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Abstract

In this paper, we introduce a new space that generalizes the ¢-Hilfer space with the

&(-)-Laplacian operator, denoted (¢, &£(-))-HFDS. We refer to this new space as the ¢-
%

fractional space with anisotropic & (-)-Laplacian operator, abbreviated as (¢, E) ))-

HFDAS. We prove that (¢, & (-))-HFDAS is a separable, and reflexive Banach space.
Furthermore, we extend some well-known properties and embedding results of the

(¢, £(-))-HFDS space to (¢, ?(o))—HFDAS. Moreover, we illustrate an application
%
of (¢, & (-))-HFDAS by solving a differential equation via variational methods.
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1 Introduction

Lately, there has been an increasing interest in the study of partial differential equations
[7, 10-12, 15, 16, 26, 28], particularly the ones that involves the ¢-HFDS spaces, as
highlighted in [20] and its related literature. Naturally, there’s a notable focus on issues
pertaining to ¢-HFD with the £(-)-Laplacian operator given by

a,B; a §)-2 oc
L() :=©T”3*“’(\ a0l ”()) (L1)

Problems involving the above opertator have been a subject of recent few references
in the literarure. For instance, in [20] Srivastava and Sousa, focused on exploring
quasi-linear fractional-order problems with variable exponents of the form

. .o |ED-2
o7 <’ o5l ul T DG >:plulﬁ<’”‘2u+«4<x,u) in Q
= (0. T], x[0. T] x [0, T
=0 on 0€2.
(12)

The authors of [20] employed the Genus theory in conjunction with the
Concentration-Compactness Principle and the Mountain Pass Theorem to prove the
existence and multiplicity of solutions for problem (1.2). Additionally, Sousa et al.
[22] utilized the fibering method in conjunction with the Nehari manifold to demon-
strate the existence of at least two weak solutions for the following fractional singular
double phase problem

T
=Eu~ + pu"! inQ = 1[0, T], x[0, T]
u=0 on 0%2,

. =2 £— .
ahid (\ oLl D% P 4 i) |05 ng,zpu)

(1.3)

in the case that ¢ is sufficiently small. Again, Sousa et al. in [21] established the
existence and multiplicity results by utilizing the Nehari manifold technique to the
following curvature problem

‘Daﬂ " £(0)—2
o, B¢ aBip |5V a,B; ¢
D% 1+ — | 257 p%f
\/1 + ’ o5 u
= [ulPD"2u + p(x) Ay (x, u) in Q,
u=0 on 0%2.

Other interesting works, related to (1.2), can be consulted [6, 19, 21-24].
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Before presenting the problem to be addressed and the main results of this article,
it will be presented some preliminary aspects regarding fractional operators.

LetA:=[c,d](—0o<c<d<o0),n—1<a<nneNandg,¢ € C"(A,R)
such that ¢ is increasing and ¢’(x) # 0,forallx € A.Consider Q = A; x---x Ay :=
[c1,di]x--x[cn,dy]where0 < ¢; < d;, foralli € {1, ..., N}, anda = («q, ..., aN)
where 0 < ay, ..., ay < 1.

The ¢-Riemann-Liouville fractional partial integral (resp. derivative) of order « of
N-variables g = (gi, ..., gy ) are defined by

120800 = o [ #O0@0) ~ 600 g0ndy

and

1oV g o
Dflg0) =1L (—Wm 5) L0 (),

where ¢/ (y) (@ (x;)) — ¢ (yi)* ™' = ¢’ (V)@ (x1) — ()" ... ¢ (yn) (P (xn) —
¢ ()" and T'(;) = T(@)T(@2) ... T(@n), g0x) = gx)g(x2) . .. gxy) and
dy; =dyidy;...dyy,0x; = 3x1, 0x2, ..., dxy and ¢’ (x;) = ¢’ (x1)@' (x2) ... ¢' (xN)
foralli € {1,2, .., N}. Analogously, it is defined I’ g(x) resp. D277 ().

