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Abstract

We study the holomorphic extendibility of Op(p)u, when p is an analytic symbol,
and explicit information is available on the domains of holomorphic extendibility of
both p and u. By a contour deformation argument, we obtain a precise local estimate
of the domain of holomorphy of Op(p)u in terms of the information on p and u.
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1 Introduction

In[3] Karamehmedovi¢ defines a class of analytic symbols. This class forms a subspace
of the analytic-type symbols in the sense of Treves [6]. The aim was to obtain holo-
morphic mapping properties for the associated operators, and apply them to Calder6én
projectors in a (local) Helmholtz-type Dirichlet problem, where the boundary is a
piece of a hyperplane.

In this way, Karamehmedovi¢ then constructs the Dirichlet-to-Neumann map, and
obtains a result on how well it preserves domains of holomorphic extendibility. That
is, how far Neumann data extends given this information about Dirichlet data, and
in fact vice-versa, by the same system of equations for the Calderén projectors. It
was done by showing that the symbols of the Calderén projectors are of that class.
The class of the "analytic symbols" was first introduced by Boutet de Monvel [1],
and Karamehmedovi¢ [3] essentially reuses these, but introduces constraints [3, pp.
3—-4, Definition 2.1]. The domains obtained in [3, p. 10, Theorem 2.9] are larger than
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those we get here, and Karamehmedovi¢ [3] has the advantage of being adapted to
poly-rectangular shapes.

The aim of this paper is to remove the strong constraints on the symbols in [3], and
reduce them to analytic symbols in the sense of Treves [6, p. 262, Definition 2.2]. In
the process, we will also obtain a general domain-of-extension mapping theorem. It
appears in Winterrose [7]. Let n € N be the dimension throughout.

2 Notation

Denote by S4(R" x R") order d € R (1,0) Hérmander symbols. These are the
p € C®(R" x R") satisfying, for any «, € N7, the estimates

sup (&) 1989¢ p(x. £)] < oo,
(x,&)eRn xR"

where we use the notation (§) = (1 + |g|2)% for & € R”, and put S~ = NgerS<.
Associated to p is Op(p), defined via the Fourier transform 7 on u € C5°(R") by

Op(plu(x) = /I‘R" e p(x, E)FuE)de forall x € R,

@m)"

which we will later write as an oscillatory integral, regularized by using Gaussians.
We use the notation d§ = (2m)™"dé& for the scaled standard Lebesgue measure d&.
Finally, B(x, r) denotes the open ball in R” with center at x € R” and radius » > 0,
and &'(R™) is the space of compactly supported distributions.

3 Contour deformation

Theorem 3.1 Fix R > 0, € > 0, and p € S¢(R" x R") a symbol with d € R. Assume
PIB,ro) xR extends holomorphically into (B(0, ro) +iB(0, 89)) x W, where

We={¢ € C"|[Im¢| < €[Re¢]}N{¢ € C"[|Re (| > R},
and satisfies

sup (Re g‘)_dlp(x, ¢)| < oo forany K CC B(0,rg)+iB(0, o).
(x,0)eK x We

Letu € Cgo (R™). Suppose u|p(o,r) extends holomorphically into B(0, r) + i B(0, 8).
Chooser >r' > 0and § > 8’ > 0 so that

8/

r—r’

< €.

Then Op(p)u| B0, min{r',ro}) likewise extends to B(0, min{r’, ro}) +i B (0, min{§’, §y}).
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This result is similar to Karamehmedovi¢ [3, Theorem 2.9], but without extra con-
straints on « and p. In particular, Op(p)u is real-analytic on B(0, min{r’, ro}), as is
well-known [6].

A deformation of R” x R" into C" x C" allows us to continue Op(p)u explicitly.
The main idea is to split the oscillatory integral, and apply Stokes’ theorem.

