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Abstract
In this paper, we consider the semilinear pseudo-parabolic equation with cone degen-
erate viscoelastic term

t
ur + Aju; + Aju — / g(t —$)Au(s)ds = f(u), inintB x (0, T),
0

ey .. dx
with initial and boundary conditions, where f (1) = |u|1’_2u—ﬁﬁ‘/ |u|p_2u—1dx/.
X

1
We construct several conditions for initial data which leads to global existence of the
solutions or the solutions blowing up in finite time. Moreover, the asymptotic behavior
and the bounds of blow-up time for the solutions are given.
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1 Introduction

In this paper, we consider the existence and blow-up of solutions for the following
semilinear pseudo-parabolic equation with cone degenerate viscoelastic term

t
ur + A%But + A%Bu — f gt — s)A%Bu(s)ds = f(u), (x,t)eintBx (0,7),
0

u(x,t) = Apu(x, 1) =0, (x,1) € 9B x (0, T),
u(x,0) = up(x), x € intB,

(1.1)
where T € (0, +00],

1 d
F) = lulP2u — — / )2 Ly,
Bl J5 X1

ug € H;:g ®) N H§’7 (B)(n > 2) with spaces H;g (B) and H;’T(IB%) defined in
Sect. 2. Here B = [0, 1) x X, X is an (n-1)-dimensional closed compact manifold,
which is regarded as the local model near the conical points, and 0B = {0} x X.
Moreover, the operator Ap in (1.1) is defined by (x19y, )2+ a%z 4+t a)%n, which is
an elliptic operator with conical degeneration on the boundary x; = 0, and A%Bu =
Ag(Agu). Near 0B we will often use coordinates (x1,x’) = (x1,x2,...,x,) for
0 <x; <1,x" € X. We assume that

(D g(x) : Rt — Rt isa C! function satisfying

(0> 0,¢s) <0, 1— /OO e(s)ds =1 > 0. (12)
0

(II) p satisfies

2<p<o0ifn=2;2<p< 2ifnz3. (1.3)

In this paper, we will study the behavior of solutions for pseudo-parabolic equations
with conical singularity points. The theory of existence for such solutions plays an
important role in fluid dynamics, aerodynamics and fracture mechanics [1]. Many
scholars gave a lot of important results in operator algebra of quasi differential operator
operations, singularity propagation of non-elliptic operators, spectral theories and so
on. Here let us review the background related to singularity [2]. Space-time singularity,
referred to as singularity, is a location in space-time where the gravitational field of a
celestial body is predicted to become infinite by general relativity in a way that does not
depend on the coordinate system. The laws of normal space-time cannot hold because
such quantities become infinite within the singularity. Many kinds of mathematical
singularities appear widely in physics theories. The ball of mass of some quantity
becomes infinite or increases without limit is predicted by equations to these physical
theories [3]. There are different types of singularities, each with different physical
features, such as the different shape of the singularities, conical and curved. It has also
been hypothesized that they occur without an event horizon, a structure that separates
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one part of space-time from another, in which the effects of events cannot exceed the
horizon; these are called naked. Conial singularities occur when there exists a point
where the limit of each heteromorphic invariant is finite, in which case space-time
is not smooth at the limit point itself. Therefore, around this point, space-time looks
like a cone, where the singularity is located at the tip of the cone. The metric can
be finite everywhere and coordinate system is used. An example of such a conical
singularity is a cosmic string and a Schwarzschild black hole [4]. In 2012, Chen et
al. [5, 6] established the basic theories of weighted Sobolev spaces on manifolds with
cone singularity, such as cone Sobolev inequality and Poincaré inequality. Based on
these theories, they studied the following initial boundary value problem for a class
of degenerate parabolic type equations

du — Agu = |u)”"'u, x € intB, 1 > 0. (1.4)

By using a family of potential wells, they obtained existence theorem of global solu-
tions with exponential decay and showed the blow-up in finite time of solutions [7].
Especially, the relation between the above two phenomena was derived by them as a
sharp condition. In 2017, Li et al. [8] studied the existence of solutions for

u — Agu; — Agu = |u|?~'u, x €intB, t > 0, (1.5)

with initial and boundary conditions. They established the blow-up criterion for prob-
lem (1.5) by differential inequality.

As far as the present is concerned, there are few studies on the pseudo-parabolic
equations with cone degenerate viscoelastic term and nonlocal source |u|?~2u —

o dx; . . . .
ﬁ / lu|P~2u——dx’. Thereupon, we will study the influence of viscoelastic term
B X

g on solutions, vlvhere Di and Shang [9] considered the case when ¢ = 0 and the
operator is —Ap.

