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Abstract
This paper studies the Cauchy problem for first order systems,

d
Lu = B,M—ZAj(t,x)axju—B(t,x)u = f, u©,)=g. 0.1)
j=1

Assume that for & € RY, > Aj&; has only real eigenvalues. For coefficients and
Cauchy data sufficiently Gevrey regular the Cauchy problem has a unique suffi-
ciently Gevrey regular solution. We prove stability and error estimates for the spectral
Crank-Nicholson scheme. Approximate solutions can be computed with accuracy €
in L>([0, T] x R?) with cost growing at most polynomially in e ~!. The proofs uses
pseudodifferential symmetrizers.
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1 Introduction
1.1 Hyperbolic background

Consider the Cauchy problem (0.1). The coefficients A; and B are m x m complex
matrix valued functions that are independent of x for x outside a fixed compact set in
R?. Denote

d
At x, &) = Y Aj(t, 0§
j=1

The operator is assumed to satisfy the very weak hyperbolicity condition,
V(t, x, &) eR x R? de, Spectrum A(¢, x, §) C R. (1.1)

This hypothesis is best understood by considering first the case where the coef-
ficients are independent of ¢, x. In that case, the initial value problem is solved by
Fourier transform indicated by a hat,

U, §) = O g,
In the case B = 0, the hypothesis implies that for all & € R¢

|t 4® ”Hom((Crn) S @ @) = A+ gAY

The Cauchy problem is well set in Sobolev spaces with at worst a loss of m — 1
derivatives. For general B not zero one has the weaker estimate

O et (12)

) ~

This estimate does not allow one to solve the initial value problem for g € C° RY).
However, its subexponential growth shows that the Cauchy problem is well set in
Gevrey spaces. Those spaces can be localized by Gevrey partitions of unity so provide
areasonable setting for the initial value problem (0.1). In the constant coefficient case,
condition (1.1) is necessary and sufficient for Gevrey well posedness.

The operators hyperbolic in the sense of Petrowsky and Garding [1] are character-
ized by the stronger estimate

4O |y < € (13)

equivalent to Sobolev solvability with a loss of no more than m — 1 derivatives.

Estimate (1.2) corresponds to a sort of instability at high frequency that is stronger
than permitted for coefficient problems that are hyperbolic in the sense of Petrovsky
and Garding [1].
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The remarkable fact is that provided that the coefficients of L are Gevrey regular, the
Cauchy problem for L is well-posed in Gevrey classes if and only if (1.1) holds. The
sufficiency is a result of Bronshtein [2]. The necessity is proved in the trio of articles
[3-5]. In (1.1), no hypothesis is made about the singularities of the characteristic
variety of L for ¢, x fixed, nor on how the geometry of that variety changes as 7, x
vary. The precise Gevrey regularity required does depend on such structures. Roughly,
the more variable are the multiplicities the stronger is the required Gevrey regularity.

The present paper provides additional evidence that the weakly hyperbolic opera-
tors characterized by (1.1) deserve the right to be considered hyperbolic. We give an
algorithm that computes approximate solutions with reasonable computational cost.
The stability analysis of discrete approximations took flight in the the classic paper of
Courant Friedrichs and Lewy [6] followed by the work of Von Neumann who showed
that the Fourier Transform offered profound insights on the stability of discrete approx-
imations. That pseudodifferential operators offered additional insights was observed
by Kreiss, Yamaguti and Nogi and most importantly Lax and Nirenberg who discov-
ered the sharp Garding inequality for matrix symbol pseudodifferential operators for
such an application. This result is crucial for our analysis too. An excellent overview
of the classic results is presented in [7]. The proof of stability of our scheme is as
difficult as any stability result that we know. The difficulty has two sources. The first
is that the stability of the Cauchy problem is itself very difficult. There is no simple
multiplier method. Second the stability is very weak so it is reasonable to suspect that
it can be destroyed by replacing the problem by a discrete one.

1.2 Algorithm definition

Choose x (x) € C3°(RY) with x = lin |x| < 2and x = 0 for |x| > 2+/2 such that
0 < x < 1.Denote x,(D) = x (hD). Define a family of spectral truncations of G by

Gi(t,x, D) = xo5(D) (iA(t,x, D) + B(t,))xan(D), O <h<1. (14

The smoothing operators G, generate the ordinary differential operators d; — Gj,. The
resulting ordinary differential equation is then approximated by the Crank-Nicholson
scheme.

Definition 1.1 Define forn € Z,
n(x, D) = Gp(nk,x, D) = x(2hD) G(nk, x, D) x (2h D).

The Crank—Nicholson scheme generating a sequence N > n > uj intended to
approximate uj, (nk) is

n+1 n+1 4ol

u, " —uf u
S = G ——" + xQhD)f",

uy(x) = x2hD)g, f" = f(nk,-).

(1.5)
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The uniform stability of the Cauchy problems for d;u = Gu is proved in [8]. This
equation has a symmetrizer R, = R} withO < ¢; < R;, < 1. However as the spectral
truncation grows the lower bound ¢, tends to zero.

Therefore, the straight forward stability arguments that would work for the Crank-
Nicholson step, as in [9, 10] fail. The proof of stability must be at least as hard as
the proof of the a priori estimates in [8]. Indeed they are more complicated. The
main effort follows the strategy in [8]. We carefully control the additional errors
from discretization in time. The Crank-Nicholson scheme is chosen because it is well
adapted to estimates using a symmetrizer.

The precise stability result is Theorem 2.4. The proof that the approximations
converge to the exact solution is Theorem 2.5.

For the very special case of operators of the form u;; = a(t)u,, with nonnegative
Gevrey a, the spectral Leap-Frog scheme is analysed in [11]. The computational cost
estimates of [11] shows that the cost of computing with error € grows no faster than
polynomially in e ~!. Virtually identical cost estimates work for our spectral Crank-
Nicholson scheme. They are not repeated here.

Constant coefficient problems that are hyperbolic in the sense of Garding and
Petrowsky are more strongly hyperbolic than those studied in this paper. However
variable coefficient operators whose frozen problems are hyperbolic in this sense need
not inherit the Sobolev well posedness of the constant coefficient problems. Stability
of difference approximations to constant coefficient problems hyperbolic in the sense
of Garding and Petrowsky have been studied in a number of works. We refer to [12]
for a review of these.

