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Abstract

We study the long time behavior of solutions for time-fractional pseudo-parabolic
equations involving time-varying delays and nonlinear pertubations, where the non-
linear term is allowed to have superlinear growth. Concerning the associated linear
problem, we establish a variation-of-parameters formula of mild solutions and prove
some regularity estimates of resolvent operators. In addition, thanks to local estimates
on Hilbert scales, fixed point arguments and a new Halanay type inequality, we obtain
some results on the global solvability, stability, dissipativity and the existence of decay
solutions to our problem.
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1 Introduction

Over the past few years, fractional functional differential equations (FrFDEs) in both
finite and infinite dimensional spaces have been widely investigated in the literature
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by many researchers [1, 2, 13, 16, 24, 28-30, 33, 36, 37]. These studies are strongly
motivated from the fact that FrFDEs are effective tools in the modeling various pro-
cesses and phenomena arising from physics, biology, economics, engineering and
other applied sciences, where the current state of such evolutionary processes depends
on the state [3, 6, 34].

On the other hand, one of the important and interesting trends in qualitative treat-
ments of FrFDEs is related to the long time behavior of solutions for such these
equations. This topic has been studied extensively by many authors and many notable
contributions have been established in the last few years. We mention recent results
concerning to the qualitative analysis on the behavior of solutions such as the Mittag—
Leffler stability, asymptotic stability, weakly asymptotic stability and existence of
decay solutions governed by FrFDEs [1, 2, 4, 13, 16, 24, 28-30].

Motivated by the reasons above and the recent studies [25, 26], we investi-
gate the global existence and long time behavior of solutions for time-fractional
pseudo-parabolic equations (tFrPPEs) involving time-varying delays and superlinear
nonlinearities

3(u—vAu) — Au= f(t,u(t —p@)))in 2, > 0, (1.1)
u=0o0ondR, t>0, (1.2)
u(s,x) =£&(s,x), in 2, s € [—¢q, 0], (1.3)

where Q@ € R?, d > 1 be a bounded domain with smooth boundary 9€2, A denotes
the Laplacian, v > 0, 0%, @ € (0, 1), stands for the Caputo fractional derivative of
order « defined by

t
v, x) = / gl—o(t —8)3sv(s, x)ds, t > 0,x € Q,
0

here g1_o(t) = t7*/T'(1 — a),t > 0. In the model problem, p € C(R™) be such
that —qg <t — p(t) <t,& € C([—¢q,0]; L?(2)) and f:RT xR — Ris a given
nonlinear function which will be specified in Sect. 3.

Concerning the initial value problem (1.1)—(1.3) without delays, it should be noticed
that the linear part of the Eq. (1.1) is used to describe many different phenomena
in physics such as seepage of homogeneous liquids in fissured rocks [23] and the
aggregation of populations [21]. The existence, stability and blow up in finite time of
solutions governed by tFrPPEs and its nonlinear invariants were dealt with in a large
number of published investigations; see, e.g., [8, 9, 17-19, 25-27, 32, 35]. However, to
our knowledge, questions on the global existence and long time behavior of solutions
for problem (1.1)—(1.3) have not yet been concerned in the literature. This is the main
motivation of our study.

Regarding problem (1.1)—(1.3), our main goal is to find sufficient conditions on p
and f to obtain the followings

e The global existence of solutions;
e The asymptotic stability and dissipativity of solutions;
e The existence of decay solutions.
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In order to handle the first objective, we first construct an implicit representation
formula of solutions via resolvent operators and formulate the question on the global
solvability for the problem (1.1)—(1.3) as a fixed point problem of certain mapping
related to f. Based on the smoothness of two resolvent families, compactness of
the Cauchy operator (Lemma 2.3 and Remark 2.1) and fixed point arguments, we
prove some results about the existence of solutions for the problem (1.1)—(1.3) under
different situations of nonlinear terms including the sublinear and superlinear cases
(Theorems 3.1, and 3.2). In addition, a new Halanay type inequality (Proposition 2.4)
will be established to analyze the asymptotic stability and dissipativity of solutions. To
deal with the third objective, we make use of the fixed point theorem for condensing
mappings which is recently proposed in [8, 14]. With the aid of this technique, it is
shown in Theorem 4.5 that if the nonlinearity f obeys a superlinear growth condition
(see (F5) below) then the problem under consideration has a compact set of decay
solutions.

The outline of the paper is as follows. In the next section, a variation of constants
formula of mild solutions to the linear problem associated with problem (1.1)-(1.3)
is presented. In addition, the smoothness of two resolvent operators, the compactness
of the Cauchy operator and the Halanay type inequality are shown. The main goal in
Sect. 3 is devoted to proving the global solvability. The last section shows the results
on the asymptotic stability, the dissipativity and the existence of decay solutions.

2 Preliminaries

In this section, we aim to construct an integral representation of solutions to the linear

problem associated with (1.1)—(1.3). For this purpose, let {e,}°2 ; be an orthonormal

basis of L2(£2) consisting of eigenfunctions of —A subjected to the homogeneous
boundary condition, i.e.,

—Ae, = Ae, in 2, ¢, =00n 0L,

where one can assume that 0 < A1 < Ap < ...and A,, — oo as n — o0. Denote (-, -),
| - || the inner product and the standard norm in L?(2). For y € R, the fractional
power operator (—A)Y is defined as follows

o
(—A) v =) Al (v, en)en,

n=1

D((—A)) = {v e LY(Q): Zxﬁy(u,en)z < oo} .
n=1

Let V), = D((—A)?). It should be noted that V,, is a Banach space with the norm

1

o 2
Iz, = (Zxﬁy |(z,en>|2) . z€ D((=A)).

n=1
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Furthermore, for each y > 0, we can identify V_,, = D((—A)™7) with V;j, the dual
space of V.
Consider the linear problem associated with (1.1)—(1.3) without delay of the form

7 (u —vAu) —Au=F inQ,t>0, 2.1
u=0, ondQ, t>0, 2.2)
u,) =§, inQ, (2.3)

where F € C(RT; L2(Q)).
Assume that

[e¢]

u(t,) =y un(ey, F(t) =Y Fy(t)ey.

n=1 n=1

Inserting into (2.1)—(2.4) leads to

An

1
ty=—F,(),t >0 2.4
1+v)\nun() 1+ vh, n(t),t > (2.4)

un(0) = &, := (&, en). 2.5

(81— * up) (1) +

In order to find u, from (2.4)—(2.5), we consider the Mittag-Leffler function E, g
defined by

o0 n

Z
Eqp(2) _,;F(Om——l—ﬂ)’z eC,a,8>0.