To state our main results, we define the following “modified” energy functional and
Nehari functional

1 t
J(u) = 5/0 g(t — )| Apu(t) — Agu(s)|3ds

1 4 1
+§ (1 —f g(S)dS) IABu@II3 — —lul, (1.6)
0 p

t
Iw) = fo gt = )| Apu(r) = Apu(s)3ds
t
+<1—/0 g(s)ds) | g3 — llull}. (1.7)

It follows from (1.6) and (1.7) that

p—2
2p

1 P
Ju) = 1w + lluellp- (1.8)
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Here, [lullp is [Jull L and H := H;g ®) N H;’Z(B) defined in Sect. 2.
L} ®) '
The main resultspof this paper are as follows.

Theorem 1.1 Let p satisfy (1.3) andug € H. If J (ug) < d, I(ug) > 0and K (ug) > 0,
then problem (1.1) has a global weak solution u = u(x,t) € L*°([0, +00); H) with
U; € L2([0, +00); H). And for any T > 0, u satisfies

lulfy < (20t + o) e, 01 < 7, (1.9)

where o = (mz;#’ B = (m+ %)2(1 —0)—m?*—2 >0, and m € R satisfies

m > [. Moreover, if J(ug) < min{

5 +2a) d } then u satisfies the following

exponential decay

lull3, < lluollze’ ", t >0, (1.10)
K () 9’ +2—(q+ (1) _ _ _
where w = IIBOI ;nf ||u||p 1, = C2—+q1 > 0, Cy is mentioned in Remark

2.2 and q € R satisfies (QZT)Z <1, K(ug) = fIB uodﬂ
Theorem 1.2 Let p satisfy (1.3) and ug € H. If J(up) < —o, I(ug) <0, K(ug) <0
and

o0 )
/ g(s)ds < L=, (1.11)
0 p+;+2

then the weak solutions u of problem (1.1) blow up in finite time, where w is the same
as Theorem 1.1. Moreover, the maximal existence time T satisfies

o du ab?
—1 p=! S r S 2
luold, (p+2)CP % — %cg wT ab(p —2) — lluolly

where positive parameters a and b are respectively given in (4.7) and (4.8), C ! and Co
are respectively the best constant of embedding H — L (B) and H — L P 1(]B%)

This paper is organized as follows. First of all, we introduce several preliminaries
relative to problem (1.1) in Sect. 2, including the definitions of cone Sobolev spaces, the
weak solutions of problem (1.1) and several properties of potential wells and invariant
sets. Next, we give the proof of Theorem 1.1 in Sect. 3 and the proof of Theorem 1.2
in Sect. 4.

2 Preliminaries
2.1 Relevant definitions and lemmas

We give some definitions and properties of the cone Sobolev spaces as follows [7].
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Let X be a closed, compact, and C* manifold. We set X A= (R+ x X)/{0} x X, as
a local model interpreted as a cone with the base X. Next, we Denote X = Ry x X
as the corresponding open stretched cone with the base X.

An n-dimensional manifold B with conical singularities is a topological space with
a finite subset By = {b1,...,by} C B of conical singularities, with the following
two properties:

(i) B\ By is a C* manifold;

(i1) Every b € By has an open neighborhood U in B, such that there is a homeomor-
phism ¢ : U — X* for some closed compact C* manifold X = X (b), and ¢
restricts to a diffeomorphism ¢’ : U\{b} — X".

For simplicity, we assume that the manifold B has only one conical point on the
boundary. Thus, near the conical point, we have a stretched manifold B, associated
with B.

Definition2.1 (¢f. [7]) Form € N,y €e R, p > l andlet B = [0,1) x X be a
stretched manifold of the manifold B with conical singularity. Then the cone Sobolev
space H,'" (B) is defined as

Hy? (B) = {u € W (intB) : wu € Hyy (XM},

for any cut off function w supported by a collar neighborhood of (0, 1) x dB. Moreover,
the subspace H’;’g (B) of HZW (B) is defined by

H ) (B) = []H (X)) +[1 — 0]Wg" (intB),

where X = R x X denotes the open stretched cone with the base X, Wé" P (intB)

denotes the closure of C§°(intBB) in Sobolev spaces W™? (X) when X is a closed com-
pact C°° manifold of dimension # that containing B as a submanifold with boundary.

Definition 2.2 (¢f. [7]) Let B = [0, 1) x X. We say u(x) € L%(IB%) with 1 < p < +o00
and y € R, if

1
lullpy @) = ([}Bxﬁxl_”u(xﬂpdx—)jldx/) " < Joo.
Remark 2.1 (cf. [6]) We have the following properties:
1) H';,W (B) is a Banach space for 1 < p < oo, and is Hilbert space for p = 2;
(i) L) (B) =H)" (B);
(iii) L,(B) = H5'(B);

(IV) xi/] H;’;‘»VZ (B) — HZMVI'H’Z (B),
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(v) The embedding H),"" (B) — HZ’/’V/(]B%) is continuous if m > m’, y > y’; and
is compact embedding if m > m’, y > y’.