2 Main theorems
2.1 Definition of the parameter 6

First we formulate an important property which follows from the assumption (1.1).
Define

la+p|
Hotox by = 3 DXL Al x, )y (—in), Dy, = —idy,
a!B! J J
la+Bl=<r

then from [8, Proposition 2.2] (see also [8, (2.3)]) it follows that for any compact set
K c R?and T > 0 there are €9 > 0, ¢ > 0 such that

¢ is an eigenvalue of H,, (1, x, &, y, m;€) = |Im¢| < cle| 2.1

foranyx € K, [§] = L [(y, )| = 1, [e| < €0, 1] = T.
Following [8] introduce an integer 6 defined as follows.

Hypothesis 2.1 The system is 0-regular with integer 0 < 6 < m — 1 in the sense that
for any 7 > 0 and any compact K C R there exist C > 0, ¢ > 0 and €y > 0 such
that with N = max{26, m}
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C eCSé
et ’

0

€ < ”eisHN(t,x,E,y,n;e) ” < (2.2)
CeLAE

foralls > 0,0 <e <ep, ]| <L [(y,mMI <1, xeK,|t|]<T.

Remark 2.1 This definition of f-regularity is little bit more general than that of [8,
Hypothesis 2.8]. Here H, (¢, x, &, &, 0; €) coincides with H,(z, x, &; €) in [8].

Example 2.1 When (1.1) holds, Hypothesis 2.1 always holds with 6 = m — 1. If
A(t, x, &) is uniformly diagonalizable then Hypothesis 2.1 holds with 8 = 0 (for the
proof see [8, Examples 2.9 and 2.10]).

Example 2.2 Suppose (1.1). Assume that there exists T = T(t, x, &, v, n; €) with
bounds on ||| and ||7~!| independent of (¢, x, &, y, n; €) such that T~'H,, T is a
direct sum @A ; where the size of A; is at most x. Then Hypothesis 2.1 holds with
6 = u — 1 (for the proof see [8, Example 2.11]).

2.2 Recall the continuous case
Let
G(t,x,D) =1iA(t,x, D) + B(t, x)
then Lu = f is written
oru=Gu+ f.

Denote
E =V +IE? = /1 + |E/L? (2.3)

where ¢ > 1 is a positive parameter. When ¢ = 1 we omit the suffix ¢ and write

(&) = (&).

Definition 2.1 If 1 < s < oo, the function a(x) € C®(R?) belongs to G*(R?) if
there exist C > 0, A > 0 such that

Vx e R?, Va e NI, (3% (x)| < CA¥ ||t
Recall [8, Proposition 4.4].

Proposition 2.1 Suppose Hypothesis 2.1 is satisfied. Define

2+ 60 1 o1 )
§=—, =—, v:i= —p).
1+ 60 P s P
For some 1 < s' < s suppose that Aj(t, x) (resp. B(t,x)) are lipschitzian (resp.
continuous) in time uniformly on compact sets with values in G* (RY). Then there
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existT > 0,¢ > 0,C > 0and €y > 0 such that for all u such that ¢ ~¢ (P «aV ue
L'([0, T/¢]; HY(RY)) for |y| < 1 one has

(D), e T=E0PIE 2 < C||(D)seT P u(0)|?

2.4
*C/ (D), e T=¢NDY (3, — Gyu(e')|2dr’ 24

for0 <t <T/¢andt > .

This is a small improvement of [8, Proposition 4.4]. Here is a sketch of the easy
proof: As noted in Remark 2.1 we use H, (¢, x, &, y, n; €) instead of H, (¢, x, &; €) in
[8] and make the same choice (3.16) below for s, €, &, y, n where x, = 1, xon = 1
and T — v = T — at. Therefore (3.17) below holds for 0 < T — at < 7 which gets
rid off the constraint 7 — at > ¢ with some ¢ > 0 that we have assumed in [8]. This
enables us to take 77 = T in [8, Proposition 4.4]. In the estimate (2.4) the weight for
Lu is improved from (D)E” to (D), ”. That proof is also easy.

Corollary 2.2 ThereexistT > 0,¢ > 0, C > 0and £y > O such that for all u satisfying
d:u = Gu one has

(D), e TPy < Cl(DYseT P u(0)] 2.5)
for0 <t <T/¢andt > .
The proof of [8, Theorem 1.3] gives

Proposition 2.3 Assume the same assumption as in Proposition 2.1 and e’ ‘P ) g €
HY(RY). Then there exists a unique u satisfying

ou==Gu, t€(,T/C), u@©,)=g
such that e T=¢DD) e 12°([0, T /¢1; H™V (RY)).
2.3 Stability and error estimates

The Crank—Nicholson scheme defined in (1.5) is equivalent to
k ny, n+l _ E ny, n n
(1- 5 Giu Muph = (I+ 2Gh)uh + k xon f7. (2.6)
Note that
k., k ~1
|5 Ghull = 5 1(DYxan(D) ' Gk, x, D) xonu|

< ?kklnwﬂank,x, D) xanu < Ckh™"ul
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where
_ 3 _
C=-—" sup [(D) 1G(f»X’D)”c(LZ,LZ)'
(<T

Assuming C k h~! < 1 one has
ko o=t =k N\
(1-3607" =% (5 G @.7)
j=0

and u’;lH is given by

k
7 = (=5 007 (3G + k)

Reasoning term by term in (2.7), (I - % GZ)_1 maps functions with spectrum in
supp x2x () to themselves. Therefore,

supp F(uy,) C supp x2n (). 2.8)

Theorem 2.4 Make the same assumption as in Proposition 2.1. Then there exist T > 0,
B>0,a>0,h>0andC > 0 such that the estimate

(D)= eEam P 2 < ¢ (I(D) e P g2 +kZ|| e EIDY p)2)

= () e g2+ sup ||<D>—”e(f—5ff>“’> fjllz)
0<j=<n-1

holds for any n € N, k > 0,h > 0 satisfying t, = nk < 7/a, kh=' < B and
0 < h < h wherev =06(1 — p).

A more precise estimate of the stability is given in Proposition 3.12.

Theorem 2.5 [n addition to the assumption in Proposition 2.1, assume that A(t, x)
and B(t, x) are C' in time uniformly on compact sets with values in G* (RY). Then

there exist T > 0, B >0a>0h>0andC > 0 such that for an exact solution u
10 (0.1) with Cauchy data g satisfying (D)*t'e™P)" ¢ € L2 one has
(D)™ e TP (y(2,) — uh)|| < C (k + W) [(D)*Te™ P g

and

P uty) — upll < € (k + b~ I(D)* et PV g
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foranyn € N, k > 0, h > 0 satisfying t, = nk < 7/a, kh~! < BandO <h<h.