Using the Laplace transform, it is useful to notice that the functions
Sa(t, 14) 1= Eq,1 (=), ra(t, (1) 1= 197" Eq .o (—put%), (2.6)
where u is a positive parameter, satisfy the following scalar Volterra integral equations

Sa(t, W) + 1(ga * 50 (o)) (1) =1, 1 = 0, 2.7
ra(t, W) + 1(ga * e (- 1)) (1) = ga(t), 1 > 0. 2.8)

Let us remark that for each & > 0 the function s, (¢, u) is completely monotonic on
(0, 00), that is,

an
(—1)"ﬁsa(t,u) >0, forallm=0,1,2,...,t > 0,

thanks to [7, Proposition 3.23, p. 47] (see also [22]). Other useful properties of s (-, 1),
ro (-, ;) are gathered in the following proposition.

Proposition 2.1 Let sy, ry, are given by (2.6). Then the following assertions hold.
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(1) Forevery u > 0, it holds that

1 1
— < syt, ) < —————, forallt > 0, 2.9)
L+ ul'(d —o)re “ 1+% /

d
0< —Esa(t, w) < wt®Y, for almost all t > 0. (2.10)
.. d
(i) p(Lsre(-, @) (1) =1 —s4(t, 1), 1 > 0and Esoc(t’ W) = —uro(t, ) for a.e.

t>0.
(iii) For every u > 0, the following bounds hold

pre(t, u) < —, andro(t, u) < gq(t), forallt > 0. (2.11)

~ | =

@iv) For eacht > 0, the mappings

/"L = s(){(t9M)’ lu’ = rOt(t’ I‘L)

are nonincreasing.
(v) Foreacht > 0, the mappings

M'_)soz tv M 9“/'_> 1 To t’ 'u
I+vu I+vu I+vu

are nonincreasing.

Proof The proof of the assertions (i)—(iv) can be found in [31, Proposition 2.1]. The
assertion (vi) is followed by exploiting the chain rule, the claim (v) and the fact that
the mapping 1 > ﬁ is increasing on (0, 00). mi
Let us now consider the following initial value problem

a

v(t) = w(t),t >0, (2.12)

14+ va 14+ va
v(0) = vy, (2.13)

(g1—a xV)() +

where @ > 0 and @ € C(R™). The following proposition gives a representation for
the solution of (2.12)—(2.13).

Proposition 2.2 The function

a 1 a
t) = t, —— - t),t >0, 2.14
v(®) Sa( 1+va>v0+1+vara< 1—|—va>*w() ( )

be the unique solution of (2.12)—(2.13).
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Proof Suppose that v is given by the formula (2.14). We now show that v be a solution
to the problem (2.12)—(2.13). Indeed, by the formulation of v and by the fact that
s (0, lJrl)a) = 1, we have that v(0) = 54(0, lJr%)vo = vp. On the other hand,
convolving the Eqgs. (2.7), (2.8) by g1— and using g;_4 * g4 = 1, one obtains

81— * [sa(, ) — 11+ (L %50 (-, w)) = 0, forall u > 0, (2.15)
and
8l1—a * Ty = Sa, (2.16)

thanks to Proposition 2.1(ii). Using the expression (2.16) and the formula of v, one
knows that

81— * [V —v0] = g1—a * [sa — 1]vg + 8l—a ¥ Ty * @

14+ va

= gl-a * [S¢ —l]vo+1 Sq k@

+ va

Differentiating both sides of the later equality and owing to (2.15), Proposition 2.1(ii),
we find that

(g1- a*v)(t)+ v(t)
d a
= (g1-ax v —vo])(t)+1 — ()
a a 1
__1+\)asa(t’ 1+Va)v0+1+v (C()(l)—i-s ( ) a)( )H—U(t)
‘ (t, —— o+ : el ——) 0 (D) + 1 )
= - S, s vV 7o (o) w )
l+va ® 14 va 0 l+val4+va®  1+va 1+ va
t
+1+vav()
= 1), Vvt >0,
l—l—vaw() =

which is the equality (2.12) as claimed.
Conversely, let v is a solution of (2.12)—(2.13). Taking the Laplace transform of
both sides of the Eq. (2.12), we obtain

AT — vo) + =0,

14+ va

or equivalently

-~

) 1 w

. 2.17
Al—“+1+vak“+—lfm @17

(A = pgn

14+va
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Using formulas (1.10.4), (1.10.9) in [15, p. 50], we know that

a—1

Fa (o (V) = RO > 0. (2.18)

(L) = , S
a0 = 5o T

Combining (2.17), (2.18) and using the inverse Laplace transform, we find that

a 1 a
r) = t9 N ),
v() sa< 1+va)v0+l+vara< 1+va>*w()

which is (2.14). The proof is complete. O

Taking Proposition 2.2 into account, the solution of problem (2.4)—(2.5) is given by

n () = 50t O0)n + ———1a -+ 6) % Fa(1),1 = 0,

1+vA,
where 6, = ﬁ,n =1,2,... Thus
t
u(t, ) = Sy(t)& +/ Ryt — 1)F(T)dr, (2.19)
0
where
o0
Su()v =) sa(t, 0 vnen, v € LA(R), 1 > 0, (2.20)
n=1
1
Re(H)v = Zl mra(t, Op)Unen, v € L2(Q),1 > 0. (2.21)
n=
Here and afterward, for any 7" > 0, the notations | - ||, || - [0 Will stand for the

norms in C([0, T]; L?(2)) and in C([—q, 0]; L?($2)), and the symbol || - ||, will be
employed for the operator norm of bounded linear operators on L?(£2). Furthermore,
we make use of the notation u(t) for u(¢, -) and consider u as a function defined on
[0, T'], taking values in LZ(Q).

Clearly S,(r) and R,(¢) defined by (2.20), (2.21) are bounded linear operators
acting on L>(2) forallz > 0. We collect in the following lemma some other interesting
properties of these operators.