On the other hand, we point out that partial differential equ’altions involving
anisotropic operators are highly relevant across various fields of technology and sci-
ence. For example, in reference [13], a mathematical model for image enhancement
and denoising was proposed, which effectively preserved key characteristics of the
images by considering anisotropic operators. Additionally, anisotropic equations are
applied in models that describe the spread of epidemic diseases in heterogeneous envi-
ronments. In Physics, these operators contribute to describing the dynamics of fluids
with varying conductivities in different directions. For more details regarding the men-
tioned applications, refer to [1-3, 13]. Regarding the interest from mathematical point
of view, we quote for example [25], where it was obtained existence and multiplicity of
solutions, via sub-supersolutions and variational methods, for the anisotropic problem
with variable exponents given by

pi(x)=2 9
a—”) — a()u@O=1 L f(x, u) in Q,
Xi

u=0 on 0%,

Y8 ) ou
2o (5

where € is a bounded domain in RY (N > 3) with smooth boundary, a, «, f, pi,i =
1, ..., N are functions satisfying adequate conditions, and A is parameter. For other
references that consider anisotropics problem we mention [4, 5, 8] and its references.

Thus, based in the previous comments the main goal of this manuscript is to
introduce the opertaor general operator considered in (1.1), which will be referred
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as (¢, ?(-))—HFDAS, given as
wﬁ¢ D% SO Sapig
AC) —§ D% () "0 ol ()) (1.4)

Furthermore, we introduce an adequate space to deal with the operator (1.4), that will
be called as the ¢-HFD and denoted by H— . (Q), which is defined as

£ (x)
HE)()C)(Q) = {(1) S LIOL(Q) w € gsz(x)(Q) and @0( ﬂ ¢(1) c jsl(x)(Q)

foralli e {1,...,N}},

that can be equipped with the norm

N
— a,Bi¢
ol 0 = ||w||_%M<x)(Q)+21:H©0+7x1_w”$w(g forallw € Hy  (0),
i=

where0 <a < 1,0 <8 <1,1 <afykx) < N,E) :a —> R¥ is a vector function
defined as ?(x) = (&1(x), ..., En(x)), such that & € CT(Q) satisfying 1 < &~ <
§i+ < N <ooforalli € {1,..., N}with&,(x) =min{£1(x),...,Ex(0)}, En(x) =
max {£(x), ..., En(X)}, &, = sup &, (x) and S;fl = sup &y7(x). We denote that

x€Q xeQ
_ N NE_ fgF < N,
E) = ———— E(x) = { g et <
> iz /&) 400 ifaE > N.

At this point, we can describe the obtained properties of the space H— 2 )(Q)

Proposition 1.1 The space ( o )(Q) I - ||H?( )(Q)) is a separable and reflexive
Banach space.

Remark 1.2 The (¢, 5 (-))-HFDAS with zero boundary values H—>
as the closure of C0 (Q), with the norm

i )O(Q) is defined

a,Bi¢
ol == ol o) = ZH%X,

£@).0 Hg&m(g)'

Also, H? @ )(Q) satisfies the following embedding described below.

Theorem 1.3 Consider & € CT(Q) foralli € {1,..., N}, with &, € clgg@) such

that& o < N. Assume h € C(Q) satisfies 1 < h(x) < max{g*(x) g5} for all
x € Q. Under these conditions, there exists a continuous embedding H— ? )(Q) <
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fh(ﬁ(Q). Moreover, if we additionally assume 1 < h(x) < max{€ " (x), E1Y for all
x € Q, then this embedding is also compact.

Additionally, we have the following Poincaré inequality:

Proposition 1.4 Consider & € C.(Q) for all i € {1,..., N} such that &y (x) <
&r(x) forall x € Q. For every w € H— 2, o(D), the Poincaré-type inequality

X

apis
loll gt ) < CZ |05 H%(X)(Q) forall o€ H | (0), (15)

holds with C > 0 independent of w.

As an application of the previous results, it will be established the existence of
a weak solution for the following fractional differential equation involving the new

(¢. E (-))-HFDAS

& (x)=2 .
Zga o (‘Da i ‘ ngfw> + w20 = ¢(x,w), forx e Q,

w=0 onaQ,
(1.6)

where 9 c RY(N > 2) is a bounded domain with a Lipschitz boundary 3 Q and g:
0 x R — R is a continuous function with the potential G(x, §) = fos g(x, t)dr,
that satisfies the hypotheses below.