For simplicity, [Ju|| 1 is denoted by ||u|| , throughout the present paper, and (-, -)
L} ®)

p
represents the inner product in L27 (B). Moreover, we also denote

H = H;g B) N H;’% (B) foru = Agu = 0 on BB,

and
2 2 2
lullz, = llullz + | Apulls.

Lemma 2.1 If functions u, v € H, then

d d
/vA%uﬂdx/zfABuABvﬂdx/. 2.1
B X1 B X1

Lemma 2.2 (Cone Poincaré inequality, cf. [6]) Let B = [0, 1) x X be a bounded
subspace in R with X C R"~!. If u(x) € H, then

[u(x)ll2 = ClIVBu(x)|l2, 2.2)

where the constant C depends only on B.

Lemma23 Let B = [0, 1) x X be a bounded subspace in R, with X C R If
u(x) € H, then

1
VBu(x)ll2 < E”ABM(X)”Z’ 2.3)

where A1 > 0 (cf. [5]) is the first eigenvalue of the following equation

—Apu = Au, x € intB,
u=020, x € 0B.

Proof For any gy > 0 and u(x) € H, a simple calculation gives that

d oud d
/|VBM|2ﬂdx/:/ u—uﬂdx/—/uABuﬂdx/
B X1 B

B 0V X1 x|
€0 dx1 X1
<= | wP—dx'+ — [ |Apul*—dx’'
2 J X 280 Jp X1
£0 dxy X1
< — [ \VpulP=—dx' + — | |Apul?—dx’,
201 JB X 280 Jp X

where v is the unit normal vector pointing toward the exterior of B. Taking &g = A1,
we reach the conclusion of Lemma 2.3. O
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Remark 2.2 1t is easy to know that H is a Banach space with norm || - |4, where the
norm || - ||7¢ is equivalent to the norm || Ap - |2 by Lemmas 2.2 and 2.3. For simplicity,
we denote C, = %, then [[ull3, < (C; + Dl Apul3.

Lemma 2.4 (Cone Sobolev embedding, cf. [8]) For 1 < ¢ < 2* = nzT”z the embed-
ding H — L,% (B) is continuous.

Lemma 2.5 (Holder inequality, cf. [9]) For p, ¢ € (1, +00) such that % + % =1,if

u(x) € LE (B) and v(x) € Lg (B), then we have the following Holder inequality

dxi dxi . \7 dxy | )\«
f|u(x)v(x)|—dx < </ |M(x)|p—dx) (/ |v(x)|"—dx) .
B X1 B X1 B X1

In view of the definitions and lemmas above, we give the definitions about the weak
solutions below.

Definition 2.3 (Weak solution) A function u = u(x, t) is called a weak solution of
problem (1.1) on B x [0, T'), ifu € L*°(0, T; H) with u, € L?(0, T; H) and satisfies
(1.1) in the following distribution sense, namely

(ur, ) + (Apuy, Apg) + (Agu, Ape)

t
_ (/ ot — ) Apu(s)ds, Aw) + <|u|"—2u - i/ Plaaiveg ¢> ,
0 Bl Jp X1 o)

for any ¢ € H, where ug € ’Hég )N H;’j B).

Definition 2.4 (Maximal existence time) Let u(x, t) be a weak solution of (1.1). We
define the maximal existence time 7 of u(x, t) as follows:

(1) If u(x,t)existsforall0 <t < oo, then T = +00;

(i) If there exists 7y € (0, oo) such that u(x, t) exists for 0 < 7 < fg, but does not
exist at t = g, then T = 1y.

Definition 2.5 (Finite time blow-up) Let u(x, t) be a weak solution of (1.1). We say
u(x, t) blows up in finite time if the maximal existence time 7 is finite and

lim [lull3, == lim [ull3 + lim [|Agul3 = +oc.
t—>T~ t—T~ t—T~

The following lemma motivates us to set up the initial value conditions in Theorems
1.1 and 1.2.