Lemma 2.3 Let {Sy(t)}r>0 and {Ry (t)}i>0 be the families of linear operators defined
by (2.20) and (2.21), respectively. Then

(a) For each v € L*(Q) and T > 0, Sy()v € C([0, T]; L*(R)) and Sy(-) is
differentiable on (0, 00). Furthermore, the following estimates hold

S @Vl < so(2, 6DV, 7 € [0, T], (2.22)

IS, ()|l < ”tL”,Vv e LX(Q),Vt > 0. (2.23)
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(®) Let v € LXQ),T > 0 and g € C([0,T]; L*()). Then Re()v €
C(0, T, LQ(Q)) and Rqxg € C([0, T1; V), forally € (0, 1). Furthermore,

[Re (vl <

1,0 , 1 €(0,T], 2.24
1+vk1r“( DIl 0,7] (2.24)

[(Re &) (DIl = e

t
/ ra(t — 7. 0)lg(®)ldz, 1 € [0, T, (225)

1

t 2
IR % )@y, <v™'2) o '/? (/0 m(r—r,e])ng(r)nzdr) . 1€[0,T).
(2.26)

Proof (a) Obviously, the series given by (2.20) is uniformly convergent on [0, T].
Thus S, (v € C([0, T1; L%(2)), for all v € L2(K2). Moreover

1Se (0)0]1? Zsaa On) V5

2 2
S S(X(ty 91) Zvn
n=1
2 2
:sC((t991) ||U|| ’

thanks to Proposition 2.1(vi). Therefore, the bound (2.22) is followed. The proofs for
the differentiability of Sy and the bound (2.23) can be found in [31, Lemma 2. 3(c)].

(b) The proofs for Ry (-)v € C([0, T]; L?(Q)) and Ry * g €C(0,T]; V) are
done by using the same arguments as those proposed in the work of Ke et al. [12,
Lemma 2.3]. It remains to show the bounds in (2.24), (2.25) and (2.26). Due to the
nondecreasing of the sequence {1, },>1, one has

1
t, 6,
1+ vy, Fa(t,6n) = 14+v

rﬂl(tvel)’vn: 1,2,...

thanks to Proposition 2.1(vi). Therefore, for all # € (0, T'], we have that

00 2 172
Z L, (t,0,)) v2
N\ 1+ vk, e n

ra(t, 6D .

Re (vl

IA

1+vAa
It is obvious that the bound in (2.25) follows immediately from (2.24). Noting that
o0

Mo !
(—A) (Re % 8)(1) = Z H—T/o ro(t — T, 0,)gn(7)dT,
n=1 n
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and using the Holder inequality, Proposition 2.1(ii)—(iv), we find that

A !
t—1,6 d
1—}-1))»,1/0 Ta( T, 0,)gn(t)dr]

t 1/2 t 1/2
V_I)LZ_1<] re(t — T, Qn)d"-') (f re(t — 7, 9n)|gn(f)|d":>
0 0

12 ' 2
v e (/ ra(t—r,en)|gn<r>|dr) :
0

IA

IA

Therefore

0 t
I(=A) (Ro x g)0]? < Y w2277 Vg, ! /0 ra(t — 7,00 gn (1) 2dT

n=1

o t
—2.2(y—=1) ,—
<0200 Y [t - ol 0P
n=1 0
t
—2.2(y—1) ,—
=237 0 [ - wenlg(oPar.
0

It follows that

t 1/2
||(Ra*g)(z>||vysv‘AT”@{”Q(/ ra(z—r,enng(r)nzdr) .
0

The proof is complete. O

Remark 2.1 Using Lemma 2.3(b) above, by similar arguments as in [24, Proposition
2.3], the Cauchy operator defined by

Qo : C([0, T1; L*(Q)) — C([0, T): L*(R)). g = Qug(t) := (Ra * )(1)
is also compact.

To deal with the nonlinear problem (1.1)—(1.3), we consider the nonlinearity f as
a map defined on RT x LZ(Q) with values in LZ(Q). Based on the representation
(2.19), we introduce the following concept of mild solution to problem (1.1)—(1.3).

Definition2.1 Let ¢ € C([—q,0]; L>(Q)) be given. A function u €
C(—q,TI; L?()) is said to be a mild solution to (1.1)—(1.3) on the interval [—q.T]
iff u(s) = &(s) for s € [—¢q, 0] and

t
u(t) = Su(t)£(0) +/ Ra(t — r)f(r, u(t — ,o(r)))dr,t e [0, T].
0
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For given & € C([—q,0]; L*(Q)), denote C:([0,T]; L*(Q) = {u €
C([0, TT; L2()) : u(0) = £(0)}. Then C¢([0, T1; L*()) equipped with supre-
mum norm || - || is a closed subset of C ([0, T; L%(Q)).Foru € Ce([0, TT; LY(Q)),
we define u[§] € C([—¢q, T]; L?()) as follows

u(t) ifre[0,T]

ulg1e) = {g(t) it e[—q,0].

Hence

u(t —p@) ifr—p@)€[0,T]

ull, (1) = {é(, —p@) ift—p() €[—q,0

Let G : C([0, T1; L3(Q)) — C&([0, T1; L?(S2)) be the operator defined by

t
Gu)(1) = S (NEWO) + /0 Ralt — 1) f (x. ulE]1,(0))dT,

which will be referred to as the solution operator. This operator is continuous if f
is a continuous map. Obviously, u is a fixed point of G iff u[£] is a mild solution of
(1.1)—(1.3).

The following proposition shows a Halanay type inequality which plays important
role in our later analysis.

Proposition 2.4 Let v be a continuous and nonnegative function satisfying

v(t) < salt, lfW)vo
t
7
+ / re(t — T, a(r) +b sup v(@)]drt,t > 0,
IL+vu Jo “ I+vu felt—p(1),7]
(2.27)
U(S) = 1/f(S), NS [_Qa O], (228)

where b € (0, u), Y € C([—q,0,R") and a € L}OC(R+) which is nondecreasing.
Then

1 b
v() < K [U0+ ra (-, o ) * a(t)]+— sup ¥ (8), Vt>0.(2.29)
uw—>b I+vu L+vu M ge[—q.0]
In addition, if ry (-, %) * a is bounded on [0, 00) and lim (t — p(t)) = o0 then
w 1—00
: I
limsup v(t) < supry (-, —) x a(t). (2.30)
t—00 nw—=>b >0 14+vu