Corollar_y 2.6 With the same assumptions as in Theorem 2.5 there exist T > 0, B > 0,
a>0,h>0andC > 0 such that for an exact solution u to (0.1) with Cauchy data
g satisfying (D)?tVe™PY ¢ ¢ L2 one has

lu(ty) — ul ] < C (k +h)h™"|(D)*e™ PV g
foranyn e N, k > 0, h > 0 satisfying t, = nk < t/a, kh™" < Band0 < h < h.
Remark 2.2 Note that

1+ 66
p=>
2+ 66

1
Pz 2.9)

so that one has p > 3v 4+ 1/2 under the assumption of Theorems 2.4 and 2.5.

3 Stability for the spectral Crank-Nicholson scheme
3.1 Spectral truncated weight for Crank-Nicholson scheme
Taking (1.5) into account define spectral truncated weights Wy, (¢, D) by
Wi(t.&) = T DO xn®
and forn e N
Wy (§) = Wp(ank,§)

where a > 0 is a positive parameter which will be fixed later. In what follows we
always assume that the parameters a > 0,k > 0,¢ > 0, > 0 are constrained to
satisfy

O<h<t' kh™'<1/2C, akh™ <log2/3. (3.1)

Since a(é)f)(h < 3ah P because (£)¢ < 3h~Vif x, (&) # 0, it follows that

1/2 < e~ < 1. (3.2)

Here recall [8, Definition 2.3].

Definition 3.1 For 0 < § < p < 1, the family a(x, &; £) € C*°(R? x RY) indexed
by ¢ belongs to S[’ﬁa if for all o, B € N there is Cqp independent of £ > 1, x, & such
that

|880%a(x, & 0)] < Cop (6)) 1P,
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Denote §™ = S{’fo.
Since |8§‘Xh| < Cyh*'and 2h~! < (£); < 3h~! on the support of Bg‘xﬁ for |a| > 1
it is clear that xj, € S°.

We examine to what extent W,Z’ satisfies the Crank-Nicholson scheme (1.5).

Lemma 3.1 Assume (3.1) then one can write

Wit —wp Y Wt Wy

k 5 (3.3)

where wp, (&) € 8P and

(£)7 /4 < 0n(E) < (£)]
Proof Denote

Wit -wp L w e w
Dh Z W g, th T
k "2

then it is clear that

~ 1— e*ak(é)f)(h 1

op =

k 1 4+ e~ akExn
Since

1 — o—ak®) 1

1
:a(é)%/ o= akOE xh g
k el

one can define w;, by

Xh = A Wh Xh-

1
_— P —ak0(E) g~
n a((f)g/o e 1+ e=aki&)] xn

Then the first assertion is clear from (3.2). Note that
|0g (a k()] xn)| < Calt), (3.4)

because of (3.1). Therefore one has 3¢ w;| < Cq (E)f_lal. Using (3.2) this implies
the second assertion. O
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3.2 Crank-Nicholson after conjugation

Note that uj, satisfy
VneN, xuuj=uj (3.5)

thanks to (2.8). Assume that uj, satisfies

n+1 n n+1 n
u —u u +u
Sulf = Lt = G (x, D) S 5 A

. + " (3.6)

where yxp, f* = f" is not necessarily assumed.

Consider a weighted energy (R, Wj'uj,, W;'uj) where R} is a symmetrizer that is
symmetric (R;)* = Ry and will be defined in Sect. 3.3 below. The discrete analog of
0 (Ry W/ uy, Wiluy) is the time difference

Sk (Ry W ujy, W' uy)
Ryt ntl yyntl oty cpnyynyn ymnyn 3.7
(R, p Up s Wy T ) — (R Wiug, Wiug)

P .

In what follows we omit the subscript / for ease of reading. Write (3.7) as

(W”+1Ran+1un+l, un+1) _ (WanWnun’ un)
k

+ (1),

with
((Rn+] _ ]-\>11)‘,Vn+lun+l7 Wn+lun+l)

k

The term (I11) is an error term that will be estimated in Sect. 3.3. The first term is
equal to

Il =

(3.8)

((R"SWMu" L u™h) + (R"§W™u”, u™)
2
( Wn+1Ran+l + W"R'W" un—i—l + u ;
+(( )( ) b

2 2

Wn+anWn+1 4 W"R*"W" un—i—] +un
+ (( 2 )8"”"’ ( 2 ))

(3.9)

where

Wn+1 R" Wn+1 — WRR"W"

R'"§W" =
k

The first line of (3.9) is

((RnSkWn)un+l, un+1) + ((RnSkWn)un’ un)

) = >

(3.10)
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Note that
_ Wn+1Rn Wn+l — WPR"W"
R"§;W" = 3
1 Wn+1 —_wn 1 n+l _ wn
— E TRH(WI‘HFI + Wl’l) + E (Wn-H + Wn)RnT

Using (3.3) and wyx, W™ = W™ wyy, this becomes
RIS = =5 (W' W) @y R (W™ 4+ W)
_ g W' £ WYR @y (W' W),
Therefore with Q" = W”*+! 4 W" one has, since (R")* = R”"

(R"§Whw, w) = —aRe (R" Q" w, wy, Q" w)
= —aRe(wyx, R" Q" w, Q"w).

Thus (I) yields

1
(1) = _gz Re (wxp R" Q" u", Q" u' ).
=0

Since x, Q" = Q" x;, and wx;, = xpw and using x,u"/ = u"*/ that follows from

(3.5) one has

1
(I) = —a Y Re(wR" Q""" Q"u"). (3.11)

j=0

The second line of (3.9) yields, with U" = u"*! 4 4"

<<W11+1Ran+l + W"R'W" un-i—l + u"
(Sku"
) () )

— %(R”WVLUH’ WnGnUn)+ %(Rnwn-‘rlun’ Wn-l—lGnUn)

1
+ Z(Un, (Wl’l-'rl Rn Wll+1 + Wan Wn)fn).
Because of (3.6), this is equal to
1

1
. . 1 . .
§ :(Rn Wn+j U", Wn+j G" Un) + Z § :(U", Wn+jRn Wn+]fn)_
j=0 j=0

0| =—
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Similarly the third line of (3.9) is

> kU, )
1 1
- éZ(W”” G"U", R"W"H U™ + }; D, WTIRWTH T UM,
j=0 /=0

(Wn+1Ran+l + W"R*W" s un+1 +un>

Therefore the sum of the second and the third lines of (3.9), denoted by (/1) yields

1
1 . .
(II) = i 2 Re (R" Wt/ y™, wti G"U"™)

j=0
. (3.12)
1 n n+j pn ywyn+j gn
+§ZRe(U,W R" W'+ f1y,
j=0
Recalling
Sk(R"W"™u", W'u™ =)+ D)+ I (3.13)

we have proved the following proposition.