Lemma 2.6 Let u be a weak solution of (1.1) and ug € H\{0}, then fIB u%dx/ isa
constant for all t € [0, T), where T is the maximal existence time of u.
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Proof By the boundary condition u = Agu = 0, it yields

d d d
_ uﬂdx/ = / XId !
dt Jg  x1 B X1

:/( AEu, ABu—i—/ (t—s)A%Bu(s)ds+|u|p72u

/|u|p 2 dx1 dxld ,
B X1

= —— Ve(Apu) - vdS — / Ve (Apu) - vdS
dt Jom OB

t ) dX1 /
+ gt — s) VB(ABM(S)) -vdSds + | |u|P" u—-=dx
0 B

X1
1 dx;
— — [ |u|P™ 2u—d /—d "=0
Bl Ji

where v is the unit normal vector pointing toward the exterior of B. O

Therefore, from Lemma 2.6, we can define

dxy , , dxy
K(uy) = | u—dx' = | up—dx'.
B X1 B X1

2.2 Potential wells and invariant sets

Lemma 2.7 Let u(x,t) be a weak solution of (1.1), then J (u) is non-increasing about
t, and

1 t T
Sy = T~ 3 /0 /0 ¢'(x — )| Apu(t) — Apuls)|Bdsdz
2.5)

1 t
+ 2[ g@) | Apu(z)|l df+/ e 3,

Proof Taking ¢ = u; in (2.4), it follows from (1.2) and (1.6) that

d 1
o= 2/ g/ (t — )l Apu(t) — Agu(s)|3ds — g(t)uABuu% — Jluell3; < 0.

Integrating with respect to ¢ over (0, ¢), we accomplish the proof of (2.5). O

Lemma 2.8 Foranyu € H and ||u|, # 0, we have

(i) lim JOw) =0, lim J(w)=—
A—0t A——+00
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(ii) J(Auw) is increasing on 0 < A < A*, decreasing on \.* < A < o0 and takes the
maximum at . = A*, where

e [Jo 86— DNABU®) — Apuls)li3ds + (1- g srds ) N1agu®I3 "
B lullh '
Proof The proof process is similar to the proof of Lemma 2.1 in [10]. O

Then, we define the Nehari manifold
2d.x1 /
N=3uecH:I(u)=0, | |Agu|"—dx’ #0},
B X1
and

d = inf {sup J(Au) :u € H\{O}} .
A>0

It follows from Lemma 2.8 that 0 < d = inj{/ J (u). The invariant sets are defined by
ue

W ={ueHH:I(u) >0,Ju) <d}U{0},
Vi={ueH:Iu) <0,J(m) <d}.

The following properties of the invariant sets are important for us to get the main
results of problem (1.1).

Lemma 2.9 Let u(x,t) be a weak solution of (1.1) with 0 < J(ug) < d, then

(i) u € W foranyt € [0, T) provided I (ug) > 0;

(ii) u € V foranyt € [0, T) provided I (up) < O,
where T is the maximal existence time of u.

Proof (i) If it is false, then there exists 79 € (0, T') such that u(x, o) € 9W, namely
I(u(t9)) = 0, |Apu(fo)ll # 0, or J(u(fp)) =d.
By (2.5), J(u(tp)) = d is not true. If I(u(tg)) = 0 but ||Agu(to)|| # 0, we have
J(u(tp)) > d by the definition of d, which is contradictive with (2.5).
(i1) By contradiction, then there exists 1 € (0, T), suchthatu € V when0 <1t < 1
but u(t;) € V. Namely
I(u(ty)) =0, or J(u(t))) =d.

(2.5) implies that J(u(t;)) = d is false. If I(u(¢;)) = 0 and for any t € (0, #1),
I(u(t)) < 0, we claim that there exists » > 0 such that || Agu(t;)||2 > r. Indeed, (1.7)
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implies that

I(u) > 1| Apull3 — [ullh
> 1| Apull3 — CTlullb,
Ct
>
T C2+1

4 -2
(1= cpe+ D iagull ) ul?,

where C1 is the best constant of embedding H — L,f (B), C4 is mentioned in Remark
2.2. Therefore,

1

I =
r = P E— > 0.
cl(cz+ 12

Hence, by the definition of d, we have J (u(#1)) > d, which is contradictive with (2.5).
O

Lemma 2.10 Let u(x, t) be a weak solution of (1.1) with J (ug) = d, then I (u(t)) > 0
foranyt € [0, T) provided I (ug) > 0, where T is the maximal existence time of u.

Proof 1Ifitis not true, there exists t, € (0, T'), such that forany ¢ € (0, t), I (u(t)) > 0
but 7 (u(t,)) = 0. If j—t||u||§ = 0 for all t € (0, t], namely ||u||£ is a constant for all
t € (0, t,], it follows from (1.8) that

1
J(u(t) = J(uo) — El(u()) <d. (2.6)

If there exists a s € (0, t,], such that % ||u||§ # 0att = s, then ||u||2 > 0 by Holder

inequality, which means that fé* [l ||%(d 7 is strictly positive(it is easy to verify that
the solution here has some regularity by the standard regularity promotion process).
Combining (2.5), we have