In particular, if a = 0 then v(t) — O ast — oo.
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Proof In order to prove this proposition, we need the following result [20, Lemma
2.3]:if v € C([—g, o0); RT) is a nonnegative function satisfying

v(t) <d()+¢ sup v(@),t>0
0el—q.1]

v(s) =¥ (s),s € [—q, 0],
where d(-) is a nondecreasing function and ¢ € (0, 1), then

v < (1= '@ +¢ sup ¢(©B), ¥t > 0. 2.31)
0e[—q,0]

Using Proposition 2.1, it follows from (2.27) that

t

1 7 b 7
v(t) <vo+ ral-, *a(t)+—— sup v(@ relT, dt
) =to I4+vu a( 1+Vﬂ> ® I+vu ee[—g,z] @ 0 a( 1+VM>

= e RS RURCI G (b))
= ro -, % a — sup v —s ,—
T o U T W oel A\ T+

< vy +

b
Fo(, ) xa(®) + — sup v(6).
IT+vu M oe[—q.1]

Since a(-) is nondecreasing, it implies that the function ¢ — vg + ﬁnx ( ﬁ) *
a(t) is nondecreasing as well. Using the inequality (2.31) with

d(t) = vo + )*a(t),§=2<1,
n

"
Fa | s
14+vu < 1+vu
we get the inequality (2.29) as desired.

Now assume that rg (-, ﬁ) % a is bounded on [0, 00). Then by (2.29), v(-) is
bounded by

_ w
c:=
uw—>nb

1 b
vy + suprg (-, ) xa(t) | +— sup ¥ (6),
I+vu >0 H 6e[—q,0]

and thus the limit £ = lim;_, SUP; e[r,00) v(¢) exists. Due to t — p(t) — 00 as
t — 00, then for any € > 0 one can find 7* > 0 such that

sup v(¢) < sup  w(@)<L+eVt=T"
Celt—p(0),1] Lelt—p(1),00]
) = Oast — ocoandry (-

On the other hand, since foreach p > 0, s, (¢ ) €

. _r
> 14vp > 14vp

L'(R*), then one can choose ¢ > T* large enough such that

t
s (2, a ) < e,f Ty <r, a >dr <e.
]+V,bL t—T* ]+UM
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From the these observations above and the inequality (2.27), for all # > 0, there holds
that

E ot oo
14+vu 0 L4+vp 1+

b o 0
+ / +/ T <t -1, ) sup v(@)dt
1+vu 0 * I+vu pelt—p(1),7]
I 1 u
< t, Yy t
_Sa< l+vu>v0+ 1+vur°’( 1+vu)*a()

bé ™ bt !
+ ¢ / Ta <t—t, i )ds—l—(——i_e) Ta <t—r, i )ds
1+vu Jy 1+vu 1+vu Jr= 1+vu

1 "
< . t
_EUO+1+UMV(1< 1+vu)*a()

bc ! b(£ d
b c / m(r, s )ds—i— (€+e ra<t—fy K >ds
1+vu Ji—r+ 1+vu 1+vu Jy 1+vu

1 bée bt
< evo + ro () waq) + 28 L BEFO (2.32)
I+vu I4+vu I4+vu "

It follows from (2.32) that

v(t) < Sq <t, ) *a(r)
7

. b 1 " b
= lim sup v(@) < —+ supry | -, —— ) xa(®) + (vo+ — Je,
172 gefr,00) wo T4+vu =0 1+p w
which implies that
<

1z u 2z b
< suprg (-, ——— ) *xa(®) + vo+ — | €. 2.33
M—%JS“( 1+vu> ® u—b<o u) 239

Since € is an arbitrarily positive number, it follows from (2.33) that

limsupv(t) < £ < o sup ry (-, s ) *al(t),
t—>00 m—>b >0 L+vu

from which we have the stated results in the lemma. O

We close this section by collecting some facts and basic results on measure of
noncompactness, and fixed point theorem for condensing maps which are used to
prove the existence of solutions in next sections.

Let E be a Banach space. Denote by B(E) the collection of nonempty bounded
subsets of E. We will use the following definition of the measure of noncompactness
(see, e.g. [11]).
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Definition 2.2 A function v : B(E) — R™ is called a measure of noncompactness
(MNC) on E if

¥(co D) = ¢ (D) for every D € B(E),

where co D is the closure of convex hull of D. An MNC v/ is said to be:

(i) monotone if for each Dy, D; € B(E) such that Dy € D, we have {¥(Dg) <

Y (D1);

(i) nonsingular if v ({a} U D) = ¢ (D) foranya € E, D € B(E);

(iii) invariant with respect to the union with a compact set, if (K U D) = ¥ (D)
for every relatively compact set K C E and D € B(E);

(iv) algebraically semi-additive if 1 (Do + D1) < ¥ (Do) + ¥ (D1) forany Dy, D €
B(E);

(v) regular if ¥ (D) = 0 is equivalent to the relative compactness of D.

A typical example on MNC satistying all properties stated in Definition 2.2 is the
Hausdorff MNC yx (-) defined by

x (D) = inf{e > 0 : D has a finite £ — net}.

Definition 2.3 A continuous map F : Z € E — E is said to be condensing with
respect to an MNC ¢ (¢ —condensing) if for any bounded set D C Z, the relation

V(D) < ¥ (F(D))

implies the relative compactness of D.

Let ¢ be a monotone and nonsingular MNC in E. We have the following fixed point
principle.

Theorem 2.5 [11, Corollary 3.3.1] Let M be a bounded convex closed subset of E
and let F : M — M be a y-condensing map. Then Fix(F) := {x € E : x = F(x)}
is a nonempty and compact set.

3 Solvability results

This section deals with the existence of global in time solutions to the problem (1.1)-
(1.3) on a finite time interval [—¢g, T'] for every T > 0. Our first result about the global
existence of solutions to problem (1.1)—(1.3) reads as the following.

Theorem 3.1 Assume that the nonlinearity f : [0, T] X L2(§2) — Lz(Q) satisfies

(F1) f is continuous such that

£ vl < ¥rdlvl), Ve el0,T],ve L3(RQ),
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where ¢ € C(R") is a nonnegative and nondecreasing function such that

lim sup v
r—0 r

<Ap 3.1)

Then there exists 6 > 0 such that the problem (1.1)—(1.3) has a compact set of mild
solutions on [—q, T, provided ||&||o < 8. Furthermore, if f obeys

(F2) f(-,0) = 0 and is locally Lipschitz continuous with respect to the second
variable, i.e., for eachr > 0, there exists a nonnegative constant k (r) such that

ILf (@, v) — f@& vl < k(@)llvr — 2], (3.2

forallt € [0,T), v; € L*>(Q) with ||v;|| < r,i € {1,2} and limsup, gk (r) < A1,
then the mild solution to (1.1)—(1.3) is unique.