(H1) ThereexistC > Oand g € C4(Q) with&;; < ¢~ < gt <& (x) forallx € 0,
such that g verifies

lgx,s)]| <C (1 + |S|q(x)71> 7

forallx e Qandalls € Rand g(x,1) = g(x,0) =0forallx € Q,¢ <O.

1)t .
(H2) lim 8. 1) =11 < 00,and lim M = 00, uniformly for x € Q.
=0 ! 0 el

gx, 1) . o
(H3) Forae.x € 0, — s nondecreasing with respect to ¢ > 0.

1M~

Em(x) . .

(H4) limsup ———G(x, 1) < ¢1, uniformly for a.e. x € Q, with

[t —+o00 [E1EMm (X)

&i(x) 1
YL / Dol to| dxt / || dx
e inf £ (x) 0 Em(x) o

OEHZ (10D / |57 dx
Em(x)
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(HS5) There exist ag > 0 and § > 0 such that
G(x,t) > ap|t|?, forall x € Q, |t| <6,

where gg € C(Q) with gg < &,
In what follows we describe the application concerned problem (1.6).

Theorem 1.5 (i) Under hypotheses (H1)—(H3), problem (1.6) has at least one
nontrivial solution in H— - 0(Q).

(ii) With hypotheses (H4j—(H5), problem (1.6) possesses at least one nontrivial

solution in H?(x),O(Q)'

The remainder of the manuscript is organized as follows. In Sect. 2, we provide a
brief overview of the key features of variable exponent Lebesgue spaces. In Sect. 3,

we prove the properties of the <¢, ?(-))-HFDAS. Moving on to Sect.4 we present
the application described in Theorem 1.5.

2 Mathematical background
In this paper, we assume that Q is a bounded Lipschitz domai in RY (N > 2). For the
definitions and notation that we will present below, we use [9, 14] and the references

therein. B
We define the set CT(Q) as

c*(0) = {s L £eC(0), £(x) > 1 forae. x € E}.

Consider Cfgg(a) the set of functions £ € C*(Q) that satisfy the log-Holder
continuity condition

— 1
SUP{|§(X)—§(y)|10g 1X,y€Q,0<|x—y|<§}<oo,

|x — ¥l

For any £ € C1(Q), we define €T = sup £(x), &~ = im;S(x) and the modular
xeQ Xe

0t LEOD(Q) — R as 0t (w) = / |a)(x)|‘5(x)dx. Then, the variable exponent
0

Lebesgue space is defined as

259(0) = {0 e (@), 0@ < oo},

where U(Q) is the set of all real-valued measurable functions defined in Q. We endow
the space .Z E(x)(Q) with the Luxemburg norm

. w(x
ol gt o) :=1nf{r >0:0¢ (' . )|) < 1}.
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Then, the variable exponent Lebesgue space (.Z"E(")(Q), -l gs(x)(Q)) becomes
a Banach space. Let us now revisit some fundamental properties associated with
Lebesgue spaces involving variable exponents.

Proposition 2.1 [14] Let ¢, h € Ct(Q) such that ¢ < h within the domain Q. Under
these conditions, the embedding L") (Q) — £9%)(Q) is continuous.

Furthermore, the following Holder-type inequality holds for all w € .#5™) (Q) and
ve L5WQ)

‘/ w(x)v(x)dx
0

“+ )
< —+ ——) ol go o vl ewm
(%‘ &) Q) 25 0(Q)

< 2]0ll g o) 1Vl e ) @1

Moreover, if w € Z5®)(Q) and € < oo, then from [9] we have

loll s gy < 1(=1; > 1) if and only if o (w) < 1(= 1; > 1), 2.2)
if ol s g) > 1 then [0l o) < 06(@) < 0l e g 23)

and
if ol genggy < 1then ol o) < 05@) < 015000 ) @4

As aresult, we get

- +
ol e gy = 1 < €6(@) = 0l g, + 1 forallw € £50(0).  (25)

This leads to an important result that norm convergence and modular convergence
are equivalent.

loll e gy —> 0 (—> 00) if and only if g¢ (w) —> 0 (—> 0c0). (2.6)

Remark 2.2 The above properties of the modular and norm hold for all Li(x) (Q) =

{w : w is u-measurable real-valued function and / |a)(x)|5(x)d w< oo}, where Q C
0]

RN (N > 2) is a bounded open subset, 1 is a measure on Q, and & € C1(Q).