Proposition 3.2 We have

1
Sc(R"W" ", W"u") = —a ) Re (o R" Q"u"*/, Q"u")
j=0

1 1
1 . ) 1 . .
+ Z Z Re (Rn Wn+/ Un7 Wn+/ Gn Un) _I_ 5 Z Re (Un’ Wn—i—/Rn Wn+/fn)
j=0 Jj=0
N ((Rn—H _ Rn)Wn+1un+l’ Wn+lun+1)
k

where Q" := W' 4+ W" and U™ := u"t + u".

3.3 Composition with W:" and definition of R}

First recall Definition 2.4 from [8].

Definition 3.2 For I < s, m € R, the family a(x, §; £) € C®°(R? x RY) belongs to
S?;) if there exist C > 0, A > Oindependentof ¢ > 1, x, & such thatforall«, 8 € N9,

0fo¢atx. £:0)] < C AP o+ gl (g)y o,

We often write a(x, &) for a(x, &; £) dropping the £. If a(x, &) is the symbol of a

differential operator of order m with coefficients ay (x) € G* (Rd) thena(x, &) € S‘g’)

because [8££%| < CAIP811(E)y" 7 and |8 aq (1)) < Ca A |B11* for any B € N7,
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Proposition 3.3 Suppose 1/2 < p < lands = 1/p and let A(x, &) be m X m matrix
valued with entries in S'(ls) and ¢ A(x, &) = 0 outside |x| < R for some R > 0 if
|| > 0. Define m* := max {p — k(1 — p), —1 + p}. Then there is T > 0, £y > 0
such that

A(x, D) = e“D)thA(x, D)e‘”D)th

is a pseudodifferential operator with symbol given by

1 a
Ax,&) =) (;D;fA(x,E)(r Ve((€)] xn)” + Ri(x, §)

lel<k "
with R € §™" uniformly in t, £ constrained to satisfy
ltl <7, €= (3.14)

In particular Alx, &) e St uniformly in such t, £.

Remark 3.1 This proposition with x, = 1 is [8, Proposition 2.6]. The proof for the
case x, = | works without any change for the case x;, € S°.

Choosing a smaller T > 0 if necessary one can assume that
- -1
T|Ve (&) am)| < (©)f .
In what follows we choose 7 = 7 in the definition of W (¢, §) yielding
W, &) = e(f*l)(‘f)th.

With N = max{26, m} denote

1 o
H(t,x,§, 1) = Z JD,‘?A(I,LS)((?—T)Vg(@)f)(h)) .

le|<N
Suppressing the subscript / for ease of reading, Proposition 3.3 shows that
Wt EWAG, x, W (1,§) = H(t,x,§ )+ R, ReS".

The choice of N guarantees that where 26 (1 — p) + m™ < p. Define

H'1,x,6,7) = x©)H (1, x.§, 7).
Then, the definition of H y implies that

H'"(t,x,€,7)
= xfh(é‘) (EVe Hn(t,x,E/(E)e, (T — f)%((é)f){h)/(é)ffl, 0, (S)QZH). (3.15)
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In (3.15) choose

s=x5EEN. =@ E=£/E)

(3.16)
y=@@ -0V /€)' . n=0.
Using 0 < x25 < 1, it follows from (2.2) that
()70 P8 10 < [ HMRED | < 0(g)00-0 gerte)] (3.17)
for |t]| < T, £ > £o where
0<t<7, O<e=()/ " << =« (3.18)
Following [8] define
M"(t,x,6,7) = iH"(t,x,6,7) — b ()}
sMh(z,x,g,r)” _

with a positive parameter b > 0 that will be fixed later. Since |e
ebSE) |l oisH" X80 | (3.17) implies

_ _ o h _ o
()" eI/ C < e ITED| < C () em 20 N

with v =6(1 — p) for |¢| < T and b > by with some by > 0 where c1, ¢ and C > 0

are independent of ¢, & and b.
Introduce the symmetrizer

o
Rittox. 6.0 o= b [ (MDY (W00 g
0

From [8, Theorem 3.1] it follows that

c2 3v+1—p
Ru(t,x,&, 1) € Sp‘ivylfpﬂ, bo,Ry(t,x,&,7) € Sp_v,l_pﬂ

under the constraint
b Z—(l—ﬂ) <1

so that b (£)7 ™" < b ¢~(1=") < 1. Recall [8, page 230] that
RyM" + (M"Y Ry = Ry (i x3,H — b(£))) + (i x3, H — b(&))) Ry =

that is
Ri(ixz H) + (ix3, H)* Ry = —b (£)] +2b (£)] Ry,

(3.19)
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Lemma 3.4 We have

b (Ry(t,x, & a(n + k) — Ry(t, x, &, ank)) -5
ka p—v,1—p+v

for 0 <t < T uniformly in a, b, n, k, h under the constraint ank < 7.
Proof We show that

|3£8§3th(t, X, %-, 7:)| < C(xﬂ b7|0(+ﬁ‘71 <£__>zv+(l—p+v)\ﬂ\—(p—v)lot\ (32])

with Cyp independent of b, # and 0 < v < 7. If (3.21) is proved then writing

ank+ak
Ru(t,x,&,a(n+ k) — Ry (t, x, &, ank) = / 0 Ry (t, x, &, v)dv

ank

the assertion follows immediately. To prove the estimate (3.21) we apply the same
arguments in the proof of [8, Theorem 3.1]. First consider 9, H (¢, x, &, T). Since

0 H"(t.x.6.71) = X3, Y (f—r)'“'*";‘—!'D)?A(r,x,s)(vg«afxzz))“

I<|a|=N

it follows that
|0foga, H" (1, x,&.7)] < Cup)] . (3.22)

Denote
X(sit,x,6,1) = M X80y e O, XY = 9f080. X (1, x, 8, 7).
Since
X, =M"X,; +3,H"X, X.0)=0

then (3.22) and Duhamel’s representation yields
s ~
Xel = | [ e @ty xas| < o+ 100 EW)
0

where E(s) = (&)‘lfe_Cbs@)f. Repeating the same arguments in the proof of
[8,Theorem3.1] one can prove

X% < Cap (s + (6); DI (1 +5(5) )P (g) 1D B )

from which we obtain (3.21) by exactly the same way as in the proof of [8, Theorem
3.1]. O
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Lemma3.5 With R)(x,&) := Ry(nk, x, &, ank), one has

b (R x,8) — RI(x. ) < aiy
k p—v,1—p+v

for0 < (n+ Dk < T uniformly in a, b, n, k, h under the constraint
ank <7, at"/®<1. (3.23)
Proof Write

RZ'H — R} = Ry((n+ Dk, x,&,a(n + k) — Rp((n + Dk, x, &, ank)
+ Ry((n + Dk, x, &, ank) — Ry (nk, x, &, ank).