Proof To prove this theorem, we make use of Theorem 2.5. We first show that G(B,) C
B, for some ¢ > 0, where B, be the closed ballin C¢ ([0, T']; L?(2)) centered at origin
with radius . Letay = lim sup wa(r) Then by assumption (3.1), for e € (0, A1 — £),

r—0
one can find o > 0 such that

M <ay+e Vre (2]
,

. _ (M—ar—e€)o
Choosmg § = W,

IE]lo < 6, one first sees that

it is obvious that 0 < § < . Considering G on B, with

lulElo I < lIEllo + sup llu(s)|| <8+ o,Vr > 0.

s€[0,1]

Therefore, according to Lemma 2.3 and the formulas of G, 8, we find that

IG@) O < sz, ODIEO)] +

t
/0 ra(t — T, 001 f(z, ul§], () lldT

14+vA;
t
< 16O+ 1 /0 ralt — .00 (JUIEL, (D) Dd T
Olf—i-G !
< llEflo + 1+V)»1./0 ra(t — 7, 0 ul€], (D) ld

(af +e)S+0) [!

<$ t—r1,01)d
<o+ 1+ i Orot( T, 01)dt
§8+(af+€)(5+9)i

14+vAq 01

<o, Vtel[0,T], (3.3)
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thanks to the facts s, (¢, 1) <1, fot re (T, w)dt < /fl,‘v’t > 0, u > 0. The inequality
(3.3) ensures that G(B,) C By, provided ||£[lo < 8. We now consider G : B, — B,.
Since f is continuous, it is easily seen that G is continuous as well.

Now let x be the Hausdorff MNC in C([O, T1; L*()). According to the
decomposition

G(u) = Su(1)E(0) + Qq o N (u),
Ny@) (@) = f(t, ul€],(0),

we get G is a compact operator, thanks to the compactness of Q,, stated in Remark 2.1.
Consequently, for any bounded set D C B,, we get that G(D) is a relatively compact
in C([0, TT; L2(Q)). It follows that G is x-condensing. Thus, the existence of global
solutions of Theorem 3.1 follows by applying Theorem 2.5.

We now suppose that the nonlinearity f satisfies the locally Lipschitz condition
(F2). In this case, the assumption (F1) is also fulfilled for ¥y () = r«(r). Let us
fix o, 8, and € as above. We now testify the uniqueness of solutions. Assume that
u,veC(—q,T], L?(2)) are two solutions of (1.1)—(1.3) with the initial condition
&, then one can assume that u, v € By for some R > 0. Due to the representation
formula of u, v, one has

! -
u(?) = v = / ra(t — 1,00k (R)|Julé],(t) — v[E]p(T)lldT

0

t

sx(m/ ralt —7.61) sup [[u(8) — v(®)|ldr. Vi € [0, T,
0 6¢€[0,7]

thanks to the fact that u(¢) = v(¢t) = &(¢), Vt € [—¢q, 0]. Since the last inequality is
nondecreasing in ¢, we thus obtain

t
sup |lu(z) —v(@)| < K(R)/ re(t —1,01) sup [u(0) —v(0)lldt
7€[0,1] 0 0¢€l0,7]

K(R) ! a—1
< /(t—f) sup |[u(0) —v(©@)ldr,
C(a) Jo 0€[0,7]

thanks to Proposition 2.1(iii). Utilizing the Gronwall type inequality [10, Theorem

4.3, p.99], we get sup |lu(r) — v(r)|| = O0forall r € [0, T], which implies u = v.
tel0,1]
The proof is complete. O

In the next theorem, we will show that the smallness condition on initial data and
coefficients of f can be relaxed if the nonlinear function f fulfills a sublinear growth
or a global Lipschitz condition. More precisely, we prove

Theorem 3.2 Assume that f satisfies the condition

(F3) f is continuous such that || f (t,v)|| < a(t) +b@)||v|, forallt € [0,T],v €
L%(Q), wherea € LY (RT), b e L0, T) are nonnegative functions.

loc
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Then the problem (1.1)—(1.3) has a compact set of mild solutions on [—q, T ). Moreover,
if the nonlinearity function f satisfies

(F4) | f@t.v)— ft, 0] < c@llvi—val, forallt € [0, T], v; € LX), i € {1,2},
where c € L ll oc (R™) is a nonnegative function,

then the problem (1.1)—(1.3) has a unique mild solution on [—q, T].

Proof Assume that the assumption (F3) holds. Let

D={ueCe(0,T]; LX) : sup [u(r)ll < &), Vt €[0, T},
t€[0,1]

where ¢ is the unique solution of the integral equation

9(t) = (1427 1bllL.7)) I€llo +

sup rq(-, 01) *a(t)
1+ vig te[O,pT] ¢

lall o0, 1)

t
Tk /0 re(t — 1,00 (r)dt,t € [0, T].

Then D is a closed, bounded and convex set in Cg ([0, T']; LZ(Q)). Considering the
solution operator G on D, we see that

t
IG@) (O < [1Sa(@)EO) I +/0 IR (t = Dllopll f (7, ulélo) ldT

< s (£, 01)1EO) [+

< sa(t, 01 €llo

t
1+ vk /0 ro(t=7, 0D)la(t) +b() ul€],(v) | 1dT

t
e /0 ra(t — 7,00 a(®) + b() (1€l + 9:[%?1] lu@1)]de

t bl oo t
/ra(t—r, 6Da(r)de 4+ 2= nlEl ‘O’T)Hs"o/ra(r, o1)dt
0 0

= lIEllo+ T on,

14+vA;

161l L0, 1) /t
+————— | ro(t—1,01) sup |lu(®)ldt
L+va Jo 9e0,7]

bl| oo
1610, 1) lI€l0 SUp 7o (-, 01) % a(t)

<&l +
Al 1+ vt 4ep0,7]

161l L0, T) /t
+————— | ro(t—1,01) sup |lu(®)|dt
L+va Jo 9e0,7]

= (1+ 27" Ibll.m)) 1o + sup rq (-, 01) *a(r)

1+ VA1 ref0,7)

bl !
+M/ re(t —7,01) sup [u(9)ldr, 4
14+ vA; 0 0el0,7]
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for any u € D, thanks to Lemma 2.3. Since the function # +— sup |Ju(7)]|| is nonde-
7€[0,1]

creasing, the integral term in the right hand side of (3.4) is nondecreasing in ¢ as well.