Now, we recall the definition of ¢-HFDS, denoted by He(x)(Q), which is consists of

functions w belonging to .Z¢™) (Q) whose derivatives @gf @ are also in .4 ©(Q),
ie,

Hew(Q) = [w € 259(0) 1 |05 0| € 2500,
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endowed with the norm

[l 01 = ol gz gy + | D5 %0 for all w € Heer)(Q).

Z50(Q)

Remark 2.3 We can define He(y),0(Q) as the closure of C§° (RN) in He(x)(Q) which
can be equipped with the equivalent norm

Bid

ol 000) = H@3‘+ a)H for all € M (x).0(Q).

L5 (Q)

Note that He () (Q) and He(x),0(Q) are separable and reflexive Banach spaces, as
established in [27].
Now, let us highlight the crucial embeddings of the space He(x) (Q).

Progosition 2.4 [27] Let Q be a Lipschitz bounded domain in RN, and € € C°(Q). If
r:Q — (1, 400) satisfy

NE(x) . N
1 w0y _ ) N—af(x)’ if af(x) <N, —
<r(x) < &*(x) !oo, T forall x € Q,
then, the embedding
Hen (Q) = £7(Q) 2.7)

is compact and there is a constant co > 0, such that || ¢rx < collw|l.

Proposition 2.5 [17] Consider a real Banach space Y and its dual Y*. Assume that
Y € CY(Y, R) satisfies the condition

max (¥(0). ¥ () <v < inf ¥ (@),
ol=p
for some ¥ < v, p >0, and e € Y with |e| > p. Let ¢ < v be such that

= inf ma 7)),
c yerre[oﬁ]w(y( )

where I' = {y e C(0,1],Y) : y(0O) = y(1) = e} is the set of continuous paths

joining 0 and e. Then, there exists a sequence {wy, }neN in Y such that

¢ (@) — c>v and 1+ |onl) ¥ (@n)]y. — 0.
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3 Proof of the propert of the ¢»-HFD space with anisotropic operator

This section will be devoted to provide the proofs of propositions 1.1, 1.4, and Theorem
1.3.

Proof of Proposition 1.1 Since .25 () is a reflexive and separable space, it follows
that the space ]_[fv= 1 L5 (0) with respect to the norm

N 5
loll g& = (Z ||wi||f;ﬂg,.) : G.1)
i=1

where w = (w1, w2, ..., wN) € ]_LNZI LE) (Q) is also reflexive and separable space.

On the other hand, let us consider the space T = [(w, Dgf j’w) ONS H? (x)(Q)} ,

which is a closed subset of ]_[lN=1 LEX(Q) as H?(X)(Q) is closed. Therefore, T
is also reflexive and separable Banach space with respect to the norm (3.1) for w =
(w1, w32, ..., 0N) €Y.

Define the operator A : H? (x)(Q) —> T given by

A(w) =: (w, @gf}x‘lpa)) , W€ H?(x)(Q).

N
Therefore, it follows that ||a)||H?( (@ = Z |Aw]|| oz, which means that the

X l:l
operator A : @ (a), Z)g’f jw) is a isometric isomorphic mapping, which implies
that the space H? (x)(Q) is isometric to the space Y. Hence H—,_ (Q) is a reflexive

§ (%)
and separable Banach space and this completes the proof. O

Proof of Theorem 1.3 Consider w € H—g (x)( Q). From Proposition 2.1, we deduce that

o € He,, (1) (Q). Ash(x) < & (x)forallx € @, Proposition 2.4 ensures the existence
of a positive constant ¢ > 0 such that

N
a,B;¢
ol groogg < ¢ (”w”;ﬁm(x)(Q) + Zl [95220] oo, Q)) LG
1=
As&, <& < &y holdsforalli € {1, ..., N}, we can once more utilize Proposition