1 Ty T
J(u(ty)) = J(uo) + —/ / g'(t — )l Agu(t) — Apu(s)|3dsdr
2Jo Jo 2.7)

1 Iy Ty
- 5/0 g(0)||Apu(r)|3dt —/0 luzl3,dt < d.

On the other hand, since I(u(t,)) = 0 and for any ¢t € (0, t,), I (u(t)) > 0, then
|Agu(ty)|l2 = r > 0, which can be proved as the proof of Lemma 2.9(ii). Conse-
quently, J(u(t1)) > d by the definition of d, which is contradictive with (2.6) and
2.7). O

3 Global existence and asymptotic behaviors

If u(x, t) is a solution of problem (1.1) with J(ug) < d, I(ug) > 0 and there exists
t1 > 0 such that ||[Agu(t;)|l> = 0, then ||Agu(t)|l, = O for all ¢ > t;. Therefore,
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u(x, t) is a global solution of problem (1.1) and satisfies the estimate (1.9) and (1.10).
So in the following discussions, we do not consider this type of solutions.

Proof of Theorem 1.1 We divide the proof into four steps.
Step 1: The low initial energy J (u9) < d.

By J(ug) < d, I(up) > 0 and (1.8), we can get J(ug) > 0. So we consider the
case 0 < J(ug) < d and I (ug) > 0.

We construct an approximate weak solution of problem (1.1) by the Galerkin
method. We choose {; (x)} as the orthogonal basis of H. Let

m
(6, 0) =Y hip(w;(x),m=1,2,--,
j=1

which satisfy

(wme wp) + (Agume, Agw) + (Aum, Apwy)
! 1 d
= (/ gt — s)Agum (s)ds, A]B%“’k) + <|“m|p_2“m - / |'4m|p_2’4m 7XXI dx/v wk) s
0 B 1

1B
(3.1)
fork=1,2,---,m,and
U (x,0) = > ag(Nw;(x) — uo in M. (3.2)
j=1
From (2.5), we obtain
1 t T
J(um(0)) = J (um (1)) — —/ / &' (T — $) | A (t) — Apum(s)|3dsdr
2Jo Jo (3.3)

1 t t
+3 /0 g(0) | Apiy () |3dsdT + /0 lume 13 dT < d.

for sufficiently large m and any ¢ € [0, T'), where T is the maximal existence time of
u.

Similar to the proof of Lemma 2.9(i), it implies that u,, (x, t) € W for sufficiently
large m and any ¢ € [0, T'). Letting 11 = %T, then u,, (x, 1) € W, which means that
0 < J(up(t1)) <dandI(uy(t)) > 0. Taking u,, (¢) as initial value, similarly, when
m is large enough and ¢ € [t1, 11 + T) = [%T, %T), the corresponding formula (3.3)
still holds. By the same way above, we obtain u,, (x, t) € W for sufficiently large m
and any ¢ € [%T, %T). Takingtr =T, 13 = %T, -+ in sequence, we deduce that

um(x,t) € W for sufficiently large m and any 0 <t < oo.
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From (3.3) and the discussion above, we obtain I (u,,(t)) > 0. Therefore, we have
1 p—2 [ )
Jum(1)) = —1(un @) + —— [ &@ — )| Apu(t) — Apu(s)llzds
p 2p Jo

p—2 ! 2
+ Ere (1 —/ g(s)ds ) |Agu() |5 < d.
p 0

Hence, we deduce that

2pd

1A, ()5 < o (3.4)
[Ot lume I3,dT < d, (3.5)
and
5 p—1 p—1 =1 p—1 (2pd(C2+ 1) =
(17 o 7P = lumlly = Cy7 lumly, < Cy <l(p——2)> ,

(3.6)
where C is the best constant of embedding H < Lg (B), C, is mentioned in Remark
2.2.

Denote —> as the weakly convergence. By (3.4)—(3.6), there exists u and subse-
quence {u,,} (still denoted by {u;,}) such that as m — oo,

U i*> u in L*°([0, 00); H) and a.e. in B x [0, 00);

> 1wy in L2([0, 00): H):
(p— 1)”

it [Pty — N lulP~2u in L2([0,00); L ,* (B)).
p -1

Fixing k in (3.1) and letting m — oo, we have

(s, wp) + (Aguy, Agwy) + (Apu, Agwy)

t
= ([ g(t_S)A]B%M(S)dS,A]Bwk> <|u|p “2u |B|f|u|p 2u—dx a)k>
0

and for any ¢ € H and ¢ > 0,

(ur, ) + (Aus, Apg) + (Agu, Apg)

t
= </ g(t_S)AIBM(S)dS,AE(j)) + <|u|1’ 2, _ @/ u|P~ 2uﬂd ¢>
0

On the other hand, (3.2) implies that u(x, 0) = ug(x) € H. Therefore, u is a global
weak solution of problem (1.1).
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Step 2: The critical initial energy J (uo) = d.
Consider the following problem

t
ur + A%Bgut + A%Bu — / gt — s)AIQBu(s)ds = f(u), (x,t) €eintB x (0,7),
0
u(x,t) = Agu(x,t) =0, (x,1) € 0B x (0, T),
u(x,0) = ugy(x), x € intB,