Thus

sup [IGa) (@) < (1+ A7 1BllLe.0) 1€ o +

sup ry(-, 01) xa(t)

Sup 1+ VA1 ref0.1)

+M/tra@—r,el> sup [lu(®)dz

L+vir Jo 0el0.7]
< (1447 b, I ll0 + sup 7al, 61) %a()

( 1 ( )) 14 v te[O,pT] ¢

bll '
M/ ro(t — 7,019 (1)dz, forallr € [0, T]. (3.5)

L+var Jo

From the inequality (3.5) yields G(D) C D. The existence of global mild solutions
is followed by using the same lines as the proof of Theorem 3.1 for the case of
(F1). Besides, in the case of (F4), one can consider a suitable weighted norm in
Ce([0,T]; L?(2)) and prove that the solution operator G is a contraction operator.
Thus, the proof of the theorem is now complete. O

4 Long time behavior of solutions

This section is devoted to analyzing the long time behavior of solutions to the problem
(1.1)—(1.3). Firstly, by using the Halanay type inequality, we establish results about
stability and dissipativity of solutions, whose definitions are given in the following
definitions.

Definition 4.1 Letu(-, &) € C([—q, 00); L?(2)) be the solution of the problem (1.1)-
(1.3) with the initial datum &. The solution u(-, £) is said to be asymptotic stable if it
is the following:
(i) stable: for all € > O there exists § > 0 such that if v € C([—gq, 0]; LZ(SZ)) is
obeying ||€ — V]l < 8, then ||u; — v;|leo < €, forallz > 0.
(i1) attractive: there exists » > 0 such that for every ¥ € C([—gq,O]; L2(Q))
satisfying [|€ — ¥]lo < r then lim;—, o ||u; — V¢|lcc = O.

Definition 4.2 The problem (1.1)—(1.3) is said to be dissipativity with an absorbing
set B if one can find a positive constant R: such that for each & € C([—q, 0]; L2(R))
there exists 7 > 0 such that the solution u(-, &) satisfying

luslloo < R, forallt > T.

We are now ready to present results about stability and dissipativity of solutions of
our problem.

Theorem 4.1 Assume that the hypothesis (F2) of Theorem 3.1 holds for any T > 0.
Then the zero solution of (1.1) is asymptotically stable.
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Proof Take g, 8, and € as in the proof of Theorem 3.1. Then for every ||&||o < 3, there
exists a unique mild solution to (1.1)—(1.3) such that ||u(z)|| < o for all # > 0. Note
that

uls]p (N < I€llo + llulloo < 20, forallz € [0, T,

and it holds that

t
lu@ < 1S (O] +/O IRa(t = Dllopll f (T, uls]p(0) — f(z,0)lldT

= sa(t, 0)IEO) | +

t
]+U)»1/0 ra(t — 7,00k (20) |ulg]p(D)lldT

1 /’
re(t — 7,01 (s +€) sup lu(®)|dz.
1+vr Jo @ / 0e[t—p(1),7]

= sa(t, 0D IEO) || +

Employing the Halanay type inequality in Proposition 2.4 with v(¢) = |[u(?)||, t >
—q, L = A1, We obtain

€
& 1lo, Yz = 0, 4.1)

MM ar+
() < 5—"—— 1§ O + /
| —af —€ A

Aim Jlu(@®] = 0. 4.2)

The inequalities (4.1), (4.2) guarantee the stability and attractivity of the zero solution,
respectively. We thus finish the proof of this theorem. O

Considering the case when f is globally Lipschitzian, we have a stronger result.

Theorem 4.2 Assume that the hypothesis (F4) holds for any T > 0 and for
¢ € L°RT;RY). If [[cllpo@ty < A1, then every mild solution of (1.1)~(1.3) is
asymptotically stable.

Proof Let u and v be solutions of (1.1)—(1.3). Then, by the formula of solutions and
by Lemma 2.3, we get that

lu(®) — vl = [Sa(@®[u(0) — v(O)]]

1 t
T Ton /0 Ra(t = Dllop |l f (7. ul€ 1o (2)) = f(z. vlE]p () ldT

< sa(t, 01)[|u(0) — v(O) |l

t
1+ vh /0 ra(t — T, 01)c(T)ulfly(7) — v[E]p(D)lldT
< 5a (7, 0D)[Iu(0) —v(O)|

t
/Ora(t—fﬁl)IICIlLvo(Rﬂ sup  [lu(®) —v(®)lldz.

[t—p(D),7]

+1+v)q
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Applying Proposition 2.4 leads to

Mllu(©0) —vO | el ®F)

lu@) — v < lu(0) — v(0)llo, V¢ = O,
A1 — llcliLee (RT) Al
lim [u() —v(@®)| =0,
=00
from which we obtain the conclusion of this theorem. O

In the next theorem, we establish a result on the dissipativity of solutions of our system.

Theorem 4.3 Let the assumption (F3) of Theorem 3.2 hold for any T > 0 with b €
L®(R"; RY) satisfying ||b]| po®+) < A and a € L}, .(RT; RT) is nondecreasing
such that ro (-, 01) * a is a bounded function on RY. Then there exists an absorbing
set for solutions of (1.1)—(1.3) with arbitrary initial data. Moreover, if a = 0, then the
zero solution of (1.1) is asymptotically stable.

Proof Let u be a solution of (1.1)—(1.3). Using Lemma 2.3 and the estimate of f, we
obtain

u(®)ll < so(r, 01)1EO) I +

t
1_'_”1/0 ra(t — 7, 01)[a(r) + b(v)|ul£l,(D)lldT

<=sa(t, 01)150) |+

t
1+w\1/0 ra(t =7, O)1a(0) + bl e ) lulé]p (D) 1.