Proof Take x2 € C5°(R") tobe 1 on B(0, 2R) but x2(§) € [0, 1) for & ¢ B(0, 2R).
Let x1 € C3°(B(0,r)) be a cutoff with x1(y) = 1 when y € B(0,r"), else in [0, 1),
where r > r” > r’ are chosen so that

& 8

<
r—7 7 —

Now leto : [0, 1] x R" x R" — C" x C" be defined by

8
(8 > (= 180001 a6 21 - 200 @I ):

and let w and ¢ denote the first and second C" components of this o, respectively.
This type of o is used by Boutet de Monvel [1, pp. 243-245] with sparse details. Let
us put

Ct)=o({t} xR" xR") forall te€]l0,]1].

Under the o deformation, if x2(&§) = 0 and |Re (x)| < r/, we get

)
Re (i(x —w) - ¢) = ~¢ - (Im<x>+zs/m<y)é—|)+zwg|— (Re () - ¥)
8
el tm o+ 1)+ 2D (1) e )

<ISI
(

)
— lm ()] + 1851 () + zw(m ~ Re()]))
—r

!

< —[g1(18' = lm (1)

It will ensure that deformations by o (¢, -, -) give convergent integrals for [Im (x)| < 4.
Take x € B(0,7") +itB(0,8"),and fix p > 2Rand 1 > t, > #; > 0. Put

Q(p) = (t1, ) x R" x (B(0, p) \ B(0,2R)).

Then o is injective on Q(p), because Rew = y and Re¢{ = & force uniqueness
of (v, &), which, by definition of o, shows that ¢ must also be unique as long as
& ¢ B(0,2R). Similarly, Re{ = & and |[Im ¢| < t€|§| shows that

o(Q(p)) cC" x W, forall p > 2R.
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In the following, we willputdw = dwi A---Adw, andd¢ = Qr) "dii A~ - - ANdE,.
Define for (w, ¢) € C" x W, the 2n-form

fy = G (w, &) dw Ad¢ = ) p(x, Ou(w) dw A d,

where o * ) is smooth and compactly supported in Q(p), and
n .
dpy, = Z O [e’q'(x_w)p(x, §)u(w)] dw; A dw A dg.

Then o*dpxlp() = 0, by holomorphy in y € B(0,r), and since w € R* if y ¢
B0, r).

Next, we show o is an injective immersion, and calculate its pullbacks at fixed ¢.
In order to shorten expressions, we write

s, ) =8 (MU = x2(6)),

8 (1 —
06 = 2D ),

Then we can calculate
dwj =dy; — |§| Z By (v, &)dy; — it Z o, (s<y £) fgl)da is(y. &)1,

dej = dg; - zrﬁ Zag, (1. ©)le1)ds; — irlg] Zay, (10 &)%)y = in(y. £

It follows then that the real Jacobian of o has rank 2n, so ¢ is an injective immersion.
But with # kept fixed, detd(y &0 (¢, y, &) equals the determinant of

[6 lt‘s‘a)[s(y S)] [—itagi(s(%g)%)]:l i

i,j=
[—igia, e 03], [ou oo ole]

which is bounded in (y, &), unlike the determinant in [3, pp. 6, Proof of Theorem 2.6].
This term appears when pulling back

o(t,-, )" (dw And¢) =detdy gyo(t, y, §)dy AdE.

Using the above, we can now, without convergence issues, apply Stoke’s theorem.
Stokes’ theorem for manifolds with corners [5, Theorem 16.25] applied to Q(p) gives

OZ/ o d iy =/ d(o"juy) =/ o Ly
Q(p) Q(p) 90(p)




A holomorphic mapping property of analytic... Page50f8 59

Also, by the above estimate, there is some C > 0 such that

[(Gyoa)(t, y, &) det dy )0 (t, y, §)| < Ce EIW =MD erdy o (y),

which ensures existence of fC(z) wy whent > 0.1fr = 0, it is meaningful if p € §7°°,
but x must then have zero imaginary part. The aim is to show equivalence with ¢ = 1.
Leto, : [11, 2] x R" x S"=1 — C" x C" be defined by