Express
nk—+k
Ry ((n + Dk, x, &, ank) — Ry (nk, x, &, ank) = f O Ry (t', x, &, ank)dt’.
nk

. S3v+1— .
Using b 0, Ry (t,x,&,7) € Sp—u,l—pp+w one obtains

b (Rp((n+ Dk, x, &, ank) — Ry (nk, x, &, ank)) Bvt+l—p
k € p—v,1—p+v

where 3v + 1 — p < —2v + p in view of (2.2). For the term Ry ((n 4+ 1)k, x, &, a(n +
k) — Ry ((n + Dk, x, &, ank) we apply Lemma 3.4 to get

b (Rh((n + Dk, x, &, a(n+ 1)k) — Rp((n + Dk, x, &, ank)) .
ka € p—v,1—p+v-

Here note that (2.9) implies 1/2 > 3v because 1 > p > 3v + 1/2 and hence
p>3v+1/2 > 6v. (3.24)

Then noting that a (£)3" < a(£),”/°(£)07>" < a £=°/5(£)?™*" one has

b (Ry((n 4+ Dk, x, £, a(n + 1)k) — Ry((n + Dk, x, §, ank)) §-2vtp
k p—v,1—p+v

under the constraint @ £~°/% < 1. Thus the proof is complete. O

Definition 3.3 For a m x m complex matrix M = M*, the notation M > 0 means
that for all v € C™ one has (Muv, v)em > 0. For two such matrices, M| > M;
means that M; — M > 0.
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Equation (3.17) yields for any v € C™"

o0
(RI(x, £)v,0) = b / ()2 oM hox E.ank 12 g
0
o0
_ _ _ 4 _
- 2||v||2<s>ﬁ“/0 b (§)F 25 s > ¢ (6)72 o],

This is an important pointwise lower bound for the symbol
RI(x, &) > c(&);21 (3.25)

where c is independent of b, a, n, k, h constrained to satisfy (3.23) and (3.19).

3.4 Estimate of (l)

Suppressing the suffix # again, denote
W(E) = e~ k&) xn

so that W1 = W"W where 1/2 < W < 1 and W=! € $° which follows from (3.2)
and (3.4). Consider Re(w R" Q" w, Q" w). Write Q" = W"H 4+ W" = (1 + W) W"
and hence

Re(wR"Q"w, Q"w) = Re((1+ W)oR"(1+ W)W" w, W"w).

Note that R" € S2V

v 1= ptv uniformly for parameters satisfying the constraints (3.23)
and (3.19).

Lemma 3.6 One can write
(1 4+ W)#o#R"#(1 + W) = (1 + W) o R" + iR} + R}

with (RI)* = R and RS € §%4_ .

lgroof ]?enote fE& =0+ W(E))a)(.f) and g(§) = 1+ W(&). Since one has f(§) €
Spc 8 and g(&) € SO c Sg applying [13,Theorem 18.5.4] one

“p—v,1=p+v
can write

—v,l—p+v

(1 + W)o)#R"#(1 + W) = (1 + W)*wR"

1
+a 2 CDPagp @R of g
lo+pl=1

(=18l i P
+ Z Wagf(ag Rn) 8§g+RN
2<|a+B|<N R
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S2v+p—NQ2p—1-2v)
where Ry € S,o—v,l—,o+v .

Choose N so large that2v + p — N(2p — 1 —2v) < 4v — p. The second term on
the right-hand side, denoted by i RY, clearly satisfies (R})* = R because f (&) and

g(€) are real scalar symbols. Since ¢ f € Sﬁ:‘lj‘?‘l‘_pﬂ and Bfg c S;l’il’l_pﬂ it is
clear that the third term on the right-hand side is in S’;‘:f)] ot O

Thanks to Lemma 3.6 we have

Re((1 + W)wR"(1 + WYW" w, W"w)
> (Op((1+ W)2wR") W"w, W"w) — C|(D);" "> W w]%,
It follows from Lemma 3.1 and (3.25) that
2 pn p—2v P pn 2 pn o G2v4p
(1+W)*oR" > c((€)] "1+ (E)R"), A+W)YwR" €S
with ¢ > 0 uniformly in the constrained parameters &, n, h, a, b. Note that

(1+W)2an c S(@:)?er’ b—2((§>5(1*,0+1))|dx|2+(§>22(,0*U)|ds|2)

since for any k(§) € $9 one has
02K(E)] < Ca(§)]™! < CuelellImrtn) g)qielem)

which is bounded by C, b~ 1! (E)Zilal(p =) because of (3.19). Repeating the arguments
proving [8,(4.6)] it follows from the sharp Garding inequality [13,Theorem 18.6.7]
that there is £o > 0 such that

Op((1 + WY2wR") W w, W' w) = ¢ [[(D); 2w w|?
+ ¢ (Op((E)]R™) W™ w, W w) — Ch=2|[(D), /122wy 2

for £ > £p. Since —v + p/2 > —p/2 + 1/2 + 2v by (2.9), choosing another by if
necessary one obtains

Op((1 + W)2wR™ W' w, W" w) (326)
> ¢ D), "TPEW ] + ¢ (Op((E)) R™) W™ w, W" w) '
with ¢ > 0 uniform for £ > £y and b > by. From (2.9) again one sees that

2v—p/2 _ — 2
”(D)[U o/ UI|2 < C/ l”(D)ZlH-P/ U||2

and one concludes that choosing another £ if necessary
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Re (1 4+ W)w R" (1 + W)W w, W' w)
> c (DY, "TPPW w? + ¢ (Op((€)P R™) W w, W™ w)

with ¢ > 0 uniform for £ > €y and b > bg. Repeating the same arguments one obtains

Re((1+ W HoR'A+ W Hww, wih)
= (D)W w4 e Op(&)] RN W w, W w).