2.1 to obtain positive constants ¢; such that

||a)||$§m(x)(Q) = COHQ)”gEi(X)(Q), and

1957wl geni o) < iDL P 0ll g g). (3.3)
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for all i € {l,...,N}. Combining (3.2) with (3.3), yields ||l gnw gy =
c||w||H?( (0 Since Proposition 2.4 establishes that the embedding

He, () (Q) — L"),

is compact if 1 <h(x) <& (x)forall x € Q, we can conclude that the embedding
g « )(Q) — gh(")(Q) is both continuous and compact. O

Proof of Proposition 1.4 Let us consider a contradiction case where (1.5) is not satis-
fied. This implies the existence of a sequence {wy,},cn C H? ™ (@), which we can
assume, without loss of generality, that ||wy, || LW (g) = 1,and

1
<—, foralln=1,2,... and {w,},en
n

Z H Qg*'ﬁx(,b

is bounded in 'H?( ), 0(9)-

R%3 (.\')(Q)

Using Theorem 1.3, there exists a subsequence of {w, },cn, denoted by {wp},cns
which converges in £ (Q). Therefore, {w,},cy is a Cauchy sequence in
H— (Q), and then there exists wy € H— Z ), O(Q) such that w,, — wasn —> oo.

& (x),0
Since

Z 2537

foralli € {1,2,..., N}, yields that

1
< —, and ’D ﬂ¢wn —>i)a’3¢w0, 1n$5'(")(Q)
n

L5 (Q)

)

Z HQOJr x; @

géi(x)(Q) = n—)oo Z HQOJr xt

gfi(X)Q =
and consequently @g’f ¢wo = 0. Since wg € ’Hé . O(Q), we have wyg = 0, which
contradicts the fact that ||C!)()||$§,-(x)(Q) = lim,— 0 ”C()n||$§,-(x)(Q) =1. O

4 Application

In what follows we provide the definition of weak solution that will be considered for
(1.6).

Definition 4.1 We say that w € Hé . 0(Q) is a weak solution of (1.6), if for every

vE H?( ), 0(Q) the following holds



Basic results for fractional anisotropic spaces and applications Page 11 of 21 71

f 105 ] 2050 DIy dx + / |0l 200 dx

—/ gx,w)vdx =0.
o)

Now, let us introduce the energy functional € : H— 2 (), 0(Q) —> R associated to
problem (1.6), which is defined as

apig, 1) L m /
¢(0) = Z/ ,;,()‘@ of " dx+ el dx = | o

“.1)

We have ¢ € C! (H? ), 0( ), R) and it is noteworthy that the critical points of

€ correspond to weak solutions of (1.6) and its Gateaux derivative is
, @B §i(x) Ear (1)
(¢ (w), w) Z ‘@ a)‘ dx + |a)| M dx — | gx,w)wdx.
0

Mountain-pass geometry

Next, we prove that the energy functional (4.1) satisfy the mountain pass geometry.

Lemma 4.2 [f conditions (H1)—(H3) are satisfied, then the following assertions hold:

(Q) with v > 0 such that €(tv) — —ocoast —> 00.
(Q) with |w|| = 9.

(i): There exists v € HE( ).0
(ii): There exist ¥, v > 0 such that €(w) > v forall v € HS (.0

Proof (i) Using the condition (H2), it can be inferred that for all K > 0, there exist
Ck > 0, such that

G(x,s) > K|s|é§1lJ2 forall x € Q, and |s| > Ck. “4.2)

Lett > 1 large enough and v € H—> (Q) with v > 0. From (4.2), one has

£ (x),0

N
1 . ) 1
E(tv) = Zf gi(_x)|©gf;ftv|&(X)dx+/Q sM(x)|tv|5M(x)dx —/QG(x,tv)dx
& DB i) s+/ Ea ()
< t°M "v| dx + t°m — V| dx
Z/ g 0 Em(x

0 &m(x)

- / G(x,tv)dx — / G(x,tv)dx
|tv]>Ck [tv|=Ck
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| /\

£ £y
tn b £ t5m

3 / 05 ax + = [ ol
gm im1 i %_M 0

_ KﬁM/ |v|5n+4dx—/ G(x, tv)dx
[tv]|<Ck

&y &y

[ M . 1°M

§ / |©§+ﬁ;?v|5f<X>dx+T/ IUISM(")dx—Kt'S;I/ wlEdx+C,
m s X SM Q Q

| /\

where C1 > 01is a constant. Choosing K to be sufficiently large to guarantee a specific
condition

§i(x) 1
E / ‘@gff’ dx + —7/ [v]EM O gx — K[ |v|$f\+4dx <0,
=1 &u /o 0

we have that
E(tv) — —o0 as t —> +o00,
which concludes the proof of (i).
(ii) It follows from (H1) and (H2) that for a given ¢ > 0, there exists C; > 0 such
that

l2(x, w)] < el + Celw|?71, forall (x,w) € O x R.