Similarly, if x € B(0, r"), we get C’ > 0 such that
(Gx 00,)(t, y, ) det(da,) (2, y, )| < C'e™P"® {p) M g (1),
and as o(¢,y,&) = (v,&) for & € B(0,2R), o*u, vanishes on (71, ) x R" x

dB (0, 2R). Combining integrals of opposite orientation, by dominated convergence,
we get

)
/ Mx —f Hx = lim / / (O-*M)C)(ta Vs 5)
C() C(t) P=>0 Jp JyeRn JE€IB(0,p)

4]
= lim / / l[(Gx o0p)det(dop)](t, y, ) volgn-1 (w) dy dt,
tl n n—

pP—> 00

where the integrand is compactly supported in y, bounded as above for every p > R.
It follows that the limit is zero, and we obtain that

/ I :/ wy if x € B(O,r').
C(n) C(n)

Pick 19 € (0, 1) so that C(tg) C C" x W% . By dominated convergence, we get

Op(pyutx) = lim / n f IS (e g)lu(y) dy d
= lim 3 )e"f'“—w)[e—”f'@p(x, OJu(w) dw A dt
— f
:/ 5T p(x, Ou(w) dw A de
C(1)
= / eig'(x*w)p(x, Ou(w)dw A de,
C(D)

which makes sense, because if A € R, we have

o266 | < =R (RecPomeP) < =b2RCP G Img) < LReg).
2
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But now the last integral extends holomorphically in x to the right open set. O

Note that for y ¢ B(0, r) the function u in p, may fail to extend holomorphically.
But this is not an issue, as deformation then only happens in the ¢-variable.

Corollary 3.2 The conclusions of Theorem 3.1 hold if u € £'(R™).

Proof First pick a x € C3°(B(0,r)) such that x(y) = 1 for every y € supp(x1).
Define oy : [0, 1] x R* — C" by

& g =g iy, @I

and put
Cy(1) = oy ({1} x R").

As before, if x2(§) = 0 and |Re (x)| < r/, we get

8
Re (i(x — v) - ¢) = — - Im(x)+r(fx‘rfy”|5|l| (Re (v) - )
§ A —-x1(»)
< e (75 - m m o)+ 2T (1) Re )

= —Ig1(18'0 = o) = Im (@) ).
Taking ¢ € C3°(B(0,1")), we have
(Op(p)u, ¢) = (Op(p)(xu), ) + (Op(p)((1 = x)u), ¢)
= (P00 + [ 1), K)o dx

= (0p(P) () + (), K (x 1), 0(x)),

where K : B(0, r') x R" — C is the smooth kernel of Op(p)(1 — x) on B(0, r’) only,
and we use brackets (-, -) to denote the pairing of a distribution and a test function.
The action of Op(p) is understood in the distributional sense via the formal adjoint.
By Theorem 3.1, Op(p)(x u) extends holomorphically to the tube

T = B(0, min{r’, ro}) + i B(0, min{8’, 80}),
provided that

8 8

/< " l
r—r r-—r
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It follows then (see e.g. [2, pp. 53-54, Exercise 3.14]) thatx — (u, K (x, -)) is smooth,
and all derivatives go through the brackets, because K is smooth and u € £'(R"). The
same is true if K extends holomorphically in x to a smooth K : T x R" — C. We
can then simply take complex derivatives through the brackets

82(”’ K(Zv )> = (l/l, 87I<(Zv )) = 0’
and Op(p)u then extends (strongly) to the holomorphic function

Op(p)u(z) = Op(p)(xu)(2) + (u, K(z,-)).