Summarizing we have

Lemma 3.7 There are ¢ > 0, £y and by such that for £ > £y and b > b one has

Re(w R" Q" w, Q" w)

1
zc (Z 1D), "2 W w2 4 (Op((£)] R™) W+ w, W w)) .
=0

Lemma 3.7 together with (3.11) prove the following

Proposition 3.8 There exist ¢ > 0, £y > 0 and by such that for £ > £y and b > by
one has

(1) =—ca Y (D) wrsturt)?

0<i<l
0<j=I

+ (Op((g)an) Wﬂ+i ul’l+j’ W}’lJri M”+j))-

From (3.25) one has R" 3> ¢(€) 72”1 and (£)) R" >> c(£)°~*" with some ¢ > 0
then repeating the same arguments proving (3.26) above there is ¢ > 0 such that

O Rn , D -V 2’
(Op(R") v, v) > c (D), " vl Cn (3.27)
(Op((E)) R v, v) = c (D), """
for b > by. In particular Op((“;‘)f R™) is nonnegative hence
2[Op((&)) R v, w)| < 8(Op((E)y R™) v, v) + 8~ (Op((E)) R w, w) (3.28)
for any § > 0.

3.5 Estimate of (Il)

Consider the term Re (R"W" U", W" G" U"). Recall G"* = xo(iA(nk, x, D) +
B(nk, x))x2, and with t,, = nk

W #A(t, x, EY4W ™" = H(t, x, €, aty) + R(t, aty), R(t, aty) € S"
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where
W_n = (Wh (a[n’ %‘))_n — e_n(f_atn)@)th .
Then thanks to Proposition 3.3,

W' G" W = yop W' (i A(ty, x, D) + B(ty, x))W™" xop
= xon (i H (tn, x, D, aty) + R(tn, aty)) xon + x2n W' B(tn, X)W™" x21.

Since x5 € S0 and H(t,, x,&, at,) € S‘l, one sees that
Xon# G H (1w, X, &, aty)Wxon = ix3, H(tn, x, £, aty) + Ry

where R, € S uniformly in all parameters satisfying at, = ank < 7. Define K" :=
Ry + xon# R (1, atn)# xon + xon#W"#B (1, )#W ~"# x2;,. Then

W HG W ™" = ix3, H(ty. x, &, aty) + K"(x,£)

S0,
W#G" = (i x3, H (1. x, &, at,) + K")#W". (3.29)

In addition,
K" € 8", with m = max{0, m*}.

Note that 2v + m < p since 2v + m™ < p. Recall
© M" M h 2 P
Ry = bf €)M M ds, MY = ix2 Ht, x.6.7) — b (E)]
0

and R} = Ry (t,, x, &, aty) so that from (3.20) it follows that

R"(ix3,H (tn, x, &, aty)) + (i x3, H (tn, x, &, aty))*R"

(3.30)
= —b (§)) +2b (§)R".

In view of (3.29), denoting H(t,) = H (t,, x, &, at,), one has

2Re (R"W" U", W" G" U") = 2Re (W" U", R"W" G" U")
= 2Re (W"U", R" Op(i x3,H(t,) + K™) W" U™)
= 2Re (R" Op(ix3,H (1,) + K"HYW" U", W" U™
= (Op(F)W" U", w"u™).

It follows from (3.30) that
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F = R"(ix3, H(ty) + K™) + (i x3, H(ty) + K")*#R"
=—b(E)) +2b(ER"+L"+L",

n al—p+3v n S2v+m P :
where b L" € Sp_v’l_pﬂ and L" € Sp—u,l—p+v - Sp_v’l_erv.Smcep >1—p+3v

taking another by if necessary one concludes
—b((D)] W"U", W' U") +Re(Op(L" + L") W" U", W" U")

b 2
< —§||<D>f;/ WU |2

for b > bg. Thanks to (3.28) one has

1
2b (Op((£){ R W" U™, W" U™ <4b Y (Op((E)] R W" u"* | W™ u"*).
Jj=0

Combining these estimates one obtains for b > by,

b
2Re (R"W" U", W' G" U™) < —~ |(DY*"*> w" um|?
2 4

+4b i(Op«(@z’R”) W W, oy
=0
Next study Re (R" W]’”‘1 Gnur, wrtlgn.
Lemma 3.9 One has
W4 G #W =D — iy H(1,) + K" +T", with 7" € §°.
Proof Write W' T1#G " #W ~"tD) = W#(W"#G"#W )#W ! so that
WHHG W D = W (i x3, H (1) + K#W L
Since W € §% and H(t,) € S! it is clear that
Wi x5, H(ty) + KN#W ™ = ix3 H@t,) + K" +T", T" e §°.
This proves the lemma. O

Lemma 3.9 implies that
2Re (R" WG u", w'ttum)
=2Re ((R" Op(ix3,H (1) + K" + T Wy, wrtiy")
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with
F = R%(ix3,H(ty) + K" +T") + (i x5, H(ty) + K" + T")"#R".

Since R"#T" + (T")*#R" € Sz"_v 1= p+v and p > 4v by (3.24) repeating the same

arguments proving (3.31) one obtams for b > by

b
2 Re (Ran+1 Gn Un, WVH—I Un) < _5 ”<D>f/2 Wn+1 Un||2

) ) (3.32)
+4b Y (Op(((&)] R Wyt Wty
j=0

Equations (3.31) and (3.32) yield the following lemma.
Lemma 3.10 There exist by > 0 and €y > 0 such that for b > by and £ > £y one has

1

—ZRe(R" Wn+] Un Wn+] G" Un) <__Z” D)P/z Wn+j Un”
j=0 j=0

b 1 1 . . ‘ '

5 DO (OpE) Ry Wy Wy,

i=0 j=0

+

Next estimate Y__, Re (W R"W"+ f* U"). Since R" € §2"

v 1= ptv? it fol-
lows that

1
| Z (Wn+iRan+ifn, Un)|
i=0

< Z ” 0/2 Ran+l fn” ” P/2 W}’l+i Un”

S Z”(D p/2 Wn+l Un” 4+ = Z” 2” —p/2 WYH—i fn||2
Equation (3.24) implies that —v > 2v — p/2 so

1
1 ; .
5 E Re (Wn+1 Rn Wﬂ+l f}’l’ Un)
i=0
b Zl 4 c Zl :
R )O/2 Wn+z Un||2 + Z ” (D>£—\) Wﬂ+l fl’l||2 (333)

2:()