Furthermore, according to the continuous embeddings H— Z ). 0(Q) — L19(Q)
and H—> (Q) = .ZsM (Q), it follows that there exist constants C{, C, > 0 such

£ (1.0
that
G X < N .
0]l s o, = Cllloll and ol gucn g) < Calle] 43)
for all w € H?(x),o(Q)' Therefore,
c
/G(x,w)dxf/ i+|w|5n?dx+/ ILETIOP
0 0 &y 0 q9(x)
cio e
< e——|lol + Cc——|w|? | 4.4)
&y q

forallx € Q and all w € H—~
(4.4) that

(), O(Q). Thus, for ||w|| < 1, we have from (4.3) and
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N
1 .4 &) 1
o) — obid P / ey _/G L w)d
(w) ;/Q £ 0+’x[w‘ x+ 0 SM(X)|w| x 0 (x, w)dx

N
1 / ‘ o, Bip &i(x) 1 / (
> — E D a)‘ dx + — | |o/™®dx —/ G(x,w)dx
o oI v Jo 0

M |
1 N £ 1
> a,B;¢ H M o
> S;EHD‘)‘” o T EE 1 ||$§M()(Q) |G
1 £t
> —lol — | G(x, w)dx
é):M o
1 ch a

v

& +
_ —e—— + C, = q &y Eur .
2N e éM e——llol el

Since 1 < En‘; < g~ , for sufficiently small values of ©%, we choose v > 0 such that

E(w)>v, forallwe H?( )O(Q) with [o| = ¥.

m}

Lemma43 Given the hypotheses (H1) and (H3), and a sequence {wplnen C
g . 0(Q) such that

(& (w,), wy) — 0 as n —> 00, “4.5)

then there is a subsequence, still denoted by {w, }, N, such that for all t > 0, it holds
tom 1 1
E(twy) < — | —+ —g (x, wy) wpdx | — G (x,w,)dx.
Em Ln 0&m 0

Proof Let ¢ be a function such that

tom
—g (x,wp) Wy — G (x, twy) .

m

@) =
Thus,
<P/(f) = té:';_lg (x, wy) Wy — g (x, twy) wy,

- 8 (x, twy)
= ¢ lwn g (x, wp) — _—n )
["Em_l
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which implies that ¢’ () > 0 for ¢ €]0, 1], and ¢'(¢r) < 0 when ¢ > 1, which leads
to

o) <), forallr > 0. (4.6)
According to (4.5), one has
/ 1
(& (@n) , n)| < =

Hence,

<e (@n) , wn Z/ ‘Daﬂ¢a)n

1
—/ g (x, wy) wpdx < e “4.7)
]

&i(x)
dx+/ [ |PM ™) g x

By utilizing (4.6) and (4.7), we derive

Sl(x) 1
¢ (tw,) = / D%he,, dx—l—/ [twn | PM O dx
" Z 0 &) Doty ! 0 &mx) "

1 1
/ G (x,tw,)dx < — |:— +/ —g (x, wy) wndx]
0 Em 0 Em

— / G (x,w,)dx,
0

4.8)

which completes the proof. O

Proofof 1.5 (i) If {w, }nen C H?(x) (@ satisfy Proposition 2.5, then

St(x)
¢ (wp 0‘/3‘?5 / EM(X)d
() = Z/ PYE R B M ()""' g

—/ G (x,wy)dx = c + o(1),
0

and
(1 lloall ) ' @n) | — 0.

