as Nu � 1

Tω−T̄m
.

Substituting Eq. (47) into Eq. (50), allows us to write

NuD � NuiD
Tω − Ti
Tω − T̄m

� NuiD
θm

(51)

with

θm � Tω − T̄m
Tω − Ti

. (52)

We can then define the bulk temperature through the tube
which is the temperature of the fluid that can be calculated
by

Tb �
∫ D/2
0 ρ2πrdr ūcpT̄
∫ D/2
0 ρ2πrdr ūcp

(53)

In this expression, the denominator indicates the multipli-
cation of the specific heat integrated in the flow zone with
the mass flow, while the numerator indicates that the total
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energy flowing through the tube. This results in the follow-
ing expression

T̄m �
∫ D/2
0 ūT̄ rdr
∫ D/2
0 ūrdr

(54)

which can be written as

θm �
0.5∫

0

UθRdR/

0.5∫

0

URdR. (55)

By using a pre-determined numeric value of θ with R for
any value of Z, the values θm can be drawn. So, we can deter-
mine the value of NuD at this value of Z.

The solution to this problem can then be obtained such
that, we must specify the variations of U and E � (ε/υε/υ)
in which the distribution of E is given by the following equa-
tions

y+ < 5 : E � 0

5 ≤ y+ ≤ 30 : E � y+

5 − 1

y+ > 30 : E � 1.6R
(
y+
)6/7 − 1

(56)

with

y+ � y

υ

√
τω

ρ
� (0.5 − R)ReD

√
f

8

in which f is the friction factor

f � 0.305

Re0.25D

. (57)

This is valid for hydraulically smooth pipe with turbulent
flow up to the Reynolds number 105(Re<105) giving

ū

uc
�
(
D − 2r

D

)1/7

(58)

where ūc means the center line speed. Now the value of ūm
becomes

ūm � 8

D2

D/2∫

0

ūrdr (59)

which tends towards

ūm
ūC

� 8

0.25∫

0

(1 − 2R)1/7RdR � 49

60
. (60)

By comparing the two equations, we can draw the follow-
ing result

U � 49

60
(1 − 2R)1/7. (61)

This equation finally yields the average values of the
dimensionless velocity U as a function of the radius of tube
R. A program in FORTRAN 95was used to solve the thermal
values in fully developed turbulent flow inside a cylindrical
tube with uniform wall temperature. The program was based
on the finite difference method.

5 Results and discussions

5.1 Uniformwall temperature

The average Nusselt number NuD along the pipe is shown in
Fig. 4 for different Reynolds number ReD at Prandtl number
Pr � 0.7. The Nu number helps to determine whether the
flow is hydrodynamically fully developed, or otherwise. The
decrease in Nu for Re � 100000 to 50000 is very signifi-
cant such that it is suggests different flow regimes occurred
at these two Reynolds number values. There is also a high
gradient of Nu changes for axial positions near the entrance
to the tube. These high gradients are caused by high friction
in the flow near the entrance to the pipe.

Using the results obtained from the calculation codes, the
the Nusselt number variations for different Prandtl numbers
are plotted against the pipe axial position as shown in Fig. 5.
Fromanapproximationof the distances from the tube thermal
entrance, it has been found that variations in Prandtl number
has significant effects on the Nusselt number values. This
distance is defined as the thermal entrance length, which is
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Fig. 4 Variation ofNusselt numberNuDforPr � 0.7 at the thermal input
entrance region and various values of ReD
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Fig. 6 Dimensionless temperature profile (θ) along radial coordinate
for different values of Reynolds numbers

important for engineers to design efficient heat transfer pro-
cesses. In fact, although it is hard to see in the presented scale,
different Prandtl values also yielded different Nu values for
the isothermal wall condition.

Dimensionless temperature results are plotted against
dimensionless radial positions for the constant wall tempera-
ture case, for Reynolds numbers 50, 800, 3000, and 6000, are
presented in Fig. 6. Figure 6 shows that when the Reynolds
number is low, the temperature of the fluid varied markedly
from the centre of the tube (equal to the inlet temperature)
to the wall. This variation reduces as the Re is increased,
to equal the wall temperature when as Re reaches 3000. Re
being the ratio of inertial to frictional forces, which is related
to the viscosity of the fluid, would increase gradually as the
temperature of the heating fluid increases from the inlet val-
ues to the wall temperature values.