Lemma 3.10 together with (3.12) and (3.33) yield the following proposition.
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Proposition 3.11 There exist C > 0, by > 0 and £y > 0 such that for b > bo and
L > £y one has

(II) < __Z” p/ZWn-H Un”

11
+§ZZ Op( Rn Wn—H n+j’ Wn+i un+j)
i=0 j=0
C < ‘
+ o D ID) W R,

i=0
3.6 Proof of Theorem 2.4

First c_:hoose b = b and ¢, such that Propositions 3.8 and_3.11 and (3.27) hold with
b = b and £ > ¢;. Next choose a = a such that ca > b/2 then taking (3.27) into
account it follows from Propositions 3.8 and 3.11 that

() + (D) < —ca Z Z 1D —v+0/2 Wit i ||
i=0 j=0
1 1
—'bY DY W UM+ ChTVY (D) W R (3.34)
i=0 i=0

Finally we estimate (III). Thanks to Lemma 3.5 one has

((Rn—H _ Rn>wn+lun+1 Wn+1un+l)
aml = | = |
< C' b1 (D >*V+ﬂ/2 wntl n+l|| (3.35)

Increase a if necessary so that ca > 2C" b~!, in view of (3.34) and (3.35), recalling
(3.13), we conclude that

Sk(Rn W', W'u n) < ——(l Z Z (D V+P/2 Wn-H n+j ”
i=0 j=0
—BY DY W UME 4+ Ch S D) W AP (3.36)
=0 i=0

Noting (3.23) and (3.19) we set

0 = max{a®”, /0=, ¢},
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In what follows we assume ¢ > ¢;. Taking (3.1) into account define
B := min{1/2C, log2/3a}.

Note that [[(D);" W f1|| < (D), W" f"|| thanks to (3.2). Summing (3.36)
from O ton — 1 yields

(R"W"u", W"u™) + k _aZ” V+/3/2wpul’||
p=0
n—1
< RW%®, WOy + Ck Y I(D);" WP fP1%. (3.37)
p=0

Since W7 = =) D) xh with Xxn = 1 onsupp x21, and recalling (2.8), it follows
from (3.27) and (3.37) that

n
” (D>ZV e(f*ljl‘n)(D)? Mﬂ ”2 + c kC_l Z ” (D)e_v""p/ze(f*&tp)(D)Zup ”2
p:O

< CI(D)} T P02 +Can gV eEan D pr )2,

Equation (3.24) implies that p/2 — v > 2v yielding the following proposition.

Proposition 3.12 There exist T > 0,a > 0, 8 > 0, C > 0 and £ (> £5) such that one
has

||(D> v (‘L’ aty) D)Zu ” _I_kaZ” 2V (‘L’ a[p)( zupHZ
p=0

< CI(D)se™ Pl g2 +CkZ|| 7T DI pr 2
p=0

< CIUD) e Pl g|> +C (7/a) sup [(D); e~ pr|2  (3.38)
0<p=<n-—1

foranyn e Nk > 0,£ > 0, h > 0 satisfyingnk < 7/a, kh~! < /§andh_1 > (>0

Remark 3.2 To obtain Proposition 3.12 the spectral condition y,u”" = u" is assumed
while for f" no spectral condition is assumed.

Proof of Theorem 2.4 Fix ¢ = { in Proposition 3.12. Since

(&) < (&)

S

Ny
—~
vy
—
Ao}

€) <€)< (3.39)

the proof is immediate.
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4 Error estimates for the spectral Crank-Nicholson scheme

4.1 Continuous case revisited

Start by extending estimates (2.5) in Corollary 2.2 to 8,j u for j =1, 2. It is clear that
one can assume T < T and a > ¢. Then it is easy to examine that Corollary 2.2 holds
with T = 7 and ¢ = a. Suppose 9;u = Gu. Write

(D), G(D)," =G+ B,
SO (D)Z‘u satisfies 8;((D)’Zu) = (G+B,L)(D)’Zu. The B, satisfy the following bounds.
Lemma 4.1 There is A > O such that for any «, B € N one has
18292 B, (x. §) < CaAPI|B11 ()1 (x) 72

Proof Up to a multiplicative constant B, is given by

Butr. &)= 3 [ a7 (6 0/2 6 — /27y

lyl1=1

x /axVG(x +0y, £)do.

Therefore 8? af By, is, after change of variables x 4+ 0y — y, 6~y +— n, a sum of
terms

/ 19¢ Y ({8 + 6m/2)" (€ — 0n/2)"")dydy / e 9P Gy, £)do
with @’ + a” = a. Recall that
| [ PG 1] = ot A e
with some ¢ > 0 (see [8,Lemma 6.2]). In addition, it is easy to see that
09087 ({6 + 00/ (& — 6n/2) )| < Carsl)y 1 ()2l HBIH I,

Using (x)??e!* = (D,)?¢'*", an integration by parts in 1 proves the assertion. 0O
Thanks to Lemma 4.1 it follows from the proof of Proposition 3.3 that

eT-AE Y B e~ (T-ANEN ¢ 3O,
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Apply Corollary 2.2 to ;v = (G + B,)v with v = (D)}u to find that choosing a
smaller T > 0 and larger a > 0 and £ if necessary,

(D), " e PNy )| < CI(D)L e Pt u(0))] (4.1)

for0 <t < t/aand ¢ > (. Indeed in the proof of Proposition 2.1 the term B satisfies
e T—ED(E) 4 B#te T—ENE) ¢ 30 5o choosing ¢ large, it is irrelevant. Write

<D>IZ (F—at)(D ,Za u = (e(f—az)w)f (G + By) e—(f—m)(D)f)(D>?e(f—&t)<D);’u'

Proposition 3.3 and Lemma 4.1 imply that e(f’a’)@)f#(G + Bu)#e’(f"—”)@f e St
It follows that
(D) e TP g u@) | < C'I(D)} e TP () |
< C'CI(D) TPy o))

from (4.1). Nextassume that A (¢, x) and B(z, x) are Clintime uniformly on compact
sets with values in G*' (RY). Since Btzu = (0;G)u+ G 0, u repeating the same arguments
one has

(D)} TP 20 1) |
C"(I(DY eI P (1) | + (D), e TP 3 u(r) )

C"INDYE P ().

IA

IA

Choosing 4 = —v +1i,i = 0, 1, 2 one obtains the following lemma.