Hence,

llcwn | —/Qg(x,wn)wndx =o(1).
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Moreover,

N
> | |eittan
=172

—/Qg (x,wp)v=0(1),forallv € H?(x),o(Q)'

& (x)=2 . .
057w, D + / PR
s AL Eiad ) Q

O
Claim 1: The sequence {wj, },en is bounded in H? - O(Q). Indeed, let us define

+

(26570)

t,=—————>0 and v, = w,.
o |
. . + o \/E, . .

Since [[v, |l = (2&;7¢) ¥, then v, is bounded in Mz (,).0(Q)- Hence, up to a

subsequence still denoted by {v, },cN, we have

V,—Vin Hg(x),o(Q),
Vp —> vin 290 (Q), for g(x) € (1,max {E*(x),gM(x)}),

v, — vae.in Q.

If ||wy || —> oo, we obtain v = 0. In fact, let
O1={xeQ:v(x) =0} and Q> ={x € Q:v(x)#0}.

_ +
Since |wal = [Val llonll (2&55¢) ™75 it follows that [, (x)] —> oo a.. in Qa.
Based on hypothesis (H2) and for a sufficiently large n, we deduce that

g (x, wy) wy

%«‘F
|wn|AA;

> k uniformly x € Q»,

for a large enough k. Then,
265 = lim_ v, ||
n—oo
. + +
= lim_[t,[5¥ [, ||
n—oo

.
g (x, wp) wp)M

= lim |1, [5% o o |4 dx
n— 00 0 |a)n|EM
. %«+ $+
>k lim [vp|°M dx =k |v|*Mdx. 4.9)
=000, 105]
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Given the constant of 25;20 and the sufficiently large value of k, we can conclude
that |Q>| = 0, implying v = 0 in Q. Moreover, with v = 0 and considering the
continuity of the Nemitskii operator, we obtain

G (i) — 0 in ZY(Q),
which implies that

lim G (x,v,)=0.
n—-0o0

Therefore,

i [ 5 (60
€)= Z/ \sgf;fw( dx~|—/ @ dx | —o(1)
Em i—-17@ o 0

.
> Zsﬁf —o(1)=2c—o(l) > c. (4.10)
Em

Similarly to (4.7), for some n > 1, we find

—1 " 1
— < %(6/ (wn):wn) <.
n M n

Hence,

N
& 1
€ (wn) = ZfQ ‘ng}?wn dx +/Q |ty |5M ) dx —/QG(x,wn)dx
i=1

Em(x)
1 &) (-1
zZ - <— +/ g (x,a)n)a)ndx) —/ G (x,w,)dx, 4.11)
%-M Em n 0 0
that is,
1 1
€ o)+ —— > [ (—g (x. ) 00 — G (x. wn)> dx. 4.12)
nép, 0] Em

Furthermore, according to Lemma 4.3, one has
té); 1
€ (twy) < —_+/ (—_g (x, wy) wy —G(x,a)n)> dx. 4.13)
né&, 0 &

Due to (4.12) and (4.13), we obtain

o

nSm

E(vy) <

1
+ ¢ (©n) — ¢,
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that contradicts (4.10). Hence, {w;, },eN is bounded in H (Q)
Claim 2: The sequence {w, },eN converges strongly to a) in H- 2 ), O(Q) In fact,
given the boundedness of {w, },cN in H (Q) and the reflexivity of H— 2, 0(Q)

there exists w € H?( ), 0(Q) such that a),,—\w Since, the space H— 2 ), 0(Q) is com-

pactly embedded in .Z%¥ (Q), we obtain, for a subsequence still denoted by w,, that
wp — o in £ (Q). Then, employing Holder’s inequality, we conclude

nli)n;o lwp|EM 72 o, (wn — @) dx = 0.