(3.7
where 1o = o, im = 1= = (m > 2). I |luoll , = 0, then J (uom) = p2,J (1) <
dand I(ug,) = ,u,znl(uo) > 0.If [lugll , # 0, it follows from I (up) > 0 and Lemma
2.8 that ,* = A*(ug) > 1. Then we can deduce that J (1o,,) = J (mug) < J(ug) =d
and I (uom) = p2,1(uo) + (12, — wh)lluolls > 0. Similar to the proof in step1, for
each m, problem (3.7) admits a global weak solution u,, () € L*°([0, +00); H) with
um: € L%([0, +00): H), which satisfies

(me, v) + (Agumr, Agv) + (Agum, Apv)

! 1 d
= ( / gt — 5) Agim (s)ds, Am) + <|um|P*2um - / 1P 2u L dx, v) ,
0 B JB X1

for any v € H and ¢ € (0, 00), and

1 t T
J(uom) = J(up (1)) — 5/0 /O 8'(t = )| A (t) — Apuy (s)|3dsdt

1 t t
+ 5/ ()| A (7)5dsdt +/ lume 13dT < d, for0 <t < oo.
0 0

Since J(up,) < d and I(uon,) > 0, it follows from Lemma 2.9(i) that for any
0 <t < oo, I(uy,(t)) > 0. Then for each m, (3.4)—(3.6) still hold. Therefore, there
exists u and subsequence {u,,} (still denoted by {u,,}) such that as m — oo,

i -5 1 in L]0, 00); H) and a.e. in B x [0, 00);

.
Ui~ u, in L2([0, 00); H);
(p—Dn

it |P 2ty > ()P~ 2uin L2([0,00); L 7 (B)).
p—1

Next, the proof is the same as that of the Step 1 above, so we omit it here.

Step 3: Prove the global estimate (1.9).
We need the following lemma to obtain the result.

Lemma 3.1 (Gronwall Lemma, cf. [11]) Assume that h(t) € L' (0, T) is a non-
negative function, g(t) and n(t) are the continuous function on [0, T. If n(t) satisfies

t
n() <g() +/ h(t)n(t)drt forallt € [0, T],
0
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then .
n) < g +/ h(s)g(s)efsth(f)dfdsfor allt € [0, T].
0

Moreover, if g(t) is non-decreasing, one has

n(6) < g(0)eo "D forail 1 € 0, T).

Multiplying both sides of the first equation in (1.1) by u and then integrating the
obtained results over B x (0, 7), for any m € R, it follows from (1.7), (1.8), (2.5),
Lemma 2.9(i) and Lemma 2.10 that

t t T dX1
il = ot = =2 [ nasuenidr+2 [ [ =0 [ asurasuenSavasar

! 2K (u ! _
+2/ lu(r)hdr — ( 0)/ IIM(T)IIP,:dT
0 Bl Jo b

t t t
< (—2+(2+%) / g<s)ds) f I Apu(D)3dT + 2 / lu(o)llhde
m 0 0 0

t T
+m2/0 [) gt —s)||Apu(r) — AIB”(S)”%de‘[

/ t
< (_m2 -2+ <m2 + iz + 2) / g(s)ds)/ I ABu(D)lI3dT
m 0 0

2(m?+2
n (m~ + )pdt.
p—2

Considering the arbitrariness of m, we choose m small enough such that m > .
Then we can deduce from (1.2) that

t
lul3, < 2t + Juoll3, + ﬁ/ lu()|13dx.
0

It follows from Lemma 3.1 that (1.9) holds.

Step 4: Prove the exponential decay (1.10).

Lemma3.2 (cf. [10]) Let y(¢) : RT™ — R™ be a nonincreasing function. Assume that
there is a constant A > 0 such that

+o00
/ y(t)dt < Ay(s), 0 <s < +o00.
N

Then y(t) < y(0)e'~/4 forall t > 0.
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Let Q(t) = —(us, u) — (Apu;, Apu). Taking ¢ = u in (2.4), for any g € R, (1.7),
(1.8), (2.5), Lemma 2.9(i) and Lemma 2.10 imply that

4 dx
o) = ||A]BM||% _./0 g —S)/BAIBM(S)ABMU)Tlldx/dS - ||M||Z

1 ! 2 p , Kwo)  p—1
> (1 - <1 + 2(72)/0 g(S)dS> lAgull; — llullp + IB| flaell,

2 2 2

q 1 2 @ +2p
> = +1- +—+1)la=0D)a S e
_<2 (2 2 )( ))II Bl 2 (u0)

K(uo)
B

IBI

Similar to the Step 3, we choose ¢ large enough such that m < [. Then we can

deduce from the condition J (1g) < min [ 5 +2w d } that
o) > —||u||H, (3.8)
where X
¢*+2—(q+ DA =D
y = 5 >0
Cz+1
On the other hand,

T 4 _1 9 1 (2 <1 5
/t o(7) T—EIIM(I)IIH—EIIM( )IIH_Ellu(t)IIH-

Combining (3.8), we have

! 2 1 2
lu(Ollzdr = —Nlu@)lly.
t Y
Letting T — 400, it follows from Lemma 3.2 that
luli3 < luoli3ee' ", 1 = 0.