Using Proposition 2.4 again, we arrive at

Al

limsup |u(?)|| € —————— suprq (-, 61) x a(z).
100 A = 1Dl Lo ®+y =0
Put
R=et— (. 61) % a(t)
e+ ————supry(-,0)) xa
A — bl Lo @ty 120

for some € > 0, then the ball B is an absorbing set for solutions of (1.1)—(1.3).
Finally, if a = 0, then (1.1) admits the zero solution and it holds that

Al 1611 oo+

lu()l < » : 1§ + . 5 1lo, V2 = 0,

— 1Bl oo e+
lim [lu(®)| =0,
—0o0

thanks to Proposition 2.4 again, which ensures the asymptotic stability of the zero
solution. O

Remark 4.1 Results about the asymptotic stability of solutions to the problem (1.1)-
(1.3) obtained in Theorems 4.2 and 4.3 under the assumption that the coefficient of
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the nonlinearity f is small. Our approach is based on the Halanay type inequality. It is
interesting to ask that are these results still valid or invalid in the different cases (that
is, [[cllpoow+y = A1 in Theorem 4.2 and ||b||poor+) > A1 in Theorem 4.3)? These
issues will be a topic of future works.

In the remainder of this section, we deal with the existence of decay solutions to
(1.1)—(1.3). In particular, we assume that, the nonlinearity f is non-Lipschitzian and
possibly superlinear. More precisely,

(F5) f:R* x L2(©) — L%(Q) is a continuous mapping such that

1f @ o)l < p@@(vl), Vi € R, v € LX),

where p € L 110 . (RT) is a nonnegative function and ® € C(R™) is a nonnegative

and nondecreasing function such that

t
lim sup ) -sup/ re(t —7,01)p(t)dt < 1+ vAq, “4.3)
r—0 r t>0J0
and
Bt
lim supf re(t — ,01)p(Tr)dT = 0. “4.4)
T—o0 t>T JO

for some 8 € (0, 1).

We start with considering the solution operator G on BCo(R™; L?(Q)), the space
of continuous functions on R*, taking values in L>($2) and decaying as t — oo.

Given £ € C([—q, 0]; L>(2)), put BCS = {u € BCo(Rt; L2(Q)) : u(0) = £(0)}.

Then BC% is a closed subset of BCo(R™*; L2(R)) furnished by the sup norm || - |-
Let D be a bounded set in BCg and 77 : BCE — C([0, T1; L3()) the restriction

operator on BCS, i.e. w7 (u) is the restriction of u € BC('E) to the interval [0, T']. Define

ds(D) = lim_sup sup [u()]l,

X ueDt>T
Xoo(D) = sup xr(77(D)),
T>0

where x7(-) is the Hausdorff MNC in C ([0, T]; L?(2)). Then the following MNC
defined in [1],

X" (D) = dso(D) + xoo(D), 4.5
possesses all properties stated in Definition 2.2. In addition, if x*(D) = 0 then

D is relatively compact in BCo(R™; Lz(Q)). Especially, doo({u}) = 0 iff u €
BCy(RT; L*(Q)).
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Lemma4.4 Let (F5) hold. Then there exist positive numbers § and R such that

G(Bgr) C Bgr for ||&llo < 8, where By is the closed ball in BC% centered at origin
with radius R.

Proof Let

()

t
ap = lim sup , Moo = sup/ re(t — 7,01 p(r)dr.
0

r—0 r t>0

By (4.3), one can take n > 0 such that
(o + Moo < 1+ VA1, 4.6)

and we can find R > 0 satisfying @ < ag + n for all r € (0, 2R] thanks to the
definition of lim sup. Recalling that the solution operator G is defined by

t
Gu) (1) = Sa(1)§(0) +/0 Ra(t — 7) f(z, ul€],())dT, u € BCG.

Considering G on Bg with ||£]lg < R, we have

1G@) DI = sa(z, ODIEO) ] +

t
Alﬂ@—nGOMOQUWEbﬁwﬁt
“.7)

1+vi

We first check that BCE is invariant under G, i.e., Q(BCE) C BC%. In view of (4.7)
and the fact s, (¢, 1) ||E(0)|| — 0 as t — oo, we need to show that

t
H(t) = /0 re(t — 7, 91)p(r)d>(||u[.§]p(r)||)dr — Qast — oo.

Since t — p(t) — oo ast — 00, we have both |lu(#)|| and ||u[£],(?)|| go to zero as
t — oo. This means that, for any € > 0, there exists 7 > 0 such that d>(||u[§-‘]p(t) ||) <
€ for all t > T, thanks to the fact that ® is continuous and ®(0) = 0. Therefore, for
t > T, we find that

T t
H() = </O +/T>Va(t —7,00)p@®(lulé]l,(D))dT
T t
< <I>(2R)/ re(t — T, Ql)p(r)dr—l—e/ ro(t — 7,01 p(T)dt
0 T

T
S¢QmmU—Tﬁn/ p(0)dr + Mo
0

< [P(2R) + Mx]e,
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because of the fact that r,(t — T, 6;) fOT p(t)dt — 0 ast — oo (see, e.g. [5,

Proposition 2.4(i)]). We have shown that G(u) € BCE, provided u € BCE.
Now let

R t
£(14vr — f— 1.0 ac).
~ T+ va + (@0+6)Ma zH>1 ( VAL ("‘0+’7)f0 re(t —7,01)p(7) r)
4.8)

then § > 0 and § < R due to (4.6). We now show that G(u) € Bg, provided u € Bg
and ||€]lo < 8. Indeed, by the formula of G and by Lemma 2.3, we have

IG@) DI < sa(z, ODIEO)] +

t
fo ra(t — 7.0 p(D)D(ul€], (1)) de

1+vr
t
< lI&llo + 1+M1f0 ra(t —1,01) p(0) (a0 + mllulé],(T)lldT
1 t
= lIEllo+ /ra(t—t,Gl)p(f)(ao+n)(ll§llo+ sup [lu(®)ll)dz
1+vi Jo 0€l0,7]
(o +mM@+R) [
<§ t—r,0 d
<dé+ Y A re(t — 1,01 p(v)dt
(a0 + €)Moo (@0 +mR (!
<1 ]8 t—1,0 d
<[+ = el RO OT
<R,Vt>0,
thanks to the formulation of § given by (4.8). The proof is complete. O

The following theorem gives a result on the existence of decay solutions to the problem

(1.1)—(1.3).

Theorem 4.5 Let the hypothesis (F5) hold. Then there exists 5 > 0 such that the
problem (1.1)—(1.3) has a compact set of decay solutions, provided that ||§||o < 6.