On the other hand, utilizing (4.5), yields

lim (¢ (wn), wp — ) = 0.

n—oo

Therefore, employing the aforementioned equations, we obtain

§i(x)=2 ; ;
D%F0 (©a By Qa,ﬁf}w) dx = 0(4.14)

0t,x; 0t,x; o+,

. a,Bi¢
nll{lgoZ/ ’©0+x @n

Moreover, (4.14) combined with the weak convergence of {w,},cn to @ in
H? - 0(Q) implies

§i(x)—2 §i(x)—2
limy o0 X0 [ <)@a B9, 200, ‘ngxqs 2% )
x (50w, — D50 w) dx =0, (4.15)
Thus, by using Simon Inequality [18], we obtain
& (x)
: N:H D B; ¢ _
,}ggOZf I A

Hence, {w, },en converges strongly to w in H? ) O(Q). Then, from Lemma 4.2,
4.3, Claim 1 and Claim 2, it follows that & satisfies Mountain-pass geometry.
(i) Remember that by utilizing Jensen’s inequality with the convex function ¢

5, one has

Em
[t
gst NSm _1 0tx 7 2500y |

Z R
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Let introduce the following notation

o, B¢ .
{H©0+x H 50(0) <1,i e{l,...,N}},

o, B¢ .
Ay = {‘)©0+x, 250 (0) >1,1i E{l,...,N}}.

Subsequently, we obtain

&i(x) & () §i()
Z/ ),Daﬂqb o, dxe Z/ ‘@“ﬂ%)n dx+ Z/ ‘@gfx‘fwn dx
o,Bi¢ Ol B ¢
= Z H©0+x gso(Q) Z H 0t,x; @ ge,o(Q)
apip, | _ b,
= Z H© i Dgé,()(Q) Z H o+ x; @ 351()(Q)
Therefore,
N _
&i(x) . §
o.fi¢ o.fi¢ n
Z/ o5 00| dx = ; o500, v~ N @16
and
Mo
o.pi¢ apie
Z1:5,-(x) HQOW sz(@ E* Z ng 5 @ fft“(Q)
g 2 lmittal,
0F,x; £ ()
v 5 Z40(0)
(Dl -
g \ & S 1700 Flzaio)
Em
! @pip
>— D,
TEy Ném —1 I,Z H 0"l a0 0)
4.17)

o If o]l yey () = 1, one has
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En
Z DB 1) 1 Db,
/SZ(X) Doy @l = " Ném—l ZH 0%\ Hga-(«)(Q)
0

|
I3 ”“’”ﬂmn@}

Em
! a.pig
2 o5ir]
o SA-; me —1 <Z H 0, x; gfi(‘)(Q)

N
ﬁM“(Q)] 5

N
L wpio
22&;715;2 inf {1 Ve } |:Z: H@O+ 5@
& N
ol gaog| " —
Em

+llell

Z50(0)

1
Z _—inf{l, _—} lo|m — —
2Em—lg Ném — 1 £
(4.18)

o If ||w||gsM<-)(Q) < 1, we have

N 1 1 N &
E apid & (x) H De-bid H
i—1 /; El’ (X) |®0+’xi wl dx = §+ ]\/Em_1 (Z 0t x; Bf%‘(‘)(Q)

M

1ol Dy gy = 1 = N]

1 ohid ” !
>
- €+ NSm_1 (Z H 0t .x; 250 Q)

s,; N —1
M

- N-1
}uwns —.

m

> ———inf {1, —
25}71_1%‘/‘-; NSm—l
(4.19)

Next, we will prove that & is coercive. In fact, for ||w| > 1, by considering (H4),
in both cases (4.18) or (4.19), we have
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N
1 . & (x) |w|$M(x)
C(w) = / 08w dx—l—/ —dx—/ G(x,u)dx
; 0 Ei(x) 1707 0 Em(x) 0

apip |50 Joo|5m ) |€M(x> |w|sM(x)
240" a / - /
—2/ P e B s s ) WD

5 & Em(x)
Da’ﬁ’d)a) +/ —Ia)| dx

o &i(x) 707 £y (x)
N
(G1—e) / 1 apig |50 / En(x)
- 5] dx + M d
Py ey el e | et
1 . 1 (g-l - 6) -

Hence, & is coercive and possesses a global minimizer @, which implies that
(¢’ (w), ) = 0, which is nontrivial. Thus, by considering vy € H?(x),O(Q)’ t>0

small enough small, and using the inequality go < &,,, we obtain from (HS) that

tf'( tSM(
¢ (tvg) < C2 / lug |5 ™) dx+/ lug|5M ™) dx —/ G (x, tvg) dx
0 &i(x) 0 &m(x) 0
< Catfm — Cyqt?0
<0,

which completes completes the proof.
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