This completes the proof of Theorem 1.1. O

4 Blow-up and bounds for the maximal existence time

In order to obtain the results of Theorem 1.2, we need the following lemma.

Lemma 4.1 (cf. [12]) Suppose that a positive and twice-differentiable function 6 ()
satisfies the inequality

0"(1)0(1) — (1 +y)0"%(1) =0, t > 0,
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where y > 0. If 9(0) > 0 and 6'(0) > 0, then there exists a time T* < y%(%) such

that 6(¢) tends to infinity as r — 7.

Proof of Theorem 1.2 We divide the proof into two steps.

Step 1: Blowing up in finite time.

By contradiction, we assume that the maximal existence time 7' = +-o00. For any
T>0and? e [0, T), we let

t
G(1) =/ lull?,dt + (T — O)lluoll3, + a(t + b)>, “.1)
0

where positive constant a and b are to be determined. It is easy to see that

G'(t) = llully; — luoll3, + 2a(t + b)

r t “4.2)
= 2/ (u,u)drt + 2[ (Apu, Aguz)dt + 2a(t + b),
0 0
and
P dxy , , dxy , ,
G'(t)=2 | uuy—dx" +2 | ApulApu;—dx" + 2a. 4.3)
B X1 B X1
Furthermore, it follows from (4.1)—(4.3) that
G(1)G"(r) — SG%) = G(1)G"(1) = 2p(C + a(t + b))?
- G(t)G”(t)+2p{(A+a(t+b)2)<B+a> 44)
~ t 2
_ (G(t) — (T - t)||u0||%1> (/ e |12,dT +a> _ (c ta(+ b)) }
0
where
t t
A= [ wutkar+ [ ianuiBar,
0 0
t t
B= [ luctiar+ [ tasucliar,
0 0
and
t t
C = / (u,uy)dr + / (Apu, Aguz)dr.
0 0
It is obvious that AB > C? by Schwarz inequality. Hence, we have
2
<A+a(t+b)2)(B+a) > (C+a(t+b)) . (4.5)

Combining (4.4) and (4.5), we calculate
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t
G(1)G" (1) — gGQ(t) > G(1) {G”(t) —2p (/O luzl3,dT + a)} =G (),
where

d)C1 , dx1 ’ t 2
) =2 | uug—dx" +2 | ApulApu;—dx —2p luzllzdr —2(p — Da.
B X1 B X1 0
4.6)
Taking ¢ = u in (2.4), it follows from (1.6), (2.5) and (4.6) that

2 ! dxy , , p
¢(t) = 2| Agull; —2 A gt —s) ; AJBM(S)ABM(I)?dx ds +2|lullp

B 2K (up)
B

1 t 1 t T
+2p{f / g@ I Agu(D)|3de — - f / ¢'(t — )| Agu(r) — Agu(s)|3dsdr
2 Jo 2Jo Jo

p—1
lull2}

+Jw) - J(uo)} —2(p—Da
t ) t dx1 ,
Z\p—2- P/ g(s)ds ) |Agull; — 2/ g —S)/ Agu(s)Agu () —dx'ds
0 0 B X1
t
+ P/O gt =) Agu) — AB”(S)”%dS —2(p—Da
1 t
> (p -2~ (p + +2> /0 g(s)ds) | Agul3 = 2(p = Da.
Taking a small enough such that

<p—2—<p+§+2)<1—1>A s in
a< 3o=T) 1ABull3, @7

this implies that £ (¢) > 0. From (4.1) and (4.2), we calculate G(0) > 0and G’(0) > 0.
We choose b large enough such that

ab(p —2) — lluoll3, > 0. (4.8)
Taking the arbitrariness of T into consideration, let

ab?
ab(p —2) — |luoli3,

It follows from lemma 4.1 that there exists 7% € [0, ?] such that G(t) — oo as
t — T*~, which means that

T > (4.9)

||u||%_[ — 00, ast — T,
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This is a contradiction with 7 = +o00. Hence, T < 400, i.e. the solutions of problem
(1.1) blow up in finite time.

Step 2: Bounds for the maximal existence time.

Lemma 4.1 and (4.9) imply that the maximal existence time 7 satisfies

ab?