Proof Taking § and By from Lemma 4.4, we consider the solution map G : Bg — Bg.
By standard reasoning, we get that G is continuous. We will show that G is x*-
condensing. Using the same arguments as in the proof of Theorem 3.1, one has 77 o G
is compact. This implies 7 (w7 (G(D))) = 0 for D C By and then x.o(G(D)) = 0.
We are now in a position to estimate doo (G(D)).

Letz € G(D) and u € D be such that z = G(u). Since t — p(t) — oo ast — oo,
for given T' > 0, there exists 71 > T such thatt — p(¢t) > T for all + > Tj. Thus, for
t > ,B_ITl, we find that

t
Iz < sa(t, 6DNEO) | + T / ro(t — 7, 01) p(0)@(Julé], (T) IDdT
(a0 n)
< sq(t, NEO + ———7F e — 7,0 p@)ulé],(0)ldT
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Bt
=woﬁnwmm+(°+m</ A)ma—reomwwwbuwdr
t

1+vA
s+ R) [P
SmUﬁDM®W+££?QLi—2 ralt — 7,00 p(x)dr
+ VA 0
+ t
+%ﬁ—ﬁ3mmnme—pw»n/:ua—rﬁnpuwr
+ VAL 92p1 Bt
s+ R) [P
5maﬁnmmw+§&?ﬂii—3 rot — 1,00 p(D)dT
+ vig 0
(oo + 1) !

sup su ||M(S)|| re(t — 7,01 p(r)dr.
1 +vig uEDs>¥ “

Since z € G(D) is taken arbitrarily, we thus obtain

sup  sup [z = sup 5o (7, O)IEO)]|

zeG(D)t>p-1Ty 1>p1T
S+ R pt

M Sup f ra([—‘[’ Ql)p(‘[)dt
14+ v t>u=11; JO

(o +1n) !

—————sup sup [lu(s)[| sup ro(t — 7, 01) p(r)dt

1+ )‘1 ueD s>T t>pu~11 /O

< supsu(f, 0)[1E(0)]]
1>T

+ )+ R pt

Msup/ ra(t — 7,00 p(v)dt
I +vig t>T Jo

(ao + MM

sup sup |[u(s)]|.
1+ VA| uegszg

Letting T — oo then u~!' Ty — oo and using the fact that

sup 5o (7, OD1E0) | = 5o (T, O IEO)[| = O as T — oo,

t>T
we find that

(o + MM
d(G(D)) < T‘)Aldoo(l)),

thanks to (4.4). Therefore,

Moo
X" (G(D)) = Xoo(G(D)) + dos (G(D)) = doo(G(D)) < %dm(m

(a0 + MMoo _ (o + Moo,
< W[doo(D) + Xoo(D)] = WX (D).
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Now if *(D) < x*(G(D)) then x*(D) < &M y (D) which implies x*(D) =
0, thanks to (4.6). Thus G is x*-condensing and it admits a fixed point, according
to Theorem 2.5. Denote by D the fixed point set of G in Bg. Then D is closed and

D c G(D). Hence,

(2o + MM
X'(D) = x"GD) < ————==x"(D),
+ V)\.l
which ensures x*(D) = 0 and D is a compact set. The proof is complete. O

Remark 4.2 Tt should be remarked that when p € L®(R™; R") then the conditions
(4.3)—(4.4) can be simplified. In this case, it is testified that

t

t
sup/0 re(t — 7, 0) p(0)dt < |pllpeo®™ Sug/O re(t —1,01)dt
1>

t>0

< Ipllzood; " sup(l — sq (2, 61))
>0

= IpllLoe@tf;

Therefore condition (4.3) is replaced by

< Ai.

. ®(r)
| Il oo r+) lim sup
r—0 r

On the other hand, we observe that

Bt

Bt
/ ro(t — 1,0 p(r)dT < ||P||L°<>(R+)/ ro(t — 7, 01)dT
0 0
t
= ||P||L°°(R+)/ ro(t,01)dt.
(I-B)t

Then

o0

Bt
SUP/ re(t — 7,0 p(r)dt < ||I7”L°°(R+)/ ra (T, 01)dT
t>T JO a-pr

— 0asT — oo,

due to the fact that r (-, ;) € L' (R1). Thus condition (4.4) is satisfied as claimed.

Let us finish our work with an example of the nonlinear function f. Let
[t up)(x) =h() f (/ |u(rt —q,X)IZdX) u(rt —q,x), t =0, 4.9)
Q

where f : RT™ — Ris a continuous function and p(¢) = (1 —r)t +g,r € (0, 1). The
nonlinear function of this type is contructed to depend on both the history state and
its energy. Concerning f, h, we first assume that
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e /1 is continuous and bounded function on R™;
e f:R — Ris afunction such that | f(z)| < a|z|? for some a > 0,0 > 0.

By these assumptions, we testify that f is locally Lipschitzian. For vy, v, € L*(R),
lvill, llv2ll < r, one has
£t v)— < Fllvil») = £ vzl F(lvi ) [l —
coD) = &) < I pOI[| £ Ui = £ Aozl [Iloz 4] £ Ao 1) [ lvr —v2ll]
< lpllco[lvill + o2 iDlvall] £/ ((1 = O w2 ll* + ¢ llvil1?)]

+allvi 7]l = vall,
where ¢ € [0, 1], thanks to the mean value formula. Thus

If(t,v1) — ft, vl < Ipllso[2r% sup |F/ ()] +ar® ]lvi — vall,

s€[0,r2]

which means that f obeys (F3) with

k(r) = lIpllo[2r® sup |f'(s)|+ar**] — 0asr — 0.
s€[0,r2]

Applying Theorem 4.1, we conclude that the zero solution of (1.1) is asymptotically
stable.

Now if we drop the assumption that f € C'(R™), then the Lipschitz property for
f is unavailable. Assuming f e C(R™) such that |f(s)| < als|° fora,o > 0, we
get the estimate

£ @ o)l < IpOI| FAvIDH]IvI < [p@lallvf* .

As pointed out in Remark 4.2, £ in this case fulfills (F5) with ® (r) = ar?°*+! satisfying
that @ = ar?® — 0 asr — 0. Therefore, Theorem 4.5 ensures the existence of a
compact set of decay solutions to the problem (1.1)—(1.3).
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