It remains only to show the holomorphic extension as outlined above for K (x, y).
Pick 79 € (0, 1) so that Cy(fy) C W%. We deform from 0 to #o with Cy(t9) C W%,

where p is multiplied by a Gaussian symbol, and finally from ¢ = 7y to r = 1 directly.
This is facilitated by an argument via Stokes’ theorem very similar to the above one.
By dominated convergence, K has the form

Keroy) = Jim [ 080 = 00, €01

— lim eI E [N (L ) (y) plx, £)]dE
r—0 Cy (10)

= / SO = ) () plx. £) L,
Cy(D)

and K vanishes unless y ¢ supp(x1), in which case

Re (i(x — y) - §) < —[§[(#8" — |Im (x))).

This means that the last deformed integral is absolutely convergent if [Im (x)| < &,
and thus K extends holomorphically in x to a smooth function on 7 x R”. O

Theorem 3.3 Let U C R” be open, and Uc be a tube-domain about U in C". (This

means 7 € Uc impliesRez € U andRe (z) +iy € Uc forall |y| < |Im (2)|.) Assume
pluxrn extends holomorphically into Uc x W, with We as in Theorem 3.1, and

sup (Re§>*d|p(x, {)| < oo forany K CC Ug.
(x,0)eK x W,

Let u € £'(R™) be real-analytic on U, with u|y extending holomorphically into Uc.
Then Op(p)u|y extends holomorphically into

{z € Uc||Imz| < edist(Rez, oU)},

and is independent of R > 0 in We.
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Proof Corollary 3.2 is valid over any x € U by translation of x to the origin. This
gives a holomorphic extension of Op(p)u| gy into B(x, r’') +iB(0, §") with

8 < e(dist(x, dU) —r"),

and by making r’ small, we can make & arbitrarily close to € dist(x, dU). ]

4 Remarks

This removes the topology needed in [3, pp. 3—4, Definition 2.1]. It reduces the situation
to symbols defined by Boutet de Monvel [1] and Treves [6]. However, the approach to
the original question raised in [3] has since changed a lot, and in [4], we will approach
it via precise local convergence radius estimates instead. It should be noted that those
estimates do not subsume the result in this paper.

The reason is that it is hard to get parametrix symbols in the same analytic class. It
works in [3] because the geometry is simple - the boundary is a piece of a hyperplane.
To overcome this, the analytic symbols are replaced with pseudo-analytic amplitudes,
which have weaker conditions imposed on them - analyticity is replaced by an estimate,
and gives a way to build pseudo-analytic parametrices from formal asymptotic sums.
This can be exploited to obtain controlled convergence radius estimates.

Acknowledgements The author wishes to thank the anonymous reviewer whose critique and suggestions
have greatly improved the paper.

References

1. Boutet de Monvel, L.: Opérateurs pseudo-différentiels analytiques et opérateurs d’ordre infini. Ann.
I’inst. Four. 22, 229-268 (1972)

2. Grubb, G.: Distributions and Operators, vol. 252. Springer (2009)

3. Karamehmedovi¢, M.: On analytic continuability of the missing Cauchy Datum for Helmholtz boundary
problems. Proc. Am. Math. Soc. 143, 1515-1530 (2015)

4. Karamehmedovié, M., Winterrose, D.S.: Convergence radius estimates for a calculus of analytic pseu-
dodifferential operators (to appear)

5. Lee, J.M.: Introduction to Smooth Manifolds, vol. 218 of Graduate Texts in Mathematics, 2nd edn.
Springer (2012)

6. Treves, J.E.: Introduction to Pseudodifferential and Fourier Integral Operators: Pseudodifferential Oper-
ators. Springer (1980)

7. Winterrose, D.S.: Complexifications, pseudodifferential operators, and the Poisson transform. PhD The-
sis, Technical University of Denmark (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.



	A holomorphic mapping property of analytic pseudo-differential operators
	Abstract
	1 Introduction
	2 Notation
	3 Contour deformation
	4 Remarks
	Acknowledgements
	References