The dimensionless axial velocity profile, as a function of
radial position for turbulent flow at Prandtl number Pr � 0.7
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Fig. 7 Dimensionless axial velocity profile (U) for Pr � 0.7
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Fig. 8 Dimensionless eddy viscosity distribution (E) along the dimen-
sionless radius (R) for Pr � 0.7 for various Reynolds numbers of the
flow

is depicted in Fig. 7. Fully developed laminar flow would
produce the parabolic profile, while a turbulent flow would
produce a much steeper slope near the wall. The axial veloc-
ity is maximum at the centerline and gradually decreases
towards the wall, and as it nears the wall (dimensionless
radius of 0.45) it reduces sharply to satisfy the no-slip bound-
ary condition for viscous flow. This effect is a slight decrease
of the shear stresses at the wall and an overall decrease of the
pressure-drop.

The dimensionless eddy viscosity distribution (E) along
the dimensionless radius of the pipe at different values of the
Reynolds numbers (Re) is shown in Fig. 8. It can be seen that
the dimensionless eddy viscosity profiles also have a more
uniform and almost coincide with the symmetric parabolic
distribution. The concavity of this parabola varies with the
Reynolds number. We see a significant change in maximum
eddyviscosity towards the central part of the pipe atReynolds
number values above 6000. The turbulent regime begins in
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Fig. 9 Variation of Nusselt number NuD in thermal entrance region for
Pr � 0.7 for various values of ReD

the pipe (Re>4000). Indeed, the turbulent flow consists of
eddies of various size ranges, which increase with increasing
Reynolds number. The kinetic energy of the flow would cas-
cade down from large to small eddies of interactional forces
between the eddies.

5.2 Wall heat flux uniform

Figure 9 shows the Nusselt number variations at the thermal
entrance region for Pr � 0.7 plotted for different values of
ReD in the case of uniformwall heat flux, in order to represent
the augmentation in the heat transfer.

It can be seen that as Re increases above 10,000 the aver-
age Nusselt number for the circular tube starts to increase
significantly. Axially the Nu values decreased rapidly from
the entrance to a point of about Z � 5×10−5, after which
the reduction is of lower and constant values as shown with
the straight line graphs. The straight lines also show that the
turbulent flow is fully developed. The development of the
turbulent flow is significantly affected by the large Reynolds
number values.

Nusselt number NuD variations with axial variations at
Reynolds number 6000 and Prandtl number 0.7 as obtained
from the program codes for fully developed turbulent flow
in the tube with constant wall heat flux are shown in
Table 1.

The dimensionless temperature profiles along the dimen-
sionless radius are plotted in Fig. 10 for Prandtl number
0.7 and various Reynolds numbers. Note that the effects of
increasing the Reynolds number is to give a more “square”
temperature profile, while a low Reynolds number yields a
more rounded profile similar to that of laminar flow. As the
Reynolds number increases tomore than3000 the dimension-
less temperatures approach a constant value of 0.8, except at
points near the wall of the tube.

Table 1 Summarized results of the FORTRAN95 code for uniformwall
heat flux for Re � 6000 and Pr � 0.7

Z TWall NuDi NuDa

0.0000042 0.003 334.9473 336.8423

0.0000086 0.0044 227.3414 229.1351

0.0000132 0.0055 182.6194 184.4026

0.0000181 0.0064 156.3688 158.1592

0.0000232 0.0072 138.4781 140.2811

0.0000286 0.008 125.2165 127.0338

0.0000342 0.0087 114.8419 116.6743

0.0000401 0.0094 106.4161 108.2639

0.0000463 0.0101 99.3814 101.245

0.0000528 0.0107 93.3841 95.2636

0.0000597 0.0113 88.1857 90.0813

0.0000669 0.012 83.6188 85.5309

0.0000744 0.0126 79.5622 81.4912

0.0000823 0.0132 75.9255 77.8718

0.0000906 0.0138 72.6394 74.6036

0.0000994 0.0144 69.6501 71.6326

0.0001085 0.0149 66.915 68.9166

0.0001182 0.0155 64.3988 66.42

0.0001283 0.0161 62.0737 64.1152

0.0001389 0.0167 59.9168 61.9793

0.0001500 0.0173 57.9081 59.9923
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Fig. 10 Temperature behavior (θ) versus dimensionless radius (R) for
various values of Reynolds number