Lemma 4.2 Assume that Aj(t, x) and B(t, x) are Clin time uniformly on compact
sets with values in GS/(]R‘I) and that o;u = Gu. Then there exist C > 0, £y > 0 such
that

(D)= ()| < CIHDY T TP u ()]

forO<t<7t/a,L>Lyand0<i,j <2
4.2 Error estimate for the spectral Crank-Nicholson scheme
Suppose that u(z, x) satisfies
oru(t,x) = G(t, x, Dyu(t, x) “4.2)
where G(t, x, D) = i A(t, x, D) + B(t, x). Denote u = xopu so that x,u = u. Thus

i =Gu+ f, f=I[xmn Glu. (4.3)
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Next estimate to what extent (7, x) satisfies the difference scheme. The error,
denoted by g(n) = g(n, -), is given by

U(tny1) — u(ty) _G" U(tnt1) + u(tn) .

3 2 = gn)
where G" = x2,(i A(nk, x, D) + B(nk, x)) xo,. Note that
supp F(g(n)) C supp x2n(-). (4.4)

The approximate solution u" = u}, satisfies

un—Hk_ u g un+12+ u o

At t = 0 the approximate solution is equal to the spectral truncation of the exact
solution, u° = xong = (0).

Noting supp]-'(ft(t,,) - u") C supp x2;, and hence xj, (ue(t,) — u") = u(t,) — u",
Proposition 3.12 implies

n—1
I(DY;Y W™ (ii(ty) —u")|* < CkY_I(D);" W gD 4.5)
=0

forany t, = kn < 7/a.
Lemma 4.3 There is C > 0 so that
(DY, "W ()l < C (k + W) (D)2 e Pl u(0)]
for0<j<n—1and0 <t, <7/a.
Proof Use (4.3) to write
g(j) = g(j) — (i (1)) — Gpat;) — f(j)).

The triangle inequality yields

1o wig(pl = oy ws (M)
w0 (LD )
+I{D); "W (G(t)) — GT) el + KDY, "W £ (). (4.6)

Write

(1 — (t: tit N .
<D)£_UW] <M — ﬁ[(l1)> — %/ 1 ds/ <D)ZUW]at2ﬂ(S/)dS/
1 tj
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and note that
Wjﬁtzﬁ(s/) — ea(s/_lj)<D>th (t—as"){D th32u(S)
Since 0 < 5" —1; < kift; <s" <t;1 it follows from (3.2) that
(D), W d2i(s") | < 20(D); e T3P g2 ()|
< 2(D); VTP g2 (s")|| < CI|(D)FH TP u(0) |

thanks to Lemma 4.2. Therefore one has

H( W (M_ﬁl(tj)>

2 < ChID P u ).

Turn to the second term on the right-hand side of (4.6). Use

i (ts i (ts Lj+1 L
1j

to write
(D>1Z_v wiGl = (D>£_V wiGgiw—J (Wje*(f*ﬁs’)(m@))(h)e(f*ﬁs’)(mf)(h )

Proposition 3.3 implies that (&), "#W/#G/#W~/ e §'~V. In addition, W/
e~ @D — (@G —1)DV{Xh when 0 < s — tj < k. Repeat the same arguments
as above to find

D) WIGTaa(sH| < CIUDYFe™ Piu()| for 1; <s' <141,

Then

Next study the third and fourth term on the right-hand side of (4.6).

< Ck (D)2 e™ P u(0)].

Lemma4.4 Let o > 0. There is C > 0 such that
I(I = xanull < C h¥|{D)%ul.
Proof Since 1 — x2,(£) = O unless |£] > 2! one has
(I = xanull® = / (1 — xon(8))*(€)2(£) 2 (&) | déE

2
< o [P = c(h i)

which proves the assertion. O
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Since G/ — G(tj) = xonG(j)(x2n — I) + (x2n — I)G(2;) one can write
(D) "W/ (G! = G(t)) = xan((D) "W GUpW ™) (xan — DW/
+0n — D(D); "W/ Gt W)W
Using (&), "#W/#G (¢, )#W ~/ e §'~V together with Lemma 4.4 one finds
(D)W (G — G(t;)a())]
< CIUDY, ™" (Gxan — DWW/l + Ch KDY, " WGty W Wii(t))|
< C'RIDYT Wil < C R ID)T e T TPy (1))
Therefore by Lemma 4.2,
IAD); "W (GT = Gt < Ch D) e P u()].
Turn to f(j) := [xon, G(t;)]u(t;). Since
[x2n, G(t)] = x2n G () — x2n) — (I — x21) G(j) x2n
repeating the same arguments as above one obtains that
D)W F(DI < Ch DY e PR u()]].
This finishes the proof of Lemma 4.3. O

4.3 Proof of Theorem 2.5

Noting that suppF (ii(t,) — u") C supp x2x and x;, = 1 on the support of xa it

follows from (4.5) and Lemma 4.3 that

_ T—a L.
(DY @Y () — u™)|

< CJi/ak+ D)2 e Py (4.7)

Since (£)¢ < +/3h~! on the support of x2p, (4.7) implies that

e @@ D (Gi(1,) — u™)|| < C/T/a (k + Wb~ (D) TP u(0)].  (4.8)

Finally estimate [|(D), " W" (u(t,) — ii(t,))|. Since u(t,) — i (t,) = (1 — xon)u(t,)

the same arguments as above prove that

(D), e3P (u(t,) — ii(t,)) | < CRA(D)He™ P u(0)]. (4.9)
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Similarly one has
e @D (u(t,) — it )| < CH2 (DY e P u(0)]). (4.10)

Combining (4.7), (4.8) and (4.9), (4.10) yields the following proposition.

Proposition 4.5 There exist T > 0,a > 0, 5 >0,C > 0and? > 0 such that for any

exact solution u to (4.2) with Cauchy data u(0) such that (D)%Jr”ef(D)fu(O) e L? one
has

(D), e TP (u(1,) — u™) | < C (k + ) {DY2 e P u(0)]|
and
1eT@m P (1) — u")|| < C (k + k™ (D)3 " P u(0)]]

forany0 <t, =nk <7/a, kh™' <Bandh~' > > L.

Remark 4.1 In order for a difference approximation to be accurate, the time discretiza-
tion must be taken sufficiently fine [6]. Here Proposition 4.5 shows that one could
constrain k to satisfy a CFL type condition kh~' < B. More precisely, the proof
shows that it suffices to constrain k to satisfy

kh™' < 1/2C, kh™" <log2/3a.

Proof of Theorem 2.5 Taking (3.39) into account it is enough to choose £ = £ in Propo-
sition 4.5. O
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