< >
ab(p —2) — luoll,

where parameters a and b are respectively given in (4.7) and (4.8).
To state the estimate of the lower bound for the maximal existence time 7', we
define the function
L) = lully.

Multiplying u on both sides of the first equation in (1.1) and integrating over B by
parts, from (1.2), (1.7), (1.11) and Lemma 2.9(ii), we have

2K (uo)
B

! dx) _
5/(Z)=*2||A]B%MH%+2/ g(rfs)f Aw(s)Amu(t);dx/ds+2||u||ﬁf lullh ™}
0 B

1 t t
< -2l Apull} + (2 + ;)fo g(s)ds| Apull3 + p/o g(t — )| Apu(r) — Apu(s)|3ds

2K (Wo) i
+ 20l — =l
1 ‘ 2K o) .
s(fp72+<p+;+2>fo g(s)ds) 185l + (p+ Dl — =5 el
2K _ -
<+l - I]gr”)c; 5,

n

where C1 and C3 are respectively the best constant of embedding H — L; (B) and

n

H— L ;:‘1 (B). Then, a simple calculation gives that

/|u||?,1 du
_ —1
ol (p +2)Cf s — 2K el W

From the proof in Step 1 above, letting r — 7, we obtain

00 d,u
Tz 2 p L 2K(uy) ~p—1 PZL7
luollz, (p +2)Cy 2 — |T\OC2 n2

The proof of Theorem 1.2 is accomplished. O

Acknowledgements The authors would like to express their thanks to the referees for the careful reading
of this paper and for the valuable suggestions to improve the presentation and the style of the paper. This
work was supported by National Natural Science Foundation of China, Grant/Award Number: 12071364.

Declarations

Conflict of interest There are no conflicts of interest to this work.



Existence and blow-up of solutions for a class of... Page190f19 15

References

1. Kozlov, V.A., Maz’ya, V.G., Rossmann, J.: Elliptic Boundary Value Problems in Domains with Point
Singularities. Mathematical Surveys and Monographs, vol. 52. American Mathematical Society, Prov-
idence, RI (1997)

2. Alimohammady, M., Kalleji, M.K.: Blow up property for viscoelastic evolution equations on manifolds
with conical degeneration. Proc. Indian Acad. Sci. Math. Sci. 130(1), Paper No. 33, 25 (2020)

3. Gambini, R., Pullin, J.: Quantum black holes in loop quantum gravity. J. Phys: Conf. Ser. 189(1),
012034 (2014)

4. Copeland, E.J., Myers, R.C., Polchinski, J.: Cosmic f- and d-strings. J. High Energy Phys. 2004(06),
013 (2004)

5. Chen, H., Liu, X., Wei, Y.: Existence theorem for a class of semilinear totally characteristic elliptic
equations with critical cone Sobolev exponents. Ann. Global Anal. Geom. 39(1), 27-43 (2011)

6. Chen, H., Liu, X., Wei, Y.: Cone Sobolev inequality and Dirichlet problem for nonlinear elliptic
equations on a manifold with conical singularities. Calc. Var. Part. Differ. Equ. 43(3-4), 463-484
(2012)

7. Chen, H., Liu, G.: Global existence and nonexistence for semilinear parabolic equations with conical
degeneration. J. Pseudo-Differ. Oper. Appl. 3(3), 329-349 (2012)

8. Li,G.,Jiangyong, Yu., Liu, W.: Global existence, exponential decay and finite time blow-up of solutions
for a class of semilinear pseudo-parabolic equations with conical degeneration. J. Pseudo-Differ. Oper.
Appl. 8(4), 629-660 (2017)

9. Di, H., Shang, Y.: Global well-posedness for a nonlocal semilinear pseudo-parabolic equation with
conical degeneration. J. Differ. Equ. 269(5), 4566—4597 (2020)

10. Chen, H., Tian, S.: Initial boundary value problem for a class of semilinear pseudo-parabolic equations
with logarithmic nonlinearity. J. Differ. Equ. 258(12), 4424-4442 (2015)

11. Quarteroni, A., Valli, A.: Numerical Approximation of Partial Differential Equations. Springer Series
in Computational Mathematics, vol. 23. Springer, Berlin (1994)

12. Levine, H.A.: Some nonexistence and instability theorems for solutions of formally parabolic equations
of the form Pu; = —Au + F(u). Arch. Ration. Mech. Anal. 51, 371-386 (1973)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.



	Existence and blow-up of solutions for a class of semilinear pseudo-parabolic equations with cone degenerate viscoelastic term
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Relevant definitions and lemmas
	2.2 Potential wells and invariant sets

	3 Global existence and asymptotic behaviors
	4 Blow-up and bounds for the maximal existence time
	Acknowledgements
	References