5.3 Comparison of constant wall temperature
and heat flux cases

The calculations of the heat transfers in fully developed tur-
bulent flow inside a circular pipe, theNusselt numbers results
for the case of constant wall temperature and the case of con-
stant heat flux at constant Reynolds number of 104 (shown
in Fig. 11) are compared. The Nusselt numbers in the case
of uniform wall temperature are more than the numbers for
wall in uniform heat flux. This Nu values decreased sharply
exponentially at the entrance but as the flow moved away

123



International Journal on Interactive Design and Manufacturing (IJIDeM) (2019) 13:633–644 643

0,0 2,0x10-5 4,0x10-5 6,0x10-5 8,0x10-5 1,0x10-4 1,2x10-4 1,4x10-4

50

100

150

200

250

300

350

N
us

se
lt 

nu
m

be
r 

(N
u D

)

Dimensionless axial position (Z)

UWT (Re = 10000)
UWH (Re = 10000)

Fig. 11 Comparison of Nu profile along the pipe for uniform wall tem-
perature (UWT) and constant heat flux (UWH) for Re � 10,000

0 50000 100000 150000 200000 250000 300000

0

100

200

300

400

N
us

se
lt 

nu
m

be
r 

(N
u)

Reynolds number (Re)

Pr = 0,7
Present paper
Taler correlation 

Fig. 12 Comparison of the results from the present work to those from
Taler [21] for turbulent air flow in circular tube with constant wall heat
flux

from the entrance, the Nu decreased at lower rates, resulting
in two distinct values for the two thermal cases.

5.4 Comparison of the present numerical model
to previously published data

The results of this thermal problem simulation are compared
to the work recently performed by Taler [21] using the finite
difference method. Taler evaluated the Nu variations with Re
for different Prandtl numbers. In addition, Nu were obtained
for fully developed turbulent flow in tubes with constant wall
heat flux after solving the energy conservation equation.

The variations of the Nu to Re for Pr� 0.7 from this work
were compared to the results of Taler and shown in Fig. 12.
The two results matched very well, with variations of not
more than 2%. This shows that the model used in this work
is verified and validated, and thus confirms the reliability of
the numerical method and model for turbulent flow inside a
circular tube used in this work.

6 Conclusions

The impact of our contribution on the prediction of the heat
transfer rate at the wall of a pipe towards a fluid in turbulent
flow is presented. Main attention was given to two dimen-
sional and axi-symmetric flows through circular pipes. The
analysis is based on the thermal equations of turbulent flow
modelswhichwas solved usingfinite-differencemethod. The
equationswere adapted for any thermal boundary conditions,
so long as the velocity profile is fully developed at the point
where heat transfer starts. A FORTRAN program simulating
the fully developed turbulent fluid flow through a circular
tube, together with heat flow model, was developed. The
programwas then used to analyze two thermal boundary con-
ditions of uniform wall temperature and constant heat flux. It
was found that the surface temperature is higher with higher
Reynolds numbers, due to the free convection dominant in
the combined heat transfer process. The mean axial velocity
and temperature profiles were found to increase and extend
farther in the outer layer with increasing Reynolds numbers.
This consequently made the local Nu numbers to be higher
for high Re numbers. This is due to the forced convection
that dominates the heat transfer process. The thermal flux
results show the influences and sensitivities of some of the
parameters involved in the calculations. The results obtained
agree well with available literature with uncertainties of less
than 2%. In the fully developed turbulent flow, the Nusselt
number, as well as the dimensionless temperatures increase
with increasing Reynolds numbers.

The results of Nuwere also compared to published results,
It is also necessary to compare the numerical results of this

work, especially theNusselt numbers variations, temperature
and velocity profiles with experimental data, but this could
be done for now for the lack of the said data.

It should also be mentioned that the same solution pro-
cedure can be used for any dynamically developed velocity
profiles and turbulent models in other conduit configurations
such as channel geometries and rectangular, triangular or
other tube sections. Different wall heating conditions, and
viscous and other flows conditions could also be evaluated
for different heating effects.
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